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A functional representation is proposed for complex valued (amplitude and phase) head-related 
transfer functions (HRTFs), including both frequency and spatial dependence. The frequency 
variation is spanned by a set of eigentransfer functions (EFs) that are generated using the 
Karhunen-Lo•ve expansion. Any HRTF is represented as a weighted combination o:[ the EFs where 
the weights are functions of the HRTFs spatial location and are termed spatial characteristic 
functions (SCFs). Samples of the SCFs are obtained by projecting the measured }IRTFs onto the 
EFs. A regularization framework is employed to obtain a functional representation for the SCFs by 
fitting each set of SCF samples with a two-dimensional spline. Acoustic validation of the model's 
fidelity and predictive capability is provided using 2188 measured HRTFs from a KEMAR manikin 
and 1816 measured HRTFs from an anesthetized live cat. Errors between measured and modeled 

HRTFs are generally less than one percent. Larger errors occur in the contralateral regions for 
KEMAR and lower back regions for the cat as a consequence of the relatively small HRTF 
amplitudes resulting from head shadowing. Methods for reducing these errors are discussed. 

PACS numbers: 43.66.Ba, 43.64.Bt, 43.66.Qp [HSC] 

INTRODUCTION 

Recent extensions of the classical duplex theory of bin- 
aural hearing have focused on measurement and study of the 
external ear's free-field-to-eardrum transfer functions or 

head-related transfer functions (HRTFs). The magnitude and 
phase spectra of measured HRTFs vary as a function of 
sound source location. Hence, it is commonly acknowledged 
that the HRTF introduces important cues in spatial hearing. 
Measured HRTFs have been used to study the transformation 
characteristics of the external ear and to synthesize virtual 
direction-dependent stimuli over headphones (Blauert, 1983; 
Middlebrooks et al., 1990; Carlile, 1990; Wightman and 
Kistler, 1989a,b; Musicant et al., 1990; Wenzel et al., 1990). 

Important foundations for understanding HRTFs are due 
in large part to Shaw and his associates (Shaw, 1974a,b, 
1975, 1979). In a series of sophisticated acoustic experi- 
ments, they recorded multimodal wave propagation on a sim- 
plified pinna model and on real human ears. Shaw concluded 
that the cartilage structure of the external ear forms a number 
of acoustic resonators. The resonant frequencies and their 
magnitudes vary with sound source location. As a result, the 
spectrum of incoming sounds is altered by the direction- 

a)Portions of this work were presented at the 124th ASA meeting [J. Acoust. 
Soc. Am. 92, 2333(A) (1992)] and 1EEE ICASSP-93 Conference. 

b)Present address: Nicolet Instrument Corp., 5225 Verona Rd., Madison, Wl 
53711-4495. 

dependent transformation characteristics of the external ear. 
These physical findings are supported by behavioral studies 
that suggest the direction-dependent cues provided by the 
pinna are important for determination of source elevation 
(Herbrank and Wright, 1974; Butler, 1975) and azimu[h 
(Blauert, 1983; Oldfield, 1984). Another series of behavioral 
experiments conducted by Batteau (see Tobias, 1972) indi- 
cate that pinna cues are primarily responsible for sound im- 
age extemalization. 

Techniques to measure the HRTFs at given sound source 
locations using broadband stimuli were developed by Mehr- 
gardt and Mellert (1977) :and Blauert (1983). These tech- 
niques have been recently refined by several authors (Wight:- 
man and Kistler, 1989a; Carlile, 1989; Pralong et al., 1992; 
Middlebrooks et al., 1989, 1990). 

Advances in computer and digital signal processing 
technology have enabled researchers to synthesize direc- 
tional stimuli for headphone presentation using measured 
HRTFs. This capability allows complete and independent 
control of localization cues in synthesizing virtual auditory 
signals and eliminates the difficulties of setting up exper/i- 
merits in an anechoic chamber. For example, this approach 
has been used to study human localization behavior (Wighll- 
man and Kistler, 1989a,b) as well as single unit virtual re- 
ceptive fields at the brain stem and cortex (Reale et al., 1994; 
Brugge et al., 1992). Another application of HRTF synthesis 
is 3-D virtual auditory display. Virtual 3-D auditory display 
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is used in applications such as advanced human-computer 
interfaces, navigation aids for the visually impaired, telepres- 
ence, and virtual reality (Wenzel, 1992). 

Use of measured HRTFs presents serious limitations in 
many synthesis applications. First, the number of measure- 
ments can be very large if the entire auditory space is to be 
represented on a fine grid. This presents formidable experi- 
mental obstacles with human or animal subjects because of 
the corresponding long data collection times. Second, it is 
very difficult, if not impossible, to visualize and study the 
characteristics of such a vast data set. This is especially true 
when investigating differences across subjects or species. 
Third, the measured HRTFs only represent discrete samples 
of the underlying continuous auditory space. Synthesis of 
sounds coming from unmeasured spatial locations is not pos- 
sible without resorting to an interpolation procedure. As 
noted by Wightman et al. (1992), how to best accomplish 
interpolation is a difficult question. Furthermore, when mul- 
tiple sound sources or room acoustics are included in the 
simulation of complex acoustical environments, the compu- 
tational burden of approaches depending exclusively on mea- 
sured HRTFs becomes prohibitive because of the large num- 
ber of HRTFs required. 

These limitations have stimulated interest in functional 

representations of the HRTFs. That is, one seeks a math- 
ematical model or equation that represents the HRTF as a 
function of frequency and direction. Simulation of 3-D audi- 
tory display is then performed by using the model or equa- 
tion to obtain the HRTF. Perhaps Batteau's work (Batteau, 
1967, 1968) represents the first functional approach. Batteau 
conjectured that the external ear could be modeled as a three- 
channel two-delay and sum acoustic coupler. One delay var- 
ies with the sound source elevation and the other with the 

source azimuth. Wright et al. (1974) and Watkins (1979) 
used this model in localization research to synthesize crude 
eardrum signals. A rather recent effort is that of Genuit 
(1986). He devised a filter-bank model that has 16 time- 
delayed channels. Using classic acoustics he established the 
relationship between the filter parameters and external ear 
geometry. This is an attractive approach because it avoids the 
need for ear canal recordings. Thorough acoustic and behav- 
ioral validation of this model is not yet reported, however. 

