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cyclic shifts of these. Thus p must be X. Similarly sig (X, XX) E 
(0, W, w, o, 1, 0,l) must equal sig(AX, qY). Hencep equals wh. 

Theorem 5: There is no permutation of order 7 in the group of 
a (24, 12, 10) quaternary code. 

Proof: By the previous discussion such a code is equivalent 
to one of the following form: 

(0, x AX), 0 0 0 
(AX x O,), 0 0 0 

(Y hY whY)3 0 0 0 

h, 07 07 1 w w 
0, /I, 0, w 1 w 
0, 0, h, w w 1 

The block of nine zeros on the upper right refer to the final three 
coordinates (which are zero) of the nine vectors to their left. 

The CAMAC computer system quickly found vectors of weight 
8 in the code. Q.E.D. 

The code above looks interesting, and so we found its group 
and weight distribution by computer. The weight distribution 
follows: 

A, = 3(252) 

A,,, = 3(4,056) 

A,, = 3(59,220) 

A,, = 3(368,424) 

A,, = 3(1,263,159) 

A,, = 3(2,068,584) 

A,, = 3(1,473,444) 

A,, = 3(344,088) 

A,, = 3(11,178). 

This code cannot be the quaternary code generated by the 
vectors in the binary Golay (24, 12,8) code as this latter code 
would have at least 3(759) vectors of weight 8. The group of this 
code has order 63. On the coordinates there are three seven-cycles 
and one three-cycle and the group is not transitive. 

Corollmy: A monomial M of order 7 cannot be in the group of 
a (24,12, IO) quaternary self-dual code. 

Proof: The proof follows as for the corollary to Theorem 4 
using Theorem 5 in place of Theorem 4. 

VI. ANOTHERPROOFFORAPRIME 3 CASE 
In [2] there is only one situation open for a permutation of 

order 3, one with eight cycles and no fixed points. Preliminary 
investigations indicate that there are more codes to examine than 
for the 11 and 7 permutations considered in the previous sections 
and this problem is still open. We give here a simpler proof than 
in [2] for the case where there is a permutation of order 3 with 
seven cycles and three fixed points. 

Then D is a self-dual (10,5) code by [2, th. 31. Further, 5 must 
be indecomposable or it would have a summand of weight 2 
yielding a weight 6 vector in C. Hence by [5], D must be either 
Et0 or Bto. 

A generator matrix for B,, is as follows: 

‘1 1 1 1 0 0 0 0 0 0’ 
0 1 w w 1 0 0 0 0 0 
0 0 0 0 0 11111. 
0 0 0 0 0 0 1 w 0 1 

\o 1 k, w 0 0 1 w 0 0 
Two of the fixed points must be on one side; thus there is a 

vector in 5 of weight 4 with nonzero coordinates on them 
yielding a vector of weight 8 or less in C, a contradiction. 

We give only the first four rows of a generator matrix of E,, as 
we need not consider the last row: 

1 

1111000000 
0011110000 
0000111100 
0000001111 I 

The ten coordinates are in five pairs such that the union of two 
pairs holds a weight 4 vector in E,, with all one components. Of 
the three fixed points at least two-are in two pairs, the union of 
which holds a weight 4 vector in D. This gives rise to a vector of 
weight 8 or less in C and is thus impossible. 
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mean-squared distortion of the series connection of a nonuniform quantizer 
and a noisy channel. The nonuniform quantizer is modeled as a compressor 
followed by a uniform quantizer. The approximate total mean-squared 
error distortion is minimized over a class of parameterized compressor 
characteristics for input processes whose univariate probability density 
functions are members of the generalized Gaussian family. 

I. INTRODUCTION 
The quantization of continuous amplitude, discrete-time sig- 

nals combined with the transmission of the quantized samples 
over noisy channels is a problem that has been studied by several 
authors. From an information theoretic point of view, Shannon 
[ 11, [2] set bounds on the performance achievable by block codes, 
and Gray and Ornstein [3] studied bounds on the performance if 
nonblock structures are used. Berger [4] explicitly considered the 
joint source-channel coding problem making use of the results of 
[2]. This problem has also been studied from an implementation 
point of view. Kurtenbach and Wintz [5] used a mean-squared 
error criterion to optimally design the quantizer structure based 
on the input probability density function and the transition 
probabilities of a discrete memoryless channel. Ancheta [6] studied 
codes that are suitable for error correction as well as for data 
compression. Buchner [7] analyzed the effect of channel errors on 
Gray-coded pulse code modulation (PCM), while Essman and 
Wintz [S] studied differential pulse code modulation (DPCM) 
contaminated with channel noise. They also compared PCM with 
DPCM performance if they are both transmitted over a noisy 
channel. Applications of combined source-channel coding 
schemes have been analyzed by Modestino and Daut [9], who 
worked on the problem in an image-processing environment. 

