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Nonconvexity of the Capacity Region of the
Multiple-Access Arbitrarily Varying Channel
Subject to Constraints

John A. Gubner, Member, IEEE, and Brian L. Hughes, Member, IEEE

Abstract— The random-code capacity region of the multiple-
access arbitrarily varying channel subject to both state and input
constraints is determined. Consideration of a simple erasure
channel shows that the capacity region is not convex in general.

Index Terms—Random code, multiple-access channel, arbitrar-
ily varying channel, state constraint, input constraint, convexity.

I. INTRODUCTION

HE (discrete memoryless) multiple-access arbitrarily

varying channel (MAVC) subject to constraints models
a jammed multiuser channel in which the transmitters and
jammers are constrained in average power. Our interest is
in characterizing the random-code capacity region of such
channels. These results can be applied to determine the
performance limits of communications systems, such as spread
spectrum, in which the transmitter’s code is varied with time
in a random (or pseudorandom) manner that is known to the
receiver but unknown to the jammers.

Formally, the MAVC with two senders, one jammer, and
one receiver is defined to be a transition probability W from
X xY xS into Z, where X, Y, S, and Z are finite sets. We
interpret W (z|z,y, s) as the conditional probability that the
channel output is z € Z given that the channel input symbol
from sender 1 is z € X, the channel input symbol from sender
2 is y € Y, and the channel state (jammer symbol) is s € S.
The channel operation on n-tuples £ = (z1,---,z,) € X",
y€Y" s€8" and z € Z" is given by

W"(z|z,y,5) = [ [ W(zklze, i, s1)-

k=1

In general, the state sequence s, which is unknown to the
senders and the receiver, can be completely arbitrary. How-
ever, to model the power limitations in practical communica-
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tion systems, we require that s satisfy the state constraint

£,(8) :=

S|

dlsi) < L 1)
k=1

where £ is a nonnegative function defined on S and L > 0.
In other words, £(sj) represents the energy in the symbol s,
and L is a bound on the time-average power of the sequence
8. In Section II, analogous input constraints are imposed on
the transmitted codewords.

The main contribution of this paper is the characterization of
the random-code capacity region of the MAVC subject to state
and input constraints. The analogous results for the single-
user arbitrarily varying channel (AVC) were established by
Csiszar and Narayan [4]. For the MAVC in the absence of state
and input constraints, Jahn [11] established the deterministic-
code capacity region, assuming it has a nonempty interior. As
an easy corollary, he characterized the random-code capacity
region, again assuming that the deterministic-code capacity
region has a nonempty interior. Without this assumption, Jahn
did not know whether his characterization of the random-code
capacity region still holds (see the paragraph preceding [11,
Remark A3, p. 214]). By specializing our coding theorem
to the unconstrained MAVC, it is clear that Jahn’s character-
ization always holds. Further work on deterministic codes for
the MAVC has appeared in [6], [8], [9]. Deterministic codes
for the single-user AVC have been studied by several authors,
e.g., [1], [2], [5], and the references therein.

For the MAVC, state constraints introduce subtle problems
which have no counterpart in the theory of the single-user
AVC or the conventional multiple-access channel (MAC). One
such problem, near the heart of the present paper, concerns the
classic time-sharing principle employed in the proofs of many
multiuser coding theorems. This principle, which asserts that
the capacity region is a convex set, holds for the conventional
MAC [3, p. 272] and even for the unconstrained MAVC [11].
However, it fails for the MAVC subject to a state constraint.
The difficulty arises as follows [9]. Suppose n = n; + na.
Then the inequality in (1) does not imply that both

ny

1 1 &
—N Usk) <L and — Y U(sn4x) <L
et st

which is a necessary condition to apply the time-sharing
principle to an MAVC subject to a state constraint. As a
consequence of this observation, we are able to show that the
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capacity region of this channel is not convex in general. We
remark here that, whereas the classic time-sharing principle
fails, an alternate form of time-sharing based on an auxiliary
variable [3, p. 278] will play a central role in this paper.
The remainder of this paper is organized as follows. Our
main coding theorem is stated in Section II and proved in
Section III. In Section IV, we consider a simple erasure
channel and show that its capacity region is not convex.

