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The Source Coding Theorem Via Sanov’s Theorem 
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Alislract -A proof of Shannon’s source coding theorem is given using 
results from large deviation theory. In particular Sanov’s theorem on 
convergence rates for empirical distributions is invoked to obtain the key 
large deviation result. This result is used directly to prove the source 
coding theorem for discrete memoryless sources. It is then shown how this 
theorem can be extended to ergodic Polish space valued sources and 
continuous distortion measures. 

I. INTR~DIJCTI~N 

Shannon’s source coding theorem was published in 1959 [l]. 
This result and his channel coding theorem are generally recog- 
nized as the two basic theorems of information theory. Numerous 
extensions and further results have been generated in the inter- 
vening years for nonergodic sources, side information constraints, 
universal source codes, sliding block coder structures, continu- 
ous-time sources, etc. We refer the reader to [2]-[6] for a sam- 
pling of some of the major results dealing with source coding 
theorems and for some excellent overviews and summaries of 
previous work. 

The purpose of this correspondence is to provide a new proof 
of the source coding theorem using recent techniques from the 
branch of probability known as large deviation theory. Large 
deviation theory is not a new area to information theorists. 
Chernoff’s theorem and related bounds have been employed in 
communications and information theory textbooks for several 
years. In fact, in [7] Shannon et aI. prove a more general version 
of it. Chemoff’s theorem written as a limit theorem is a key result 
in large deviation theory. A proof of the source coding theorem 
using Chemoff bounds appears in Berger’s now-classical text [8] 
on rate distortion theory. A similar proof is given in [9]. The 
results obtained in those references are for independent identi- 
cally distributed (i.i.d.) sources with finite discrete alphabets 
(discrete memoryless sources). The rate distortion function comes 
into play in the proof only in its parameterized version. Con- 
versely, the results obtained in this correspondence are derived by 
using a somewhat different branch of large deviation theory 
pioneered by Sanov [lo] and further extended by Bahadur and 
Zabell [ll]. A theorem of Sanov will play a key role in our proof 
of the source coding theorem. A by-product of this methodology 
is that the rate distortion function enters in its nonparameterized 
form. 

We explicitly give a proof only for the same discrete memory- 
less source case. The essential ideas and skeleton of the proof can 
be more easily discerned than in the most general case we have 
been able to show of ergodic Polish (complete, separable, and 
metrizable) space valued sequences, and continuous distortion 
measures. The abstract source coding theorem of Berger [8] and 
Dunham [12] certainly includes the sources considered here. 
However, we believe that large deviation theory can provide a 
new framework from which to view the source coding problem. 
Neither the asymptotic equipartition property (AEP) nor the 
Shannon-McMillar-Breiman theorem needs to be invoked in 
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the proof (although some correspondences between Sanov’s theo- 
rem and the Shannon-McMillan-Breiman theorem have been 
established by Orey [13]). We believe that researchers more 
familiar with the probability of large deviations than with the 
ergodic theory of the Shannon-McMillar-Breiman pathway will 
find this kind of proof more accessible. Large deviation theory is 
a burgeoning area of probability. Source coding theorems can be 
viewed as a new branch of large deviation theory in which to 
work. A challenging goal is to obtain a proof of the general 
abstract source coding theorem [8], [9], 1121 via these methods. 

Section II is devoted to notation, definitions, and large devia- 
tion preliminaries. Section III contains our development and 
proof of the source coding theorem for discrete memoryless 
sources. Section IV contains a discussion of how a more general 
proof is constructed. 

II. PRELIMINARIES 

Let X be one-dimensional Euclidean space and { P,, } a family 
of probability measures on the Bore1 sets of X. Usually the 
situation of interest to us is that in which, as n -+ cc, P, converges 
in distribution (weakly) to a degenerate probability measure (i.e., 
a measure that has unit mass at some point x0 in X). For most 
sets A, we then have P,,( A)n~m 0. In many cases this conver- 
gence to zero is exponentially fast. We can now give the following 
definition. 

