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Monte Carlo simulation of the chemical potential of polymers
in an expanded ensemble

Fernando A. Escobedo and Juan J. de Pablo
Department of Chemical Engineering, University of Wisconsin–Madison, Madison, Wisconsin 53706-1691

~Received 23 January 1995; accepted 9 May 1995!

A new method is proposed for calculation of the chemical potential of macromolecules by compu
simulation. Simulations are performed in an expanded ensemble whose states are defined b
length of a tagged molecule of variable size. A configurational-bias sampling and a preweight
scheme are introduced to facilitate transitions between such states. The usefulness of the meth
illustrated by calculations of the chemical potential of hard chain molecules over a wide range
densities. The method proposed here is shown to offer significant advantages over other avail
methods for calculation of chemical potentials, particularly for long chain molecules at hig
densities. ©1995 American Institute of Physics.
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I. INTRODUCTION

Accurate estimation of the chemical potential is essen
for study of phase equilibrium in any model system. Calc
lation of the chemical potential by computer simulation h
been the subject of a number of studies.1–10Perhaps the mos
direct and widely used method for simulation of the chemi
potential is the particle insertion method first introduced
Widom.1 In this method, a ‘‘ghost’’ particle is momentaril
inserted at a random point in the system; the resulting in
action energyUg between the ghost particle and the ho
fluid is averaged to yield the excess chemical potential,mex,
which is given by

mex52
1

b
ln^exp~2bUg!&, ~1!

where b5(kBT)
21 ~kB is Boltzmann’s constant!, and the

brackets denote a canonical ensemble average.
Unfortunately, the particle insertion method has seve

limitations which preclude its use for many important app
cations. As the density of the system becomes higher,
random insertions result in low enough interaction energ
to make significant contributions to the average appearin
Eq. ~1!. This problem is more severe in polymeric system
where upon a random insertion of a whole molecule, ste
overlaps become more probable as the chain length
creases.

A number of methods have been devised to circumv
this problem. The ‘‘inverse-Widom’’ method2 is based on the
temporary deletion of a ‘‘real’’ particle from the system; u
fortunately, high energy~overlapping! configurations, which
contribute significantly to the chemical potential, are n
sampled efficiently. The Widom and inverse-Widom metho
have actually been combined by Shing and Gubbins2 into an
efficient algorithm which, for small, spherical molecules, h
been shown to be highly effective.3

Three important methods have been developed to
dress the problems encountered in polymeric systems.
continuum configurational-bias~CCB! method4–7 extends
the range of applicability of Widom’s method by allowin
the ghost chain molecule to grow, segment by segment,
favorable~low! energy configurations in the host system. T
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bias introduced in proposing the ghost–molecule configura-
tion is subsequently removed by modifying the interaction
energy by a suitable weight. Unfortunately, the CCB ap-
proach becomes less effective as the chains become longe
~i.e., more than 20 segments long! and as the density of the
system becomes higher.

The ‘‘chain-increment’’ method proposed by Kumar and
co-workers8–10 is based on the observation that, for long
chains, the chemical potential associated with ‘‘appending’’
one ghost end segment to a chain becomes chain-length in-
dependent. Since the chemical potential of a chain is the sum
of the incremental chemical potential associated with a seg-
mental ghost chain growth, these authors approximate the
chemical potential of a chain as the sum of identical segmen-
tal chemical potentials. A more refined application of the
method must necessarily introduce corrections from simula-
tions of shorter ghost chains for which the chemical potential
is a function of chain length. This method, however, cannot
be applied in its present form to heteronuclear or to branched
polymers. Note also that for a system ofn-mer chains, an
exactapplication of a chain-increment approach would re-
quiren sets of independent simulations.10

A third method aimed at facilitating the calculation of
chemical potentials of polymeric systems has been recently
proposed by Wilding and Mu¨ller.11 Their approach relies on
the method of expanded ensembles originally developed by
Lyubartsevet al.,12 and the use of a permanent, penetrable
chain which can be gradually coupled or decoupled from the
system by tuning an interaction-strength parameter.11,13 The
method has been reported to provide accurate measures o
the chemical potential of long chains at intermediate densi-
ties for a lattice system.11 Such a method, however, requires
the determination of a number of preweighting factors; a
process that we have found to be tedious and time consum-
ing.