In this correspondence we propose to investigate the total 
mean-squared distortion suffered by a companded, continuous 
amplitude memoryless source that is uniformly quantized and 
transmitted over a noisy channel with a known capacity. We are 
interested in a small distortion analysis-i.e., quantizers with 
very large numbers of quantization levels and channels whose 
capacities are large enough to carry the data rates coming out of 
the quantizer. To study the quantizer distortion we use Bennett’s 
model for one-dimensional quantizers [lo]: a zero-memory non- 
linearity G(x) taking values in [0, 11, called the compressor, 
which is invertible and continuously differentiable on the support 
of the input distribution Fx(x), followed by a uniform N-level 
quantizer on [0, 11. The quantizer’s output is in turn connected to 
the inverse nonlinearity G-‘(y). We will let g(x) = dG(x)/dx, 
and we will assume that the support of F,(x) is a subset of the 
support of g(x). Furthermore, we will assume that F,(x) is 
absolutely continuous, and we will denote dF,(x)/dx by fx(x). 
Finally, we will also assume that 

lim N2mseN = A/[g(x)]-2 d&(x) c 00, 
N-CC 

where mseN is the mean-squared error for an N-level quantizer. 
All the integrals will be taken over the interval (- 00, co). We 
note in passing that sufficient conditions for the last assumption 
are presented in [ 111. Since we are interested in small quantiza- 
tion distortion, we have a large number N of quantization levels 
and we will approximate the mean-squared error by [lo] 

+ = j&j[dx)l-*f,(x) dx. (1) 
For the analysis of the channel distortion we use some results 

from rate-distortion theory. The difference between the Shannon 
lower bound RL( D) and the rate distortion function R(D) 
converges to zero as D --) 0 for a broad class of source distribu- 
tions and difference distortion measures [ 12, ch. 41. Since we want 
to analyze small distortions, we approximate the rate-distortion 
function for the mean-squared error fidelity criterion by the 
Shannon lower bound. If we are given a source with differential 
entropy H, and a channel with capacity C, then the Shannon 
lower bound tells us that with an optimal code, a good approxi- 
mation to the mean-squared distortion between channel input 

x uniform y c x^ lnpui - compressor ---3 msy quant~rer - ctmnne, - expander - 0u’Pu’ 

Fig. I. Combination of a nonuniform quantizer and a noisy channel 

and output is given by [12, p. 9X] 

2 
e-2(C-H,) 

‘ch $a2 
25-e ’ (2) 

We remark that H, can sometimes be difficult to calculate in 
practice. In the case of a Gaussian source with variance u*, the 
Shannon lower bound and the rate-distortion function coincide 
over the range 0 I D 2 o2 if mean-squared error is the fidelity 
criterion. If an adequate channel coder is used and the input data 
are grouped into sufficiently large blocks, then the mean-squared 
distortion of the source S, which is compressed before the chan- 
nel and expanded after the channel, can be expressed as 

We assume that this last expression holds, and we will develop 
our model in the following sections. 

II. DEVELOPMENT 
Consider a nonuniform quantizer consisting of the series con- 

nection of the compressor G(x) and a uniform N-level quantizer. 
The quantizer mean-squared error is measured between the input 
to the compressor and the output of the expander G-‘(y). For 
the uniform quantizer, we will assume that the noise resulting 
from the uniform quantiiation has zero mean; for large N the 
noise is approximately uniform in distribution over the length of 
the quantization interval l/N. So we will interpret the error given 
by (1) as the expanded variance of the error of a uniform N-level 
quantizer. The expansion takes place in the inverse function 
G-‘(Y). 