Definition: (P,,} obeys a large deviation principle with a rate 
function I( .) if there exists a function 1( .) from X into [0, cc] 
such that 

1) 1( .) is lower semicontinuous; 
2) for each I < co, the set {x: I(x) I 1} is a compact set in X, - 
3) for each closed set C c X, lim(l/n)log P,(C) 5 - inf I( x), 

and for each open set G c X, lim (l/n)log P,(G) 2 - 
-inf,,,I(x). 

We remark that in general, large deviation principles are 
studied for X a k-dimensional Euclidean space or, more gener- 
ally, a Polish space. Two rate results are embedded in every large 
deviation principle: an upper bound for closed (sometimes just 
compact) sets and a lower bound for open sets. The lower bound 
is the one of greatest interest to the present work. In particular a 
result known as Sanov’s theorem will play a key role in subse- 
quent sections. We now give a short exposition (essentially a 
paraphrase of [ll]) of this key result. 

Let Y,,Y,... be a sequence of independent observations on a 
probability space (0, F, P*), each Y taki,ng values in X accord- 
ing to the probability measure P. Let P,, denote the empirical 
measure based upon the sample Y, , Y, , . . . , Y,; i.e., P,(A) A (# 
of indices i with 1 I i I n and Y E A)/n for A E F where F is 
the u-algebra of Bore1 sets of X. Let J? denote the space of all 
probability measures on X, topologized by weak convergence. 
Let J denote an arbitrary open set in Ji!. Then 

By convention the integral is defined to be infinity if q is not 
absolutely continuous with respect to P. The integral itself has a 
variety of names: discrimination, divergence, generalized Shan- 
non entropy of P with respect to q, and the Kullback-Leibler 
information number. This lower bound together with the upper 
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bound is known as Sanov’s theorem. In general, one requires 
more conditions for the upper bound to hold. The reader is 
referred to [ll] for a more complete discussion. 

An important manipulative tool for calculating large deviation 
rate functions is the contraction principle. Suppose one has a 
continuous map from one probability space into another. This 
theorem tells how to translate a large deviation principle in one 
space into the transformed space. For a proof the reader is 
referred to [13]-[16]. 

Contraction Principle: Let P,, satisfy a large deviation principle 
with rate function I( .). Let a be a continuous mapping from X 
into Y. Then e,, A P,,?r-’ also satisfies a large deviation principle 
with a rate function J(y) defined by 

J(Y) = &,‘(“‘- 

III. DEVELOPMENT 

We proceed by stating the source coding theorem for discrete 
memoryless sources found in Berger [8, p. 661. We explicitly 
follow his notation. 

Theorem: Let the discrete memoryless source { X,, P} and the 
single letter distortion measure p (. , .) be given. Let R ( .) denote 
the associated rate distortion function. Then given any 6, E > 0 
and any D 2 0, an integer n can be found such that there exists 
a (D + 6)-admissible code of blocklength n with rate R < 
R(D)+ c. 

Berger gives two proofs of this theorem, one involving 
Chernoff Bounds. The Chemoff bound proof has the rate distor- 
tion function appear in it only in its so-called parametric form. 
By utilizing Sanov’s theorem we can prove the source coding 
theorem directly. 

Proof: Let Q(y]x) denote the optimum channel (conditional 
probability assignment) that generates the rate distortion func- 
tion. Then 

and 

c P(x,Y)Q(YIx)P(x) ID 
x. .” 

where Q,(y) = C,Q(ylx)P(x). Suppose there are M letters in 
the source alphabet. There exist constants 4 for j =l; . ., M 
such that 

&(Ar)Q(rld + 
Y J 

where OL, 2 0 and EyZ1a, =l. We will make use of these ofi’s 
subsequently. 

Berger then proceeds via a random coding argument. Specifi- 
cally, we choose K n-dimensional codewords independently from 
the n-dimensional product type distribution Q,( .) = XF=,Q,. K 
will be chosen subsequently so that R = l/n log K < k(D) + c. 
We will subsequently be allowing n to get large and K should be 
viewed as dependent u!on n through this inequality.’ It would be 
sufficient to take K = [2(R(n)+‘)“] where [x] is the greatest 
integer smaller than x. Define the sphere of radius D + S and 
center x E R” as 

Y: ; ,$ P(x;,Y,)<D+S 
I-1 

Let p,,,, be the maximum possible value of distortion (this makes 
sense because we have discrete finite source and reproducing 
alphabets). One can then easily show that the average distortion 

p is bounded by 

P~D+~+~,,,~P(x)[l-Q(~,(~)>]" 
x 

where Q(s,,(x)) is merely the probability that a random code- 
word will fall into the sphere s,(x). We can then easily over- 
bound the above by an exponential function to obtain 

p I D + 8 + pmax c P( x) e-KQ(sc(X)). 

