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ABSTRACT
ASYMPTOTIC EXPANSION OF THE L?>-NORMS OF THE SOLUTIONS TO THE
HEAT AND DISSIPATIVE WAVE EQUATIONS ON THE HEISENBERG GROUP

by

Preston Walker

The University of Wisconsin-Milwaukee, 2020
Under the Supervision of Professor Lijing Sun and Professor Hans Volkmer

Motivated by the recent work on asymptotic expansions of heat and dissipative wave
equations on the Euclidean space, and the resurgent interests in Heisenberg groups, this
dissertation is devoted to the asymptotic expansions of heat and dissipative wave equations
on Heisenberg groups. The Heisenberg group, H", is the R?"*! manifold endowed with the

law

1
(z,y,s) - ("9, 8) = (x+ 2" y+y,s+5+ 5(%?/ —2'y)),

where z,y € R™ and t € R. Let v(¢, 2) and u(t, z) be solutions of the heat equation,

vy — Lv = 0, and dissipative wave equation, uy + u; — Lu = 0, over the Heisenberg group
respectively, where L is the sub-Laplacian. To overcome the Heisenberg group setting, we
first establish the Group Fourier transform for an integrable function on the space. The
Fourier transform together with the Plancherel formula, help us to obtain the following

expansions for ||u(t, 2)|| L2y and [[v(t, 2)|| L2 as t — oo,

where b,, and ¢, only depend on the initial conditions.
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1 Introduction

The heat equation describes the evolution in time of the density of a quantity such as
heat. This equation is fundamental to the field of partial differential equations and has
applications in many fields of mathematics including spectral geometry, differential geometry,
and even probability theory. Understanding the heat equation on different spaces, such as
the Heisenberg group, could prove to be useful in other fields of mathematics or applications.
First, let’s recall the heat equation on the Euclidean space. Let u(t, z) be the weak solution
of the heat equation

u—Au=0,t>0,z R,

with initial condition

u(0,-) = ug € L*(R").

Dr. Volkmer has a paper[4] that finds the asymptotic expansion of the squared L?-norm,
lult, )2 @ny = [V lu(t, z)|?dz, as t — oo in the Euclidean case. Similarly, he also finds an
asymptotic expaﬁsion of ||v(¢, ')H%Q(RN)’ where v(¢, z) is the solution to the dissipative wave
equation

vy +v,—Av=0, t>0zecR"Y,

with initial conditions
v(0,-) = vo € LA(RY), 0(0,-) = v; € L*(RY).

The main techniques used in Volkmer’s paper involve the Fourier transform’s relation
with differentiation and Taylor series expansions. He goes further to find the asymptotic
expansion of the difference of these solutions. Given suitable conditions on the inital values,
this result leads to the cancellation of the leading terms in the expansion. This explains the

diffusion phenomenon for linear hyperbolic waves.



The Heisenberg group has an important role in quantam mechanics. The representation
of the Heisenberg group acting on L?(R"), known as the Schrodinger representation, is the
action of the exponentiated position and momentum operators. One of the main results
arriving from this is the Stone-Von Nuemann Theorem. This states that the Schrodinger
representation is the unique (up to unitary equivalence) strongly continuous unitary repre-
sentation of the Heisenberg group with non-trivial center.

In this thesis, we will be focusing on how the Heisenberg group acts on the space of square
integrable functions, in particular the solutions to the heat and dissipative wave equations.
We ask if we can find asymptotic expansions of these equations on the Heisenberg group
with the sub-Laplacian, which we will define later. We are interested in if the behavior of
these equations are consistent with the Euclidean case. In particular, will they still have
the same power in their leading terms? If so, would we still have cancelation of the leading
terms when considering the difference?

The main obstacles to overcome in this setting while considering these questions is its
adaption of the Fourier transform and Plancherel formula. The Fourier transform in the
Euclidean case converts differentiation in the space variable to scalar multiplication. This
property can convert partial differential equations into ordinary differential equations that
are much simpler to solve. While the adaption of the Fourier transform on the Heisenberg
group doesn’t convert differentiation to something as nice as scalar multiplication, it does
convert the sub-Laplacian in our equations into the Harmonic oscillator. This operator has
a useful eigenfunction system. In the Euclidean case, the Plancherel formula shows that the
L?-norm of a function is equal to the L?-norm of its Fourier transform. While the Plancherel
formula on the Heisenberg group doesn’t give equality, it does give a relationship with the
Hilbert-Schmidt norm of the Fourier transform operator. This allows us to take advantage
of the eigenfunction system of the Harmonic oscillator. While we don’t get to consider the
cancelation of the leading terms in this thesis, we do confirm that the leading terms have

the same power and is consistent with the results in the Euclidean case.



In what follows, we will state the organization of this thesis and summarize the main
results. In Chapter [2| we introduce the Heisenberg group denoted by H". That is the R?"+!

manifold endowed with the law

1
(z,y,s)(2",y,s") = (e +2" y+y,s+ 5+ 5(:61/ —2'y)).

While we explore properties of the Heisenberg group in 2n + 1 dimensions in the first
section, we restrict ourselves to 3 dimensions for the rest of the thesis for simplicity. While
the details still need to be shown, a similar proof will work for higher dimensions. In this
thesis we mention the definition of the group Fourier transform on the Heisenberg group that
appears in most texts using the Schrodinger representation. However, it is more beneficial
for us to use a slightly different definition using a kernel mentioned later in the thesis. It
can be shown with some clever substitutions that these definitions are equivalent[l]. With
some restrictions on f € L?(H), we can determine the expansion of | T}hi||* as A — 0,
where {T)}xen\{oy is the group Fourier transform defined by f and hy, is the kth hermitian
polynomial. This becomes essential to our work later when we use the Plancherel formula.

In Chapter 3| we let u(t, z) be the solution to the heat equation on the Heisenberg group;
namely, u satisfies

Owu(t,z) — Lu(t,z) =0

for all t > 0, z € H, L is the sub-Laplacian, and with the initial condition
u(0, z) = up(2).

The group Fourier transform converts the differentiation given in the original equation
using properties analogous to the Euclidean case discussed in Chapter This yields an
ordinary differential equation that we are able to solve. Afterwards, we use the modified

Plancherel formula to evaluate the norm.



The first section of that chapter is used to determine the asymptotic equivalence of the
solution. We take advantage of our definition of the group Fourier transform involving the
kernel and use an approximate identity to deduce a necessary convergence. By the virtue of

Watson’s lemma, this leads to the asymptotic equivalence

. ) Q]
tliglo lu(t, )22 ~ FT t — o0,

where @ = [wo(z,y, s)dzdyds. The second section is used to determine the asymptotic
H

expansion of the solution,

lu(t, 32 = th—m Ot N2 ast— oo,

where b,, is dependent only on the initial condition for all nonegative integers n satisfying
n < N — 1. This proof mainly consists of summing the expansions found in the first section
over all the hermitian polynomials, which give an important orthogonal basis of L*(R), to
determine the entire expansion.

