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Methods for measuring viscoelastic properties of solids are reviewed. The nature of viscoelastic
response is first presented. This is followed by a survey of time and frequency-domain
considerations as they apply to mechanical measurements. Subresonant, resonant, and wave
methods are discussed, with applications. ©2004 American Institute of Physics.
@DOI: 10.1063/1.1651639#

I. INTRODUCTION

A. Principles of viscoelasticity

1. Measures of internal friction

Viscoelasticmaterials have a relationship between stress
and strain which depends on time or frequency.Anelastic
solids represent a subset of viscoelastic materials: they have
a unique equilibrium configuration and ultimately recover
fully after removal of a transient load.Internal friction refers
to the dissipative response of a material when subjected to a
sinusoidal deformation. All materials exhibit viscoelastic re-
sponse; elasticity or spring-like behavior does not exist in
real materials but is an approximate description of materials
for which the viscoelastic effects are small enough to ignore.

Viscoelasticity is of interest in the context of understand-
ing physical processes such as molecular mobility in
polymers,1 and of phase transformations, motion of defects,
alloying atoms in crystalline solids.2 Viscoelasticity3 is also
used in the design of materials and devices for a variety of
purposes including earplugs, vibration abatement, reduction
of mechanical shock, instrument mounts, and control of re-
bound and rolling resistance.

The loss angled is the phase angle between stress and
strain during sinusoidal deformation in time. The loss angle
or the loss tangenttand as a measure of damping or internal
friction in a linear material is advantageous in that it is
clearly defined in terms of observable quantities. Tand de-
pends on frequency, and it is customary to plot it on a loga-
rithmic frequency scale. A factor ten ratio in frequency is
referred to as a decade. Tand is also the ratio of the imagi-
nary partG9 to the real partG8 of the complex modulus
G* [G81 iG9. The quality factor Q associated with the
width of resonant peaks@see Eq.~3!# is given for smalld by
Q21'tand. If vibration in a resonating system is allowed to
decay with time due to material viscoelasticity after removal
of the excitation, one may define thelog decrementL in
terms of amplitudesA1 and A2 of successive cycles asL

5ln(A1 /A2). For smalld, L'p tand. The specific damping
capacityC refers to the ratio1,4 of energyDW dissipated for
a full cycle to the maximum elastic energyW stored in the
material. For a linear material,C52p tand; but C is well
defined even for nonlinear materials, consequently it is pre-
ferred by some authors. The material stiffness or modulus in
viscoelastic materials depends on frequency. This is known
as dispersion.

2. Transient properties

Transient properties are defined in terms of response to a
step input in time.Creeprefers to the time-dependent strain
response to a step stress. The creep compliance is the strain
divided by the constant stress, denotedJE(t) for a tension/
compression experiment,JB(t) for a bulk ~volumetric! ex-
periment, andJG(t) for a shear experiment.Stress relaxation
refers to the time-dependent stress response to a step strain.
The relaxation modulus is the stress divided by the constant
strain. G(t) is the relaxation modulus in shear,E(t) in
tension/compression, andB(t) in bulk ~volumetric! deforma-
tion. Creep and stress relaxation experiments can be done in
tension, torsion, bending, bulk~volumetric!, or other defor-
mation modes. The time dependence of each of these will in
general differ. These results are usually presented versus log
time. The material is linear whenJ(t) is independent of
stress andG(t) is independent of strain, otherwise it is non-
linear. Linearity of a material subjected to a series of creep
tests at different stress can be displayed visually by plotting
stress versus strain at a given creep time. Such a plot is
called an isochronal; it is a straight line if the material is
linearly viscoelastic. If the transient properties depend on the
time after formation or transformation of the material as well
as the timet after load application, the material is said to
exhibit physical aging.

3. Significance. Relation to other relaxation
processes

Viscoelasticity in materials is studied since~i! viscoelas-
tic solids are used to absorb vibration,~ii ! viscoelastic effectsa!Electronic mail: lakes@engr.wisc.edu
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are linked to physical processes such as phase transforma-
tions, diffusion, or motion of dislocations, vacancies and
other defects, so that viscoelastic measurements are used as a
probe into the physics of these processes, and~iii ! viscoelas-
ticity is relevant in phenomena such as ball rebound, rolling
resistance, sag, droop, and spin instability. Also, viscoelastic
relaxation in the mechanical properties may be related to
relaxation processes in other material properties such as the
dielectric permittivity, piezoelectric properties, magnetic
properties, or thermal expansion.

B. Overview of mechanical test principles

1. Load application and deformation measurement

The simplest method of load application is to use a dead
weight. This is appropriate for creep tests of moderate to
long duration. Dynamic response may be achieved by gener-
ating force or torque via electromagnetic interaction between
a coil carrying a controlled electric current and a permanent
magnet. Larger forces and torques may be achieved via ser-
vocontrolled hydraulic systems. Such systems, typically ca-
pable of large forces, 40 to 400 kN, are commercially avail-
able.

2. Temperature

Since viscoelastic properties depend on temperature,
sometimes sensitively, environmental control of temperature
is usually used. Polymers in the vicinity of the glass transi-
tion and crystalline materials in the vicinity of a phase trans-
formation are very sensitive to temperature, so it is usual to
control temperature within 0.1 °C or better. In tests in
tension/compression, a length change can arise from creep or
from thermal expansion. Therefore excellent temperature
control is required in tensile creep or relaxation studies.
Thermal expansion of an isotropic material has no shear or
torsional component, therefore torsion tests are less demand-
ing of accurate temperature control than are tension or com-
pression tests. Many polymers as well as concrete and bio-
logical materials are sensitive to hydration, therefore
humidity or saturation is monitored or controlled in such
tests. Testing at elevated temperatures presents a variety of
challenges. Since most transducers for load and deformation
do not survive high-temperature conditions, it is typical to
isolate the heated specimen from other parts of the apparatus.
Examples are given in Sec. III B.

3. Interpretation

Interpretation of tests is based on use of an analytical
solution for the deformation field in the specimen geometry
in question. If a specimen is gripped at the ends, the details
of the grip stress may not be well known, therefore tension,
torsion, or bending tests on gripped specimens are usually
done on long, slender specimens with length at least ten
times the diameter. The reason is that the nonuniform stress
at the ends decays over a distance of one or two diameters
and has minimal influence on the results for a long specimen.
The slenderness requirement is more severe if the specimen
is anisotropic.

C. Outline of the review

Within our scope we will consider methods for measur-
ing viscoelastic properties of solid materials. Section II deals
with time-domain transient properties: creep and stress relax-
ation. Section III treats material response to sinusoidal input
under subresonant~quasistatic! conditions in which inertial
terms are negligible. Methods for phase measurement are
considered, as are several kinds of instrument. Section IV
deals with sinusoidal input measurement near the resonant
frequencies of a specimen. For both resonant and subreso-
nant conditions, methods are presented for handling large
and small phase angle between stress and strain. Section V
introduces variants of the methodology to make measure-
ments on the microscale and nanoscale. Section VI intro-
duces wave methods. Section VII deals with the challenge of
obtaining a wide window on the time or frequency domain.