More recently, a functional model of the external ear 
derived from measured HRTFs was proposed by Chen et al. 
(1992). Here the external ear is modeled as a multisensor 
broadband beamformer, with the sensor geometry and beam- 
former weight vector set chosen to represent the physical 
characteristics of the external ear. Similar to Batteau's 

model, the beamforming model provides an explicit math- 
ematical relationship between the HRTF and source location. 
Hence, it can interpolate HRTFs at arbitrary directions. How- 
ever, the number of weights must increase rapidly to main- 
tain model accuracy as the size of the solid angle to be mod- 
eled increases (Chen, 1992). This results in excessive 
computational burden and numerical instability. These prob- 
lems are mainly due to the fact that the weight vectors do not 
form an orthogonal basis for the modeled HRTF space. Ap- 
plication of the beamforming model is thus limited to repre- 

sentation of external ear characteristics over relative small 

solid angles. 
Low-dimensional and orthogonal representations for sets 

of HRTFs have been generated (Martens, 1987; Kistler and 
Wightman, 1992; Middlebrooks and Green, 1992) by apply- 
ing principal components analysis (PCA) to the logarithms 
of the HRTFs magnitudes after the directionally independent 
frequency dependence is removed. Martens (1987) consid- 
ered HRTFs measured at 36 directions in the horizontal 

plane. Kistler and Wightman (1992) applied this method to 
HRTFs measured at 256 spatial directions over both azimuth 
and elevation from a set of 10 subjects. From the PCA rep- 
resentation, HRTFs for each direction were reconstructed us- 

ing phase estimates based on the minimum phase character- 
istics corresponding to each magnitude function. Kistler and 
Wightman also assessed the perceptual validity of their ap- 
proach by comparing human listeners' judgements of direc- 
tion based on HRTFs as measured empirically with judge- 
ments based on HRTFs as reconstructed from the PCA. 

Agreement was generally good. Note that these studies do 
not provide a functional representation since the weights are 
available only for the measured directions. 

In this paper, we propose an alternate functional model 
for the complex valued (magnitude and phase) HRTFs. In 
this model the HRTFs are expressed as weighted combina- 
tions of a set of complex valued eigentransfer functions 
(EFs). The EFs are an orthogonal set of frequency-dependent 
functions; the weights applied to each EF are functions only 
of spatial location and are thus termed spatial characteristic 
functions (SCFs). Estimates of the EFs are obtained from a 
discrete Karhunen-Lo•ve expansion procedure applied to a 
sample covariance matrix constructed from the complex val- 
ued measured HRTFs represented on a linear scale. Samples 
of the SCFs at the measurement locations are obtained by 
projecting each of the EFs onto the measured HRTFs. A 
functional representation or mathematical equation for each 
SCF is obtained by fitting the SCF samples with a thin-plate 
(two-dimensional) spline using procedures of regularization 
theory (Tikhonov and Arsenin, 1977; Wahba, 1990). We 
hence adopt the descriptive terminology "the spatial feature 
extraction and regularization" (SFER) model. 

An extensive acoustical validation of the SFER model 

establishes its effectiveness. We show that over large angular 
sectors the relative approximation and interpolation mean 
squared errors are less than one percent. Some relationships 
between the functional behavior of the SCFs and physical 
external ear geometry are conjectured. 

The paper is organized as follows. Section I develops 
the SFER model and procedures for estimating the EFs and 
SCFs from the measured HRTFs. Section II describes the 

acoustic validation of the model for two data sets: One col- 

lected from a KEMAR manikin head and the other from an 

anesthetized live cat. The paper concludes with a discussion 
in Sec. III. Notationally, lower and upper case bold face char- 
acters represent vectors and matrices, respectively. Super- 
script * and H denote complex conjugate and Hermitian 
transpose, respectively. 
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I. SFER MODEL 

The basic approach of the SFER model is to approxi- 
mate the complex HRTF for a given direction (0,4•) as a 
weighted sum of M (most important) complex EFs qi(to) 
combined with a directionally independent component 
qo(tO) as indicated in Eq. (1) 

M 

f•(o•, 0, •b) = '• qi(o•)•i(O,q•)+qo(tO). 
i=l 

(1) 

The complex weights ½i(0, •b) are termed spatial character- 
istic functions SCFs. The SCFs are obtained by fitting a thin 
plate spline to a discrete set of weights obtained by project- 
ing the measured HRTFs onto the EFs. Since the frequency 
range of interest is bandlimited, the complex EFs qi(to) are 
represented as vectors qi of complex samples in frequency. 

A. Eigentransfer functions (EFs) 

The Karhunen-Lo•ve expansion (KLE) is used here to 
express the HRTF in terms of an orthogonal function expan- 
sion. The KLE is usually used to expand a random process 
(Van Trees, 1968; Papoulis, 1991) in terms of a set of or- 
thogonal functions such that the randomness of the process is 
contained within the expansion coefficients. Particular real- 
izations of the process are represented as weighted sums of a 
fixed set of time functions. The weights are uncorrelated ran- 
dom variables. Note that the KLE is a doubly orthogonal 
expansion since the basis functions are orthogonal and the 
expansion coefficients are uncorrelated. Here we propose us- 
ing the KLE to obtain an orthogonal expansion that separates 
the temporal or frequency variation of the HRTFs from the 
spatial variation. The spatial variation is treated as "random- 
ness" in this application of the KLE, although it is in fact 
quite deterministic. This leads to the functional model for the 
HRTFs Eq. (1). 