Note that e-KQ(S*l(X)) 5 1. If e-KQ(Sn(X)) n--+o for P-almost 
every (a.e.) source sequence (xi, x2, . . . ), then by the dominated 
convergence theorem we would have 

pmax C P( x) e-KQ(s~~(X))~O. 
x 

Hence it is sufficient to show that KQ(s,(x))~~ E or 

;($ogK+;logQ(s,,(x))) =C>O 

Consider 

Q(dx)) =Q{ ; ,~ y:- i p(x,,y,)<D+6 
1-l 

This is an average of independent but not identically distributed 
random variables. Hence we cannot directly invoke one of our 
large deviation principles yet. Each output letter from the source 
can take on only one of M possible values (for simplicity let us 
say they are the ‘integers) with probability P( x1 = j) = 5. The 5 
are without loss of generality assumed to be greater than zero. 
For the vector x, let nj s number of times that xi, i = 1,2, . . . n, 
equals j. Then 

where all the rJ: are i.i.d., independent of (x,, x2, . * * ) and 
distributed as Q,. Hence, 

Since n,j/n + Pj for P-a.e. source sequence (xi, x2, 
must have that the above is 

M. 
I 

.>, we 

for n sufficiently large. Therefore, almost surely, for n suffi- 
ciently large we have 
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Note that 

Now invoking the contraction principle (note that p( j, .) is a 
continuous mapping for every j), we have 

$ 5 p(j,tii)<2 
I j=l J 

s 
dV(Y) 

2- inf 
log dQ,(y) -NY), 

v:v~F I 

where 

. 

Note that these integrals are really sums since we only have a 
finite reproducing alphabet. 

Therefore, since Hi/n + P, for P-a.e. source sequence 
(xi, x1,. . .), we find 

M 
2-- C q inf jlog$dv 

j=l Y E F, 1 

We can if we desire now add an additional constraint to the vj 
and force 

M 
c vjq=Q,. 

j-l 

Then 

1- ;(g:pd, d(vJxP) 
and Cy=,v’P, = Q, where vj x P denotes a product probability 
measure. Q( y ] j) is certainly in 4, for all j, and obviously 
E:“(‘= ,Q( y ] j) P, = Q, , which implies that the above is 

>~cclogQ(~l*P’(4 - 
Q(x>P(x> Q(~lx)P(x) 

=-R(D). 

Therefore, as long as lim (l/n) log K > R(D), we have - 
KQ(s,, (x)) -+ 03. Hence for all n large enough, there exists a 
source code with c I D + 2S and with rate less than R(D) + c. 

Q.E.D. 

IV. DISCUSSION 

To prove the source coding theorem for more general sources 
via Sanov’s theorem seems to require many technical details. In 
the setting of ergodic Polish (complete, separable, and metriz- 
able) space valued sources and continuous distortion measures, 

we proceed by first quantizing the source so finely that only an z 
amount of additional distortion is created. The quantized source 
is then a finite alphabet ergodic source. The complete and 
separable parts of the Polish space assumption are needed to 
ensure that the probability measures that we are talking about 
are tight [17]. A probability measure P on a space (A, F) is tight 
if for each positive 6 there exists a compact set K such that 
P(K) > 1- 6. By working on this compact set K, we can 
guarantee (by a Heine-Bore1 type argument) that we can quan- 
tize everything in it as finely as we desire with a finite number of 
quantization levels. The distortion due to the 6 amount of 
probability left over can be made negligibly small as 6 is made 
small. The continuity of the distortion measures is needed in two 
important ways. In the quantization arguments we need continu- 
ity to guarantee that small errors in the sense of $he metric (or 
topology) on the space will translate into small increments of 
error in the distortion measure. Some of these types of details 
have been carried out in metric space settings in [2], [18]. Also, 
continuity of the distortion measure is needed to invoke the 
contraction principle. Accounting for the assumed ergodicity of 
the source requires essentially no new ideas other than the 
now-standard constructions given in [8]. 