In Chapter |4| we let u(t, z) be the solution to the dissipative wave equation,
Otu(t, z) + Owul(t, 2) = Lu(t, 2)
with initial conditions
uw(0,2,y,s) = ug(x,y,s), wu(0,z,y,s) =u(z,y,s),

where ug,u; € L'(H) N L?*(H). Again, we solve by first using the group Fourier transform to
convert the equation to an ordinary differential equation.
The first section covers the asymptotic equivalence. We use a similar strategy as the

solution to the heat equation. Utilizing the convergency shown in Chapter 3 and Watson’s



lemma, we are able to show the asymptotic equivalence,

1@l

as t — oo,
8t

. 2
tlgglo Jwlt, )72 ~

where Q = [(uo(z,y, s) + ui(x,y, s))dzdyds. The second section of this chapter is used to
H
determine the asymptotic expansion,
N-1
[Ju(t, ')H%Q(H) = Z et "2+ 0N ast — oo,
n=0
where ¢, is only dependent on the initial conditions for all non negative integers n such

that n < N — 1.

2 The Heisenberg Group

The Heisenberg group, H", is the R?**! manifold endowed with the law:

1
(z,y,8) @y, )= (@+2,y+y,s+5 + 5(&11/ — 2'y))

where xz,y, ',y € R™ and s, s’ € R. Given two elements, z,y € R", xy refers to the standard

scalar product defined:

Ty = szyl where T = (mlax% "'7$n)7y = <y17y27 7yn)

=1

Dilation in this group is defined by
Mz,y,8) = Az, \y, A\%s), N ER.

We define dilation this way because we want it to be a homomorphism. If we dilate x

and y linearly, then we have to dilate s quadratically. This is because we have a product in



the definition of the operation.
Although we will not use it in this thesis, this group is commonly considered the matrix
group with 1’s along the diagonal. The = vector in the first row and the y vector in the last

column. The s variable is the entry in the first row, last column. All other entries are 0.

2.1  Heisenberg Lie Algebra

The canonical basis of the Lie Algebra on H" is given by the left-invariant vector fields:
X; =0, — %at, Y; =0, + %at, S =a.,
where the canonical commutation relations are:
(X;,Y;]=S5, j=012,..n,

Because of nice properties of the Lie algebra’s structure, we can define integration over

H™ in the natural way[I]:

/...dxdyds: / ...dxdydsz///...dxdyds.

Hn» R2n+1 R R Rn
The sub-Laplacian on the Heisenberg group H", L, is given by
n

L= X3+ = (0 = 2002+ (9, + L0.)).

j=1 j=1



2.2 Group Fourier Transform

In this section we will define the Group Fourier transform in a way that is most commonly
seen. We will introduce another definition in the other sections. The definitions are equiva-
lent as proved by Ruzhansky (2016).

We define the Schodinger representations, my, as the representation of the group H"

acting on L*(R") as
ma(,y, 8)h(w) = XN h(w 4 /[Afa),

where (x,y,s) € H", h € L*(R"), and VA = sgn(\)y/|A|. The representation of 7y acts on

the canonical basis in the following way
X)) = VINOw,,  m(Y;) =iViw;, and  mA(S) =Ml
We also note that
= eMstam)g=iVAve () /]N2).

W;(ZL‘, Y, S)h(w) = 71->\(_"L‘7 -y, _S)h(w)

We define the group Fourier transform of f € L'(H") at 7y as

Thu) = Fin(D)m ) = o [ 08) o) = a)dodys.

R2n+1

T), is a Hilbert-Schmidt operator, that is, a bounded operator with finite Hilbert-Schmidt
norm. That means given an orthonormal basis, {e;};c; for L?(R") with some indexing set I,

we have

||T>\H§{S[L2(H")] = Z ||T>\€i||%2(R")'

iel



This gives us the Plancherel formula on the Heisenberg group as

112250y = / D[N a—"sY

AER*

We have the following properties with the Lie algebra and group Fourier transform
T)\(Xj) =\ \)\]8ij)\, T)\(Y;> = i\/ijT)\, T/\(S) = Z)\T)\
So, the group Fourier transform of the sub-Laplacian is

TA(L) = A ) (9%, —w}) = ~[A|H,,
j=1

n

where H,, = Z(@i]_ — w?) is the harmonic oscillator acting on L*(R"). It is important
j=1

to note this because the harmonic oscillator is self-adjoint in L?(R™) and has a convenient

system of eigenfunctions that we will take advantage of.

The eigenfunctions of H,, {ht}72, form an orthonormal basis of L?*(R"). The eigenfunc-

tions are defined as [1]

1()|2

hi(w) = H ije*‘T,
=1

where P,,(-) is the m-th order Hermite polynomial defined as

2 d 2 m
P,(t)= cme%(t - E)me_%, t>0,¢p, = 2_5(m!)_%7r_%.

The corresponding eigenvalues for each hy are of the form

n

> @ki+1), k= (ki ky,..) EN".

J=1



2.3 Norm of the Fourier Transform Operator

For the rest of this thesis, we will be working on H! for simplicity. Let f € L?*(H), and
let hy for £ € N be defined as in the previous section but for one dimension. Our goal in
this section is to find the asymptotic expansion of ||T5h||* as A — 0. Let N be a fixed
nonnegative integer and £ € N\ {0}. We will define T} slightly differently in this section,
but it can be shown that the definitions are equivalent[I]. Let p, ¢, and r be nonnegative

integers satisfying max(p, ¢) + 2r < 2N and assume that
[Pl 1.5y < o

Then we can introduce the following moments

1
My r = 5 /xpyqsrf(x,y, s)dxdyds  if max(p,q) + 2r < 2N. (2.1)
T
Define
1
F(z,n,0):= —//f 1y, s)e” W) dy s,
2
R R
and

u) = /K,\(u,v)h(v)dv

with the Hilbert-Schmidt kernel

Ky(u,v) = e 'F(e t(u— v),sgn()\)%(u +0),A),  e:=+\

Note that the family of operators {73} is the group Fourier transform of f[I]. Let

f(l’,y,S) = f(SU, Y, _5>7



and let Ty be the operators associated with f. Then

T ,=Th.

