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abstract

Model-based controllers have shown strong performance in a wide range
of robotic systems, from relatively simple platforms such as drones and
unicycle cars to more complex systems such as quadrupedal and bipedal
robots. These controllers also provide a principled framework for synthe-
sizing diverse behaviors in robotic systems, including jumping in hopping
robots, trotting, pacing, and bounding in quadrupeds, and walking or
running in humanoid robots.

At the core of model-based control lies the use of dynamical models to
predict future robot behavior based on current states and control inputs.
However, discrepancies between the idealized models used for control
and the real-world physical systems are often a major source of control
failure. These mismatches can stem from various sources, most commonly
from inaccurately modeled dynamics, such as rigid-body assumptions
that ignore structural deformation and unmodeled dynamics, including
compliance in robot-environment interactions (REI) and oversimplified
representations of internal component behavior.

To address these challenges, this thesis proposes a Data-Augmented
Control (DAC) framework that leverages input-output data to model
complex or qualitatively hard to define dynamics and integrates them into
both motion planning and predictive control. By directly incorporating
titted interaction dynamics into the control pipeline, the DAC framework
enables more dynamic, and efficient locomotion behaviors, particularly in

scenarios involving compliant or unstructured environments.
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1 introduction

Model-based control methods lie at the core of modern robotics and in-
dustrial applications. Their successful deployment across a wide range
of robotic systems, including quadrotors such as those in Mellinger and
Kumar (2011), Sreenath et al. (2013), Brescianini (2013), Sun et al. (2022),
manipulators such as those in Lynch and Park (2017), Russ (2024), Murray
et al. (1994), and legged robots such as those in Di Carlo et al. (2018),
Russ (2023),Neunert et al. (2018), highlights their critical role for robotics
researches. These methods enable the generation of agile yet precise,
dynamics-aware locomotion behaviors that consider interactions with the
environment, making them an indispensable component in achieving full
autonomy for robotic systems.

Models lie at the core of model-based control methods. Extensive
literature on system identification, such as Wensing et al. (2024), Khalil
and Bennis (1995), and Simpkins (2012), has demonstrated the importance
of accurate models for both fixed-base and floating-base robotic systems.
Various techniques have been developed to address challenges such as
inertia parameter identification for floating-base systems, handling closed
kinematic chains, and dealing with noise in real sensor measurements. A
comprehensive overview of these topics can be found in Leboutet et al.
(2021).

Robot-Environment Interaction (REI) is a fascinating yet challenging
research area, largely due to the lack of precise and computationally effi-
cient models for compliant contact behaviors described in Le Lidec et al.
(2024). Rigid-body-dynamics-based contact modeling offers a theoreti-
cally rigorous approach to describing contact phenomena. However, the
rigid-body assumption neglects the inherent compliance present in real-
world interactions, limiting its applicability in many scenarios. To address

this, some researchers have adopted static compliant models described



in Marhefka and Orin (1999), Xie et al. (2022) and Khadiv et al. (2019),
which provide continuous and more tractable formulations that better
reflect the compliant nature of physical contact. However, these models
are inherently static and fail to capture the dynamic characteristics of con-
tact interactions. In highly dynamic scenarios, such as rapid locomotion
over deformable or unpredictable terrains, contact behavior is significantly
influenced by past state transitions, which static models are unable to
represent. As a result, there remains a critical need in the robotics and
control communities for dynamical contact models that are both compliant
in nature and computationally efficient, enabling real-time application in
dynamic environments.

There is extensive literature on identifying unknown system dynamics
using data. Traditional system identification approaches aim to improve
the accuracy of parametric model parameters through data, thereby en-
hancing the performance of model-based controllers. However, these
methods often require substantial domain expertise, and the collected
data is typically not integrated directly into the control loop. This limits
the ability to fully exploit and update data in real-time control scenarios.
In contrast, Data-Enabled Predictive Control (DeePC), a data-driven con-
trol framework based on non-parametric models, introduced in Coulson
et al. (2018), has recently gained significant attention for its capability to
directly incorporate sensor data into predictive control formulations. By
removing the need for an explicit system model, DeePC shifts the mod-
eling burden onto the data itself —enabling the optimization process to
implicitly determine a system representation that best fits the observed
behavior.

This method has been shown to be effective across various robotic
systems, including quadrotors in Elokda et al. (2021), Coulson et al. (2018),
manipulators in Carron et al. (2019), and excavators in Wegner (2021). Its

ability to directly generate control inputs from sensor measurements or



state estimation outputs makes it particularly well-suited for real-world
control scenarios involving approximately linear robotic systems.

In this thesis, we propose a Data-Augmented Control (DAC) frame-
work to enable real-time control of PogoX, a self-designed flying-hopping
robot that is inherently underactuated and exhibits hybrid dynamics. The
framework is designed to achieve highly dynamic jumping motions on dy-
namic terrains such as trampolines and air mattresses by actively incorpo-
rating the interaction dynamics into the planning and control formulation
through data-driven modeling.