II. DEFINITIONS AND STATEMENT OF RESULTS

Let N, M, and n be positive integers. A (deterministic) code
of blocklength n is a triple (f, g, ¢) consisting of a codebook
f = (=1, --,zN) for sender 1, a codebook g = (yy,- -, Yur)
for sender 2, and a decoder ¢: 2" — {1,---, N}x{1,---, M},
where z; € X", i =1,---, N, and y; €Y, j=1.--,M
The set of all codes u = (f,g,p) is denoted by UNM. A
UNM yalued random variable is called a random code.

The error probability of the code v € UM for message
(,7) and state sequence s € S" is given by

eij(s,u) = W({z € " : 9(2) # (i,)}zi,95,8). ()

The corresponding average error probability is

, NoM
e(s,u) := NI ZZelj(s, u).

=1 j=1

In Section I, we assumed that ¢ is a nonnegative function
defined on S. For convenience, we assume minges £(s) = 0
and set £pax = maxses £(s). We also let

S™(L):={s€S" : £,(s) < L}.

Note that if L > €1ax, then $™(L) = §™ and we say that the
state constraint is inactive.

We now impose constraints on the input sequences. Let
a and b be nonnegative functions defined on X and Y,
respectively. We assume min, a(z) = min, b(y) = 0. Set
Gmax = Maxy a(z) and bp.y 1= max, b(y). We say that a
random code U = (F, G, ®) satisfies input constraint (A, B)
if almost surely we have

1 n
=Y aXix) <A, i=1,-,N, (3a)
n k=1
and

1 n

=Y " b(Y;k) < B, M.
n k=1

j=1,--- (3b)

When A > apax and B > by, all codes satisfy (3a) and
(3b), and the input constraints are said to be inactive.

Definition 1: A pair of nonnegative real numbers, (R, R»),
is said to be achievable under state constraint L and input
constraint (A, B) if, for every 0 < ) < 1, every AR > 0, and
all sufficiently large n, there exists a 2™ -valued random
code U = (F,G, ®) such that N > exp[n(R; — AR)] and
M > exp[n(Ry — AR)], F and G are independent, (3a) and
(3b) are satisfied, and

Ele(s,U)] < A, foralls e S™(L). “4)

Here and in the sequel, exp, log, and all entropies and mutual
informations are to the base 2.

Definition 2: The (random-code, average-error) capacity
region of the MAVC W, under state constraint L and input
constraint (A, B), is defined to be the set of all pairs (R, Rs)
that are achievable in the sense of Definition 1. We denote
this region by C(L, A, B).

The random coding probiem is to characterize C(L, A, B).

Remark: Following all earlier work on random coding for
the MAVC [6]-[8], [11], we have restricted F' and G to be
independent. If this restriction is dropped, the capacity region
can be strictly larger than C(L, A, B). To keep the present
paper to a reasonable size, we defer discussion of this issue
to a future paper.

In order to present our result, we require the following
notation. If V is a finite set, D(V) denotes the set of all
probability distributions on V. Given another finite set S,
D(S|V) denotes the set of all transition probabilities from V
into S.

When v € D(V), p € D(X|V), ¢ € D(Y|V), and 7 €
D(S|V) are understood, we let V, X, Y, S, and Z be random
variables with joint distribution

PVXYSZ('nya y,s,z)
= y(v)p(z|v)g(ylv)r(slo)W (z|z,y,s).  (5)

Observe that
() = 3 A(v) (2 e<s>r<s|v>) ®)

and depends only on v and r. We therefore define
DL(Sly) := {r e D(S|V) : E[((S)] < L}.
Next define

INY AZ|XV):= inf

IYANZIXV) (D
r€DL(Sl)

which depends on v, p, ¢, and W, but not r. The quantities
IYNX A Z|IYV) and TX(XY A Z|V) are defined similarly.
With these definitions, we set