II. TIME DOMAIN MEASUREMENTS

A. Creep

Creep is one of the simplest experimental modalities for
characterizing viscoelastic behavior. A dead weight can pro-
vide constant stress, provided the deformation is sufficiently
small that the specimen cross section does not change appre-
ciably. The load history in time cannot follow a mathematical
step function as one would prefer based on the definition of
the creep compliance. Because the rise time is not zero, one
ordinarily begins taking data after a period about ten times as
long as the rise time has elapsed.5 It is difficult to apply a
dead weight in less than 0.5 to 1 s, therefore such creep data
begin at 5 to 10 s. A test from 10 s to 3 h covers three
decades; 28 h is required for four decades. Typical creep
results6 are shown in Fig. 1. The upper limit on the length of
time of a creep test is limited by the experimenter’s patience.
In some cases in which long-term data are required but can-
not be inferred from time-temperature shifts~see Sec. VII!,
test time can be up to 20 years.7

Prior to testing, one should monitor deformation at zero
load for a period of time to make sure strain from specimen
preparation has recovered. Moreover, prior to testing, poly-

FIG. 1. Creep complianceJ(t) of polyvinyl acetates at various tempera-
tures, adapted from Ref. 6.
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mer specimens are generally preconditioned by applying a
few load cycles consisting of creep and recovery segments.
This is done to achieve reproducible results.8 Biological ma-
terials exhibit similar effects.

As for instruments, the torsion-pendulum implementa-
tions for subresonant tests~Sec. III B! can be used for creep
studies.

B. Stress relaxation

Stress relaxation involves observation of time-dependent
stress in response to a step strain. The step strain can be
achieved by using a cam system that is much stiffer than the
specimen to impose a constant deformation following a rise-
time transient, or by manually advancing a screw up to a
stop. For example a relaxation instrument for the study of
glassy polymers used an eccentric cam system actuated by a
handle for load application9 to achieve a range in time of
three decades. An axial strain-gauge-type load cell was used
for force measurement. Because in stress relaxation the
specimen deformation is to be held constant, it is necessary
to determine the compliance of the load cell, to verify that it
~and other parts of the test frame! was much stiffer than any
specimen studied. For tension experiments both stress-
induced deformation and thermal expansion of the load
frame can introduce error. The load frame must therefore be
made robust, and should be enclosed in a temperature-
controlled chamber independent of the temperature-control
system for the specimen. Since polymers can swell with
changes in humidity, it is necessary to accurately control
humidity in tensile experiments. Results for polymethyl
methacrylate~PMMA!10 at several temperatures are shown
in Fig. 2. Alternatively a step strain in time can be applied
via a servocontrol device in which strain or displacement is
used as a feedback signal.

III. FREQUENCY DOMAIN: SUBRESONANT

A. Phase measurement

For a load history which is sinusoidal in time, the defor-
mation history is also sinusoidal in time, with a phase shift,
provided the material is linearly viscoelastic and the appara-
tus is linear. This review is for the most part limited to linear
systems. For nonlinear materials or devices, overtones~mul-
tiples! of the driving frequency appear in the deformation. At
frequencies sufficiently far below the lowest natural fre-
quency that may be excited in the specimen or in the trans-
ducers, or in other parts of the apparatus, the phase angle
between load and deformation~or between torque and angu-
lar displacement! is essentially equal to the phase angled
between stress and strain. The driving frequency may be
tuned or scanned over a range.11 The lower limit of this range
is limited by drift in the electronics and principally by the
experimenter’s patience. The upper limit of the frequency
range is limited by resonances in the specimen or in parts of
the apparatus. In the following, the material is assumed to be
linearly viscoelastic, so if the stress is sinusoidal in time, the
strain is also sinusoidal, with a phase shift. As with other
mechanical measurements, one must determine the compli-
ance of the instrument to make sure the resulting errors in the
calculated material modulus are sufficiently small. In addi-
tion, phase error due to amplifiers and other electronics must
be quantified so that the investigator is confident the mea-
sured phase is representative of the material phased. More-
over, instrumental compliance can contribute a phase error
even at frequencies well below any natural frequency.12

1. Time delay

Measurement of the phased can be performed by deter-
mining the time delayDt between the sinusoids. The rela-
tionship isDt5Td/2p, with T as the period of the sinusoid.
The time delay can be determined either on an oscilloscope
or by detecting the zero-crossing of the load and displace-
ment signals and measuring the time delay with a high-speed
timer. Noise of electrical or other origin limits the resolution
of the phase.

2. Lissajous (x-y) figures

A graph of load versus deformation~sinusoidal in time!
for a linearly viscoelastic material is elliptic in shape~Fig.
3!. The phased is given by

sind5A/B ~1!

with A as the horizontal thickness of the ellipse3 andB as the
full width of the figure. To measure small phase angles, the
middle of the ellipse can be magnified on an oscilloscope or
computer display. Again, the ratio of signal to noise must be
sufficiently high to resolve the phase. The area within the
figure is representative of the energy dissipated per cycle in
the material.

3. Lock-in measurement

Lock-in amplifiers, given a reference source at a known
frequency, amplify only at that frequency. They are therefore
capable of accurate measurements in the presence of noise,

FIG. 2. Relaxation modulus E~t! of PMMA at various temperatures, adapted
from McLoughlin and Tobolsky.10
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which is distributed over a range of frequency. A two-phase
lock-in amplifier provides phase information as well, and is
therefore suitable for viscoelastic measurements. Phase mea-
surement with a lock-in amplifier reduces the scatter inherent
in the determination of phase. The typical frequency range is
1 Hz to 100 kHz, but some models go as low as 0.001 Hz or
as high as 200 MHz. Phase resolution of some models is
claimed to be 0.001° (d51.831025) however the actual
resolution will depend on the levels of noise and on instru-
ment settings, especially the time constant. Automated scans
of frequency are possible with some lock-in amplifiers.

B. Instruments

Commercial servohydraulic test machines make use of
an electrical feedback signal from a force transducer, dis-
placement transducer, or strain gauge to control a hydraulic
valve. This valve governs the flow of hydraulic fluid that, by
pressing on a piston, provides the force. These machines are
usually used to perform stress-strain tests to fracture; they
can also be used for creep or stress-relaxation measurements,
or subresonant tests at low frequency, typically below 10 Hz.
Instrumental resonances limit the frequency range of these
devices.

Commercial ‘‘dynamic mechanical analyzers’’ typically
use a servocontrolled electromagnetic driver to apply a flex-
ural load to a bar specimen. Creep, relaxation, and low fre-
quency subresonant sinusoidal tests can be done with these
devices. Instrumental resonances usually limit the frequency
range to below 10 Hz. The range of time or frequency can be
extended by conducting repeated tests at several tempera-
tures and using time-temperature superposition~Sec. VII B!
to infer viscoelastic properties over a wider range. This ap-
proach is applicable only to materials dominated by a single
relaxation mechanism.