Our key contributions are as follows:

* We propose a novel Data-Augmented Control (DAC) framework
that actively models and leverages interaction dynamics to improve

control performance.

* We introduce a Data-Augmented Motion Planning (DAMP) frame-
work for generating trajectories that are physically consistent with

the interaction dynamics.

* We develop a Data-Augmented Predictive Control (DAPC) frame-
work that integrates interaction dynamics into the predictive control
formulation, enabling data-driven adaptation to complex physical
interactions.



2 preliminaries

In this chapter, we provide a brief introduction to the mathematical princi-
ples underlying the Data-enabled Predictive Control (DeePC) framework,
along with the control framework of PogoX, which serves as the primary
testbed for the proposed control methods. We begin by reviewing the
mathematical formulation of Willems” Fundamental Lemma, which serves
as the theoretical foundation of DeePC. Next, we introduce the slacked
Prediction Error Method Model Predictive Control (PEM-MPC) formula-
tion, designed to improve noise robustness and computational efficiency
of DeePC. Finally, we present the complete control framework for the

flying-hopping locomotion of PogoX.

2.1 Williems’ Fundamental Lemma

A discrete linear time-invariant (LTI) system is a type of dynamical systems

whose behavior can be described by the following equations:

x(t + 1) = Ax(t) + Bu(b),

(2.1)
y(t) = Cx(t) + Dul(t),

where A € Rr*n, B € Br*m, C € Re*n,D € RP*m and q = m + p.
Willems” Fundamental Lemma, primarily developed by Willems et al.
(2005), states that an input-output trajectory collected from a discrete linear
time-invariant (LTI) system, given that the input trajectory is persistently
excited, can be used to parameterize all possible trajectories that the system
can generate. Next, we present the detailed mathematical definitions and
formulations of Williems” Fundamental Lemma that will be utilized in the

subsequent sections.



Definition 2.1. Behavior of a discrete time LTI system 2.1 is:
B:={w=(u,y):Zs0 » Ra|3Ix € Zso, s.t. LTI holds Vt € Z>0}. (2.2)

An element of the behavior is referred to as an input-output trajectory.
Consider a pair (u, X, y) where u is the control input, x is the state vector

and y is the output the LTI 2.1, then the pair is called input-state-output
trajectory. A collection of input-output trajectories over a specific time
interval defines the restricted behavior of the system.

Definition 2.2. Restricted behavior of a discrete time LTI system 2.1 is:

B|[t0,t1] = {W[to,t1]|w € B}/ (2'3)
O O
f
where Wt 11 := DIjN(O) O e Ralti=t+1) ¢+, € Zso with to < tu.
0 1 .
EIW(’fl)

Given a sequence of input-output trajectories Wiy, 1,3, the Hankel matrix
of depth L is defined as below:

[l
wi(to) wto+1) --- witi —1+1)
HiWyyp )= MO0 e T gy
wto+1—-1) wto+1D) --- wi(ty)

where Hy € RL x Rtt=07L+2 With the definition of the Hankel matrix,

we can now introduce the concept of persistent excitation.

Definition 2.3. Let u : Zs>0 —» R™. Let to,t1 €0 with to < t1. Let L <

(t1 — to — 1). Then a sequence of input trajectories U(t,+,] is said to be persistently



exciting of order L if its Hankel matrix Hr(ue,+,7) has full rank:
rank(Hi(urt,t,7)) = mL. (2.5)

Alsalti et al. (2023)

With all the pieces needed, we now state the definition of Williems’

Fundamental Lemma.

Theorem 2.4. For an LTI system 2.1 and assume (A, B) is controllable. Let
T, L € Zso. Let (ufor-11, X[0,1-1], Y[0,7-11) be an input-state-output trajectory.
If ugor-1) is persistently exciting of order L + n then:

|

) =mL +n,

l (2.6)

(Hl(X[O,T—L])

1. rank( HL(U[O,T(—l])

HL(u[O,T —1])

2. Blor-1) =Im )
HL(Y[O,T—1])

where Im means column space.

The theorem above gives us the corollary below which forms the math-
ematical basis of DeePC.

Corollary 2.5 (Willems” Fundamental Lemma). Consider the LTI system and
assume (A, B) is controllable. Let T, L € Zso. Let (ufor-13, y{or-11) € Blror-1].
If ugo,r-1] is persistently exciting of order L + n then for a sequence of newly
collected data (u [oL-1], y [oL-1]), it satisfies (U [oL-1], Y [oL-1]) € BlroL-1] if and
only if there exists g such that:
( L |
HL(u[O,T—l]) _ U [oL-1] ' (2.7)
He(yror-11) Y0,L-1]



The corollary states that all sequences of input-output trajectories of
an LTI system 2.1 must lie within the image of Hankel matrices of depth L,

constructed from a collected sequence of input-output trajectories.