This shows that the case where A < 0 can be reduced to A > 0. Therefore, until Theorem

2.5, we will assume that A > 0. Then

Tohn(v) — %/F(UZU,%(u—l—v),eQ)hk(u)du (2.2)
= /F(x, e(v + %ew), )y (v + ex)dz. (2.3)

Lemma 2.1. For every x,n,0 € R, we have the Taylor expansion

qT
Flr,no)= Y. OILF a:oo?7 S Y Queleno), (2.4)

q+2r<2N : q+2r=2N

where
lo]”

|n|
Qurteno)) < 5o [ [ ilst 1o 9ldyas L

Proof. By assumption (2.1), the partial derivatives 90, F" exist for ¢ + 2r < 2N, and

1
e F(wno)| < 5 [ [ ollsT 1 (.. s)duds

In particular,

1
0 Fwn.o)| < 5 [ [ lollsT 1.y s)lduds

First, we use the Taylor expansion of ¢ — F(z,n,0) at ¢ = 0 with x, n fixed:
N-1 ,

g
F({L’,’I],U) = 28;F<x777a O)F +Q0,N(ZB7U,U)

r=0

10



with

N
Qoten.o) < o [ [ 151569 ldyds S 25)
Then we use the Taylor expansion of n — 9, F(x,n,0) at n = 0. O
Substituting (2.4) into (2.3) we obtain
Tihe(0) = E(v, ) + R0, ), (2.6)

where

q 2r
/ Z OOV (x,0 0) (U+ 30) ¢ —hi(v + ex)dz,

r!
q+2r<2N
1
Ri1(v, A) / Z Qqr(z,e(v+ §ex) ) hi(v + ex)da.
G+2r=2N

Lemma 2.2. There is a constant Cyy (independent of \) such that
IR (-, N)|| < CaAY for0< A < 1.
Proof. Using (2.5) we have to show that the L?*-norm of the function

v [ [ [z catlupls . )i + co)idsdyds

is bounded above as a function of A € (0,1] where ¢ + 2r = 2N. We write 2v + ex =

2(v + ex) — ex and use the binomial formula. Then we see that it is sufficient to bound the

11



L?-norm of the function

D) = [ [ [ lallultsl 1. 5) o + exf (o + o)l dedyds
:/g(m)|v+ex|i|hk(v+ex)|dx,

where

= |]o / / WISl | £ (2, v, 5) | dyds

and i = 0,1, ...,q. By the Cauchy-Schwarz inequality,

[ D@ nEa < ([ gwde) [ o).

Since ¢ is integrable by (2.1) and v*hy(v)? is also integrable, this completes the proof. [

In the formula for E we substitute

1 a q\ ; i .
— q — Ll Tl d T
(v+ 26:10) 2 (Z)e 27

Then E becomes a finite triple sum with indicies 7, ¢, and r. The terms where i+ g+ 2r >
2N are small enough to be put in the remainder term which we will define below. In terms

with ¢ + ¢ + 2r < 2N, we use the Taylor expansion

n—1
1 .
k(v + ex) Zﬁh]) V) + Ly (z,v,))
-0

12



with the remainder term in integral form

1

S /h;")(vﬂex)u — Ly, (2.7)

Ly (0, \) = =1
0

where n = 2N — ¢ — ¢ — 2r. In this way we obtain

E(v,\) = Ey(v, A) + Rg2(v, A) + Rys(v, N), (2.8)

where each term is defined in the following way where ¢ runs from 0 to q.

i+j r N\ q+r 2" q —ip (J

BN = 5 e i (e ),
i+j4q+2r<2N g\t
7 T T Q_i q
RkQ(’U, )\) = / Z € +q+2 8;178>\F(£E, O, O)W (2) hk(?) + 61‘)d33,
q+2r<2N<i4q+2r o

7 r s 2_i q

Rys(v, A) = / Z citat2 aga/\F(x,O,O)M (Z,)kan(:c,v,)\)dx.

i+q+2r<2N

Lemma 2.3. There are constants Cya, Crs (independent of \) such that
|Rej (5N < CigAY for0< A< 1,5 =2,3.

Proof. The estimate for the L?-norm is shown using the same method as in Lemma 2.2, so

it is omitted. Using (2.7), we can write

1

Rk:?)(Ua)‘) :/S(Ua)\>t)dta

0

where S is defined the same as Rj;3 except the integral in the definition of Ly, is not

13



included. By the same method as in Lemma 2.2, we obtain
/|S(v,/\,t)|2dv < O\

with C independent of ¢ € [0,1] and A € (0, 1]. Then, by the Cauchy-Schwarz inequality,

1
/|Rk3(v,>\)]2dv < //|S(v,)\,t)\2dvdt§ C2\2N

0

which completes the proof. ]

Theorem 2.4. We have
Tihe(v) = ) (V)€™ + Ria(v, \), (2.9)

where

Bon(0) = () My (Hghi)(0),

p+q+2r=m ’

and Hy, , is the differential operator

min(p,q) 1 1

(Hpqh)(v) = Z

24l (p—i)l(qg—1)!

It (P9 (v).

We have
|Rra(-, M| < CradY  for0< XA <1,

where Ciy := Cy1 + Cra + Chs.
Proof. This follows from (2.6), (2.8), lemma 2.2, and lemma 2.3. O

Theorem 2.5. We have

2N—-1

IT5hel|® = > Apne” + Ris() (2.10)

n=0

14



where
n

Ak,n - Z <ak,m> ak,nfm>>

m=0

and there is a constant Clys such that
|Ris(\)| < CrsAY for0< A< 1.

Proof. This follows immediately from Theorem 2.4. O]

Since ag ., (—v) = (—1)*™ay ., (v), we have Ay, = 0 for odd n. By using (2.2) we have

that Theorem 2.5 is also true for negative A when we set

Mpl »q1,71 Mp2 42,72

7“1!7"2!

A =D _(—isgn)A)@rtn-a-r: (Hy, 0y Hpy g i) (2.11)

where the sum is taken over all p1, g1, 71, p2, ¢2, 72 € Ny that satisfy
prt+q+2r+pa+ g+ 2r =n.

Lemma 2.6. For everyn = 0,1,..,2N — 1, A, = O(k3) as k — oo. Moreover, the

constants C;,7 =1,2,3,4,5 can be chosen such that Cy; = O(kY) as k — oo.

Proof. We apply the recursion formulas

k+1
\/>hk 1 9 hk+1
k+1
vhy (v \/7}% 1(v) + 7 Pis1(v)

It follows that
/|U|21’h v)*dv = O(k"™7)  as k — oo.

Since every Ry; is the product of € to some power, constants, and the integral above

where 7 + j < N, then this implies the statement of the lemma. O

15



3 Heat Equation

Consider the heat equation

Owu(t, z) — Lu(t,z) = 0.

for all t > 0 and z € H and with the initial condition

u(0, z) = up(2).

With the assumption that ug € L'(H) N L*(H).