In this work we present a method that advantageously
combines some elements from the three methods aforemen-
tioned ~CCB, chain-increment, and expanded ensemble
methods!. The method relies on attempting CCB segmental
insertions and deletions on a ‘‘tagged’’ chain. In contrast to
Widom’s or inverse-Widom’s methods, the complete tagged
chain need not be grown or deleted at once; instead, a pre-
2703/2703/8/$6.00 © 1995 American Institute of Physicst¬to¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp
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2704 F. A. Escobedo and J. J. de Pablo: Simulation of the chemical potential of polymers
selected number of intermediate lengths of the ‘‘variabl
chain are allowed by defining them as different ‘‘states’’
an expanded ensemble. Although the method that we prop
resembles in some respects theexact chain-increment ap-
proach previously mentioned, it requires only a single sim
lation. Further, it naturally incorporates into the calculatio
of the chemical potential contributions associated with t
segmental deletion process, and it is equally applicable
branched and heteronuclear polymers.

Hard-core systems present a particularly stringent t
for the efficiency of simulation techniques aimed at comp
ing the chemical potential.3 The method proposed here i
applied to hard homopolymer chain molecules of up to
segments and packing fractions of up to 0.40. Some co
parative calculations with other methods are also perform
and additional discussions are provided to demonstrate
relative advantages of the approach proposed in this wor

II. THEORY

A. Expanded ensemble simulations and chemical
potential

Lyubartsev et al.12 originally proposed that a single
simulation in anexpandedensemble could be used to evalu
ate the ratio of partition functions of any pair of its sube
sembles. For the case of canonical ensembles, an expa
ensemble is defined through the following partition functio

V5 (
m51

M

Q~N,V,gm!exp~cm!, ~2!

whereQ(N,V,gm) denotes the canonical partition functio
corresponding to a particular state of the system charac
ized by the value of a parametergm . To each state corre-
sponds a positive preweighting factorcm ~whose relevance
will be discussed later!. A set ofM states are selected b
assigning to each of them a value ofg in the range@g1,gM#.
The ultimate goal is toconnectsmoothly the systems at the
two ends of the spectrum: i.e., the reference state~m51! and
the system at the state of interest (m5M ).

Lyubartsev and co-workers12 were interested in comput-
ing the Helmholtz free energy (A) at any given temperature
consequently, they implemented atemperatureexpanded en-
semble by choosinggm5bm , whereb51/(kBT) ~kB is Bolt-
zmann’s constant!.

In the expanded ensemble formalism, two types
Monte Carlo moves can occur:~1! the usual molecular rear-
rangements at constant value ofgm and ~2! trial transitions
between neighboringg states. The probability with which
each of theg states is visited can be found from

p~m!5p~gm!5
Q~N,V,gm!

V
exp~cm!. ~3!

These probabilities are obtained throughout the course o
expanded ensemble simulation by accumulating a histog
of visits tog states. From Eq.~3! it follows that for any two
statesm1 andm2:
J. Chem. Phys., Vol. 103,Downloaded¬16¬Apr¬2007¬to¬128.104.198.190.¬Redistribution¬subjec
’’
f
se

-

e
to

st
t-

2
-
d
he
.

-
ded
:

er-

f

an
m

Q~N,V,gm1
!

Q~N,V,gm2
!

5
p~m1!exp~2cm1

!

p~m2!exp~2cm2
!
. ~4!

Equation~4! is the key relationship for the evaluation of a
property that depends on the ratio of two canonical partitio
functions, such asA(T) ~Lyubartsevet al.!,12 or the chemical
potentialm ~Wilding and Müller!,11 namely,

exp~2bmex!5
Q~N11,V,T!

Q~N,V,T!
. ~5!

If an expanded ensemble is constructed such that
~N11!th molecule is graduallyturned onin going from state
1 ~molecule fully decoupled! to stateM ~molecule fully
coupled!, from Eqs.~4! and ~5! we can write

bmex52 lnFQ~N,V,T,gM

Q~N,V,T,g1
G5 lnF p~1!

p~M !G1cM2c1 . ~6!

The preweighting factorscm play a critical role in the
calculation scheme by encouraging visits to less access
states, thereby allowing accurate estimates of the probab
ties p~g!.