2.2 Data-enabled Predictive Control (DeePC)

DeePC is a direct application of Willems” fundamental lemma within the
Model Predictive Control (MPC) framework. To apply Williems” funda-
mental lemma to a predictive control framework, we must be able to roll
out the system dynamics. This means that, given an initial condition and
an input sequence ufo,r-1] of length Tr € Z>o, we need to determine the
corresponding output response y[o1,-1] for the LTI system 2.1, based on
the input-output dynamics.

The statement is equivalent to: given input-output data (ufo,r-13, yror-17)

Bl[o,r-1], an initial trajectory (Uini, Yini) € B|(o1,,—1] and a future input

ini

sequence ufoz -1] € R0T, we wapf to find y[or -1] such that:

@n[o,ﬂl] ;E Bl . (28)
[0, Tini+Te—1]
Yini
?[O,Tf—l]

One obvious problem regarding this control problem is that the output
response may not be uniquely identified given that the input is not long
enough. To quantify the length of input sequence required to produce a

unique output sequence, we define lag of LTI 2.1 system.

Definition 2.6. The lag of an LTI system is defined as the smallest integer k such
that the corresponding observability matrix Ox has rank n. Lag is denoted as

(=)}



Then it can be proved that if Tini is bigger than the lag of LTI, there is
a unique initial condition xo to the input-state-output trajectory and thus
the corresponding output sequence is unique.

Lo
Uini
Lemma 2.7. Let T > U(B) and let 0y O¢ B| . Then there exists
ini [0, Tini+Te—1]
i O
v
a unique Xini € R® such that
y = OrXini + Treu, (2.9)

where T, is the Toeplitz matrix. (Coulson et al. (2018))

Having established the necessary restrictions on the input sequence
length, we can now present the formulation of DeePC (Coulson et al.
(2018)).

Definition 2.8 (Data-Enabled Predictive Control). Let Tt be the prediction
horizon, Tini > €(B) as the initial trajectory length, U € R™T" gs the input
constraint set and Y S RPT" be the output constraint set. DeePC is an optimal
control problem formulated as:

Ttl
;ni? IyG) — v G)lIe + [uG) — uriG)I2 ; + AllglI?
A, i=0
O O O O
gp ulnl
g = @10
uE 4. %
Y Yy
ueuy,



where Q =0, R > 0 and Q subscript under the Mahalanobis norm || - || represents
information matrix of each term, g € R is a tunable gain.

2.21 Robust DeePC

Since data collected from real hardware are often noisy and sometimes
corrupted, there are scenarios where a given initial trajectory yini, ob-
tained from direct sensor readings or state estimation, may lead to an
infeasible optimal control problem 2.8. To address this, we follow the
formulations in Huang et al. (2023) and Didier et al. (2021) to incorporate
noise robustness into our framework by incorporating a slack variable oy

into the formulation:

Ttl
min lyG) — y™ @IS + lug) — weG  + Nellgl2 + Mlloy]l?
u,, j=0
O O O o H
Up 1mni
. Yy Yini T Oy
s.t. f%g = Eh u DD
Yt \%
u€euy,
y€eY,

(2.11)
where Ag, Ay € R are tunable gains that control the penalization on linear
predictor and the noise slackness.

2.3 Slacked PEM-MPC Formulation of DeePC

In Eqn. 2.8, it can be observed that the size of the optimization problem
is strongly dependent on the dimension of the decision variable g, given

an initial trajectory length Tini and a prediction horizon Tr. Since the



10

input data need to be persistently exciting of order Tini + Tt + n, ensur-
ing that rank Hr, .+ 1+n(upor-11) = m(Tini + Tt + n), the Hankel matrix
Hr,+1+n(ufor-17) must have at least many columns as many rows. Con-
sequently, the size of g is at least m(Tini + Tg) + (m + 1)n.

However, since Willems’ fundamental lemma is theoretically exact
only for LTI systems, applying it to systems that are approximately linear
but inherently nonlinear requires a significantly larger dataset, as well
as longer initial trajectory length and prediction horizon, for practical
effectiveness. As a result, the size of g increases substantially, posing a
major challenge for the real-time implementation of DeePC in complex
dynamical systems.

In this thesis, we build upon and enhance the strategies proposed
in Huang et al. (2019) and Fawcett et al. (2022) by incorporating slack
variables into the PEM-MPC formulation to improve noise robustness
while preserving computational efficiency.

The slacked PEM-MPC formulation of DeePC is formulated to first
finding an approximation of g by formulating the following quadratic

programming problem:

min 2+ ||oyl
min-lglig, + |l yllﬁ

Uini (2.12)

|:|U O
s.t. DB(I; DQ: = %ﬁni + OyDD
Us u

Since this problem is an equality constrained quadratic program, it can
be solved by directly solving Es Karush-Kuhn-Tucker (KKT) optiﬁali’qtl

U, O ( I Uinj
Q 0
condition. Here we let A = EYP -1,G = 0 and b = Evmil:l
Us O u

O
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then the solution can be written as:

C 1
&~ GT1AT(AGTIAT) b, (2.13)
Oy
(Y 0 !
Here we defineB= ' and define data transition matrix as: Gslack =
0 I

BG1AT(AG™1AT)1, Then the slacked PEM-MPC formulation can be

described as below.