R(L,7,p,q) == {(R1, R2) :
0< R <INX AZIYV),
0< Ry <ILY AZ|IXV),
Ri+ R < TH(XY AZIV)}. (B

Recalling (5) and (6), we similarly observe that E[a(X)]
depends only on «y and p and that F[b(Y')] depends only on
~ and ¢. We therefore define

DA(X|) := {p € D(X|V) : E[a(X)] < A}
and
DP(Y|y) == {qg € D(Y|V) : E[b(Y)] < B}.
Let
R(L, A, B) == | JR(L,7,p,9) ©)
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where the union is over all sets |V| < oo, all v € D(V), and
all p € DA(X|y) and q € DE(Y|y).

Our main result is the following coding theorem, which is
proved in Section IIL.

Coding Theorem: C(L,A,B) is equal to the closure of
R(L, A, B).

As mentioned in Section I, the time-sharing principle does
not hold for the MAVC subject to a state constraint. Neverthe-
less, the use of the auxiliary variable V in (8) can be regarded
as a form of time-sharing. In multiuser coding theorems, the
use of an auxiliary variable is often equivalent to the operation
of taking the convex closure [3, p. 278]; however, this is not
generally true of R(L, A, B) due to the infimum operation in
(9). In fact, we show by example in Section IV that R(L, A, B)
is not in general convex. As a consequence, the usual methods
for restricting the cardinality of V in (9)—which depend
essentially on convexity—do not apply here.

If the state constraint is inmactive, the capacity region is
always convex. If L > £, then DL (S|y) = DL(S|V) and
is independent of <. Since

IY AZIXV) =) @)Y AZ|X,V =v)

if we enumerate the elements of V as vy,---, vk, say, then
IE(Y A Z|XV) can be written as
K
inf ) (Y ANZIX,V=uw
Pl Clok) ;7( 1Y A 2| 2

which simplifies to

K
ny(vk) Tel%fs) IY AZ|X,V =) (10

k=1

where this last mutual information is computed from the joint
distribution on (z,y, s, z)

p(zlor)g(ylo)r(s)W (z|z, y, 5)-

With the foregoing observation, one can prove directly that
R(L, A, B) is convex. If the input constraints are also inactive,
the foregoing observation also permits us to conclude that
R(L, A, B) is closed and equals Jahn’s random-code capacity
region [11]. Let R.(L, A, B) denote the right-hand side of
(9) with the union restricted to V such that [V| = 1. Note
that R, (L, A, B) is closed. It follows from (10) that when the
state constraint and input constraints are inactive, R(L, A4, B)
is equal to the convex hull of R.(L, A, B), which is Jahn’s
random-code capacity region.

Thus far, we have considered only the average-error prob-
ability criterion (4). The definition of the maximal-error ca-
pacity region, denoted by C,,(L, 4, B), is similar to that of
C(L, A, B) except that (4) is replaced by the maximal-error

criterion

max Ele; j(s,U)] < A, forall s eS™(L). (11)
;3

From the definitions, it is evident that C,,(L,A,B) C
C(L, A, B). Implicit in our proof of the coding theorem is
a demonstration that C(L, A, B) = C(L, A, B). This can

be seen by observing that the forward part of the coding
theorem is proved for the maximal-error criterion (11), while
the converse is proved for the average-error criterion (4) (cf.
[1, Theorem 2(b)], [11, eq. (5)]).

To conclude this section, we note that it is possible to ap-
proximate R(L, A, B) to any prescribed accuracy as follows.
Let R,,(L, A, B) denote the union of all R(L,¥,p, q), where
the union is over any fixed set V with

- n—|X|-1\(n—-]Y| -1
V| =
x| -1 Y] -1
all 5 € D(V), all § € DA(X|7), and § € DB(Y|4). Using
routine approximation arguments in Appendix II, we have the

following result.
Approximation Theorem: For n > 4(]X] +]Y])

(12

R(L,A,B) C Rn(L,A,B)+ 1, U (13)

where U is the unit square {(R;,R:):0< R; <1land0 <
Ry < 1}, and p, = 28,log (k%/6,), 6, == 2(|X| + |Y|)/n,
and x := max {|X|,|Y],Z|}.