In our application, the HRTFs are not available as con- 
tinuous functions of 0 and •b. Therefore, a discrete analog of 
the KLE must be employed using measured HRTFs. Sam- 
pling in frequency, •o is only necessary for computational 
purposes. Provided the data collection procedure used to 
measure the HRTFs satisfies the conditions of the sampling 
theorem and has sufficient time extent to completely capture 
the longest HRTF impulse response, the HRTFs can be re- 
garded as continuous functions of frequency since an arbi- 
trary frequency resolution is obtained by zero padding the 
impulse responses and taking the discrete Fourier transform. 

Let h(Oj,q•j), j=l,2 ..... P be an N-by-one complex 
valued vector representing the N frequency samples of the 
HRTF measured at the jth location, ( Oj, qbj). As noted above, 
N can be chosen arbitrarily large to obtain any desired fre- 
quency resolution. Applying the KLE methodology to this 
N-dimensional representation for the spatially sampled 
HRTFs replaces the EF basis functions qi( to), i = O, 1 ..... M, 
with the EF vectors qi, i = 0,1 ..... M, where 

P 

q0=• '• 3(0j ,q•j)h(Oj,q•j) 
j=l 

(2) 

is the sample mean and qi, i = 1,2 ..... M are the eigenvec- 
tors corresponding to the M largest eigenvalues of the sample 
covariance matrix 

P 
1 

Rh=• E [3(0j,4•j)h(0j,4,•)-q0] 
j=l 

X[3(0j, &j)h(0j, &i)- q0] •t' (3) 
The weighting function 3(0• ,•bj) is a sample of an non- 
negative real-valued function that can be used to emphasize 
some directions over others. Let the eigenvalues of R h be 
arranged in decreasing order h• >h2• >... •>h•v. The mean 
squared error (MSE) associated with use of M EFs to repre- 
sent the P HRTFs is 

N 

MSE= • h i. (4) 
i-M+l 

The eigenvectors of a sample covariance matrix corre- 
sponding to the largest eigenvalues are often referred to as 
principal components in the context of statistical data analy- 
sis. Martens (1987) adopled this terminology, motivated in 
part by the desire to use multivariate analysis as a data re- 
duction procedure for the spectral variation in the logarithm 
of the direction-dependent transfer function (DTF) magni- 
tude associated with changing direction. Kistler and Wight- 
man (1992) also applied principal component analysis to 
logarithm of the DTF magnitude. Note that although our 
driving philosophy is functional approximation, not statisti- 
cal data analysis, the mathematics of KLE in the discrete 
finite case and PCA are the same. However, in the SFER 
model the sample covariance matrix in Eq. (3) is computed 
using the complex valued HRTFs, not the logarithm of the 
DTF magnitudes. We use the Karhunen-Lo•ve vocabulary 
instead of the PCA vocabulary because the communication 
theory approach is the basis of our work. A more thorough 
discussion of the differertces between the PCA and SFER 

approaches is provided in Sec. III. We refer to the eigenvec- 
tots of R h as EFs because of their physical significance as 
transfer functions in the SFER model. 

B. Spatial characteristic functions 

The sampling in space is more problematic than sam- 
pling in frequency because the spatial bandwidth is un- 
known. Hence, the required spatial sampling density and 
mathematics for reconstructing the HRTFs as a continuous 
function of 0 and qb from samples are unknown. Here we 
describe a reconstruction procedure based on fitting two- 
dimensional splines to spatial samples of the SCFs. Samplies 
of the M SCFs at the P measurement locations are obtained 

from the M EFs as 

wi( 0j, &i) = q•[h( Oj :, qbi) - qo], 
i=l,2,...,M; j=1,2 ..... P. (5) 

Reconstruction of the underlying continuous SCFs from 
the samples obtained in (5.) is an inherently ill-posed problem 
because the samples do not uniquely define the SCFs in the 
absence of additional assumptions. Furthermore, the sampl!es 
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in (5) are usually corrupted by the presence of noise. Regu- 
larization theory (Tikhonov and Arsenin, 1977) offers a gen- 
eral framework for transforming ill-posed problems to well- 
posed problems through the use of smoothness constraints. 
In the present application the smoothness constraints imply 
that a small change in covariates 0 and • induce a small 
change in the SCFs. The smoothness constraints are quite 
reasonable since the HRTFs originate from a physical system 
of limited spatial extent. 

The software package developed by Gu (1989) is used 
here to obtain the parameters of the thin plate spline approxi- 
mating the real and imaginary components of each SCF. The 
regularization parameter that controls the trade-off between 
the fidelity and the roughness of the solution is determined 
using the generalized cross validation method (Craven and 
Wahba, 1979; Wahba, 1977). 

Let •i(O,(b), i=1,2 ..... M be the SCFs reconstructed 
from the corresponding real and imaginary thin plate splines. 
The HRTF at N frequency points is then modeled as 

M 

fi( 0, •b) = • qi•,,( 0, •) + q0. (6) 

Note that alternate methods, such as ones based on lin- 
ear interpolation, could be used to reconstruct continuous 
SCFs from measured samples. The effectiveness of alternate 
approaches has not yet been evaluated. 

II. MODEL VALIDATION 

A. The free-field and ear-canal recordings 

Two sets of data are employed in evaluation of the 
SFER models in this paper: One is acquired using a KEMAR 
manikin head and the other one is from an anesthetized live 

cat. A female pinna was used on the KEMAR manikin head. 
A brief summary of the data acquisition setup is given here. 
A more detailed description is provided in Musicant et al. 
(1990). 

Data acquisition is conducted in a double-walled, sound- 
insulated room (IAC), with inner dimensions of 2.25 
x2.15X2 m. The subject (either the cat or the KEMAR head 
model) is positioned in the center of a spherical coordinate 
system. The inner walls of the room are lined with 4-in.-thick 
reticulated wedged foam (Sonex) to approximate an anechoic 
environment. The conventional (azimuth, elevation) coordi- 
nate system for localization research is used. The frontal di- 
rection at ear level is defined as 0 ø azimuth and 0 ø elevation. 