B. Penetrable chain method

Wilding and Müller11 considered a system where mol
ecules interact via a short-range attractive potential a
excluded-volume restrictions. A penetrable chain experienc
the same intramolecular interactions as other molecules
the system. However, the interactions between the penetra
chain and the host system are controlled by a parametel
~defined in the range@0,1#!. The attractive part of the poten-
tial is modified by a factor~12l!, while the repulsive part is
replaced by aneffective potential K52~1/b!ln l. If l50, the
penetrable chain behaves as any other molecule while,
l51, it effectively disappearsfrom the system. The pen-
etrable chain experiences a total repulsive energy given b

Erep52
1

b
Nov ln l, ~7!

whereNov is the total number of overlaps between the pe
etrable chain and the rest of the molecules.

To cast the method into the expanded ensemble fram
work, a numberM of l states are considered~l050,
lM2151!, i.e.,gm→lM2m in Eq. ~2!. The acceptance crite-
ria for transition attempts adopted by Wilding and Mu¨ller are
a straightforward implementation of Metropolis
sampling.11,12,14Note, however, that these authors apparen
did not consider the asymmetry in the number of neighbori
states encountered at both ends of the state spectrum, wh
effect in the simulated chemical potential becomes notic
able for small chains.

A uniform distribution for the probability of visiting
each state is highly desirable@e.g.,p(lm)5constant#, but the
corresponding weights cannot be determineda priori. Wild-
ing and Müller11 provide a useful iterative scheme to ge
adequate values for the preweighting factors. In this schem
a few preliminary simulations are performed where the pr
weighting factors~initially set to a common value, i.e.,
No. 7, 15 August 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp
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2705F. A. Escobedo and J. J. de Pablo: Simulation of the chemical potential of polymers
cm50! are successively adjusted@based on the resulting
counts of thep~l! histogram# until comparable values of
p~l! are attained for each state.

C. The new method: Expanded variable-length chain
simulations

We use the acronym EVALENCH~expanded variable-
length chain method! to distinguish our proposed method fo
simulation of the chemical potential from that of Wilding an
Müller or from the CCB method.

The canonical ensemble partition function for a syste
of N homopolymern-mer chains and onetagged m-mer
molecule can be expressed as15

Q~N,V,T,m!5
L23~N112d0,m!

~N112d0,m!! E exp@2bUN~rN!#

3drN exp@2bUg~rm!drm#, ~8!

whereUg~rm! denotes the total interaction energy betwe
the tagged molecule~of coordinatesrm! and the rest of the
system~including the tagged chain’s intramolecular intera
tions!, and UN~rN! represents the total interaction energ
among all other molecules except the tagged molecule~L is
the de Broglie thermal wavelength!. It is convenient to define
an expanded ensemble through the following partition fun
tion:

V5 (
k51

M

Q~N,V,T,mk!exp~ck!, ~9!

wherem150, mM5n, and for any other intermediate state
mk is an integer number such that 0,mk,mk11,n. In
other words, different states of the ensemble correspond
different chain lengths of the tagged chain; form1 we have
Q(N,V,T), and formM we haveQ(N11,V,T) in Eq. ~9!.
For the particular case of a one-segment incremental proc
we would haveM5n11 states andmk50,1,2,...,n.

Transition moves occur between neighboringm states
~i.e.,mk→mk11 or mk→mk21!. To facilitate successful seg
mental growth attempts, even at high densities, the posit
of every appended segmenti is chosen from a set ofNsamp
random trial configurations with probability7

Wi5
wi

( j51
Nsampwj

, ~10!

wherewj is the Boltzmann weight, exp~2bUj !, associated
with the j th trial configuration~Uj is the interaction energy
between the appended segmenti and the rest of the system
including the existing part of the tagged chain!. The prob-
ability of proposing a position in which to insert segmenti ,
given that one position must be chosen fromNsamppossible
positions, is

qi5Wi Y 1

Nsamp
. ~11!

We can now implement a Metropolis-type acceptan
criteria14,16 for a transition attempt from statemy to statemx

as follows:
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Paccp~my→mx!5minF1, T~x→y!

T~y→x!

p~x!

p~y!G , ~12!

whereT(x→y) is the probability of proposing a transition
from x to y, and p(x) is the probability of observing the
system at statex. For a canonical expanded ensemble,p(x)
can be evaluated from an equation analogous to Eq.~3!; for
any two snapshots of the system atx andy we have

p~x!

p~y!
5exp$2b@Ug~mx!2Ug~my!#%exp~cx2cy!. ~13!

If ma.mb , the transition probabilitiesT are computed from

T~b→a!5
1

No. of neighboring states tob )
j5mb

ma

qj ,

~14!

T~a→b!5
1

No. of neighboring states toa
. ~15!