ACKNOWLEDGMENT 

We would like to thank G. Benitz and R. Bahr of the Univer- 
sity of Wisconsin-Madison and the University of Arizona-Tuscan, 
respectively, for numerous discussions, insights, and first read- 
ings. We would also like to thank R. Gray of Stanford University 
and D. Neuhoff of the University of Michigan for discussions 
regarding previous work on the source coding theorem. 

[II 

121 

[31 

[41 

[51 

[61 

171 

[aI 

191 

[lOI 

1111 

w 

u31 

P41 

u51 

llhl 

[I71 

[1X1 

REFERENCES 
C. E. Shannon. “Coding theorems for a discrete source with a fidelity 
criterion,” IRE Nat/. Cone. Rec. part 4, pp. 142-162, 1959. 
M. B. Pursley and R. M. Gray, “Source coding theorems for stationary, 
continuous-time stochastic processes,” Annals of Probability, vol. 5, No. 
6. pp. 996-986,1977. 
R. M. Gray and L. D. Davisson, “Source coding theorems without the 
ergodic assumption,” IEEE Trans. Inform. Theory, vol. IT-20, 4, pp. 
502-516, July 1974. 
R. M. Gray, D. L. Neuhoff, and J. K. Omura, “Process definitions of 
distortion-rate funciions and source coding theorems,” IEEE Trans. 
Inform. Theo[y. vol. IT-21, pp. 524-532, Sept. 1975. 
D. L. Neuhoff, R. M. Gray, and L. D. Davisson, “Fixed rate universal 
block source coding with a fidelity criterion,” IEEE Truns. Inform. 
Theoq. vol. IT-21. pp. 511-523, Sept. 1975. 
A. D. Wyner and .I. Ziv, “The rate distortion function for source coding 
with side information at the decoder,” IEEE Truns. Inform. Theory, vol. 
IT-22, pp. l-10, Jan. 1976. 
C. E. Shannon, R. G. Gallager, and E. R. Berlekamp, “Lower bounds to 
error probability for coding on discrete channels,” Inform. Contr., vol. 
10, Pt. I, pp. 65-103, Pt. II, pp. 522-552, 1967. 
T. Berger, Rote Distortion Theory: A Mathematical Basis for Dntu Com- 
pression. Englewood Cliffs, NJ: Prentice-Hall, 1971. 
A. J. Viterbi and J. K.‘Omura, Principles of Digital Communication and 
Coding. New York: McGraw-Hill, 1979. 
I. N. Sanov, “On the probability of large deviations of random varia- 
bles,” Mut. Sh., vol. 42, pp. 11-44, 1957 (English translation in Selected 
Tnnul. Math. S&t. Prob., vol. 1, pp. 213-244, 1961. 
R. Bahadur and S. Zabell, “Large deviations of the sample mean in 
general vector spaces,” Annals of Prohuhility, vol. 7, No. 4, pp. 587-621, 
1979. 
J. G. Dunham, “A note on the abstract alphabet block source coding 
with a fidelity criterion theorem,” IEEE Trans. Inform. Theory, vol. 
IT-24, p. 760. Nov. 1978. 
S. Orey. “Large deviations and Shannon-McMillan theorems,” Univer- 
sity of Minnesota Mathematics Report X3-124, 1985. 
S. R. S. Varadhan, L.urge Deoiutions und Applfcations, CBMS 46. 
Philadelphia. PA: SIAM, 1984. 
D. W. Strook, An Introduction to the Themy of Large Deuiations. New 
York: Springer-Verlag, 1984. 
M. Donsker and S. Varadhan, “Asymptotic evaluation of certain Markov 
process expectations for large time--III,” Commun. Pure, Appl. Muth., 
vol. XXIX, pp. 389-461, 1976. 
P. Billingsley. Cmoergence of Probuhility Measures. New York: Wiley, 
1968. 
R. I$. Gray and J. C. Kieffer, “Mutual information rate, distortion and 
quantization in metric spaces,” IEEE Trans. Inform. Theory, vol. IT-26, 
pp. 412-422. July 1980. 