The left and right sides at ear level are defined as -90 ø and 
+ 90 ø azimuth, respectively. The back direction at ear level is 
defined as • 180 ø azimuth. Direction on the median plane 
spans the range of +-90 ø elevation. 

The stimulus is presented through a movable loud- 
speaker system controlled by a computer, allowing the 
speaker to move on a 75-cm-radius sphere with a minimum 
step size of 0.9 ø. Both the KEMAR and cat data are collected 
at 4.5 ø intervals over the sphere, except the portion below 
-36 ø elevation and the portion behind the subject below 0 ø 
elevation and from -162 ø to + 162 ø azimuth. For each spa- 
tial position one ear-canal recording is made as an average of 

TABLE I. Data acquisition set up for KEMAR and cat. 

Subject 

Parameters KEMAR Cat 

Pulse duration 20 OS 10 Os 
Speaker Realistic mid range Radio-Shack 

Super Tweeter 
Speaker freq. range 2-25 kHz 2-37.5 kHz 
Microphone B&K 1/2 in. with coupler Knowles EA 1934 
Time window 10.0 ms 6.4 ms 

Sampling rate 102.4 kl-Iz 160 kHz 
Frequency resolution 100 Hz 156 Hz 

300 responses to a broadband speaker signal obtained in re- 
sponse to a pulse input. A calibration or free-field signal is 
collected with a microphone located at the virtual position of 
the subject's eardrum. The cat ear-canal recordings are col- 
lected with a probe microphone surgically inserted into the 
ear canal as close as possible to the eardrum. For the 
KEMAR case, the microphones are located in the couplers 
representing the ear canal. Table I lists additional information 
concerning the data acquisition parameters. 

The signal-to-noise ratio is difficult to define precisely 
because the signal power varies with azimuth and elevation. 
After averaging 300 responses, the ratio of the average post- 
to prestimulus power in the raw data has average values over 
azimuth and elevation of 61.6 and 56.0 dB for the KEMAR 

recordings and the cat recordings, respectively. In the 
KEMAR recordings the noise has a flat spectral shape with 
level of approximately -60 dB. The spectral level of the 
KEMAR ear-canal recordings is generally well above the 
noise floor, even in the spectral notches. For example, at zero 
degrees azimuth and elevation the highest peak is at 20 dB 
and deepest notch at approximately -25 dB. Relative to zero 
degrees azimuth and elevation, the overall spectral level 
tends to increase in the ipsilateral direction and decrease in 
the contralateral direction. The spectral levels for the cat ear- 
canal recordings are similar to those of KEMAR, although 
the noise characteristics differ. The noise in the cat data has a 

low-pass characteristic with peak level of -45 dB. The level 
is generally low (=-60 dB), however, at higher frequencies 
where spectral notches occur in the ear-canal recordings. 

B. Estimation of HRTFs based on free-field and 

ear-canal recordings 

A variable acoustic delay is present in each ear-canal 
recording because the distance from the loudspeaker to the 
ear varies slightly as a function of spatial location. An onset 
based time alignment procedure was used to remove this 
variable delay and to provide a consistent time origin across 
all spatial locations. The first data point that exceeded 10% 
of the maximum response over the entire recording was cho- 
sen as the onset of the response. Each recording was then 
shifted backward or forward to a common time origin. The 
onset criterion was preferred over determining the relative 
delay from the peak of the cross correlation between the 
free-field and ear-canal recordings because of potential errors 
in the cross-correlation method associated with HRTFs hay- 
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ing very large group delays. The time shift associated with 
each individual recording can be stored for later incorpora- 
tion in a binaural model. 

The spectral analysis method of system identification 
(Ljung, 1987) was then used to estimate the HRTFs from the 
free-field and ear-canal recordings. The spectral analysis 
method first estimates the cross-correlation function between 

the free-field and ear-canal recordings and the auto- 
correlation function of the free-field recordings. A window 
function is applied to the estimated cross- and auto- 
correlation functions to deemphasize unreliable correlation 
estimates at large time lags (Kay, 1987). The HRTF is esti- 
mated by dividing the cross spectrum by the autospectrum, 
where the cross and autospectra are given by the discrete 
Fourier transforms (DFT) of the corresponding windowed 
correlation estimates. This procedure results in an HRTF es- 
timate of lower variance than the estimate obtained by divid- 
ing the DFT of the ear-canal recording by the DFT of the 
free-field recording (Ljung, 1987). The spectral analysis pro- 
cedure was implemented using the Matlab 4.0 System Iden- 
tification Toolbox (Mathworks, Inc., Natick, MA) SPA rou- 
tines. 

Although the primary purpose of applying the window 
to the correlation functions is to deemphasize less reliable 
correlation estimates, here it also served to remove the ef- 
fects of echoes present in the sound insulated room. Previous 
investigators (Hiranaka and Yamasaki, 1983; Pbsselt et al., 
1986) have reported the human HRTF impulse response to 
be about. t3.5 ms in length. These findings are consistent with 
our data. The speaker pulse response measured in free space 
for the KEMAR data was approximately 0.5 ms long so the 
measured external ear response was expected to last about 
1.0 ms. Therefore, the significant portion of cross- and auto- 
correlation functions are contained within 2 ms of the zero- 
lag point..The cat impulse responses have slightly shorter 
duration because the cat external ear is smaller than 
KEMAR's. A Hanning window with window width of 256 
data points representing 2.5 ms in duration was applied to the 
cross- and autocorrelation functions. Hence, the windowing 
procedure eliminated echoes and noise occurring 1.25 ms or 
later after the onset of the free-field and ear-canal recordings. 
A similar window was applied to the cat data. 