Torsion pendulums~Fig. 4!, which have been made in
many variants, typically based on the classical Keˆ

pendulum,13 are described in more detail in Sec. IV A. They
can be used for creep and for driven sinusoidal tests in the
subresonant domain provided one has sufficient precision in
the measurement of phase. In a typical embodiment, electro-
magnetic drive is used to apply a torque. In earlier instru-
ments a moving coil was placed in the field of a permanent
magnet. With the advent of better magnet materials, it is now
more practical to use a moving magnet in the field of a coil
to avoid concern of error caused by stiffness and damping
caused by electrical wires supplying a moving coil. An opti-
cal lever is used to determine angular displacement. Early
instruments made use of a beam of light projected on a scale
and observed visually; more recent ones use a laser beam and
a split silicon sensor. Torsion offers the advantage that small
deformation is readily measured.

A high-resolution inverted torsion pendulum14 ~Fig. 5!
provides a six-decade range of frequency from 1025 to 10
Hz under subresonant conditions below the natural frequency
of 100 to 500 Hz. Phase is determined by using a timer to
measure the time delay between the zero-crossing of the load
and displacement signals. A phase uncertaintydf'6
31025 at 10 Hz, and better at lower frequencies, was
claimed, based on a time accuracy of 1ms. To achieve such
phase resolution it is necessary to minimize noise sources of
electrical and mechanical origin. The temperature range is
room temperature to 800 °C, under vacuum. Representative
results are shown in Fig. 6.

Low-temperature variants15 have been used to study su-
perconductors at cryogenic temperature~4.7 K!. As with the
above device, the specimen is kept isolated from the drive

FIG. 3. Lissajous figure due to strain~e! response to stress~s! that is sinu-
soidal in time, in relation to phase angled, between stress and strain after
Lakes.3 E* [E81 iE9 is the complex modulus.

FIG. 4. Torsion pendulum of inverted type. Torque is generated by the
action of a magnetic field supplied by a permanent magnet~not shown! upon
the coil.
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system and twist-measurement system by an arrangement of
stalks. These permit the specimen to be cooled in a cryostat
and also to be subjected to a magnetic field up to 0.2 T~2000
G!, but limit the frequency to below 10 Hz. In this system
both the temperature and magnetic field near the specimen
are isolated from the magnetic-drive system.

High-temperature variants16 allow measurements to
1800 K. In this device, data are obtained by comparison of
the deformation of the specimen~in a furnace! with the de-
formation of an elastic standard~outside the furnace!. An
instrument17 for the study of creep and internal friction of
geological materials up to 1400 °C makes use of a refractory
molybdenum alloy in the high-temperature section. The
specimen is gripped with the aid of a mismatch in thermal
expansion between specimen and refractory grips. The
heated specimen is separated by connecting stalks and a base
plate from a water-cooled low-temperature zone containing
the transducers: a brushless motor to generate the torque, a
custom torque gage based on strain gauges, and two noncon-
tacting inductive displacement transducers to determine the

angular displacement~Fig. 7!. The stalks and other parts nec-
essary to isolate the heated specimen give rise to an instru-
mental fundamental resonance of 100 Hz. Since the seismic
frequency range of interest is 0.001 to 1 Hz, the frequency
range in the subresonant regime of the instrument is ad-
equate.

A variant suitable for a broad band of frequency, includ-
ing subresonant and resonant, is described in Sec. VII D.

C. Treatment of large and small phase

For materials of low loss (tand,1023), resonance
methods~Sec. IV! are the most appropriate because they are
sensitive. By contrast small phase differences are obscured
by noise and are difficult to measure directly. If it is neces-
sary to make subresonant measurements on low-loss solids,
excellent phase resolution is required. Phase resolution may
be limited by the ratio of signal to noise. A lock-in amplifier
can be beneficial in cutting through the noise and improving
phase resolution. Moreover one must reduce phase errors
that may be introduced by transducers, electronics, and fil-
ters.

Large phase angles are easy to measure. If, however, the
material tends to a fluid consistency at sufficiently low fre-
quency or long time, the specimen may not be able to sup-
port its own weight. Methods for viscoelastic fluids are out-
side the scope of this review.

FIG. 5. Driven subresonant torsion pendulum, adapted from Woirgard
et al.14

FIG. 6. Mechanical damping tand of niobium vs frequency in the subreso-
nant regime, showing a Snoek peak due to interstitial oxygen. Adapted from
Ref. 14.

FIG. 7. Driven high-temperature subresonant torsion pendulum, adapted
from Gribb and Cooper.17 High-temperature components are made from a
refractory molybdenum alloy. The apparatus is enclosed in a gas-tight cham-
ber, and the upper portion is sealed by an O-ring.
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IV. FREQUENCY DOMAIN: RESONANT

A. Lumped resonances: pendulum devices

Resonance methods are appropriate for low-loss materi-
als with tand from 1023 to 1029 or smaller. By contrast, in
the subresonant domain small tand values correspond to
small phase angles, which are difficult to measure.

The specimen is usually a long bar or rod with an at-
tached mass much greater than that of the specimen. This is
referred to as a lumped system since virtually all the inertia
is associated with the attached mass, and virtually all the
elastic or viscoelastic compliance is associated with the
specimen. Analysis of the response of such a system is
simple.

Consider a torsion pendulum with a heavy member of
mass moment of inertiaI at the end of the specimen which
has shear modulusG and damping~phased between stress
and strain!. If the specimen itself supports the inertia mem-
ber, then it is under a static tension force that could influence
the torsion results or cause creep in high temperature tests.
To avoid this, it is common to use an inverted torsion pen-
dulum with the specimen below the inertia member, the
weight of which is supported by a fine wire of negligible
torsional stiffness in comparison with the specimen. The sup-
port wire is strong and is sufficiently slender so that its tor-
sional stiffness does not significantly perturb the measure-
ment. In these devices the specimen, mounted below the
inertia member, experiences pure torsion with no tension. A
typical embodiment of the idea is shown in Fig. 4. The tor-
sion pendulum is normally operated at a low resonant fre-
quency, e.g., 1 Hz, and the temperature scanned. There are
many examples of this approach.11 The original Kê
pendulum13 used a galvanometer-coil winding in a static
magnetic field to generate the torque and light reflected from
a mirror to determine the angular displacement. It was used
for creep and for determination of internal friction by free
decay of vibration~described below!.

Measurement of the natural frequencyn1 allows one to
calculate3,18 the shear modulus as follows:

n15AG8~n1!k

I
. ~2!