For linear polymers, the number of neighboring states is al
ways 2 except for states 1 andM , in which case it is equal to
1. It is important to note that the acceptance criteria~12!
applies whether we are proposing a growth or a deletion o
segments. This implies that when proposing a deletion tran
sition, a configurational-bias process must be performed t
compute the probability of proposing the hypotheticalre-
versegrowing process. Also note that the transition from
m150 tom2 @insertion of the first site~s! of the tagged chain#
need not be attempted by resorting to a configurational-bia
sampling process.

The incremental chemical potential associated to ap
pending (mv2ma) segments to anma-mer tagged chain fol-
lows from Eqs.~4! and ~6!:

bmex~ma→mv!5 lnF p~ma!

p~mv!G1cv2ca . ~16!

The excess chemical potential for the system~insertion of the
entire tagged chain! is calculated from Eq.~16! by setting
a51 andv5M .

D. Discussion of the methods

A successful application of the penetrable-chain metho
depends on a suitable choice of the number ofl states (M )
and their distribution in the range@0,1#. In general, more
states are necessary for longer chains and higher densitie
However, the optimum choice ofM implies a less obvious
compromise between the correlation time of therandom
walk throughl states, the acceptance rate of the transition
attempts, and the actual achievable counts ofp~l!.11 The
selection of a proper distribution ofl states is not a trivial
task either. Wilding and Mu¨ller recommend that the states be
concentrated towards the boundl51 ~fully decoupled
chain!. However, our simulations of hard chain systems in a
continuum indicate that, at high densities, a higher concen
tration of states atbothends of the spectrum~i.e., nearl51
and nearl50! is essential to achieve an acceptable perfor
mance and, in some cases, to make the method viable.
No. 7, 15 August 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp
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2706 F. A. Escobedo and J. J. de Pablo: Simulation of the chemical potential of polymers
Other shortcomings of the penetrable-chain method
briefly noted.

~1! The preweighting factors from simulations of polyme
with different chain lengths~at the same density! need
not follow any simple or physically intuitive trends, eve
if identical l states are adopted for all systems~which is
not likely to be a good choice!.

~2! The effective repulsive potential adopted by Wilding a
Müller @Eq. ~7!# applies only to hard-core type poten
tials, and a different scheme is necessary for a differ
type of repulsive interaction.

~3! For systems with attractive interactions~short-range
square well potential!, Wilding and Müller found that a
more complex iterative scheme was needed to estim
the preweighting factors.

In contrast to thepenetrablechain method, the EVA-
LENCH method leads to a useful relationship between
preweighting factors used for polymer systems of differ
chain lengths. It follows from Eq.~16! that for a perfectly
uniform distribution of p(m), the preweighting factors
would directly translate into values of incremental chemi
potentials, i.e.,bmex(ma→mv)5cv2ca . For homologous
chains at intermediate and high densities, it is known that
insertion probability of ann2-mer into ann1-mer fluid can be
approximated by the insertion probability of ann2-mer into
an n2-mer (n1>n2).

17,18 Under the assumption of a fla
p(m) distribution, we can use theDm values obtained for the
n2-mer at any given density as initial values for the p
weighting factors of longer chains, at least form<n2. Fur-
ther, for simplicity, we can appeal to the relative indepe
dence of the segmental chemical potential and chain len8

to generate a full spectrum of preweighting factors
mk.n2 . In this manner, the information gained from th
simulations of a given chain length can be fully exploited
the simulation of longer chains. Using this procedure, we
minimize the number of preliminary simulations required
optimize the values of the preweighting factors for a set
systems of increasing chain lengths. Note that, to be usef
set of preweighting factors must lead to relatively unifo
values ofp(m); improved statistics are achievable with pr
weighting factors that narrow the breadth ofp(m) values.

This building up of information characteristic of th
EVALENCH method can also be exploited for simulations
polymer blends or solutions of polymers in a solvent. F
ther, once a suitablegrowingscheme for the tagged chain h
been preset, the EVALENCH method simplifies significan
the calculation of chemical potentials of more complex po
mer structures such as copolymers and branched chains
instance, if a branched chain is grown in two steps, first
main backbone and then the branches, we could estimat
preweighting factors from simulations of shorter sing
chains.