If we transmit the output of the quantizer through a noisy 
channel as shown in Fig. 1, then the quantization noise as well as 
the channel noise additively contaminate the information bearing 
signal between the tompressor and the expander. We will assume 
that these noise processes are uncorrelated and that the channel 
noise has zero mean. Then there exists a code such that the total 
mean-squared error between the outputs of the compressor and 
the channel sequence j is 

u; = U“h + u,‘, (3) 

where a,’ is given by l/( 12 N*) and u‘i, the input dependent 
channel distortion, is given by (2). The effect of the system 
depicted in Fig. 1 on this noise process can now be computed 
from Bennett’s integral (1). This yields the total mean-squared 
distortion between the source output and the expander output, 
which is 

d= 
J 

f,dx) dx 

M412 
1 / ep2(C--Hy) 

12N* 1 27re (4) 
Now we ask how large must N be so that the quantizer has 

little influence on the channel distortion. This distortion is a 
function only of the differential entropy of the channel input. If 
H, is the differential entropy of the source and C is the channel 
capacity, then the inequality log N B C B H, guarantees this 
condition. These conditions, while stringent, can be satisfied by 
many useful communication systems. So we approximate the 
channel input by a memoryless source with a differential entropy 
given by 

H, = H, + E[log s(X)], (5) 
where the second summand is due to the compression of the 
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original source. If we substitute (5) into (4) we obtain 

d = I fx(4[dx)1-2 dx & + & 
[ 

. exp (-2C-t 2&f 2~fxb)~w(x) dxj]. (6) 

Defining 

K-L 
12N2 

(7) 

and 

Lze 
-2C+2Hx 

2ne ’ 
(8) 

we find that the total mean-squared error in the system is given 
by 

d = ~h(x)[g(x)l’d~[ K + Lexp (2Jf,(x)log g(x) dx)]- 

(9) 
We observe that if L = 0, an infinite capacity channel, d as 

given in (9) reduces to Bennett’s integral (1). It is known that the 
compressor characteristic which minimizes the distortion in the 
absence of channel noise is 

g(x) = Mx)1”3 
/[f&)1’/’ du ’ 

(10) 

Since in our problem the channel is not ideal, we suggest the use 
of ad hoc compressors given by 

g(x) = [fxb>l” (11) 
j[fxWl”du 

where a E (0,1/2). We note that under mild conditions [ fx( x)]” 
is integrable (i.e., G(x) is well-defined); for example, this is 
implied by the existence of all the moments of X. 

A class of probability densities often used in communications 
is the zero-mean, unit variance generalized Gaussian family given 
by 

fdx) = y(p)exp -&$ ) ( 1 
p 20, (12) 

where A(p) = [W/p)/r(3/~)1”~, 

Y(P) = 
2A(P)hVP) ’ 

and where r( .) is the gamma function. The parameter p regulates 
the rate of decay of the exponential and this family can be used 
to study the influence of the shape of the density on the perfor- 
mance of the system [ 131, [ 141. For the compressor family given 
by (1 l), the generalized Gaussian family satisfies all of our 
standing assumptions on the input [ 111. The special cases p = 1 
andp = 2 yield Laplace and Gaussian densities, respectively. 

Our goal is now to minimize the total system distortion (9) 
using the parameterized class of compressors (1 I), when the input 
density f,.J x) is a member of the family (12). The design variable 
is the parameter a appearing in (11). A necessary condition for a 
to minimize d is that ad/au = 0 at the optimizing a. Sufficiency 
is obtained if a2d/aa2 > 0 at the optimum a. We analyze these 
conditions in the next section. 

111. RESULTS 

Theorem: Consider the family of generalized Gaussian densities 
(12) and the class of parameterized compressors (11). The value 
of the parameter a that minimizes the distortion (9) is contained 
in the interval (0,1/3). 

Proof: A necessary condition for the parameter a to mini- 
mize d is that ad/&z = 0 at the optimum a. If we substitute the 
expression for g(x) into the expression for d we obtain 

d= j[fxWl’-‘“dx K( j[fxW~a~~)2 
[ 

+Lexp(2~jfx(x)logfx(x) &]I. 

Now we use the family of generalized Gaussian densities and the 
integrals [ 151 

j[fx(x)]Bl~gf,(x) dx = Y(P)=‘B-“~ 
1 
logy(p) - &,] 

j[fdx)l B dx = y(p)B-lB-‘/P 
to see that 

ad= U 

au p(l - 2a)‘+“p 

.[-2LeC2”lP + K[y(p)]-2a-2(‘+“p)(1 - 3n)]. 

(13) 
Setting ad/au = 0 yields 

K 24 p)e-*“/PU2(P+‘)/P 
-= 
L I-3a (14) 

Since K, L and the numerator of (14) are positive, the denomina- 
tor of (14) is also positive, and we conclude that the value of a 
that minimizes d lies within the interval (0, l/3). 