We will accomplish two goals in this chapter. We want to first find the behavior of the
function ¢t — ||u¢|| 2y as t — oo, where u is the solution of the heat equation. This also will
give us the leading coefficient of the asymptotic expansion. The next goal will be to find the
assymptotic expansion of the function. In order for us to accomplish that, however, we will

need to make additional assumptions on our initial condition.

3.1 Asymptotic equivalence

Let the family of operators {T)} be the group Fourier transform of u. First, we will find
the behavior of the function ¢ — ||u(t)| 2gm) as ¢ — oo, where u is the solution of the heat

equation. We take the heat equation and apply the Fourier transform. This gives us

ya(t, \) + oa(t, \) = 0,

a(0,\) = dig(N).

Where o,(\) is the symbol of —£. This takes the form

oc(A) = [AHy = [N(=0;, + w?)

16



Where H,, = (—02 + u?) is the harmonic oscillator acting on L*(R). Since the harmonic
oscillator is self-adjoint in L?(R) and its system of eigenfunctions, {h,}32, is a basis in L?(R),

we have an ordered set of positive numbers {py}52, such that

Hyhi(w) = pphy(w).

The eigenfunctions are the Hermitian functions [3]

w2

hi(w) == (2Fk!\/m) "2 Hy(w)e™ T,
where Hj, is the kth Hermite polynomial defined as

w2 d"™ w2

Hp(w) == (—1)"e e

The corresponding eigenvalues, uy, = 2k + 1. For (k,l) € N x N, denote
U (t, N) = (U(t, Ny, hie) 2wy = (Tahe, hie) 12wy,

where T), is the group Fourier transform defined by the solution to the heat equation. Using

this system of eigenvalues and eigenfunctions, this reduces our equation to

atﬂk,l(t7 )‘) + ‘A’ukak,l(ta )‘) = 07

k1 (0, A) = dok(N)-

Fixing A € R* and (k,l) € N x N, we now solve the first order ordinary differential

equation. This gives us the solution

ﬁk,l(t, )\) = ﬁO(A)k,le_(Zk'i_l)')“t.

17



Before we state and prove our main theorem, we need two lemmas.

Lemma 3.1. Let g € L*(R) with [ g(x)dz = 1. For € > 0 define the convolution operator

(S.h)(y) == / ge(@hly — 2)de,  g(x) = 2g(2).

Then S. : L*(R) — L*(R) is a bounded linear operator with operator norm at most

M = [|g(z)|dz, and Sc — I strongly as e — 0.

Proof. To prove the bound on the operator norm, we define K : R? — R as

K(x,y) = gc(y — ).

Now we use the Schur test with

Cy = esssupmeR/ |K(z,y)|dy = M < o0

Cy = esssupyeR/ |K(x,y)|de = M < o

Therefore, the integral operator T' defined by

(Th)(y) = / K (z, y)h(x)da

is a bounded linear operator T : L?*(R) — L?*(R), and its operator norm satisfies

1T < (C1Cy)2 = M.

18



Now we have

Therefore, S, : L?*(R) — L*(R) is a bounded linear operator with operator norm at most

M = [ |g(x)ldx.

Now we need to prove the convergence. Note

(Sh)(w) — h(y) = / 6e(@) (h(y — ) — h(y))d.

This implies

1.0 = 1l <1 [ [ ool lbty ~ ) = h) Py

=1 [ lg( [ 1nty ~ ew) - niy)Pdy) du.

We know that [ |h(y — ew) — h(y)|*dy — 0 as € — 0. By Lebesgue’s Dominated Conver-

gence theorem, ||Sch — h||L2m) — 0 as € — 0. O

Lemma 3.2. Let Ty : L*(R) — L*(R) be an element of the group Fourier transform of an

19



arbirtrary f € L'(H) N L*(H). Let the constants Q and M be defined by

Q= [ f(x,y,s)dzdyds
/

1
M= — .
27T/!f(ﬂﬁ,z./,S)Idﬂfclycls
H

Then the operator norm of Ty is at most M, T\ — %[ strongly, and T — %I strongly

as A — 0.

Proof. Define F' and K, in the same way as the in the definition of the group Fourier

transform of f. Then note that

/]KA(u,v)]dv <M /]KA(u,v)]du <M

By the Schur test, the operator norm T is at most M. If we change f(z,y,s) to
f(—z,—y,—s), then we change Ty to T}. Therefore, we only need to show that Ty — %]
strongly as A — 0. Since f is arbitrary, for simplicity we assume ) = 27w. For A € R* we

define the operator Sy : L*(R) — L*(R) as in lemma 3.1 by

(S) = [ a@hly - 2)de.  g(o)i= Pe0.0),  e= V]

By lemma 3.1, S, — I strongly as A — 0. Now we will show that T\ — S, — 0 strongly

as A — 0. Let h € L*(R). Recall that T} is the integral operator with kernel

Ky(u,v) := %F(%(u —0), sgn(/\)g

(u+v),\)

while S) is the integral operator with kernel

1 _
La(u,v) = =F(*—=,0,0).

€

20



Therefore,

(T — S/\)h||2L2(R) < 2M// | K\ (u,v) — Ly(u,v)|du|h(v)|*dv.

Since we have

1
Pl NI < o [ 1£(ev.5) dyds

and that (7, A) — F(z,n, \) is continuous, by Lebesgue’s dominated convergence theorem,
/ | K)(u,v) — Ly(u,v)|du — 0

as € — 0. Using another application of Lebesgue’s dominated convergence, we have

2M//|Kx(u,v) — Ly (u, ) |dulh(v)2dv — 0

as € — 0. L]

Theorem 3.3. We have

1@l

ast — oo
8t ’

[w(@)]] 2@y ~

where

Q= /uo(m,y,s)dxdyds.