Definition 2.9 (Slacked PEM-MPC formulation of DeePC).

min [y = yaes|[7 + [lu = taes[ + [losl)

u,y,0y
(1 O O

Ujni (2.14)
i
st. 2 = Gua Lf:ifn a,
u

Oy

where G is called the Data-Transition Matrix.

A more detailed description of this formulation can be found in our

paper Zeng et al. (2024).

2.4 Control of PogoX for Flying-Hopping

Locomotion

In this section we present the primary control framework of PogoX which
is a customized flying-hopping robot designed by our lab. The primary
design ideas can be found in Wang et al. (2024). It consists of a quadroter
for effective flying and a pogo stick attached to the base of the quadroter
for dynamic hopping as shown in Fig. 2.1.

The current hardware design of the robot can be found in Kang et al.

(2024). The robot’s computational resources consist of a Raspberry Pi 4B
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Pogo-stick

Figure 2.1: The mechanical components of PogoX.

for contact sensor and 1d lidar interfacing, and an Intel NUC for state
estimation and control. An onboard IMU is integrated with the flying
controller PX4 for raw orientation estimation and its readings are sent to
Intel NUC through USB. Four brushless DC motors are controlled by PX4,
which sends PWM commands to the ESC motor controllers to precisely
regulate motor speed. All electronic components are powered by two 4S
LiPo batteries, and the targets are controlled via a remote controller (RC).

The complete hardware configuration is illustrated in Fig. 2.2.
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On-Board Computer Power
Raspberry Pi 4S Lipo Battery

Inte]l NUC -
| 4S Lipo Battery

[Pixhawk (w IMU) |*

ESC

—— | Contact Sensor Actuation

e RC Receiver| PB‘a"f[:r

| Distance Sensor |

Figure 2.2: Hardware components of PogoX. (figure converted from Wang
et al. (2024))

24.1 Flying Control of PogoX

In this section, we provide a short overview of the flying control frame-
work of PogoX. During the flight phase, the dynamics of PogoX can be
represented by a single rigid-body dynamcics (SRB) model with four actu-
ators. State-of-the-art quadrotor control methods can be directly applied
to PogoX.

Flight control is achieved in a cascade control manner by using an
off-the-shelf, onboard PX4 flight controller operating in off-board control
mode. PD controllers are employed for cascaded position and velocity
control along three axes. The resulting desired orientation and total thrust
are then sent to the PX4 for off-board orientation control. A detailed
implementation of the PX4 control framework can be found in Meier et al.
(2015).
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24.2 Hopping Control of PogoX

In this section, we provide a short overview of the hopping control frame-
work of PogoX as shown in Fig. 2.3. The hopping controller is decoupled
into a vertical energy (or height) controller and a horizontal velocity con-
troller.

The vertical energy or height controller is responsible for maintaining
a desired apex height or tracking a given height trajectory. A PD con-
troller can be employed for trajectory tracking, while a Control Lyapunov
Function-Quadratic Program (CLF-QP) based energy controller can be
used to asymptotically stabilize the apex height tracking error by track-
ing the corresponding energy target. In this thesis, since Data-Enabled
Predictive Control (DeePC) based controllers require a data collection
process for functioning, various height commands are given and instead
of energy tracking, we leverage the PD height controller with handcrafted
trajectories for data collection.

The horizontal velocity controller is designed to stabilize the hopping
behavior by regulating the horizontal apex velocity. A step-to-step (S25)
dynamics-based stepping controller is employed. A nominal hopping
gait is first optimized from the vertical energy-controlled Spring-Loaded
Inverted Pendulum (SLIP) model, which provides a reference horizontal
velocity for tracking. A standard deadbeat controller is then used to
rapidly stabilize the error between the nominal and actual horizontal
velocity, using the leg angle at the touchdown event as input. A continuous
leg angle trajectory is then designed through interpolation using Bézier
polynomials. The interpolated trajectory is divided into two segments:
one interpolating from the liftoff leg angle to the apex leg angle, and the
other from the apex leg angle to the desired touchdown angle. The leg
angle is then tracked by the orientation controller provided by PX4.
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Height Control

Vertical Hopping

Figure 2.3: Hopping control framework of PogoX (figure converted from
Wang et al. (2024)).

2.4.3 Overall Control Framework

The previously discussed flying and hopping control frameworks can be
combined to synthesize the flying-hopping locomotion behaviors demon-
strated in 2.4. The transition between different locomotion behaviors can
be easily controlled by sending different RC signals. The more detailed
description of the control framework of PogoX can be found in Wang et al.
(2024) and Zeng et al. (2024).