For a round, straight rod,k5pd4/32L, with d as the rod
diameter andL as the rod length;I is the mass moment of
inertia of the attached mass. The natural frequency can be
determined by observing the period of free vibrations follow-
ing a perturbation or by tuning the frequency in a driven
~forced! system.

The damping tand, provided it is small, is calculated
from the full width Dn of the resonance curve at half-
maximum amplitude

Dn

n1
'A3 tand. ~3!

This measurement of the peak width gives ‘‘quality factor’’
Q, with Q21'tand for small d.

In a driven system one can make measurements away
from the resonant peak. To interpret, observe that the phase

angle f between torque and angular displacement for a
lumped system of one degree of freedom is given by

tanf5
tand

12~n/n1!2
. ~4!

The phase anglef is approximately the same asd for suffi-
ciently low frequencyn below the natural frequencyn1 , p/2
radians atn1 , and p radians for high frequency. The rela-
tionship between structural stiffness and material stiffness
~modulus! for this lumped system is, withu0 as the angular
displacement amplitude and M0 as the applied moment am-
plitude

G8~n!ku0

M0
5A 1

@12~n/n1!2#21tan2 d
. ~5!

For a round, straight rod,k5pd4/32L, with d as the rod
diameter andL as the rod length. If the actual experimental
instrument has stalks and heavy attached transducers, its
resonance structure will not be so simple; if instrument reso-
nances are at frequencies close to or lower than specimen
resonances, the instrument is generally suitable only for sub-
resonant studies.

One can also obtain the damping tand, provided it is
small, from the free-decay timet1/e of vibration ~of period
T51/n1) to decrease by a factore52.718 following an im-
pulse

tand'
1

p

T

t1/e
. ~6!

The free-decay approach offers simplicity in that no tunable
function generator is needed; it is sufficient to apply a per-
turbation. If the torsion pendulum has a sufficiently massive
inertia member, the natural frequency will be on the order 1
Hz, and the perturbation can be applied manually, by a me-
chanical system, or electrically. One may also speak of the
log decrementL in terms of amplitudesA1 and A2 of suc-
cessive cycles asL5 ln(A1 /A2). For small d, L'p tand.
Classic results are shown in Fig. 8.

In lumped-resonance procedures it is usual to scan the
temperature while observing the behavior near resonance.
One can also vary the frequency by varying the attached
inertia, but this is cumbersome.

B. Distributed long-bar resonances

Long bars are used for resonant experiments because
they have a relatively simple resonance structure, which sim-
plifies interpretation of results. Resonance measurements
have been recognized following Fo¨rster’s 1937 pioneering
work.19 One may excite vibrations in extension, flexure, or
torsion. The frequencies are as follows, assuming negligible
added mass at the end, withE as Young’s modulus,G as the
shear modulus, andr as density, for a bar fixed at one end,
free at the other. Here the bar lengthL is one-quarter wave-
length. This is in contrast to a bar free at both ends for which
the bar length is one-half wavelength.
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nn5
n

4L
AE

r
, ~7!

for axial deformation assuming a wavelength much longer
than the specimen width,2

nn5
n

4L
AG

r
, ~8!

for torsion, and

nn5
h

L2

an
2

4A3p
AE

r
, ~9!

for flexure20,21 of a strip of lengthL and thicknessh, with
a151.875, a254.694, anda357.855. HereAE/r is the
speed of longitudinal bar waves andAG/r is the speed of
torsional waves. Material damping is determined via Eq.~3!,
which applies to distributed systems as well as lumped ones,
provided tand is sufficiently small~less than 0.1!. As for
flexure, many devices have been designed. The vibrating-
reed approach is particularly convenient. One end of a bar is
clamped and the free end is mechanically excited. Capacitive
excitation allows one to generate vibration without adding
any mass to the specimen. Since the coupling is weak, the
approach is suitable for materials of low damping. Figure 9

shows a typical setup for free-free vibration in which the
specimen is free at both ends.

C. Piezoelectric ultrasonic oscillator

The piezoelectric ultrasonic composite oscillator tech-
nique is based on a device that consists of two piezoelectric
crystals and a specimen cemented together22–24 ~Fig. 10!.
The vibration may be in tension/compression or in torsion
depending on the type and orientation of crystal. The reso-
nant frequenciesnn5c/l5c(n11/2)/L are governed by the
length L of the crystals and the speedc of the ultrasonic
waves in them. Heren is an integer; the fundamental corre-
sponds ton50, and a wavelength twice the length, corre-
sponding to the free–free boundary condition of a bar free at
both ends. The specimen is regarded as effectively free even
at the glued end because the specimen length is chosen so its
natural frequency matches that of the crystals, so that the
stress across the glued interface is minimal. Frequencies
from 20 to about 120 kHz are typical. Quartz is preferred for
the crystals since it has a low tand, which can be below 1026

depending on crystal defects. One crystal is driven electri-
cally to induce vibration. The oscillating voltage induced by
strain in the other crystal is measured. The wires are attached
to the crystals’ conducting metal plating at the crystal mid-
points, which are nodes for free–free vibration. Because the
wire has nonzero size, there is a parasitic damping associated
with it. There is also a parasitic damping due to the cement
used to attach crystal and specimen. This damping is small
provided each crystal as well as the specimen has nearly the
same natural frequency in which case the stress at the glue
joint is minimal. The crystal itself has some damping which
is accounted for in the calculation of specimen damping.

Viscoelastic properties of the specimen are inferred as
follows from electrical measurements upon the sensor crystal
and from the dimensions and masses of specimen and crys-
tals:

tand t5~m1a1
2 tand11m2a2

2 tand21mspasp
2 tandsp!

/~m1a1
21m2a2

21mspasp
2 ! ~10!

FIG. 8. Tand vs temperature for aluminum13 and brass76 at low frequency,
adapted from Keˆ.

FIG. 9. Free-free flexure-resonance apparatus.

FIG. 10. Piezoelectric ultrasonic composite oscillator apparatus.
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v t
25~m1a1

2v1
21m2a2

2v2
21mspasp

2 vsp
2 !

/~m1a1
21m2a2

21mspasp
2 ! ~11!

in which v is resonant angular frequency,m is mass, anda is
radius, and subscripts 1 and 2 refer to the crystals and sp to
the specimen.25 It is assumed that the electrical impedance of
the circuit attached to the gauge~sensor! crystal is suffi-
ciently high that energy losses associated with it can be ne-
glected.

The method is usually used to measure modulus and
damping at a constant frequency over a range of temperature.
If the intended temperature exceeds the Curie point of crystal
quartz, a long stalk of fused quartz~of length chosen to
match the crystal frequency! is used between specimen and
crystal so that the crystals can operate at a lower tempera-
ture. In addition to the fundamental natural frequency, one
can also excite higher harmonics, however they are weaker
in amplitude than the fundamental.