The effect of varying window width is illustrated by 
comparing estimated HRTFs and the corresponding impulse 
responses in Figs. 1 and 2, respectively, for window widths 
of 64, 128, 256, and 512 data points. The results obtained 
using 256 and 512 point windows are very similar. The 
shorter window widths (64 and 128 points) overly smooth 
the cross- and auto-correlation functions and introduce a 
symmetric distortion in the recovered impulse response. This 
effect is not evident in the 256 and 512 point cases. The 256 
point window was chosen to minimize the effects of echoes 
and keep the variance as small as possible. 

Recall that zero padding can be used to estimate the 
HRTFs at an arbitrary frequency resolution. Here 256 fre- 
quency samples were used to represent the full positive fre- 
quency range, 51.2 ld-Iz for KEMAR and 80 kHz for the cat. 

Only the first half of these samples were retained to represent 
the effective frequency ranges, 25.6 kHz for KEMAR and 40 

0 5 10 15 20 

Frequency. kl-lz 

-25 
o 

i @ AZ•+•300.0 -E.L•,,•)O.O 

5 10 15 20 

Co) 

FIG. 1. Magnitude and phase of the HRTF at 0=0 ø, 4=0 ø obtained using 
different window widths. 

kHz for the cat. A linear phase component corresponding to a 
time delay of 0.5 ms was added to each HRTF to prevent 
noncausal impulse respon:•es that could result from small 
errors in the time alignment procedure. The result was stored 
as a 129 point complex valued data record. 

C. Covariance analysis of the measured HRTFs 

The eigenvalues ki, i=I,...,N represent the sample 
variance of h( 0j, •bj)-q0, J = 1,2 ..... P projected onto each 
EF q•, i= 1,...,N. This is the variability in the data that is 
represented by the corresponding EF. Hence, the number of 
eigenvectors, M, required to achieve a given mean squared 
error is determined by the relative size of the eigenvalues. 
The results below indicate: that a very large percentage of 
variability in the measured HRTFs is represented using a 
relatively small value of M. 

Recall that there are 80 HRTFs sampled on each eleva- 
tion circle. The circles at higher and lower elevations span 
smaller solid angles than the circles near the equator. As an 
extreme example of this phenomena, at the vertex or north 
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FIG. 2. Impulse responses of the HRTF at 0=0 ø, 4•=0 ø obtained using 
different window widths. 

pole 80 HRTFs are measured at one single location. To pre- 
vent these higher elevation HRTFs from dominating the 
sample covariance matrix, the HRTFs are weighted propor- 
tional to the solid angle spanned by the corresponding eleva- 
tion circles with the weighting function 

3(0, 4,)-- 1 -Isin(4,)l. (7) 

A convenient metric for determining an appropriate 
value M is the percentage variance represented by the first M 
components. This is expressed as 

% var(M)= .•--•-, x 100%. (8) 
•i=l•ki 

A natural question that arises is the spatial sampling den- 
sity required to adequately describe HRTF behavior. Table II 
presents % var(M) of the measured HRTFs for KEMAR and 
the cat for M = 1 to 20. The left half gives % var(M) when 
the sample covariance matrix is constructed from the HRTFs 
measured on a 9 ø grid, that is, 561 HRTFs for KEMAR and 
593 HRTFs for cat. The right half gives the % var(M) for 
measurements on a 4.5 ø grid, that is, 2188 HRTFs for KE- 
MAR and 1816 HRTFs for cat, that is represented by the EFs 
determined from the HRTFs on the 9 ø grid. The percent vari- 
ance of the 4.5 ø data set represented by the EF's determined 
from HRTFs on a 9 ø grid and that of the 9 ø data set becomes 
nearly identical as M increas es. This suggests that sampling 
at 9 ø intervals captures nearly all the variability in the 
HRTFs, provided that M is properly chosen. 

For the KEMAR data 99.9% of the variance is repre- 
sented by 12 EFs while 17 EFs are required to represent 
99.9% of the cat data variance. This indicates that the HRTFs 

have most of their energy distributed in a low-dimensional 
subspace. The increased number of EFs required by the cat 
data to account for the same amount of variance is a conse- 

quence of the broader bandwidth used for the cat data. If the 
cat HRTF bandwidth is reduced from 40 to 20 kHz, then only 
11 EFs are required to represent 99.9% of the variance in the 

TABLE II. Percent variance as a function of M for KEMAR and cat data 

0v=128). 

% vat(M) on a 9.0 ø grid % var(M) on a 4.5 ø grid 
M KEMAR Cat KEMAR Cat 

1 68.58 55.78 60.74 49.02 

2 87.34 75.17 84.18 69.29 

3 95.37 84.26 94.40 80.58 

4 98.09 92.03 97.63 89.45 

5 98.90 95.61 98.68 93.79 

6 99.36 96.75 99.23 95.39 

7 99.56 97.62 99.47 96.48 

8 99.69 98.30 99.61 97.38 

9 99.79 98.88 99.74 98.21 

10 99.85 99.23 99.81 99.72 

11 99.90 99.44 99.87 99.03 

12 99.92 99.61 99.91 99.26 

13 99.95 99.73 99.93 99.46 

14 99.96 99.83 99.95 99.62 

15 99.98 99.88 99.97 99.74 

16 99.99 99.92 99.98 99.83 

17 99.99 99.95 99.98 99.90 

18 99.99 99.97 99.98 99.93 

19 99.99 99.98 99.99 99.95 

20 99.99 99.98 99.99 99.97 

cat data. Unless otherwise noted, in the remainder of this 
paper M = 12 and M = 17 EFs are used for the KEMAR and 
cat models, respectively. 

D. Mean-square error between the measured and 
modeled HRTFs 

The effectiveness of the spatial feature extraction and 
regularization procedure is established by comparing mea- 
sured and modeled HRTFs. Overlaid plots of measured and 
modeled HRTFs qualitatively illustrate the model perfor- 
mance while average mean square error in 32 subregions 
quantitatively validate the model. An emphasis is given to 
the KEMAR data in the plots due to space constraints. A 
more detailed error analysis can be found in (Chen, 1992). 