III. PROOF OF THE CODING THEOREM

Our proof is adapted from [7] and relies heavily on the
method of fypes as discussed in [3, pp. 29-33]. Recall that
the rype of an n-tuple z € X" is defined to be the empirical
probability distribution £ given by Ex(z) = N(z|z)/n for
x € X, where N (z|z) denotes the number of occurrences of =
in the n-tuple z. The set of types generated by X" is denoted
by D, (X); more precisely, D,(X) is the set of P € D(X)
such that P = & for some z € X". In an analogous way,
the joint type of a pair of n-tuples, £ and y, is defined by
Exy(z,y) = N(z,ylz,y)/n for x € X and y € Y, where
N(z,ylz,y) denotes the number of occurrences of (z,y) in
the n-tuple ((z1,y1),- -, (Zn,¥yn)). Finally, the conditional
type Eyjz(y|z) is given by Ezy(z,y)/Ex ().

Let D(-||-) denote the Kullback—Leibler informational diver-
gence [3, p. 20], and recall that the informational divergence
dominates the variational distance between two probability
distributions [3, p. 58). We now introduce what we call the ¢-6
convention, by which we mean the following. All of the mutual
informations I(-) as well as I*(-) defined at the beginning of
Section II as well as similarly defined entropy functions used
below are uniformly continuous functions of the indicated joint
distribution Py xysz. Thus given ¢ > 0, there exists a 6 > 0

information or entropy evaluated under P is within ¢/2 of the
same function evaluated under P.

A. Proof of the Forward Result

To prove the forward result, it suffices to prove that
R(L,v,p,q) € C(L, A, B) for all y € D(V), p € DA(X|),
and ¢ € DB(Y|y). Since the capacity region is closed, we
may restrict attention to interior points of R(L,,p,q). (The
case in which R(L,v,p,q) has no interior points can be
handled with minor modifications to the proof to follow.)
Suppose (R, R») is an interior point of R(L,~,p, q). Then
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we can choose € > 0 so small that Ry +2¢ < IZ(XAZ|YV),
Ry+2¢ < IX(YAZ|XV),and R+ Ra+2e < IF(XYNAZ|V).
Let 6 be as in the e~ convention. Let n be sufficiently large; as
will become clear in the course of the proof, how large n needs
to be depends only on ¢, §, and the cardinalities of the sets
V, X, Y, S, and Z. We begin by assuming n is large enough
that we can approximate « by a type I' € D, (V) and we can
approximate p and ¢ by conditional types P € D,(X|V) and
Q € D,(Y|V) such that if

=I'(v) P(z|0)Q(ylv)7(s|0)W (z|z,y,5) (14)

where 7' € DE(S|T), then IX(XAZ|YV) > IL(XAZ|YV)-
e ITX(Y AZ|IXV) > THY AZ|XV) — 6, INXY AZ|V) >
TX(XY A Z|V) — ¢, and such that

E[a(X)] < A and E[p(Y)] < B. (15)

Let |t| denote the greatest integer less than or equal to ¢. For
N = |exp(nRy)| and M = | exp(nR3)], we will construct
arandom code U = (F, G, ®) with F' and G independent, and
satisfying (3a) and (3b) almost surely and such that for all ¢, 5
and all s € S™(L)

Elei;(s,U)]
< 3exp (—nb/8)
+exp[-n(IE(X A Z|YV) = Ry — 2¢)]
+exp[—n(I*(Y A Z|XV) — Ry — 2¢)]
+exp[-n(IY(XY A Z|V) — R, — Ry — 2¢)).
(16)
Observe that, given any AR > 0 and sufficiently large n,
exp[n(R1—AR)] < N <exp(nR;) and exp [n(Rz—AR)] <
M < exp(nR2).
The Decoder: Fix any v € V" such that & = I'. Given
a set of codewords f = (z1,---,zn) and g = (¥4, -, Yar)s
we show how to construct a typicality decoder ¢. In other
words, we shall prescribe a deterministic function typ and take
¢ = typ(f,g,v). If (F,G) is a random set of codewords,
we can generate a random code U = (F,G,®) by taking
¢ = typ(F,G,v).
For s € §", let (' x P x Q x Eg9 X W)(v,2,9,5,2)
denote the distribution