D. Resonant ultrasound spectroscopy „RUS…

Resonant ultrasound spectroscopy~RUS! measures of
the resonance structure of a compact specimen such as a
cube, parallelepiped, sphere, or short cylinder25,26,27to infer
material properties. Elastic moduli or complex dynamic vis-
coelastic moduli are determined from the resonant frequen-
cies. Viscoelastic damping is determined from resonant-peak
width following Eq. ~3!. Frequencies are typically from 50
kHz to 20 MHz depending on specimen size and properties.
A cubical specimen is typically held by contact force be-
tween piezoelectric ultrasonic transducers at opposite corners
~Fig. 11!. A short cylinder may be held between opposite
edges. One transducer is a transmitter, and one is a receiver.
Corners are used since they provide elastically weak cou-
pling to the transducers, hence minimal perturbation to the
vibration, so minimum parasitic damping. RUS requires no

gluing, clamping, or painstaking alignment of the specimen.
In comparison with pulsed wave ultrasound~Sec. VI!, RUS
requires no corrections for diffraction or concern about
plane-wave approximations. Although RUS is conceptually
and experimentally simple, determination of anisotropic elas-
tic constants entails elaborate numerical methods.

All the elastic moduliCi jkl of a single specimen can be
obtained from a single frequency scan. A numerical algo-
rithm is used to extract the moduli from the resonant fre-
quencies. A rectangular-parallelepiped specimen with its
axes aligned with the material symmetry is commonly used.
For the higher symmetries it is desirable to have unequal
edge lengths to avoid overlap~degeneracy! of different
modes with the same frequency; the algorithm cannot handle
this overlap. The specimen must be accurately cut. Any error
in parallelism or dimensions will translate into a similar size
error in the moduli. A poorly cut specimen can prevent the
numerical inversion from accurately functioning since then
the assumed shape does not correspond to the actual shape.
Most resonant frequencies in RUS depend on combinations
of elastic constants.27 Numerical determination of aniso-
tropic moduli using currently available software requires a
good initial guess as input to the algorithm, since it is usually
not straightforward to identify the modes. Since the lowest
modes depend primarily on the principal shear modulus, 10
to 40 modes may be used in study of anisotropic solids.
Missing modes can occur if the specimen displacement at the
contact point is zero or is in a direction to which the trans-
ducer is not sensitive. Misidentified modes play havoc with
numerical inversion, therefore another scan may be done af-
ter tilting the specimen. Moreover for anisotropic solids, the
width of resonant peaks, required to infer damping, depends
on combinations of complex moduli.28

Modes may be identified by repeating scans for different
cube corner-orientations.29 Alternatively one may selectively
excite classes of modes by exciting the specimen using eddy
currents via a coil of wire surrounding the specimen and
embedded in a magnetic field.30 One may also optically
monitor the vibration using laser interferometry to identify
the mode31,32 and avoid the need for a good initial guess of
properties. If shear piezoelectric transducers33 are used rather
than the usual compressional ones, one can identify some
modes via the polarization of shear vibration; moreover, sig-
nal amplitude for the fundamental is enhanced by one to
three orders of magnitude. One can perform RUS studies
with off-the-shelf electronics, e.g., a function generator ca-
pable of sweeps, broadband ultrasonic transducers, and a
digital oscilloscope. Lock-in amplifiers have been success-
fully used for RUS measurements, but it takes longer to per-
form a scan than with a heterodyne amplifier used in com-
mercial RUS systems.34

If the specimen is isotropic, analytical formulas are
available for the lowest mode. For example,35 the lowest
mode for an isotropic cube is a torsional mode of frequency

n5
A2

pL
AG

r
. ~12!

HereL is the side length,G is the shear modulus, andr is the
density. The next higher mode in the cube is about a factor of

FIG. 11. Resonant ultrasound spectroscopy~RUS! apparatus.
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1.34 higher in frequency. For a cylinder of lengthL, the
torsional natural frequencies for free-free vibration are

n5
n

2L
AG

r
~13!

with n a positive integer. The next higher mode is about a
factor 1.26 higher. The fundamental torsion mode is the low-
est mode for a cube and for a short cylinder of length equal
to diameter if the Poisson’s ratio is not too close to the lower
limit 21. The mode structure given is for an elastic material.
For viscoelastic materials there is frequency dependence
~dispersion! of the modulus. If tand is relatively large, the
dispersion may be sufficient to complicate the analysis. Nu-
merical algorithms currently used do not account for disper-
sion, and are appropriate only for low damping anisotropic
materials.

Material damping tand is obtained from RUS data by
calculating it from the width of resonance curves via Eq.~3!.
Higher modes are closely spaced. Overlap of broad resonant
peaks in high damping materials renders it impractical to
determine tand above 0.01 to 0.02 at frequencies other than
the fundamental.36

E. Treatment of large and small phase

For materials of low loss (tand,1024 or equivalently
Q.104), resonance methods are the most appropriate.
Among resonance methods, it is easier to measure free decay
of vibration than to tune a forced-vibration system through a
very narrow resonant peak. The decay time of vibration in a
high-Q (Q'109) resonator at acoustic or low ultrasonic fre-
quency can be several hours long. A corresponding time is
necessary to set up the vibration. During this period the fre-
quency of the electrical source must be sufficiently stable to
match that of the resonant specimen. It is necessary in these
experiments to minimize all sources of parasitic damping.37

Indeed, single crystal sapphire and silicon at low temperature
have been reported to exhibit tand as small as 1029. Para-
sitic energy dissipation due to air viscosity or radiation of
sound into the air tends to become important for tand
,1024. Bending modes are more vulnerable to such error
than torsion, and slender specimens more so than compact
ones such as those used for RUS. Sound radiation errors for
RUS38 are more severe for compressional modes than tor-
sional modes. To eliminate these errors, tests on low-loss
materials are done under vacuum. Vibration energy can also
leak out through the support of the specimen, and lead to an
overestimate of tand. Such errors are minimized as follows.
In fixed-free vibration, the support structure must be orders
of magnitude more rigid than the specimen, otherwise para-
sitic dissipation from transmission of waves into the support
will obtrude in the data. For a fiber specimen, the impedance
mismatch between specimen and support is very favorable,
allowing tand as small as 1026 to be measured as described
below in Sec. V.

In free-free vibration, specimens are usually supported at
a vibration node, where displacement is minimal. A fine
thread used for support is sufficiently compliant that there is
a large mismatch in mechanical impedance, hence minimal

spurious energy loss. The thread is placed near a vibration
node. Further reduction in parasitic damping is achieved by
greasing the thread.39 If the support thread is to be used for
driving or detection, it must be sufficiently far from the
node.40 In bending experiments, it is better to have the bend-
ing motion in the horizontal direction than the vertical direc-
tion because less energy is lost in rotating the support thread
than in stretching it. Measured quality factorQ has been
observed to vary with suspension length41 for low-damping
columnar silicon. In one study,Q measurements in fused
silica42 were limited by losses in suspension wires, as the
measuredQ was found to depend on the shape of each reso-
nant mode and the proximity of each mode’s nodal regions to
the suspension points. The highestQ measured in this series
was 1.93107 at 26 kHz.