Flying Hopping Flying
\ & N o
W Y

Figure 2.4: Overall behavior of flying-hopping locomotion (figure con-
verted from Wang et al. (2024)).
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3 data-augmented control of pogox hopping on

dynamic terrains

In this chapter, we present Data-Augmented Control (DAC) framework
that leverages DeePC to model robot-environment interaction dynamics
and integrate them into the hybrid trajectory optimization and predic-
tive control schemes. This approach allows for the generation of more
dynamically feasible and easily trackable real-world trajectories, thereby
improving control quality when interacting with external environments.
We begin by introducing the Data-Augmented Dynamics formulation

for modeling vertical ground dynamics as a variation of the previously pro-
posed slack PEM-MPC formulation. Then, we present the data-augmented
trajectory optimization for 1D PogoX hopping on dynamic terrains such
as in Sec. 3.2, followed by the online data-augmented predictive tracking
controller in Sec. 3.4. Finally, simulation and hardware results of 1D PogoX
hopping are provided in Sec. 3.5 to further demonstrate the effectiveness
of the proposed framework. The Data-Augmented Control (DAC) pipeline

is demonstrated in Fig. 3.2.

S~ T TN
Robot ( pAC |
. ——=
Dynan}\lcs | | Data-Augmented |
_____ L | Motion Planning |
N [ '
B, |
Optlrmz.atlor.l based | _ Input Output - - 1_ |
Estimation ! . | |
_____ i e
=t — | | Data-Augmented l
I : Interactlion —— I Predictive Control I
Ll Dynamics \ Y,

Figure 3.1: General Framework of DAC.
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3.1 Data-Augmented Interaction Dynamics

Since explicitly describing the ground interaction dynamics in analytical
form is challenging, we leverage Willems’ fundamental lemma 2.5 to ob-
tain a linear approximation of the vertical ground deformation dynamics.
Approximating ground dynamics as linear is reasonable, as soft terrain
dynamics is often modeled using compliant spring-damper models, as
shown in Fahmi et al. (2020) and Neunert (2018), where an inherent
linear property is assumed. However, spring-damper models are static
and instantaneous, which means they lack state transitions between dif-
ferent time steps. This leads to highly discontinuous forces at each time
step, which contradicts the observed smooth deformation behavior of soft
terrain.

Therefore, in this thesis, we model the ground dynamics from data and
conduct comparisons between the proposed method and conventional
spring-damper modeling in both simulation and hardware experiments
to demonstrate the superiority of the proposed approach. Inspired by the
spring-damper models for ground deformation, we choose the system
inputs as ground deformation d and its rate of change d. The ground
reaction force generated by the dynamics is denoted as Fg. Following the
same procedure as demonstrated in Sec. 2.3, the ground deformation
dynamics can be expressed as:

1
&~ GT1IAT(AGTIAT) b, (3.1)
Oy

where G, A are the matrices with the same meanings defined in the pre-

|
vious section, while b di,, &, byt dir Al Fgr T ! , and
the subscript [0 : T] denotes a sequence of data with length T. Since in

this formulation we are not concerned with the value of oy, we can let
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[ |

B = Yr 0 and redefine the data transition matrix as:
Gslack = BGTIAT (AG_lAT)_l- (32)

Then the ground deformation dynamics can be written as:

o O

gF[O:T] = Gslack mi 0 . (33)
[O:TJE

djo:r]

However, if the ground deformation dynamics is formulated in this man-
ner, accurately estimating both the ground deformation and the corre-

sponding ground reaction force becomes extremely challenging. To sim-

Znominal

-
-

Aty Aty

Descent

Ascent

Ground

Figure 3.2: Demonstration of input (gray) output (green) of data aug-
mented dynamics in flight phase (blue) and ground phase (red).

plify state estimation, we adopt a data-driven approach to model the
ground deformation and the spring-damper system as a unified entity.

Leveraging the concept that a series of springs can be represented as an
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equivalent single spring, we assume that the combined dynamics of the
spring-damper system and the ground remains linear. As depicted in Fig.
3.2, the input of the augmented dynamics is now defined as the relative
position between the ground surface and the center of mass (COM) height
of the robot and its rate of change. The output is defined as the force
exerted on the COM of the robot. The data augmented dynamics can now

be written as: [

Zini — Znominal
Z ini
Fro:1] = Galack Fini , (3.4)
%[O:T] — Znominal a
Z'[0:T]

Whel‘e Znominal € RTini .

3.2 Data-Augmented Motion Planning

We present the offline trajectory optimization formulation for one-dimensional
PogoX hopping on an air mattress. This module plans an optimal motion
that enables highly dynamic jumping by accounting not only for the robot’s
dynamics but also for the interaction dynamics with the environment.

3.2.1 Hybrid Trajectory Optimization Formulation

Since hopping locomotion is naturally governed by hybrid dynamics be-
haviors, the trajectory optimization problem formulated in this section is
a Hybrid Trajectory Optimization (HTO) problem. We adopt the same
approach as described in Schultz and Mombaur (2010) and Posa et al.
(2016), where a fixed mode sequence is prescribed, and discrete state
transitions are incorporated at the end of each mode.

The mode sequence adopted in this thesis for hopping consists of a

descent phase with a touchdown event as the guard condition, followed
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by a ground phase with a liftoff event as the guard condition, and finally
an ascent phase, which is constrained to return to the same state where
the descent phase begins. This setup allows the hopping behavior to be
generalized to multi-cycle hopping by simply repeating the optimized
trajectory arbitrary number of times for tracking.