The penetrable chain method requires a relative lar
number of molecular moves between transition attempt
decorrelate the number of overlaps between the host sy
and the entireexcluded volume shellof the tagged chain. In
the EVALENCH method, it is mostly the environment in th
neighborhood of one end of the chain which needs to
J. Chem. Phys., Vol. 103Downloaded¬16¬Apr¬2007¬to¬128.104.198.190.¬Redistribution¬subjec
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decorrelated after a transition since the other sites of t
chain consistently experienceconventionalinteractions for
several transition attempt cycles.

Given the ease with which the preweighting factors ca
be estimated, the choice of an optimum number of states
not too critical for the EVALENCH method. We can arbi-
trarily choose the number of states in the range@2,n11# and,
in fact, even more than~n11! states could be considered if
segments were appended in stages of increasing stren
~i.e., additionalpenetrableintermediate states!. This is likely
to be necessary for chemically detailed polymers. On t
other hand, it is not efficient to have incremental cha
lengths larger than two or three sites, particularly for system
at intermediate or high densities. For very long chains, th
implies having numerous transition states which would r
quire very long simulations. Consider, however, that few
transition states will require more molecular moves per tra
sition attempt to decorrelate the configurational changes g
erated by more drastic transitions, i.e., fewer states need
translate into shorter simulations to get accurate results of
chemical potential.

III. SIMULATIONS

Calculations of chemical potential have been perform
for systems of 4-mer, 8-mer, 16-mer, and 32-mer homopo
mer hard chains. All chain molecules consist of freely jointe
tangent hard spheres. We studied a wide range of densit
from a low value of the packing fractionh50.10, consistent
with gaslike conditions, up to a value ofh50.40 ~site-
number densityr50.76! which corresponds to a dense liq
uidlike fluid.

We also calculated the chemical potential associat
with purely intramolecular interactions,mintra(n), for differ-
ent chain lengthsn. Such a quantity can be computed b
using a particle insertion type method at the limit of zer
density ~inserting the chain in vacuum!. Our reference sys-
tem is an ideal gas which already includes intramolecu
interactions. For any given chain length we must therefo
subtractmintra(n) from the chemical potential computed in
the simulation in order to get the trueexcesschemical poten-
tial. Note, however, that the chemical potential compute
from Wilding and Muller’s method does not require a cor
rection formintra(n) because the fully decoupled tagged cha
still experiences an intramolecular potential. Calculation
mintra(n) with the EVALENCH method is particularly simple
and requires only one basic simulation for the longest cha
of interest; the chemical potential for any shorter chain c
be directly calculated from Eq.~16!. The results from this
calculation yield also a lower bound for the preweightin
factors to be used in the calculations at finite densities.

To take advantage of the segmental chemical potenti
computed from the shorter chains~as explained in Sec. II!,
simulations with the EVALENCH method were performed i
sequence~i.e., first for the 4-mer and last the 32-mer!. For
simplicity, we adopted one-segment increments to define
states, i.e. (mk112mk)51. Typically, only one short prelimi-
nary simulation was required to get adequate values of
preweighting factors.
, No. 7, 15 August 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp
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2707F. A. Escobedo and J. J. de Pablo: Simulation of the chemical potential of polymers
The relative frequency of the two types of moves durin
the expanded ensemble simulation, i.e., molecular rearran
ments and tagged chain transitions was controlled by sp
fying Rm/t , the ratio of the number of molecular move
~counted on a segmental basis! divided by the number of
transition attempts. Enough molecular moves must be
tempted between transitions so that the system is prop
equilibrated, particularly in the neighborhood of the tagg
chain. By keeping an acceptance rate of molecular mo
comparable to that of transition attempts~i.e., 30%!, a value
of Rm/t close to 1 is satisfactory for intermediate densitie
and values close to 2 are suitable for the higher densi
~note that the number of states is larger for longer chain!.
Molecular moves were performed using the extended c
tinuum configurational-bias method developed recently
us,19 which can effectively produce localized molecular rea
rangements of both inner and end sections of the cha
Note also that the configuration of a full size tagged cha
can be easily decorrelated by exchanging its identity w
that of any other chain in the system.

FIG. 1. Zero-density reduced total chemical potential@bmintra(n) i31022#
and segmental increments as a function of chain length for freely join
hard-sphere chains. The dotted line shows the results from Eq.~17!.
J. Chem. Phys., Vol. 103,Downloaded¬16¬Apr¬2007¬to¬128.104.198.190.¬Redistribution¬subjec
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To verify the accuracy of the results obtained by t
EVALENCH method, conventional CCB simulations we
performed for the 4-mer, 8-mer, and 16-mer systems at
termediate and low densities. A few simulations using
method of Wilding and Mu¨ller11 were also performed for the
16-mer system. Since simulations are necessarily perfor
on finite-size systems, the density of the system must
specified consistently; for all methods, the nominal dens
of the system was imposed to be that of the system with
the ghost or tagged chain in it.