In order to use one set of measurements to validate both 

the fidelity and predictive power of the SFER model, HRTFs 
on a 9 ø grid (561 for KEMAR and 593 for cat) are used to 
determine the EFs and SCFs of the model. The average SNR 
of KEMAR data on the 9 ø grid is 53.2 dB with only 3 of the 
561 measurements having SNR less than 30 dB. For the cat, 
the average SNR on the 9 ø grid is 57.7 dB and all 593 mea- 
surements have SNR greater than 30 dB. The model fidelity 
is evaluated by comparing measured and modeled HRTFs at 
the locations used to determine the model's EFs and SCFs. 

The predictive power is demonstrated by comparing mea- 
sured and modeled HRTFs at the locations not used to deter- 

mine the EFs and SCFs of the model. These locations are at 

the midpoints of those used to determine the model param- 
eters and thus represent likely locations of maximum inter- 
polation error. 

Figures 3-6 compare measured and modeled responses 
on the median plane and equator for the KEMAR HRTFs. 
The solid lines represent measured HRTFs and dashed lines 
represent modeled HRTFs. Panel (a) depicts the magnitudes 
and panel (b) the phases. In each case the linear phase com- 
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FIG. 3. Comparison between measured and modeled HRTFs at four loca- 
tions in the horizontal plane. Panel (a) depicts the magnitude and panel (b) 
depicts the phase. Solid lines represent measured responses and the dashed 
lines represent modeled responses. 
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FIG. 4. Comparison between measured and modeled HRTFs at four loca- 
tions in the median plane. Panel (8) depicts magnitude and panel (b) depicts 
phase. Solid lines represent measured responses and the dashed lines repre- 
sent modeled responses. 

ponent is removed to aid visualization of the phase charac- 
teristics. The azimuth and elevation of each HRTF is noted 

by symbols "AZ =" and "EL = ," respectively. The percent 
mean square error ej at each location is noted with the sym- 
bol "Error." It is defined as 

Ilhj- 0j, 00112 
e,- iih112 x 100%, (9) 

where hj is the jth measured HRTF and •(Oj ,qS/) is given by 
Eq. (6). 
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FIG. 5. Comparison between measured and model interpolated HRTFs at 
four locations in the horizontal plane. Panel (a) depict,s magnitude and panel 
(b) depicts phase. Solid lines represent measured responses and the dashed 
lines represent model interpolated responses. 

Figure 3 compares measured and modeled HRTF mag- 
nitude and phase at four typical directions in the horizontal 
plane. Figure 4 compares measured and modeled responses 
at four directions in the median plane. The directions illus- 
trated in Figs. 3 and 4 are in the set used to determine the 
model parameters. Figures 5 and 6 illustrate the predictive 
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FIG. 6. Comparison between mcasurcd and model interpolated HRTFs at 
four locations in the median plane. Panel (a) depicts magnitude and panel 
(b) depicts phase. Solid lines represent measured responses and the dashed 
lines represent model interpolated responses. 

power of the model by comparing measured and modeled 
HRTF magnitude and ph•tse at representative directions not 
used to determine the model parameters. 

Observe that the interpolation errors are slightly greater 
than approximation errors. The smoothing parameter h con- 
trols the tradeoff between interpolation and approximation 
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TABLE Ill. Average error in 32 subareas on the sphere for KEMAR. TABLE [V. Average error in 32 subareas on the sphere for cat. 

Azimuth Elevation in degrees 
in degrees -36 to 0 0 to 30 30 to 60 60 to 90 

-180 to -135 7.5530 0.9848 0.3866 0.6013 

- 135 to -90 5.5541 6.5346 0.8624 0.6737 

-90 to -45 2.1699 2.8521 0.8732 0.5820 

-45 to 0 0.5981 0.6260 0.4446 0.4751 
0 to 45 0.5153 0.6324 0.4929 0.4235 

45 to 90 0.5413 0.5037 0.4117 0.7242 

90 to 135 0.6337 0.6978 0.4528 0.5728 

135 to 180 0.7382 0.5455 0.3015 0.4974 

Azimuth Elevation in degrees 
in degrees -36 to 0 0 to 30 30 to 60 60 to 90 

-180 to -135 16.4067 0.7370 0.5270 0.5014 

-135 to -90 0.5606 0.4991 0.4718 0.3589 

-90 to -45 1.2550 2.9693 1.8120 1.8897 

-45 to 0 0.5135 1.0907 0.8938 0.6892 
0 to 45 0.6622 2.1584 1.4731 0.7854 

45 to 90 1.1545 3.6854 1.6455 1.5719 

90 to 135 0.4738 0.9128 1.0418 0.8972 

135 to 180 15.4327 0.7157 0.6435 0.5764 

errors. A larger value for h would increase the smoothing 
emphasis and potentially equalize the interpolation and ap- 
proximation errors. 

Table III lists the average errors over 32 subregions on 
the sphere for KEMAR using 2188 locations. The average 
errors over most of the frontal and ipsilateral regions are less 
than 1%, indicating an excellent "goodness-of-fit" in these 
areas. Larger errors are obtained over five contralateral and 
lower elevation areas. Several factors contribute to this in- 

creased error. The most significant is the interaural level dif- 
ference associated with head shadowing. 