To further enhance the energy efficiency of the trajectory optimization
problem, we incorporate the length of time steps of the descent and ascent
phases as optimization variables, allowing the determination of optimal
descent and ascent durations. Additionally, we impose minimum and

maximum time constraints to guide the search:

T = N1At1 + NoAt + N3Ats,
(3.5)
Tmin < T < Tmax-

where N1, N2 and N3 represents the number of collocation points for de-
scent, ground and ascent phase, respectively, while At;, At2 and Ats de-
note the corresponding time steps for each phases.

Since Willems” fundamental lemma is formulated for discrete-time
LTI systems, the time step size of the predicted input-output trajectories
must match the time step used when collecting input-output data. This
prevents us from directly optimizing At in the trajectory optimization
formulation. To mitigate this issue, we propose to optimization number
of grid points rather than the time step size. A non-smooth, nonlinear
optimization problem can be formulated where its goal is to optimize over

the optimized cost function with respect to No:

where the detailed formulation of ] can be found below. This optimization
problem is solved by Bayesian optimization where detailed descriptions
can be found in Frazier (2018) and Mockus (2012). It's a gradient-free
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method that can solve for the global optimal of an optimization problem.

Descent Phase

The dynamics of descent phase of hopping is described by an actuated
single-rigid-body model:

mz' =u-—mg, (3.7)

where m is the mass, z" is the z direction acceleration, u is the total thrust
force and g = 9.81 is the gravitational acceleration. The spring deforma-
tion, ground deformation, and their rates of change are constrained to zero,
effectively eliminating the ground reaction force. The initial condition of
the descent phase is constrained to a the desired apex height with zero
linear velocity. For the guard condition that provides a smooth transition
between the descent phase and ground phase, we constraint the height
of the robot COM to be the height of PogoX when the foot is in contact
with the ground but the spring is still uncompressed. The constraint is
written as: zn; = Lmax where Lmax is the length of the robot when spring

is uncompressed.

Ground Phase

The dynamics of the ground phase of hopping are described by a 1D-
SLIP model, where the spring is assumed to be massless, and the ground
reaction force is equal in magnitude to the spring force. As previously
mentioned, a DAC based approach is used to model the combined effects
of all forces acting on the robot’s center of mass (COM). Consequently,

the system is represented as an actuated SRB model with external forces:

mz =F+u-—mg (3.8)
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Ascent Phase

The dynamics of ascent phase of hopping is the same to the descent phase
where boundary constraints are added to make sure that PogoX hops back
to the desired apex height with zero velocity. It is noted that the total
deformation is allowed to freely move in this phase but the spring force is

always constrained to zero.

Collocation

Since the dynamics of the trajectory optimization problem is written in
a continuous form, we need to transform it into a nonlinear program
(NLP) for easy solution of standard optimization solvers. In this thesis,
we choose trapezoidal collocation method for its computational efficiency
and easy-to-implement feature. The collocation rule is written as below.
At
Zi+1 = Zk + 7(Z'k+1 + 2z,

At (3.9)
Zlert = Zic T 2k + 7)),

where k € (0, N1 + N2 + N3 — 1) and At represents the corresponding time

step size.

Control Bound

To ensure the PX4 system remains functional for the optimized trajectories,
we impose a constraint that keeps the total thrust force within a specified
range, maintaining it above a minimum threshold while staying below a
maximum limit.

Objective Function

The objective function of this optimization problem is set to purely min-
imize the control efforts with respect to the optimization variables y =
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{At1, At3, z, 2, F, u} which is written as:

N1+l‘iz_+N3
J(N2) = min sl 2 (3.10)
Y i=0

3.3 Optimization-Based State Estimation

In this section, we present the formulation of the state estimator used
to provide both the robot states and the input-output data required for
modeling interaction dynamics. In this thesis, we adopt an optimization-
based estimation method known as Moving Horizon Estimation (MHE).
MHE enables simultaneous real-time estimation of both the external force
exerted on the robot’s base and the robot’s floating-base states, thereby
facilitating the online implementation of the DAC framework.
[ |

State of the robot is defined as: x = IxT b mT 7 T, where x rep-

resents the robot states, including position and velocity of the floating

base in the world frame, ba is the IMU accelerometer bias in the body
frame, m is the generalized momentum, and F denotes the ground re-
action force (GRF), also expressed in the world frame. Since MHE is
formulated as a windowed optimizapon problem, a slding window of N
states are given as follow: X[T-NT] = Xr-N XT-N+1 .. XN . Following
the setup in Kang et al. (2024), the MI—[E problem is formulated in a decen-
tralized manner, where the robot’s orientation is obtained either through
a quaternion-based Extended Kalman Filter (QEKF) or from a motion
capture system. Given that orientation is treated as known at each time
step within the sliding window, the momentum and IMU dynamics are

formulated as time-varying linear constraints. The resulting decentralized
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MHE formulation is expressed as:

, Lo L
min T(xr-n) + wor ylI8ll0, +  torn SR, (MHE)

X[T-N,T]

st. Fxk>0,vke{T —N,.. T},
yk = Hxx + 8%, Vk € {T — N, ..., T},
Xk+1 = Akxk + Bxux + 6%, VK €{T — N, .., T — 1}.

where I' denotes the arrival cost, which plays a critical role in ensuring the
stability of the estimator and is generally computed using an Extended
Kalman Filter (EKF). Ak, Bk represent the time-varying linearizations of
the momentum and IMU dynamics with respect to the robot’s orientation.
Hx is the measurement matrix associated with the motion capture system,
which also provides direct measurements of the robot’s pose and velocity.
During the contact phase, the ground reaction forces are constrained to be
non-negative, as no dragging forces can be generated. Further details on

each component can be found in our previous work [37].

3.4 Online Data-Augmented Predictive Control
(DAPC)

In this section, we demonstrate the formulation of data-augmented model
predictive controller for online tracking the trajectories generated by the
Data-Augmented Motion Planning module.

3.4.1 Obijective Function

Unlike the previously presented trajectory optimization formulation, the
objective function of DAPC is defined as:

min ||x — xt¢f||2 + ||u]|?, (3.11)
y Q R
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wherex = {z,z'}, y = {x, F, u, zg, z'g, Fg} are optimization variables.

3.4.2 Contact Sequence

Similar to trajectory optimization, the formulation of DAPC is a model
predictive control (MPC) problem for hybrid dynamical systems, as de-
scribed in Lazar (2006), Camacho et al. (2010). In this framework, the
system dynamics applied at each time step can vary according to a pre-
defined contact sequence. When the robot is in contact with the ground,
it is considered to be in the ground phase, and all optimization variables
correspond to this phase are denoted with the left superscript g. Con-
versely, when the robot is not in contact with the ground, it is in the flight
phase, and all optimization variables correspond to this phase are denoted
with the left superscript f. By assuming that the window length of DAPC
is shorter than the optimized ground phase time, four types of contact

sequences will present for DAPC formulation:
* Ground phase
* Ground phase transit to flight phase
¢ Flight phase

¢ Flight phase transit to ground phase

3.4.3 Dynamics Constraint

The dynamics constraint in DAPC is identical to the trajectory optimization
formulation previously described for the ground phase. The same forward
Euler method is used to discretize the continuous-time second-order dy-
namics, applying them at each time step. The data-augmented dynamics
constraint introduced in Section 3.1 is formulated as an external dynamics

constraint.
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However, the initial trajectories used in the data-augmented dynamics
are not always initialized to zero. If the prescribed contact sequence begins
with the flight phase, the initial trajectories are set to zero, corresponding
to a zero initial condition. In contrast, if the contact sequence starts with
the ground phase, the initial trajectories are initialized using the actual
center of mass (COM) height, velocity, and external force history.

To ensure consistency with the hybrid nature of the dynamics and the
data-augmented model, additional constraints are incorporated based on
the prescribed contact sequence to regulate the behavior of external forces
accordingly.

Flight Phase

Constraints on external force are imposed to ensure that no external
forces act on the robot. The constraints are written as:

F = 0. (3.12)

Additional constraints are imposed on fzg and fz’¢ to ensure that, during
transitions from the flight phase to the ground phase, the correspond-
ing ground reaction force Fg remains zero. This guarantees that the
subsequently optimized °Fg is physically consistent. The constraints are
formulated as follows:
76 =0, (3.13)
fze = 0.
Ground Phase
Constraints on the external force are imposed to ensure consistency
with the data-augmented dynamics. Simultaneously, the vertical position
z and velocity z" are constrained to match the auxiliary variables zg and

z'g which are the inputs to the augmented dynamics constraint. These
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constraints are formulated as follows:

CFg == CF,
°zg = °z, (3.14)
Zg=°Z.

If the contact sequence involves a transition from contact to flight, the
constraints ensure that the auxiliary variables Fg are naturally rolled out
during the flight phase by setting the inputs fzg and fz'g to zero. This
guarantees that the flight phase constraints do not interfere with the pre-
diction of ground-phase external forces under the augmented dynamics
constraint.

3.4.4 Initial Condition

Initial condition constraints are imposed on the center of mass (COM)
height and velocity, z and z’, to ensure that the initial states match the
actual values:
0) = zo,
20) = 2 (3.15)
7z (0) = zo.

3.4.5 Control Input

Similar to the trajectory optimization formulation, we enforce minimum
and maximum total thrust bounds to make sure the control inputs is
realizable on real hardware:

Umin < u < Umax. (3.16)

Since the entire optimization problem is formulated along a single
direction of motion getting rid of the complexity of orientation represen-

tation, with dynamics modeled as a linear time-invariant (LTI) system
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within each contact phases, and all equality and inequality constraints are
linear, the resulting problem is a quadratic program (QP). This structure
allows the optimization to be efficiently solved online using standard QP

solvers.