IV. RESULTS AND DISCUSSION

Figure 1 shows the zero density excess chemical po
tial for hard chains of different lengths. Figure 1 also sho
the incremental chemical potentialDmintra(n) as a function of
chain length. These results are qualitatively similar to tho
found by Kumaret al.8 for a bead–spring model chain wit
nonbonded beads interacting through a Lennard-Jones po
tial. The incremental chemical potential levels off substa
tially after n510 segments, tending to a limiting value o
bDmintra(n)'0.4 ~in reduced units!. The continuous curve in
Fig. 1 corresponds to the fit

bDm intra~n!50.398@12~2n23!26/5# n>2. ~17!

Thesmoothedvalues predicted by this correlation were us
to correct the chemical potential at finite densities compu
from the CCB method and the EVALENCH method.

In Table I we summarize our results for the 4-mer a
8-mer hard chains at various packing fractions. It can be s
that the values of chemical potential calculated by the EV
LENCH method are fully consistent with those computed
the standard CCB method. In the low density regim
~h<0.2!, it appears that a high accuracy is more eas
achieved with the CCB method where the rate of succes
insertions is relatively high. However, for the 8-mer syste
at h.0.30 the CCB method becomes significantly less e

d

ule
TABLE I. Simulation results for 4-mer and 8-mer hard-sphere chains. The number of MC steps per molec
is 0.753106 for the 4-mers and 1.53106 for the 8-mers. Thebmex from simulation have been corrected by
bmintra50.63 and 2.12 for the 4-mer and 8-mer systems, respectively.

h No. chains Rm/t

Nsamp

per segment
bmex

EVALENCH
bmex

CCB
bmex

EOS integ.

4-mers
0.10 50 1 4 2.1360.06 2.0860.002 2.06
0.20 75 1.5 6 5.9460.07 5.9460.007 5.86
0.25 75 1.5 10 8.9860.06 8.9660.014 8.84
0.30 100 2 15 13.0560.08 13.0560.03 12.91
0.35 100 2 24 18.8560.15 18.7760.08 18.52
0.40 125 2 32 26.860.3 27.260.6 26.4

8-mers
0.10 50 1 4 3.2960.16 3.3260.02 3.31
0.20 75 1.5 6 10.1460.23 10.2260.05 10.02
0.25 75 1.5 10 15.6460.28 15.7360.10 15.48
0.30 100 2 15 23.4360.40 23.4460.4 23.1
0.35 100 2 24 34.260.40 34.861.7 33.8
0.40 100 2 32 49.560.60 49.0
No. 7, 15 August 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp
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Downloaded¬16
TABLE II. Simulation Results for 16-mer hard-sphere chains. For the EVALENCH method and the Wildin
and Müller method~WM!: The number of MC steps per molecule was 3.03106. Thebmex computed by the
EVALENCH method and the CCB method have been corrected bybmintra55.22.

h No. chains
Rm/t

EVALENCH
Rm/t

WM
bmex

EVALENCH
bmex

WM
bmex

CCB

0.10 30 1 1.5 5.8260.3 5.8360.2 5.7860.03
0.20 60 1.5 2 18.560.3 18.760.3 18.660.12
0.25 75 1.5 2.5 29.160.4 29.360.4 29.160.4
0.30 90 2 3 44.060.4 44.260.5 44.261.0
0.35 105 2 3 65.060.5 64.860.7
0.40 120 2 3.5 94.762.0 93.264.0
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cient; very low insertion rates prevail and large values
Nsamp ~.50! must be used. For 8-mers, the CCB meth
becomes impractical forh>0.40.

The last column in Table I gives the results found b
integration of equations of state that we fitted to compu
simulation PV data reported by Chang and Sandler.20,21 Al-
though these equation-of-state results are consistent with
simulations, simulated chemical potentials are consisten
slightly high. Aside from some inaccuracies in the equati
of state, these differences are due to finite-size effects on
simulated chemical potential which are expected to cause
apparent larger value ofmex.