We now look at the sufficiency by determining the sign of 
a2d/aa2. Taking the derivative of (13) with respect to a, we get 

+K ;;;‘b;“; [ 9(6a2 - 5a + 1) + 3a2 - 5u + 2 
II 

It can easily be verified that a E (0, l/3) implies that @d/au2 > 
0. Thus the value of a E (0, l/3) satisfying (14) minimizes the 
distortion d. Q.E.D. 

Corollary: For a given p and ratio K/L, the value of the 
parameter a that minimizes d is unique. 

Proof: We take the derivative of K/L as given in (14), with 
respect to a, i.e., 

a(K/L) _ 2y’(p)u’+2’P 
-G--- p(1 - 3u)ezuiP 

[6a2 - u(3p + 8) + 2(p + l)]. 

Since the term inside the brackets has no roots in the interval 
(0, l/3), it follows that K/L is a monotonic function of a in this 
interval, from which we conclude that the optimum value of a is 
unique. Q.E.D. 

It is interesting to notice that for a given density the value of a 
that minimizes d is only a function of the ratio between quantiza- 
tion noise and channel noise. In Fig. 2 we present plots illustrat- 
ing the dependency between the parameter a and the ratio K/L 
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for several densities of the generalized Gaussian family. We note 
that for small K/L, the optimizing value of the compressor 
exponent a is very sensitive to the input density parameter p. The 
total mean-squared distortion obtained by using the optimal 
compressor for p = 1.5, with the number of quantizer output 
levels N as a parameter, is plotted as a function of the ratio K/L 
in Fig. 3. In [ 161 appear analogous plots forp = 1 andp = 2. 

If we now go back to (2) and (5), use the definition of L, and 
the family of compressors (1 I), we see that the channel distortion 
is given by 

IJ,’ = Ly(p)2a2/J’d-2”/J’. (15) 

A;sEme ;ow that the magnitudes of the noises are related by 
ach - ‘yaq, where (Y is a positive constant and a,” = K = 
(12N2)-‘. Then using (15) we see that 

b) 

K 1 - = ,yZ(p)avP,-wP. 
L (16) 

However, for the optimal compressor, K/L is given by (14). 
Combining (14) and (16) we see that 

cy- 1-3a 
2a2 

Example 2: Let X be the output of a Gaussian source (p = 2 in 
(12)). Let again N = 512. 

In the case of equal noise powers, i.e., (Y = 1, this last equation 
yields a = 0.2808. Comparing this value with l/3, which is 
obtained if the channel noise is not considered in the compressor 
design, we observe that the channel has little influence in the 
compressor characteristic if the noise powers are equal. Larger 
values of LY, however, yield compressors which are significantly 
different from the a = l/3 case. For example, 01 = 10 yields 
a = 0.1608 and with (Y = 20, a value of a = 0.1250 is obtained. 

IV. EXAMPLES b) 
In this section we compare the performance of the optimal 

compressor in the case where the channel noise is not considered 
in the design (i.e., if a = l/3) and in the case where the signal is 
not compressed. Let d,,, d,,,+ and d,,, be the distortions ob- 
tained with no compression, with the optimal compressor and 
with a = 1.3, respectively. 

Example 1: Let X be the output of a Laplace source (i.e., let 
p = 1 in (12)), and let N = 512. 

The improvements are 13.1 percent and 25.8 percent. 

a) Consider the case where (Y = 1. From our expression for d 
we find that 

From these examples we can see that for equal noise powers 
(a~ = I), the optimum value of the parameter a yields a large 
improvement over the no-compression quantizer, while the im- 
provement over the a = l/3 compressor is relatively small. On 
the other hand, with cy = 10, the optimal compressor has signifi- 
cant Performance imnrovements for both cases. 

Fig. 3. Approximate total mean-squared distortion for various numbers of 
quantization levels andp = I .5. 

On the other hand, 

d ,,3 = 3.91 x 10-s. 

For the no-compression case, we neglect the probability 
mass outside the interval [ -6,6,6.6] and obtain 

d,, = 1.11 X 10-4. 

We can see that d,, represents improvements of ap- 
proximately 5.6 percent and 66.8 percent over d,,, and 
d,,, respectively. 
Consider now the case (Y = 10. Here, 

dmin,= 3.98 X 1O-4 

d ,,3 = 5.39 x 10-4 

d,, = 6.09 X 1O-4 

and the improvements are approximately 26.2 percent and 
34.7 percent over d,,3 and d,,, respectively. 