For low-loss materials a further matter to consider is the
possibility of spurious energy loss from the transducers used
to induce and detect vibration. Weak coupling is beneficial in
this context. Capacitive transducers are favored because their
coupling is intrinsically weak. Even so, it is wise to calculate
the error caused by how much energy might be lost in the
equivalent resistance of the transducer circuit through trans-
ducer coupling. Moreover, extra energy dissipation can occur
in films adsorbed on the resonator as well as surface damage
and defects. Consequently, the surface must be kept clean
and free of damage if the intrinsic damping of the material is
to be approached. Specimens are polished and annealed to
reduce surface and internal defects.Q values to 43108 have
been measured for sapphire at room temperature, and to 5
3109 at 4 K.38

For high-loss materials~tand.0.1!, it is easy to measure
the phase directly in the subresonant regime. In resonant ex-
periments, the approximate formulas for half width and for
free-decay are not applicable, and the more complex exact
solution for the vibration must be used for analysis. For ex-
ample, large damping can also be measured from resonant-
peak width, but the analysis is more complicated than for
low tand because the exact solution is necessary. For ex-
ample, exact relations betweenQ and tand require a model
of the viscoelastic response of the material.43 If damping is
independent of frequency then

Q215A11tand2A12tand. ~14!

Moreover, resonant peaks in high-loss materials become
broader and of lower amplitude, and signal strength is re-
duced; moreover, nearby modes in a distributed system may
overlap.

As for the decrementL in free-decay of vibration, recall
for small d, L'p tand. The exact expression is44

tand5@12exp~22L!#/2p ~15!

in which these authors define the inverse quality factorQ21

in terms of a ratio of dissipated energyDW to stored energy
W in a cycle of deformation, equivalent to tand in the sym-
bols used here.~The authors use the symbold for the decre-
ment.! The exact solution shows one cannot obtain the damp-
ing from the ratio of adjacent oscillations if tand>1/2p
'0.16, because for such high damping there are no
oscillations.
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V. MICROSCALE AND NANOSCALE MEASUREMENTS

Testing of materials on a small scale is done, as one
might expect, by scaling down the size of the methods for
force generation and deformation measurement.

As for fibers, at the scale of a few-hundredmm diameter,
it is possible to use a miniature torsion pendulum based on
electromagnetic generation of torque, and an optical-lever
scheme~laser beam reflected from a mirror! to measure an-
gular displacement. Such an approach has been used in the
study of single osteon fibers~about 0.2 mm diameter! from
bone.45 More slender fibers may be excited via a capacitive
approach in which an oscillating voltage is applied to a plate
within 1 mm of the fiber, and displacement measured by
observing the shadow of the illuminated fiber with a split
silicon-diode detector.46 The specimens were set into flexural
vibration under vacuum. For silica fibers 0.23 to 0.5 mm in
diameter in a fixed-free configuration, tand of about 1026

was measured in the frequency range 30 Hz to 1 kHz. The
observed damping was comparable to predicted damping
from thermoelastic coupling alone; therefore parasitic damp-
ing was minimal in this case.

Permanent magnets to generate torque or force can be
scaled down to magnetic grains47,48 of micrometer-size or
below. The motion of grains or beads49 embedded in a ma-
terial may be examined by video microscopy or by light-
scattering methods. As with macroscopic experiments, inter-
pretation of results requires a quantitative model of the
system to relate the raw force-displacement or torque-angle
data to a stress-strain relationship. The embedded-bead ap-
proach has been used mostly for soft materials such as gels
and biological cells. For such materials one need not neces-
sarily excite the bead externally. Thermal motion of the bead
may provide enough motion from which one can infer mate-
rial properties. This approach has been used for membranes
and other components of living cells as follows. A
micrometer-size bead is embedded in the membrane and il-
luminated with an infrared laser.50 The laser light provides an
optical trap. Material properties are inferred from the power
spectrum of Brownian motion of the bead as determined
from an image of the bead projected upon a split silicon-light
sensor. The frequency range is from 100 Hz to several kilo-
hertz.

Thin films may be applied to a substrate of known ma-
terial, typically of low damping. The resulting laminate may
be studied under quasistatic conditions or in lumped reso-
nance. Film properties are extracted with the aid of
composite-theory analysis of the laminate. One may also re-
flect ultrasonic waves from a surface with a thin film on it.51

Material properties are inferred from the amplitude and
phase of the obliquely reflected waves. The approach is
originally due to Masonet al.52 who studied viscoelastic
properties of polymer liquids via oblique-wave reflection.
Film properties can also be studied by a variant of resonant
ultrasound spectroscopy in which a film of unknown material
is applied to a block of material of known properties.53

As for properties of materials at and near the surface,
indentation creep experiments offer potential for mapping
properties or study of small samples. Nanoindentation creep

has been conducted with a diamond tip upon polished
specimens.54 Load was ramped to a steady value for creep
tests. The tip was oscillated to obtain contact stiffness. No
creep was seen in tungsten as one would expect at moderate
stress levels and at room temperature. Scanning-probe mi-
croscopes can be configured to provide phase data as an al-
ternative contrast variable in images. Thus far, the chain of
inference has been too indirect to allow mapping of vis-
coelastic properties of hard material. The shape of the probe
tip is often not known with great certainty, and adhesive and
contact forces may complicate the analysis.50 Indeed, map-
ping of stiffness in a graphite-epoxy composite disclosed rea-
sonable values of moduli55 but damping values for graphite
were too high by orders of magnitude. Soft materials such as
gels and biological materials have been studied with modi-
fied scanning-probe microscopes. Modification of the probe
shape by polystyrene beads allows the experimenter to more
readily infer material properties56 using the Hertz solution
for a spherical contact problem. Moduli of several kPa and
tand of about 0.1 have been measured from 20 to 400 Hz.

VI. FREQUENCY DOMAIN: WAVES

A. Shear and longitudinal waves

Wave methods are appropriate at frequencies~typically
megahertz to tens of megahertz! above those used in reso-
nant and subresonant methods. Measurement of the wave
speed allows one to infer a modulus.57 If the wavelength of a
longitudinal wave is much longer than the specimen width or
diameter, then the Poisson expansion and contraction is free
to occur, and the wave speed~bar velocitycB) is governed
by Young’s modulusE and densityr:

cB5AE

r
. ~16!

If the wavelength of a longitudinal wave is much shorter
than the specimen width or diameter, the Poisson effect is
restrained. This is the typical situation for most ultrasonic
studies at or above 1 MHz. The longitudinal wave speedcL

is given by

cL5AC1111

r
, ~17!

with C1111 as the tensorial modulus in the 1 direction. For
isotropic materials58 we have

C11115E
12n

~11n!~122n!
, ~18!

with n as Poisson’s ratio. For wavelengths which are neither
long nor short, the relationship, as one might expect, is more
complicated.59

The speedcT of shear or transverse waves in an isotropic
elastic medium is given by60

cT5AG

r
, ~19!

with G as the shear modulus. For viscoelastic materials, each
modulus is interpreted as the absolute value of the complex
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modulus, e.g.,uG* u. Wave speed is determined from the time
delay of a pulsed group of waves and the thickness of the
specimen.