H
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Proof. Using the Plancherel formula on the Heisenberg group, we have

)2y = /|A| S faa(t, N[N

k,l=0
/‘)\‘ Z ’ukl ’2 —2(2k+1) \)\|td)\
k,l=0

= g2

Interchange the sum and integral and we have

()22 ey Z/lMHTAthL mye 2D

By Lemma 3.2

HT;thLQ(R) — % as A — 0

for every k € N. Also note that we have the bound
|Txhe|]| <M for \e Rk €N,

where

1
M = %/\uo(x,y,s)]dxdyds.

By Watson’s Lemma we have the following for every k € N

- 21QP
¥1 (|2 22k+1)NIE 7y
/ IANTS el 72w € dA 16722k £ 1222 as t — 00.
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Now we consider

Jim, EJu(t) [z = Jim tQZ / ATz il ey e 22,

Since we have the bound

M2
£1 12 —2(2k+ 1)t
[ AT ey < ot

we can interchange the limit and the summation to have
i : * —2(2k+1)|A
}l}rgthH’U“(t)H%Z(H == Z lim t2/|)\|HT)\h‘k‘H%2(R)€ 2(2k+1)] |td>\
k=0

f: 2|QP?
1672(2k + 1)2

k=0
Since
SR
2 Q
pr (2k+1) 8
We have
S » QP
Jim a0 = gy
Therefore,
Q
()] 2y ~ |8_t| as t — 00.
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3.2  Asymptotic expansion

Theorem 3.4. Let u(t, z) be the solution to the Heat equation on the Heisenberg group. Let

ug have the same assumptions as f in section 2.3. Let N € N. Then, as t — oo,

e ey = D bat ™"+ O,
n=0

where

i Bk 2n
2n+1 —~ Qk +1 n+2’

and By, oy, is defined as Ay, in (2.11) but with terms corresponding to odd g1 +11 — g2 — 72

omitted and sgn\ = 1.

Proof. Consider

ult) = [ T2y, (3.1

If we substitute (2.10) in (3.1) we see that the terms with odd ¢; + 3 — g2 — 79 cancel.

Therefore, we have

o0

N-1 o0
Pi(t) =2 / AN BrgaAte PRGN / |A| Rz (A)e2RFDNEG ),
0 n=0

where Rys is defined as in Theorem 2.5. The operator norms 75 are bounded by a

constant M. Then we obtain

Z b 1! + Ry(t), (3.2)

2 2/~c+ D)2
where
(N +1)! 21+ 22k + 1)t 50411,
t) <2 :
B (8)] < 2Chs (2(2k + 1)¢)N+2 2(2k + 1)%t2
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Now consider

which is the quantity we are interested in. By Lemma 2.6, adding the equations (2.13)

from k& = 0 to infinity, we obtain the expansion
= Z bt "2+ O N ast — oo,

where
oo

Bk ,2n
2n+1 Z% 2k +1 n+2'

4 Dissipative Wave Equation
Now we consider the Dissipative wave equation.
O2ul(t, z) + Owult, z) = Lu(t, z)
with initial conditions
w(0,z,y,8) = up(z,y,s), u(0,x,y,s) =ui(x,y,s).

We assume that

Ug, U1 € LI(H) N L2(H)

Similarly to the previous sections, we define

Fi(z,n,\) : =5 //uj z,y,s)e Wt Nayds  for j =0, 1.
T
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For A € R\ {0} we define the integral operators T}, : L*(R) — L*(R) by

(TiAh)(u) := /ij,\(u,v)h(v)dv.

Where Kj , is the kernel

K, 0) = \/%‘Fj(“ - U,sgn()\)w, A).

The family of operators {7} is the group Fourier transform of u; for j =1, 2.

4.1 Asymptotic equivalence

First, we will find the behavior of the function ¢ — |[u(t)||2m) as t — oo, where u is the
solution of the dissipative wave equation. This also will give us the leading coefficient of
the asymptotic expansion. We take the dissipative wave equation and apply the Fourier

transform. This gives us

D20(t, \) + ouu(t, \) + ocu(t, ) =0,
(0, A) = 1o (X),

815&(07 )‘) = uAl()\)>

Where o()\) is the symbol of —£. This takes the form

oc(A) = [A[Hy = [A(=0;, + w?).

Where H,, = (—92 + w?) is the harmonic oscillator acting on L*(R). Let {S\(¢) }rer\ {0}
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be the group Fourier transform of (x,y, s) — u(t, x,y,s). Set

’LALkJ(t, )\) = <S)\(t)hl, hk>,

Ui (N) = (Tinha, ),

Where, {h;}72, is the same orthonormal basis of Hermite functions as the heat equation

in L?(R) with eigenvalues, u = 2k + 1 [3]. Appying this to our equation, we have

8312;6,1(15, )\) + at'zlw(t, )\) + O'gﬁkjl(t, )\) = 0,
ak,l<0a )‘) = IZOk,l(A)a

Oyt 1 (0, A) = g1 (N),

for every k,l € N and every A € R\ {0}. The solution to this equation is

g (t, A) = (togea(A) + g (A))w(t, [A[(2K + 1)) + tiog, 1 (A) O (t, [A| (2K + 1)),

where

—sinh(5v/1 — 4w) _ sin(

w(t,w) :==e> —e

ol

VIu—T)

T dw L hw 1
We can also write w in the form
w(t,w) = gi(t,w) — ga(t, w),
where
1 to-vimw) . 1 to-vicm)

g1(t,w) :== \/ﬁ . ge(tw) = N
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Therefore, we have

S5(t)he = w(t, [N(2k + 1))ay(A) + e (t, [ (2K + 1)be(N),
where

ak()\) = (TS:)\ + Ti)\)hk, bk()\) = T(i)\hk
Before we go any further, we will need the following Lemma.

Lemma 4.1. This is a slight variation of [[|], Lemma 3.1]. Letn € N and t > 0. Then

201"% e if €] = 1
7w (t,€)] <

_t .
%(%)ne 5o if 245 < ¢l < 100

Moreover, for |£| < &,

5
107 g1(t,&)] < 55—717 10]'g2(t,€)| <

OJIU!
O"

where w, g1, and g, are defined as above.

Proof. This proof is found in Volkmer (2019). O

Since ay(N),be(\) € L*(R) for all k, then S;(t)hy € L*(R) for all ¢ > 0. The Hilber-

Schmidt norm ||S)()[| msiz2@y = [|S5(t) || msr2(r) satisfies

1S3 O 1z 512229 = Z”S)\ (£ |-

We use the Plancherel formula for the group Fourier transform and we have

lu(t, M Lo = L) + La(t) + Is(t),
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where

10 =3 [ INwlts @+ D)V
L(t)i= 3 [ IOt N 2k + D Re(an(), V) ey
k=0

L3(t) = Z/ (@t [Al(2k + 1)))%[[br(A)[[PdA,

Now we will state and prove the following lemmas that help evaluate each term. Then

we will state and prove our main theorem.

Lemma 4.2. We have

m 21, () — 19F
tlgglot L) = 64

where

Q = /(uo(x,y,s) + uy(x,y, s))dxdyds.
R3

Proof. We will first focus on the positive part of the integral. We will determine the behavior

of

[ee]

Ji(t) == /)\w(t,)\(% + 1))?|lar (V) ||*dA

0

as t — oo for fixed kK € N. We use the same method as the proof of [ [4] Theorem 3.2].