3.5 Results

The effectiveness of the proposed framework has been validated in both
simulation and hardware experiments.

The trajectory optimization formulation is implemented in MATLAB
using the CasADi Andersson et al. (2019) toolbox, with IPOPT Wéchter
et al. (2002) selected as the optimization solver. The Bayesian optimization
problem is solved using MATLAB’s Bayesian Optimization Toolbox. The
DAPC framework is implemented in Python, also using CasADi, with
OSQP Stellato et al. (2020a) chosen as the solver and the problem can
be solved for approximately 150Hz online. The optimized trajectories
generated by the trajectory optimization process are saved as readable log
files. During execution, the DAPC script performs linear interpolation on
logged trajectories based on the current time within the trajectory cycle
to obtain reference values. Event-based contact detection is employed
to ensure that the correct desired trajectories and corresponding contact
sequences are sent to DAPC for accurate tracking.

ROS 2 described in Macenski et al. (2022) is used as the communication
middleware, with a custom-built interface developed for integration with
the MuJoCo simulator described in Todorov et al. (2012). The low-level
controller is custom-implemented in simulation and provided by PX4 on
the hardware platform.



29

Simulation

The air mattress is simulated in MuJoCo using its deformable object sim-
ulation functions. The robot is restricted to a z-directional motion by
assuming a perfect orientation control. Input-output trajectories for con-
structing the data transition matrix are collected from controlling PogoX
to jump on the air mattress with different desired tracking heights. Totally
50 cycles of jumping data are collected with the desired tracking heights
ranging from 1.0m to 1.6m.

Fig.3.3 has depicted the prediction capacity of the proposed method
by plotting the predicted output trajectories alongside the corresponding
actual output trajectories. The predicted trajectories are obtained by di-
rectly rolling out the augmented dynamics over a horizon of 10, with the
initial trajectory length set to 30. The data transition matrix is constructed
from data collected at heights ranging from 1.0m to 1.5m, while the test

data comes from a dataset collected at a tracking height of 1.6m.

500 C T T N T T ]
——actual
400 - — @ predict| -
—. 300
=)
~ 200

100
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Figure 3.3: Plot of predicted trajectories (red) versus actual trajectories
(blue).

Fig. 3.4 illustrates the trajectory tracking performance of base height,
velocity, and contact sequence, highlighting the effectiveness of the pro-
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posed framework in actively leveraging augmented dynamics for improved
trajectory tracking. The prediction horizon in the DAPC formulation is
set to 20, while the initial trajectory length for the augmented dynamics
constraint is set to 30. The data transition matrix is constructed from a
diverse set of jumping motions, comprising a total of 1000 data points
collected at a frequency of 200Hz. The weights of objective function are

configured as Q = diag(5e6, 5e5), R = 5el.

Hardware

In the hardware experiments, we validate the effectiveness of the proposed
method by testing PogoX performing jumping maneuvers on an air mat-
tress. The experimental setup is illustrated in Fig. 3.5(a), where the robot
is commanded to jump vertically onto the air mattress. The horizontal
position and orientation are stabilized using the previously described
Step-to-Step (S2S) controller. For data collection, a PD height controller
is used to track various height setpoints during jumping. The controller
gains and execution frequency are kept consistent with the simulation
setup to ensure a fair comparison.

Figure 3.5(b) shows the trajectory tracking results, where the refer-
ence trajectory is generated using the Data-Augmented Motion Planning
(DAMP) module. The length of the initial prediction horizon is also
kept identical to that in the simulation experiments. The results indi-
cate that both position and velocity are well-tracked during the flight
phase. However, slight tracking mismatches are observed around the
liftoff events, which are believed to arise from discrepancies between the
idealized spring-damper model used in the control formulation and the

real interaction dynamics experienced by the robot.
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Figure 3.5: Results of hardware air mattress hopping: (a) demonstrates
the setups of hardware experiment. (b) is the plot of trajectory tracking
results on hardware.
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4  summary

In this thesis, we presented a general Data-Augmented Control (DAC)
framework designed to mitigate the performance limitations of model-
based controllers by actively incorporating data-driven interaction dynam-
ics into both the motion planning and predictive control modules. To
further enhance performance, Bayesian optimization was employed to
determine the optimal ground-phase duration, enabling more effective
exploitation of the augmented dynamics. The proposed methods were
supported by in-depth mathematical analysis for qualitative validation,
and their effectiveness was quantitatively demonstrated through extensive
simulation and hardware experiments involving dynamic jumping of the

robot on an air mattress.

4.0.1 Future Work

Future research will focus on generalizing the proposed frameworks to a
broader class of robotic systems, particularly those with highly nonlinear
dynamics.

To handle time-varying dynamics, it is essential to develop techniques
for online updating of Hankel matrices and the corresponding data transi-
tion matrices, ensuring smooth transitions in implicitly identified models.
Moreover, certifying the quality of online-collected data and analyzing
the associated robustness and adaptivity will be crucial for real-world
deployment.
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