Let a = 1. Then 
d mm = 2.15 X 1O-5 

d ,,3 = 2.21 x 10K5 

d,, = 4.07 X 10-5. 

(We neglect the probability mass outside [ -4,4] for the no 
compression case.) The performance improvements are 
approximately 2.7 percent and 47.2 percent over d,,, and 
d,,, respectively. 
Let (Y = 10. This yields 

dmin = 1.66 X 1O-4 

d ,,3 = 1.91 x 10-4 

d,, = 2.24 X 10-4. 

dmin = 3.68 X 10-5. 
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V. CONCLUSION 
For small quantizer distortion-channel distortion ratios the 

value of a in our parameterized class of compressor characteris- 
tics is very small, which corresponds to very little compression. 
Berger [ 12, ch. 51 points out that the best quantizer for a source 
that is going to be entropy coded is asymptotically the uniform 
quantizer (no compression). Since by using Shannon’s lower 
bound to the rate distortion function we are essentially consider- 
ing only signals which have been optimally entropy coded, our 
results coincide with this observation. We can also verify in the 
examples that even though our parameterized optimal compressor 
always reduces the distortions achievable with no-compression 
and with the a = l/3 compressor, the improvement depends on 
the particular distribution of the source output and on the 
relative magnitudes of the quantizer noise and the channel noise. 
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least number of stages in a linear feedback shift register that generates (s). 
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jp!yqyql 
Fig. 1. An N-stage LFSR 

A fast algorithm for determining the complexity of a binary sequence with 
period 2” is described. The algorithm uses the properties of the basis 

sequences(;.) =((y),(J),(S),-..). 

I. INTRODUCTION 
Lets = (s~,s,,... ,s,-,) be a binary vector of length N, and 

let the sequence (s) be defined by appending copies of s; that is, 
for i > 0, (s)~ = ~~~~~~ N). Then (s) is a periodic sequence with 
period N (although if s itself is periodic, then the sequence (s) 
may have a smaller period). The sequence (s) could be generated 
by the N-stage cyclic linear feedback shift register (LFSR), which 
is diagrammed in Fig. 1, using the initial loading s = 
(so, $1,‘. . ,s,-,). The complexity of (s), denoted by c(s), is 
defined as the least number of stages in a linear feedback shift 
register (LFSR) that generates (s) [l], [2]. In this case, c(s) 5 N. 
In general, c(s) can be determined using an algorithm developed 
by Massey [3]. In the case that N is a power of 2, the complexity 
can be determined in log N steps using a much simpler algorithm 
presented in this correspondence. The algorithm was developed 
to study the complexities of sequences of maximum period 2” 
generated by an n-stage nonlinear feedback shift register [4, pp. 
12%1411. 

In the next section, the algorithm is presented, and in Section 
III it is justified. In the concluding remarks, the two algorithms 
are compared. 

II. THE ALGORITHM FOR COMPUTING THE COMPLEXITY 
OF A BINARY SEQUENCE OF PERIOD 2” 

Let a = (a,, a,;. . ,aN- ,) be a vector of length N = 2”, n > 0. 
Decompose Q into its left and right halves by 

-ua) = (a,, %-.,%,2-,) 
R(a) = (uN,2,~N/2+1,.'.t~N--l), 

and write a = (L(u) i R(u)). 
Suppose(s) = (sO,s,;..,s,;~ . ) is a periodic binary sequence 

with period N = 2”, n > 0, and let s = (sa, s,; . .,sv- ,) denote a 
single period of (s). The algorithm, which is represented in Fig. 2 
by its flowchart, accepts the vectors and produces the complexity 
c(s), which is stored in the variable c, after n = log N iterations. 

Suppose, for example, 
s = 11011000110100110111100111111010 

is given with length 32. The algorithm performs the following 
steps: 
Initializations: a + s; I + 32; c + 0 

Step 1) R(u)=0111100111111010 
L(u)= 1101100011010011 

b = 1010000100101001 
u+b 

Step 2) R(a) = 00101001 
L(a) = 10100001 

6 = 10001000 
u+b 

Step 3) R(a) = 1000 
L(u) = 1000 

b = 0000 
a + L(u) 

Step 4) R(u) = 00 
L(u) = 10 

b= 10 
a-b 

I c 

16 16 

8 24 

4 24 

2 26 
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