Figure 7 depicts the distribution of HRTF broadband 
gain as a function of azimuth and elevation. The levels on the 
ipsilateral side between 50 to 100 ø azimuth and 0 to 54 ø 
elevation are near the maximum of 35 dB while levels on the 

contralateral side ranging from -180 to -75 ø azimuth and 
-36 to 45 ø elevation are near the minimum of 10 dB. This 

indicates that the energy in the contralateral HRTFs is less 
than 0.5% of that in the ipsilateral HRTFs. Therefore it is 
likely that the contralateral HRTFs contribute relatively little 
to the first 12 EFs. A second factor is the likelihood that 

contralateral sounds excite more vibration modes on the ex- 

ternal ear due to diffraction of sound around the head. This 

results in spectral shapes that are more complicated and con- 
sequently more difficult to model. A third possible factor is 
the smoothing of SCF fine structure associated with the 
spline fit. The effects of head shadowing and the relative 
complexity of contralateral HRTFs can be minimized by giv- 
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FIG. 7. HRTF Broadband gain as a function of azimuth and elevation. 

ing the contralateral HRTFs increased weight during the con- 
struction of the covariance matrix and by increasing the 
number of model components. The degree of smoothing in 
the spline fitting procedure: can be changed by varying the 
smoothing parameter X. Note that optimizing model perfor- 
mance is not the focus of the current paper. 

In contrast, the cat mcan squared errors over all 1816 
locations shown in Table IV do not show evidence of signifi- 
cant lateral difference. Here the poorest performance is in the 
lower back region. This is :most likely because the cat's ears 
are positioned at the top of the head. The interaural level 
difference is not significant; head shadowing occurs only in 
the lower back region. 

The SFER mode!'s interpolation capabilities are further 
illustrated in Fig. 8, which depicts a mesh plot of the HRTF 
magnitude on the median plane. Here the model is used to 
obtain the HRTFs at 1.5 degree elevation intervals. Measured 
HRTFs are not available on this fine scale so quantitative 
performance evaluation is not possible. However, the quali- 
tative characteristics are those of a well behaved physical 
system. This figure illustrates the ability of the SFER model 
to represent the HRTFs as a continuous function of direction. 

Ill. DISCUSSION AND SUMMARY 

A. Characteristics of EFa and SCFs 

Plots of the KEMAR and cat percent mcan-squared error 
as a function of M for the ipsilateral, contralateral, and entire 
modeling regions are depicted in Figs. 9 and 10. The ipsilat- 

80 
10 60 

4O 
2O 

2O 0 

Frequency in kHz Elevation in degrees 

FIG. 8. Mesh plot of the modeled HRTF magnitude in the median plane, 
qb=-36 ø to 90 ø, 0=0 ø, 1.5 ø inlervals. 
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FIG. 9. The total mean-squared error, ipsilateral mean-squared error, and 
contralateral mean-squared error as a function of number of EFs used in the 
KEMAR model. Solid line represents the total mean error. Dashed and 
dotted lines represent the ipsilateral and the contralateral error, respectively. 

eral region is defined as azimuths 0 ø to 180 ø and elevations 
from -36 ø to 90 ø while the contralateral region spans azi- 
muths 0 ø to -180 ø and elevations -36 ø to 90 ø. Figure 9 
indicates that the total error as a function of the number of 

EFs for KEMAR flattens out somewhat after eight EFs. In- 
creasing from four to eight EFs reduces the mean error by 
4%, while increasing from eight to twelve only yields an 
additional 1.8% reduction. The total error is not significantly 
reduced by using more than 12 EFs. A similar phenomena is 
evident in the percent variance represented (see Table II). 
The mean and first seven EFs are plotted in Fig. 11, with 
relative magnitude on the left and relative phase on the right. 
The labels next to each curve denote the number of the cor- 

responding EF with zero denoting the average HRTF. The 
magnitudes are offset by 25 dB and the phases by 15 radians 
for visualization purposes. The EFs are the eigenvectors of 

2O 

2 4 6 8 10 12 14 16 
Numbex of EFs 

FIG. 10. The total mean-squared error, ipsilateral mean-squared error, and 
contralateral mean-squared error as a function of number of EFs used in the 
cat model. Solid line represents the total mean error. Dashed and dotted lines 
represent the ipsilateral and the contralateral error, respectively. 
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FIG. 11. The mean HRTF and the first through seventh-order EFs for 
ICEMAR. The left panel depicts magnitudes and the right panel phases. 

R h [see Eq. (3)] and have identical norms, that is, the aver- 
age magnitudes as a function of frequency are identical. A 
common linear phase term corresponding to a pure time de- 
lay is removed from all phase curves. 

Each EF magnitude is characterized by resonant peaks 
and valleys; the level of relative detail increases with in- 
creasing order. Relatively sharp notches are found only in the 
fifth and higher order EFs. The phase lag increases with in- 
creasing order. Plots of the percent error in the contralateral 
and ipsilateral regions as a function of the number of EFs 
given in Fig. 9 indicate that the fourth through eighth EFs 
make a more significant contribution to the contralateral 
HRTFs than they do to the ipsilateral HRTFs. This is consis- 
tent with the increasing level of magnitude detail and phase 
lag in both the higher order EFs and contralateral HRTFs. 
The larger phase lags correspond to the increased time extent 
of the contralateral HRTF impulse responses. Shaw (1979) 
discovered that resonances at higher frequencies are gener- 
ally excited by sounds arriving from the front and top direc- 
tions. Sounds arrive at the contralateral ear from the front, 
back, and top directions because they are diffracted around 
the surface of the head. Hence, contralateral sounds excite 
the largest number of resonances. This behavior is evident in 
both the HRTF and higher order EF magnitudes. 

In contrast, all EFs contribute approximately equally to 
the contralateral and ipsilateral percent errors in the cat as 
depicted in Fig. 10. The difference between the cat and 
KEMAR error performance is most likely associated with 
the position of the ears on the head. The cat ears are located 
on the top of the head. Thus contralateral sounds are not 
shadowed by the cat's head. 
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FIG. 12. Mesh and contour plots of the first-order SCF for KEMAR and cat. All plots are magnitudes only. (a) KEMAR's regularizod first order SCF mesh 
plot; (b) KEMAR's regularized first-order SCF contour plot; (c) cat's regularized first-order SCF mesh plot; (d) cat's regularized first-order SCF contour plot. 