Using lemma 4.1, we have the following

a4
25(2k+1) e t(1—4/1-4A(2k+1)) 9 ¥
o \ N)|2dA 7))
- / e |ax(N)||?dX + O(e™ %)

0
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For now we will just focus on the integral. Substitute w = A\(2k 4+ 1) and we have

1
2k + 1)

—t(l—\/1—4w)||a ( )Hde

1 — 4w 2k‘+1

=~
S
—_

Let w = 2(1 — 2z) where 0 < z < % Substitute and note the following

1—V1—dw=1-+1-4(z(1 - 2))
=1—V4z2—4z+1
=1—+/(1—22)2

= 2z.

Therefore, after substitution we have

1

1 (L=2) oy 2(L=2) 0
@k+n2/zu—2@€ ”%Vﬂf—ﬁﬂd

0

We need the last substitution j = 2z and we have

(S]]

1 .1—% tj j(l_j) 2
4@k+m2/]u—jf ”a(@k+nw

0

1Ql

5 as A — 0. By Watson’s lemma, we have the

By Lemma 3.2 ||ar(\)|| converges to

asymptotic equivalence

2
5 .
1—-4 G- g"(0)I'(n + 2)
. 2 _—t3 2
/]u—jf ”“<mk+1” §: mww ’
0

. Jj(l1—5
where g(j) = ” k< (2k+1 )“2
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It follows that

lim 2 J,,(t) = L.
t—o0 1672(2k + 1)2

0
Treating the integral [ similarly, we have

—00

QP

lim 2 [ [ Aw(t, A2k + 1))?]Jar(V)]2dN = ———.
- / ot A2+ D o OVIP0N = g

t—o00

Given that
k:o 2/<; +1)2 8

this provides us with

AL rhn =6

given that we can justify the interchange of the limit and the sum. Note that

4
lw(t,w)| < 2™ fort >0, 0<w<%

and

< =
laxN) | < M = 5
R3

1
_/(‘“0(%%5)+U1(33,y,8)])d:vdyds.

Since we are taking a limit as ¢ — oo, we will assume ¢ > 1 and have the following.

4
25(2k+1) 25(2k+1)

/ w(t, A(2k + 1))2||ak()\)||2d/\ < 4M? / N~ @kFDE g\
0

0
00

§4M2/)\€_2)\(2k+1)td)\

0
M2
T 2k + 122
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For k € N, we define

o

A, = / Al (V)2

0

Then
ZAk < 0.
k=0
/ A (t, M2k + 1)) [|an(N)]]2dA < / AL6e™ 5 [Jag (N)]|2dA
4 4
25(2k+1) 25(2k+1)
< 164,65
1
< 64Akt—2.
Therefore,

00 M2
0

Arguing similarly for A < 0 we find

(e o]

2M?
2 1))2 MIPdN < ——— +128A,.

—00

The right hand side is independent of ¢ and

~/ 2M?
Z (m + 128Ak) < 0.

Therefore by Tannery’s theorem, the estimate justifies the interchange of the sum and

limit. This proves the lemma.

Lemma 4.3. We have
lim #*I5(t) = 0.

t—o00
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Proof. Similar to Lemma 4.2, we will determine the behavior of

o0

Li(t) = / Ay (w(t, M2K + 1))2)Rear(N), bi(A))dA.

0

Again by Lemma 3.1, we have

4
25(2k+1)

Li(t) = / Au(g1(t, A2k + 1)) Re(ap(\), bp(\))dA.

By Cauchy-Schwartz and lemma 2.2, for all A € [0, 5] there exists M such that Re{ay(\), br(A)) <
lax (M) ][|bx(N)|| < M. Therefore,

4
25(2k+1)

Lu(t) < M / Ay (g1 (1, A(2k + 1)),

Now substituting p = A(2k + 1) we have

25
Ly (1) / (g1(t,p)?)
0

25
__M 2/ L= VI=dp o-vrm),
(2k+1) / 1—4p

p

Similarly to Lemma 4.2, we let p = z(1 — 2) where 0 < z < % Therefore, we have
1
M 2z
= — 1—2)(1—-2z2)—"——e %
(2k + 1)2 /Z( A =2 g5y &

0

o M 22(1_2) —22t
- (2k+1)2/2 1-2)¢ %
0

S
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Now substitute 7 = 2z and we have

By Watson’s lemma we have the following asymptotic equivalence

e]zdj Zg n+3)’

n'tn+3

D\H
o""
A —~
—
Q w|m

i 0
where g(j) = 11_73 It follows that tlgglo t*Ly,(t) = 0. Treating the integral [ similarly, we

— 00

have

lim #2 / Ay (w(t, M(2K + 1))2)Relag(N), bp(A))dA = 0,

t—00
Given that we can justify the interchange of the limit and the sum, this provides us with
o0
limy o t215(t) = 0 since Y. m = %2. We can justify the interchanging using the exact
k=0

same technique as in lemma 4.2, so we will omit it. O]

Lemma 4.4. We have
lim #*I5(t) = 0.

t—o00

Proof. The proof is similar to the proof of Lemma 4.3. But, we will write the details since

we will refer to this proof when we find the expansion. We will determine the behavior of

/)\ (D, A(2k + 1))|[be()]|2dA
0
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as t — oo for fixed k € N. Using lemma 4.1, we have the following

2k+1)

ABugr (t, A2 + 1))2]|0x (V)2

o\

25(2k+1)

—1 1—4XN2k+1) _. 2
_ / )\< + \/ ( + )6—5(1— 1—4/\(2k+1))> ||bk(A)||2d)\
0

2¢/1 —4X(2k + 1)

Doing similar substitutions as in the previous sections, we have

[SIN]

1 .3( _%) 7]75 .(1_ ) 2
2(2k+1)2/‘7 e LS T T ))H =

By Watson’s lemma, we have the following asymptotic equivalence

2

5 .
L(1=9%) 1= 2 g"(0)(n +3)
S 27 oty (22| 2d 2 §:

/3 1—j ¢ | k(2(2k+1 )l n't"+4 ’

0
where g(j) = — ;ku( R )H2 It follows that lim t2Hk( ) = 0. Treating the integral
0
[ similarly, we have

lim 2 / MO (t, A2k + 1))2[be(A)|[2dA = 0.

t—o00

Given that we can justify the interchange of the limit and the sum, this provides us with

lim #?13(t) = 0 since Z o +1)2 = ”—82. We can justify the interchanging using the exact same
t—o0

technique as in lemma 4.2, we will omit it. O
Theorem 4.5.

lim [Ju(t, )| L2m NQ ast — oo

t—00 (5 8t
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Proof. The proof follows from Lemma’s 4.2, 4.3, and 4.4. [

4.2 Asymptotic expansion

In order to find the Asymptotic expansion, it suffices to find the expansions of Iy, I, and I3
from the previous section. Let u(t, z) be the solution to the Dissipative wave equation on
the Heisenberg group. Let uy and w; have the same assumptions as f in section 2.3. Let

N eN.