11 Since the presence of the
tagged molecule increases the nominal site density o
finite-size system, larger relative deviations are observed
systems with fewer molecules~in our case at lowh!. These
deviations are inherent to any simulation method and
usually small for a properly chosen system size; for the s
tems studied here the average relative error is 1.7%.

In Table II we present results for the 16-mer system. F
such a system the CCB method becomes impractical
h.0.30. In implementing Wilding and Mu¨ller’s method we
adopted 12l states in all cases~no attempt was made to find
an optimal number of states and the value chosen is likely
be rather large for lowh and somewhat small for highh!.
Thel values adopted are the result of a preliminary expe
mentation ath50.30 only. The preweighting factors for th
differentl states and packing fractions are given in Table I
Initially we followed Wilding and Müller’s recommendation
of concentrating states towards thel51 bound. We found,
J. Chem. Phys., Vol. 103¬Apr¬2007¬to¬128.104.198.190.¬Redistribution¬subjec
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however, that counts in thel50 limit ~chain fully coupled!
were not practically achievable in dense systems unless se
eral of the states were also concentrated near this limit. Fur
ther, given the large noise in the results, it would appear tha
even more states should be considered aroundl50 for
h50.40.

Results for the 32-mer system are presented in Table IV
No attempt was even made to use either the CCB method o
Wilding and Müller’s method. Extrapolating from previous
results it would appear that the applicability of these two
methods to this system~at intermediate and high densities!
would be limited.

Figures 2 and 3 show the incremental chemical potentia
for the different systems at various densities as a function o
chain length. All the curves follow a similar trend:Dmex is
the largest for the first site inserted, it decreases monoton
cally for subsequent sites, and it levels off considerably by
the third or fourth site. As expected, the incremental chemi-
cal potential is larger at higher densities; once a big enough
void has been found to accommodate the first site of a chain
the likelihood of finding additional free volume nearby is
favored by steric effects and, consequently, the second site
appended more easily than the first, the third site more easil
than the second, and so on. After a few sites, this decreasin
trend quickly dampens, as the energy environment availabl
to a site and the short range site–site correlations for succe
sive sites become uniform, thereby resulting in almost iden
tical Dmex values. A subtle increasing trend inDmex is occa-
sionally observed; this might reflect that the local site-
TABLE III. Preweighting factors for simulations for 16-mer hard-sphere chains using Wilding and Mu¨ller’s
method.

lm h50.10 h50.20 h50.25 h50.30 h50.35 h50.40

1.00 0.00 0.00 0.00 0.00 0.00 0.00
0.97 0.39 0.75 0.97 1.16 1.37 1.55
0.92 1.00 2.0 2.6 3.1 3.7 4.2
0.85 1.75 3.8 4.9 6.0 7.1 8.1
0.75 2.66 6.2 8.2 10.2 12.2 14.0
0.62 3.62 9.2 12.6 15.9 19.3 22.5
0.45 4.50 12.6 18.0 23.9 29.8 35.4
0.33 4.95 14.6 21.6 29.6 38.1 46.3
0.20 5.35 16.4 24.9 35.8 48.2 60.7
0.10 5.61 17.6 27.2 40.1 56.4 74.9
0.05 5.72 18.2 28.3 42.2 60.6 83.6
1026 5.83 18.7 29.3 44.2 64.7 92.1
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TABLE IV. Simulation results for 32-mer hard-sphere chains. For both methods the number of MC steps per
molecule was 63106 and thebmex values have been corrected bybmintra ~511.52 for the whole chain!.

h No. chains bmex~7! bDmex~7! bDmex~32!
bmex

EVALENCH
bmex

Approx. Method

0.10 25 2.68 0.32 0.305 10.660.3 10.5
0.20 55 8.4 1.08 1.06 35.460.4 35.1
0.25 55 13.1 1.72 1.69 56.460.5 55.7
0.30 100 19.7 2.62 2.59 85.360.5 84.8
0.35 100 28.8 3.90 3.85 126.861.2 125.7
0.40 100 41.9 5.72 5.70 186.662.0 184.6
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density changes associated with the chain growth process
not fully decorrelated between transitions, or that su
changes have a significant effect on the overall density of
system~finite-size effects!.