For ultrasonic waves~above the upper limit of the hu-
man ear, 20 kHz, and most commonly above 0.5 MHz! one
uses piezoelectric transducers to generate and receive the
waves. Ultrasonic measurements are commonly performed
between 1 and 20 MHz, but it is possible by special methods
to go to 1 GHz and beyond.61,62 The electrical wave forms
are usually bursts of several cycles at the frequency of inter-
est. The bursts should be short enough in time to discrimi-
nate multiple echoes. The transducer may be coupled to the
specimen by a thin layer of fluid such as water. This is suf-
ficient if longitudinal waves are used but is not appropriate
for shear waves because fluids do not sustain shear waves.
The transducer may also be coupled with glue or high-
viscosity grease, particularly if quartz crystal plates are used
as transducers. Wave velocity is determined from the time
delay of the pulse and from the thickness of the specimen.
The simplest approach is to find the time delay of the leading
edge of the wave form, but that lacks precision because of
the change of pulse shape as it propagates and the difficulty
of identifying an equivalent equivalent point on two leading
edges. A better approach is the pulse-echo-overlap method63

in which one controls an adjustable delay until the initial and
final wave forms overlap. Precision of a few ppm can be
achieved.

B. Ultrasonic attenuation

Wave amplitude decays with distance d because of geo-
metrical spreading in three dimensions, as 1/d2. If the waves
are confined to one dimension, the amplitude also decays
because of absorption in the material itself. This decay is
called attenuation and is given the symbola. In a linear
material, the amplitude decays with distance d as exp~2ad!.
Attenuation is related to material dampingd as follows:64

a5
v

c
tan

d

2
. ~20!

One way to measure attenuation of ultrasonic waves is
by comparing the signal amplitude transmitted through two
samples of different length.65 The attenuationa, in units of
nepers per unit length is determined as follows from the
magnitudes of the signals:A1 through a specimen of length
L1 , A2 through a specimen of lengthL2 :

a5
ln~A1 /A2!

~L12L2!
. ~21!

One neper is a decrease in amplitude of a factor of 1/e.
Sometimes attenuation is expressed in terms of decibels
~dB!, a logarithmic scale. In this approach it is necessary to
be careful that the coupling between transducer and speci-
men is reproduced for both measurements. Coupling depends
on the pressure applied to the transducer and the degree of
flatness of the specimen surface.

Attenuation may be measured by examining the decay of
amplitudes of echoes of a tone burst reverberating between
parallel surfaces of a specimen.66 A single transducer may be

used to transmit and to receive the waves. The inference of
attenuation will be correct provided the energy lost into the
transducer is small enough to neglect. One cannot use com-
mercial nondestructive test transducers in this approach since
they are designed to have maximal electromechanical cou-
pling and they are damped to achieve well-defined pulses.
Therefore energy lost into them is substantial. Quartz is fa-
vored as a transducer material for the echo method. Quartz
has low damping and a relatively weak electromechanical
coupling. Therefore little energy from the sound wave is con-
verted back into electricity. Even so, the electric circuit at-
tached to the transducer is usually designed to minimize
losses, which are calculated to aid in interpreting the data.
The quartz crystal plate may be glued to the specimen. If
only longitudinal, not shear, waves will be used, the crystal
may be coupled with a thin layer of oil or grease.

For small damping, hence small attenuation, one must
consider the fact that wave propagation in real materials is
three dimensional, not one dimensional. If the ultrasonic
transducer is smaller than the specimen width the waves will
diffract. Diffracted waves lost to the receiving transducer
give rise to an overestimate of the true attenuation, therefore
for low-damping materials, corrections for diffraction are ap-
plied. If the transducer is equal to or larger than the specimen
width, internal reflections from the lateral surfaces may oc-
cur. Longitudinal waves can be converted to slower shear
waves by such reflections.

For large damping, there is also considerable dispersion
~frequency dependence! of the velocity, leading to distortion
of the wave form. It may then be difficult to identify corre-
sponding points on wave forms that have passed through
different lengths of material. If that is a problem, one may
resort to more complex methods based on Fourier transfor-
mation.

VII. METHODS FOR BROADBAND RESULTS

A. Motivation

As we have seen, most methods provide results at a
single frequency or over a relatively narrow domain, usually
three decades or less, of time or frequency. A wider range is
desirable because even a single-relaxation-time process, de-
scribed by an exponential in the time domain, or a Debye
peak in the frequency domain, occupies about one decade.
Most viscoelastic properties occur over a broader range. In
applications one may be interested in creep of a material as
well as its ability to absorb vibration at acoustic frequency or
waves at ultrasonic frequency.

B. Time-temperature superposition

Viscoelastic behavior depends on temperature. For ex-
ample the relaxation modulus function may be writtenE
5E(t,T) with t as time andT as temperature. The tempera-
ture dependence of properties can be exploited to extend the
range of effective time or frequency of measured properties.
Suppose a series of tests is done at different temperatures.
One specimen may be used for each test, or one may allow
adequate time for recovery between tests. Plot the test results
versus log time or log frequency, depending on the type of
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test. It may be possible to shift the curves horizontally so that
they coincide. If that is true, the material obeys time-
temperature superposition. Such a shift is evidence that the
temperature changes are effectively accelerating or retarding
the dominant viscoelastic process or processes, because a
shift on a log scale is equivalent to multiplying the scale by
a number. The relaxation function is of the form

E~ t,T!5E~z,T0!, with z5
t

aT~T!
, ~22!

in which z is called the reduced time,T0 is the reference
temperature, andaT(T) is called the shift factor. The curve
obtained by time-temperature shifts is called a master curve.
Master curves covering 12 to 15 decades of time or fre-
quency have been obtained for amorphous polymers.1 A rep-
resentative master curve for polymethyl methacrylate
~PMMA! is shown in Fig. 12.

Time-temperature superposition is commonly used in the
study of polymers. It works well for many materials pro-
vided the widow of time or frequency is relatively narrow:
three decades or less. The test of superposition is only de-
finitive by its failure.67 Indeed, materials which appear to
obey superposition over a three decade window are observed
to deviate from it over a five or six decade window.

Time-temperature superposition will fail if the material
undergoes a phase transformation in the temperature range of
interest or if it is a composite with multiple processes which
give rise to viscoelasticity, or if a dominant relaxation
mechanism is not thermally activated.

Time-temperature superposition does not imply linear or
nonlinear behavior. Conversely, a linearly viscoelastic mate-
rial may or may not obey time-temperature superposition.