Lemma 4.6. We have the expansion for I;(t)

=z

-1

- Bk2n nqn+Q+1) -N
Z 2n+1 2% +1 n+2¢n+q+2 + O<t )

k=0 n

I
o

q=0

where By oy, is defined as Ay, in (2.11) with respect to (T, + T7'y) but with terms cor-
responding to odd q; + 11 — g2 — o omitted and sgn\ =1, G, 4 is the qth term in the Taylor

series expansion of G, defined as

. (1 i)nJrl
Gn J) = 2 X
) =12
Proof Consider
P (t) == / INw(t, X2k + 1))*[[(Tg » + T7 ) hiel Pd. (4.1)

Similarly to Theorem 3.4, we substitute (2.10) in (4.1) and see that the terms with odd

q1 + 11 — q2 — ro cancel. Therefore, we have the following.

oo N—1 oo
di(t) = Q/Aw(t, A2k +1))? Z Byon\"d\ + / IMNw(t, |2k + 1))2Ris(N)dA,  (4.2)
0 n=0 —00
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where Ry5 is defined as in Theorem 2.5. First we will evaluate the term on the right.

/ INw(t, M2k + 1))2Rps(N)dX < 20k5/AN+1w(t, A2k + 1))2dA
—00 0

By Lemma 4.1 and substituting p = A(2k 4+ 1) we have

4 4

25
2Cks N4, 205 N1 2
Gkt N+2/ ) ~ Gy | 0 alberde
0

4

25
2Cks5 /N+1 1 ot 1—VT )

:_(2k+1)N+20 1_4P Q.

Similarly to Lemma 4.2, we let p = z(1 — 2) where 0 < z < % Substitute and we have

utl=

2Cks /ZN+1 (1— Z)N+1€—2ztdz
2k + 1)+ 1= 22) ’
0

Let 2z = 7, substitute and we have

20k5 SN4+1 (1 - %)N+1 _jtd.
ONT2(2k + 1)N+2 No¢ @
0

It follows from Watson’s lemma that

SIS

2Ck5 -N+1(1 — _)N—H —jit —N-2
0
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Now we will evaluate the left term of (4.2).

©0 N-1

2 / Mw(t, |\|(2k + 1)) Z Bion \"dXA + OtV 72)
n=0

0
0o

=23 Bis / Nt A2k 4 1))2dA + Ot 2).
= 0

Using the same substitutions as before, we have

2
N-1

2Bk 2, / 41 (1 - %)n+1 —jt 7 _N_2
=5 : ntl T2 omitgi Ot
<ok e )T Ty © Y +O(E)
n= 0

Define G,, for n € N as
(-
(1—17)

Note that G, is C* near 0. So, we denote its Taylor expansion at j = 0 as

Gu(j) = Gngi*+0(") asj—0.

q=0
Therefore, we have
2

N— j \n+1
By 2n /.H(l—%) i ~N-2
2L e i+ O(t
Z2n+12k+1n+2 A AU

F
-

[e=]
(S]]

Bk,2n
2+ (2k 4 1)m+2

/ G (et + 0N )

0

i
o
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Substitute n = jt and we have

N-1

Bk 2n n+1 N-—2
Z 2n+1(2k + 1 n+2tn+2 / G 6 77d77 + +O(t )
0

- By
= Z n+1 21{? + 1nn+2tn+2 Z tq

NG e dn + O(tY)

\m‘ﬁ

O

N-—1 00
— Bian Zl Jn+ g+ D0,
zot

2n+1(2]€ + 1 n+2tn+2

Therefore, we have

2

Bk QnGn q(n+ q+ 1) —N
¢k(t) = < 2n+1(2k + 1)n+2tn+q+2 + O(t )
q=

i
=)

n

Sum over all £ and we have our final result

co N
1= XS Pl el oy
2n+1 2k+ 1)n+2tn+q+2 :

k=0 n=0 g=

Lemma 4.7. We have the expansion for I5(t)

N-1

i —ChoonGg(n +q+2)!

2n+1 2k +1 n+2tn+lI+3
n=0 ¢=0

+ 0.

0y

where the constants 5;.372” are defined in terms of the real part of the inner products using

lemma 2.4 and Gy, 4 is defined the same as in lemma 4.6.

Proof. Consider

o0

ou(t) = / NGt [A(2K + 1))*)Re(ax (A), b(A))dA.

—00
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We have that

Re{ak(A), 0r(N)) = Re((Tg 5 + 17 ) b, Ty shie)

= Re((T&/\ + Tl*,)\)hk? Tg,Ahk>

Using Theorem 2.4 where M7 denotes the moment with respect to the sum of the

initial conditions and M denotes the moment with respect to just the initial condition u,

we have

2N—-1 2N-1
Re((Ty_y + T5 _y)hi Toahe) = Re( ) army A" Z A, )
m=0
—12N-1 +
= Z > I Re(akm, bij)
m=0 j=0
2N—-1
m+j
=D A= Crmgs
m,j=0

where Cj .; = Re(agm, bi ;). It is important to note that Cj,, ; does not depend on A.

Note that if m + j is odd, then Cj,,; = 0. Combining like terms and reindexing and we

have
2N—1 N-1
m+j jod
> A Crmg = Y Cranl Al
m,j=0 n=0

where &m = > Ckm, summing over all m and j such that m + j = n. Therefore,

oi(t) = i@ Qn/w“@t( (t, \(2k + 1))*)d\.

0

Using Lemma 3.1 and substitutions similar to Lemma 4.3, we have

SIS

N-1

E _Ck»2n /jn+2 <1 _ %>n+1 e—jtdj
n+1 n+2 4 '
n:02+(2k+1) + / (1—37)

40



Therefore, we have

2
5

_616,211 ‘n+2(1 - 5) —jt 1.
2n+1<2k._|_ 1)n+2 /] (1 _ ')6 dj
N— [e's)

0

B —Ch2n (n+q+2)!
- 2n+1<2k+1)n+22 e yntq+3 ’
n=0

i

o
<

n—

—_

q=0
where G, , is defined the same as in Lemma 4.6. Therefore, we have

N—-1 oo

—ChonGrg(n+ q+2)! N
Pr(t) = 21 (2) + 1)nt2gntats +O(™).
n=0 ¢g=0
Sum over all £ and we have our final result
X T N —ChanG (n+q+2)!
Lt)=>_ h2n g 4+ O(tN).

n+1 n+24n+q+3
— 2 (2k + 1) 2t

B
Il
o
i
o

=]

Lemma 4.8. We have the expansion for I3(t)

Lo X o= = DyoonGg(n+ g+ 3)!
3(t) = Z ont1(2k + 1)n+3¢ntata
k=0 n=0 ¢=0

+0o@™),

where Dy oy, is defined as Ay, in (2.11) with respect to T(;"’)\ but with terms corresponding

to odd q; + 11 — q2 — ro omitted, sgn\ =1, and G, 4 is defined the same as in Lemma 4.6.