As already exploited for estimation of the preweightin
factors, it is observed in Figs. 2 and 3 that the incremen
chemical potential at constant density does not differ app
ciably for systems of different chain length. This behavi
was anticipated based on heuristic arguments and has b
used for development of equations of state for ha
chains.17,18 A more detailed analysis of the corresponden
between the behavior of the chemical potential and equati
of state can be found elsewhere.21

Although the method proposed here is essentiallyexact
~no approximations are invoked!, in practice it might also be
useful to have alternative, albeit approximate methods wh
retain to a large extent the accuracy of the EVALENC
method. This is particularly true for dense systems of ve
long chains~i.e., n>100!, where simulations could becom
prohibitively long. The observation that the segmen
chemical potential becomes essentially constant after the
few sites is not restricted to hard chains8 and, as mentioned
earlier, it is exploited in the ‘‘chain increment method.’’8–10

For a system ofn-mers, a prescription that combines th
EVALENCH method with the relative insensitivity ofDmex
to chain length can be implemented as follows.
s
ths
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~1! Choose a chain sizen1 such thatn1!n. This size should
be long enough toabsorb the range in whichDmex is
significantly sensitive to chain length. A suitable choice
of n1 will depend on the characteristics of the system
under study.

~2! Tag two chains,A and B. Each state is now specified
by the length of both chainsA andB, (na ,nb). Consider
the states: 15~n21,0!; 25~n,0!; 35~n,1!;...,M21
5 (n,n121), M5(n,n1).

~3! Perform a simulation~for the n-mer system! using the
EVALENCH method. Tagged moleculeA provides the
incremental chemical potential for appending an end
site,Dmex(n). From tagged chainB we can obtain accu-
rately mex~n1! and the incremental chemical potential
Dmex~n1! corresponding to then1th site appended.

~4! Assume a linear dependency ofDmex(k) with chain
length fromk5n1 to k5n, e.g.,

Dmex~k!5Dmex~n1!1
k2n1
n2n1

@Dmex~n!2Dmex~n1!#.

~18!

Using this approximation the chemical potential for the
system is given by

mex~n!5mex~n1!2Dmex~n1!1 1
2~n2n111!

3@Dmex~n1!1Dmex~n!#. ~19!
h

FIG. 2. Segmental excess chemical potential in reduced units,bDmex , for
freely jointed hard-sphere chains of different lengths at low densitie~h
50.1, 0.2, 0.25!. The symbols show results for chains of different leng
obtained with the EVALENCH method.
t

FIG. 3. Segmental excess chemical potential in reduced units,bDmex , for
freely-jointed hard-sphere chains of different lengths at intermediate-hig
densities~h50.30, 0.35, 0.40!. The symbols show results for chains of dif-
ferent lengths obtained with the EVALENCH method.
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This simulation should be shorter than the full size simu
tion by a factor of roughly (n111)/n. The computer time
savings associated could be substantial in some cases.
last column of Table IV shows the results based on t
scheme; for this applicationn532 and we usedn157. The
loss of accuracy is not significant when compared to t
statistical error in the results.

Variations of the approximate method can also be imp
mented~for instancesamplingintermediate points ofDmex,
etc.! and adapted to more complex polymer structures.

V. CONCLUSIONS

A new method for calculation of the chemical potenti
of polymeric systems has been presented. The EVALEN
method combines elements of the CCB approach and
simulation of expanded ensembles to yield a robust, effici
method. A tagged chainvisits a number of different chain
lengths ~ensemble states!, thereby generating incrementa
chemical potentials throughout a simulation. This inform
tion in turn facilitates the estimation of the preweighting fa
tors needed for the simulation of similar molecular models
longer chains.

The method has been applied to systems of tangent h
sphere polymers of various lengths at low and high densit
A comparative application of available methods shows th
the EVALENCH method overcomes some of the shortco
ings of the penetrable chain method, particularly regard
the selection of transition states and estimation of preweig
ing factors. The EVALENCH method is applicable to rang
of chain lengths and densities where the conventional C
method becomes impractical. As opposed to the approxim
chain-increment method of Kumaret al.,8 the EVALENCH
method is essentially exact and is equally applicable to h
eronuclear and branched polymers.

The behavior of the segmental chemical potential h
been analyzed for the hard systems studied in this work. T
general features of this behavior support the implementat
of inexpensive, approximate methods for calculation of t
chemical potential of very long chains. An example of such
method has been suggested.
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A number of variations of the method presented here are
being developed. In particular, simulations of branched poly-
mers are underway. The method provides not only an alter
native to the Gibbs ensemble simulations for the study of
phase equilibrium of polymeric systems22 ~in cases where the
latter method is inefficient! but it could also be combined
with it by developing an expanded Gibbs ensemble.
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