C. Specific forms: Arrhenius and Williams, Landel,
and Ferry „WLF…

In some materials, the relaxation is dominated by a ther-
mally activated2 process: the following Arrhenius equation
applies:

n5n0 exp2
U

RT
, ~23!

with U as the activation energy,n as frequency for a feature
such as a peak,n0 as a frequency factor, andR
58.32 J/moleK as the gas constant. One may use Boltz-
mann’s constantk51.38310223J/K if the energy is so ex-
pressed. For such materials, a change in temperature is
equivalent to a shift of the behavior on the time or frequency
axis. This is a particular form of time-temperature superpo-
sition, because a temperature change has the effect of stretch-
ing or shrinking the frequency scale. To use this approach,
one may determine a series of temperature-dependent spectra
at various frequencies, or a series of frequency-dependent
spectra at a series of temperatures.68 If there is a peak at
temperatureTp one may plot lnv versus 1/Tp to determine
the activation energy. It is easier to obtain a reasonable range
of frequency in subresonant tests than in resonant ones.

The Arrhenius condition has been used in the interpreta-
tion of experiments at a single frequency or a discrete set of
frequencies. If the viscoelastic damping is in the form of a
Debye peak with time constantt0 , the temperature at the
peakTp follows18

~U/k!~1/Tp!52 ln vt0 . ~24!

In this case as well, the activation energy may be extracted
from the slopeU/k of a plot of lnv versus 1/Tp , or a plot of
logv versus 1/Tp for which the slope isU/2.303k. When
data are taken at only two frequencies in a temperature scan
of a Debye peak,2

ln~v2 /v1!5~U/k!~T1
212T2

21!. ~25!

The time-temperature shift for polymers tends to follow
the empirical WLF equation~after Williams, Landel, and
Ferry!1,69

ln aT 52
C1~T2Tref!

C21~T2Tref!
, ~26!

in which Tref is a reference temperature. The constantsC1

andC2 depend on the particular polymer.

D. Direct ways to achieve broadband results

Direct measurements over a wide range of frequency are
preferable to the more common indirect approach of varying
the temperature, for the following reasons.3 Methods based
on temperature shifts are restricted to activated processes,
therefore viscoelastic spectra due to thermoelasticity or mag-
netic flux diffusion cannot be obtained by temperature scans.
Second, the underlying viscoelastic theory is established for
isothermal conditions and is not directly applicable if tem-
perature is varied continuously. Finally, temperature varia-
tions can introduce important structural changes in the speci-
men during testing.

FIG. 12. Master curve for PMMA obtained from results at various tempera-
tures via time-temperature superposition, adapted from McLoughlin and
Tobolsky.10
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One may achieve a wide range of time or frequency at
constant temperature by performing experiments with a va-
riety of devices, in which each one covers a portion of the
range.70 This approach is cumbersome. Usually it is neces-
sary to prepare several types of specimen. Six decades of
frequency from 1025 to 10 Hz are attainable via subresonant
phase measurement as described3 in Sec. III B.

In general one can obtain an extended range of time and
frequency in instruments which are capable of both transient
and dynamic tests, and which have adequately fast short
time/high frequency response. For example a commercial in-
strument or torsion pendulum, limited to 10 Hz~or 0.016 s!
by resonances in stalks and transducers, would provide six
decades if the dynamic results were combined with results of
about five hours of creep. Conversion of results from tran-
sient to dynamic or vice-versa may be done for linear mate-
rials by Fourier transformation or by approximate interrela-
tions. For example, eight decades from 100 Hz down to one
day of creep were achieved with a biaxial driven torsion
pendulum71 after modification.72 In this device, torque is
generated via a moving coil immersed in a static magnetic
field and is measured by a strain-gauge-type torque cell. An-
gular displacement is measured via a linear variable differ-
ential transformer coupled to a rotor. Ten decades from mil-
liseconds to one year are achieved in broadband creep tests
in which load is applied rapidly, and deformation measured
electronically,73 but this requires considerable patience. An
11 decade range74 from 100 kHz to subresonant tests in the
kHz to mHz range to transient~creep! over several days was
obtained as follows. Torque is applied to the specimen elec-
tromagnetically by a Helmholtz coil acting on a permanent
magnet cemented to the end of the specimen. Deformation of
the specimen end is determined by measurement of displace-
ment of a laser beam using a split silicon-light sensor
mounted upon a fast preamplifier. Resonances are eliminated
from the torque-measuring and angle-measuring devices by
this approach. Resonances in the specimen itself are ana-
lyzed via an analytical solution that is applicable to homoge-
neous cylindrical specimens, fixed at one end and free at the

other, of any degree of loss. Higher harmonics in torsion are
readily generated in this system. Representative results, com-
pared with those of RUS, are shown in Fig. 13. In further
development, noise in the tand was reduced by using a
lock-in amplifier.75

VIII. DISCUSSION

In this review, a variety of experimental methods for
viscoelastic solids has been surveyed. Experimental methods
are available over 20 decades of time and frequency. Most
individual methods permit study at single frequencies or at
most of three decades or less for a given specimen. If it is
desired to conduct experiments over an extended range, one
may use multiple instruments, time-temperature superposi-
tion ~which is not appropriate for all materials!, or careful
design of a single instrument.

ACKNOWLEDGMENTS

The author acknowledges the support of the National
Science Foundation through CMS-0136986 and the Materi-
als Research Science and Engineering Center for Nanostruc-
tured Materials and Interfaces.

1J. D. Ferry,Viscoelastic Properties of Polymers, 2nd ed.~Wiley, New
York, 1970!.

2A. S. Nowick and B. S. Berry,Anelastic Relaxation in Crystalline Solids
~Academic, New York, 1972!.

3R. S. Lakes,Viscoelastic Solids~CRC Press, Boca Raton, FL, 1998!.
4A. D. Nashif, D. I. G. Jones, and J. P. Henderson,Vibration Damping
~Wiley, New York, 1985!.

5S. Turner,The Physics of Glassy Polymers, edited by R. H. Haward
~Wiley, New York, 1973!, Chap. 4.

6K. Ninomiya and J. D. Ferry, J. Phys. Chem.67, 2292~1963!.
7G. E. Troxell, J. M. Raphael, and R. W. Davis, ASTM Proc.58, 1 ~1958!.
8H. Leaderman,Elastic and Creep Properties of Filamentous Materials
and other High Polymers~Textile Foundation, Washington, DC, 1943!.

9S. S. Sternstein and T. C. Ho, J. Appl. Phys.43, 4370~1972!.
10J. R. McLoughlin and A. V. Tobolsky, J. Colloid Sci.7, 555 ~1952!.
11A. Rivière, Mechanical Spectroscopy Q21 2001, edited by R. Schaller, G.

Fantozzi, and G. Gremaud~Trans Tech Publications, Zurich, Switzerland,
2001!, pp. 366–368.

FIG. 13. Normalized modulus and tand for indium-tin
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