Proof. Consider

o0

P (t) :=/|>\|(8tw(t,|A|(2k+1)))2||T§Ahk||2d>\ (4.3)

—0o0

Similarly to Theorem 3.4, we substitute (2.10) in (4.5) and see that the terms with odd
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q1 + 11 — g2 — ro cancel. Therefore, we have the following

or(t) = Q/A(atw(t, A2k +1)))* ) DranN'dA + / I (Osw(t, [M[(2k + 1)))2 Rys (M) dA,

0 n=0 —00

(4.4)

where Rys is defined as in Theorem 2.5. First, we will evaluate the term on the right.

o0

/ NGt [N (2 + 1))2 Ri(A\)dA < 2Cks / AN (@ (t, A2k + 1)))2dA

0

By Lemma 4.1 and substituting p = A(2k 4+ 1) we have

4 4
25 25
QCk 2Ck
W / PN Dpw(t, p))2dp ~ W / PN (B (L, p)) dp
0 0
35
_ 2Ck5 /,ON+1 <—1 + m>2€t(1\/14p)dp
(2k + 1)N+2 2¢/1—4p
0
Let p=2(1— z) where 0 < z < % and substitute
A/SZN-HG _ Z)N+14—22(1 _ 22)6—2ztd2
(2k + 1)N+2 4(1 — 22)?

_ 2Cks L N+3 (1— Z)NH o= 27t ],
(2k + 1)N+2 1—2z

Using Watson’s lemma again, we have that the above is O(t~"~?). Now we will evaluate
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the left term of (4.6).

e N-1
2 / MBrw(t, M2k +1)))2 Y Dyan A"dA + OtV
n=0

0

_QZDk zn/)\ " Ouw(t, M2k +1)))%dA + Ot N4,

OOO
Using the same substitutions as in lemma 4.6 we have

2

N-1

D y (1 ]>n+1
k,2n n43\" T 2 e itdi - O+ N4
n= 0

where G, , is defined the same as in lemma 4.6. Therefore,

Dy, 2n 1 v
2n+1(2k 4 1)nt+3¢nt3 > Fat Grg(n+q+3)+ 0 ")
q=0

MZ

n=0
Therefore, we have

N-1

Di 2, Gro(n+q—+3
Z k,2 q( q ) +0(
2n+1 2k + 1)n+3tn+q+4

n=0 gq=

=)

Sum over all £ and we have our result

co N-—1
Dk2nGnq(n+q+3) —N
L3(t) = Z 2nH1(2k + 1)nt3gntata +0(™7)
k=0 n=0 ¢=0

]

Theorem 4.9. Let u(t, z) be the solution to the Dissipative wave equation on the Heisenberg
group. Let ug and uy have the same assumptions as f in section 2.53. Let N € N. Then, as

t — o0,
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—1
Bk2n nq(n—l—q—i-l)

|ut ||L2(H Z Z 2n+1 2k + 1)n+2tn+q4r2
k=0 n=0 ¢=0

= & _Ck2n nqn+Q+2>‘
+ Z 2n+1 2%k + n+2tn+q+3

k=0 n=0 q=0
Gl g Dk‘2n nqn+Q+3)
+ Z Z 2n+1 2k + 1 n+3¢ntqt+i
k=0 n=0 ¢=0
+Oo@t™Nh

Where everything is defined the same as in Lemmas 4.6, 4.7, and 4.8.

Proof. The proof is an immediate consequence of Lemmas 4.6, 4.7, and 4.8. O

5 Conclusion and Future Work

Now that we have both expansions, it is important to note that the leading term in the
expansions have the same power. This shows that it is consistent with the Euclidean case,
which was to be expected. From here one could follow the same route as done in Volkmer’s
paper on the Euclidean case. That is finding an expansion of ||u —v|| ;2@ as t — oo where u
and v are the solutions to the heat and dissipative wave equations on the Heisenberg group
respectively.

What might be of more interest is extending this concept to other equations. In Ruzhan-
sky and Tokmagambetov’s paper [3], they find the solutions to the linear damped wave
equation, 92u + bdyu — Lu + mu = 0, on the Heisenberg group in the same way we do. One
could find the asymptotic equivalence and expansion in a similar way done in this thesis.

Another problem that can be asked is finding expansions of these equations on different
Lie groups. The Lie groups would need to have similar properties as the Heisenberg. They

would need their own version of Lie algebra, group Fourier transform, and Plancherel formula.
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If those properties are similar enough, one would use very similar strategies as in this paper

to find the expansions.
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6 Appendix

Lemma 6.1 (Watson’s Lemma). Let 0 < a < oo be fized. assume ¢(x) = z/g(x), where
g(x) € C* on some neighborhood of x = 0, with g(0) # 0, j > —1. Suppose also that,

|p(x)] < Keb® for all x > 0 where k,b are independent of z, or

a

[ 16@)ds < o

0
Then, for allt > 0,

“g(x)da| < oo,
‘(/6 T JZ‘<OO

And that we have the asymptotic equivalence

a

/emqﬁ(:c)dx ~ i 9O +n+ 1>, (t>0,t — 00).

0 n=0

Proof. This proof is found in Miller (2006). O

Lemma 6.2 (Schur Test). Let K be a measurable function on R? that satisfies the mized-

norm conditions

C = esssupxeR/ |K(x,y)|dy < oo,

Cy = esssupxeR/ | K (z,y)|dy < .
Then the integral operator T defined by
(Th)@) = [ Klz,p)h)dy

is a bounded linear operator T : L*(R) — L*(R), and its operator norm satisfies
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171 < (€102
Proof. This proof is found in Halmos (1978). O

Theorem 6.3 (Fubini’'s Theorem). Suppose X and Y are o-finite measure spaces, and

suppose that X XY is given the product measure. If

/ (@ y)ld(z,y) < oo

XxXY

then

/(/f(rv,y)dy>drc= / (/f(fc,y)dx>dy= / [z, y)d(z,y).

X v Yy X XXy
Proof. This proof is found in Cohn (1980). O
Theorem 6.4 (Tannery’s Theorem). Let S, = > ax(n) and suppose that lim ag(n) = b.

E—0 n—00
If lag(n)| < My and > My, < oo, then lim S, = ) by.
k=0 oo k=0

Proof. Tannery’s theorem is an immediate consequence of Lebesgue’s dominated convergence

theorem applied to the sequence space [!. O
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