It is difficult to directly relate specific EF features to 
features in the HRTF magnitudes because the EFs and SCFs 
are complex valued. However, it is interesting to note that 
the collection of resonant frequencies in the EFs include the 
group of eigen frequencies reported by Shaw (1979) for a 
mechanical model and average human ear. This is not sur- 
prising since the EFs can be expressed as a linear combina- 
tion of HRTFs. More frequency peaks are observed in the 
EFs that perhaps account for the spectral details of the 
HRTFs. The ear canal resonance at 2.7 kHz is dominant in 

the average EF and is present to a lesser extent in the other 
EFs. The average and first order EFs have broadband gain 
over the low and middle frequency ranges (up to 8 kHz). 
This broadband gain is consistent with Shaw's description of 
the average human ear response (Shaw, 1979). 

Mesh and contour plots of the first order SCF magni- 
tudes of right ear of KEMAR and cat are depicted in Fig. 12. 
Mesh plots of KEMAR's second through seventh SCF mag- 
nitudes are depicted in Fig. 13. The lower order KEMAR 
SCFs exhibit large magnitude differences between ipsilateral 
and contralateral regions at lower elevations indicating that 
head shadowing causes the largest variation in HRTF mag- 
nitudes. The fifth through seventh KEMAR SCFs have ap- 
proximately equal magnitude in both contralateral and ipsi- 
lateral regions, consistent with our previous observation that 
the fifth through seventh EF's make relatively more signifi- 
cant contributions to the contralateral HRTFs than the ipsi- 
lateral HRTFs. As with the EFs, the complexity of the SCFs 
increase as the order increases. 

A major peak is evident in the first order KEMAR SCF 

[Fig. 12(a) and (b)] at azimuth 0=85 ø and elevation •b= 18 ø. 
This is the direction of maximum broadband gain for 
KEMAR's right ear. In contrast, the peak location for the cat 
is at azimuth 0=50 ø and elevation •b=18 ø [Fig. 12(c) and 
(d)]. These peak positions a re closely related to the opening 
direction of the pinnae and the position of the ears on the 
head of KEMAR and the cat. 

A rigid head model (see: Blauert, 1983) predicts a mod- 
erate magnitude elevation when sound is presented from the 
contralateral side as a consequence of diffraction around the 
head. This phenomena is reflected in the first order KEMAR 
SCF at elevations from -36 ø to 50 ø, the region where the 
head interacts most with wave propagation. In contrast, the 
cat's first order SCF does not reflect significant magnitude 
elevation for contralateral sounds. The cat's ear is on the top 
of the head and thus head shadowing effects are not a factor 
for contralateral sounds. Conjectures of additional relation- 
ships between SCF behavior and extemal ear geometry are 
posed in Chen (1992). 

While there are consistent parallels between certain of 
Shaw's findings and our representations the EFs described 
herein bear no resemblance to the PCA basis vectors pre- 
sented by Kistler and Wightman (1992) or those of Middle- 
brooks and Green (1992). This is due to fundamental differ- 
ences between the PCA and SFER models as discussed 

below. 

B. Comparison to PCA models 

Both the SFER model and PCA representations (Mar- 
tens, 1987; Kistler and Wightman, 1992; Middlebrooks and 
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Green, 1992) involve eigenanalysis of a sample covariance 
matrix constructed from the measured HRTFs. The SFER 

model constructs the sample covariance matrix from the 
complex valued (magnitude and phase) HRTFs while the 
PCA representations use the logarithm of HRTF magnitude 
after the directionally independent frequency dependence is 
removed. 

Neither the logarithm nor the magnitude operation com- 
mute with either mean computation or sample covariance 
matrix formation and eigen analysis. Hence, it is impossible 
to directly relate the PCA basis vectors and the EFs in the 
SFER model. Consider the mean HRTF. In the PCA ap- 
proach the mean is actually the log of the product of all 

measured HRTF magnitudes. Subtraction of the mean corre- 
sponds to dividing each measured HRTF magnitude by the 
product of the magnitudes of all HRTFs, resulting in the 
so-called DTF (Martens, 1987; Kistler and Wightman, 1992; 
Middlebrooks and Green, 1992). In the SFER model the 
mean is simply the complex valued average of all measured 
HRTFs. Note that here subtraction of the mean does not gen- 
erally remove the direction-independent effects. This is why 
the ear-canal resonance is evident in each EF while it is not 

present in the PCA basis vectors. 
The PCA representations ignore the measured phase. 

Kistler and Wightman (1992) used a minimum phase as- 
sumption to derive a phase characteristic from the PCA rep- 
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resentation of the HRTF magnitude. The SFER model avoids 
minimum phase approximation by directly representing the 
measured HRTF phase. 

C. Summary 

A multivariate function approximation approach is used 
to develop a model for the HRTF magnitude and phase. The 
KLE separates the frequency and spatial dependence of the 
HRTFs into a set of EFs and SCFs, respectively. The SCF 
samples obtained from the measured HRTFs are fit with a 
thin plate spline. This results in a functional HRTF model 
that can be evaluated to predict the HRTF at arbitrary azi- 
muth and elevation. 

Measured HRTFs from KEMAR and an anesthetized 

live cat are used to establish both the fidelity hnd predictive 
capabilities of the model. Percent mean squared errors on the 
order of one percent are typical, with larger errors at the 
contralateral ear of KEMAR. This increased error most 

likely results from head shadowing effects and can be re- 
duced by increasing the relative weight given to the con- 
tralateral HRTFs during model construction. No effort was 
made in this work to optimize model performance by cus- 
tomizing the HRTF covariance matrix or the smoothing pa- 
rameter used in fitting the SCF splines. 

Further work includes optimizing model performance, 
behavioral validation, and exploration of the relationships 
between external ear geometry and model p•rameters. 
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