L(v)P(z|v)Q(y|v)Esw(slv)W (z|z,y, s).
Then let

K(s) :=={(z,9,2):
D(&vzys2lT X Px QX Egy x W) <6}

and set

K= (17)

U &)

s'esn(L)
Now, to define a decoder on Z", we use the sets

K;j == {z:(z:.y;,2) € K}

as follows. Let

Ei]' = Ki]‘ N (U Kifj)c

it

n(U Ki,»,)cn( U KJ> (18)
J'#i i #1, §#G

Clearly, the { E;;} are disjoint. Let ¢ be any mapping such that
z € E;; implies ¢(2) = (3, 7). This ensures that (z) # (4,)
implies z € Ef;.

The Codewords: In order for the decoder to work well, we
need to restrict the choice of codewords as follows. Recalling
that &y = T, we let (cf. [3, p. 31])

TP(‘U> = {IE X" 55‘!},1‘ =T x P}
where (I' x P)(v,z) := I'(v)P(z|v). Similarly, we let
-H—Q(‘U) = {y eyY": S-va =Ix Q}
We require that

T; € Tp(v) and Y; c TQ(‘IJ). (19)

It is important to note here that z € T p(v) implies

=S afm) = 3 ale)és(z)

T s a(Sen)
= Z [(v) (; a(z)P(mlv))

= Ela(X)]
< A, by (15).

Thus all our codewords satisfy (3a) and (3b).

Remainder of Proof: For any code v € UNM whose de-
coder is as just described, and for any s € S"(L), we can
always write

eij(s’ ’IJ.) < Wn(Eicj|ziv ijs)

(20)

< Wn(chjlxlvijs) (21a)
+ > W(Kijlzi,9;,8) (21b)
i #1
+ > WKijlziy;,8) (21c)
i'#i
+ ) WMKijlzi,yge). 21D
i1, '

We first examine the term in (21a). If we set K;;(s) := {2z :
(zi,y,,2) € K(s)}, then for s € S"(L), Ki; C Ki;(s)".
Using the method of types, along with (19), it is then easy to
show that for sufficiently large n (cf., e.g., [6, ineq. (A.19)])
W™(K{|®:,y,,8)
< W™(Kij(s)°|%i,9,,8)
= Z W"(z|zi,¥;,5)
2Ty, 2)EK(8)¢
< exp [-n(36/4 — I(z; A slv)
— I(yj A zis|v))]

(22a)
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where I(z; A s|lv) and I(y; A z;s|v) are shorthand for the
obvious mutual informations computed with the distribution

vz .y s
Now consider a term in the sum in (21b). We can write

Wn(Ki’j|$i7yj7s) = Z Wn(zlxivijs)' (22b)
z:(Zy Y,,2)EK
Similarly, the terms in (21c) and (21d) can be written, respec-

tively, as
2

W™ (Kiji |z, y,,8) = W"(z|z;,y;,8) (22c)
2:(Z:Y,,2)eK

and
W™(Kije|zi,y;,8) = Z

Z(x;1 Y, 2)EK

W"(z|z:, y;,5).

(22d)

To make further progress in bounding the probability of

error, we use the following random code. Recalling (19), we
take

F=(X1,...,XN) and G:(Yl,...,YM)

where F' and G are independent and where the {X;} are
independent and uniformly distributed on T p(v) and the {Y ;}
are independent and uniformly distributed on Tg(v). On
account of (20), all our random codewords satisfy (3a) and
(3b).

Remark: In general outline, our proof is very similar to
Jahn’s proof of the forward result for the unconstrained two-
user AVC [11, sec. IlII-C]. However, a major difference is in
the randomization of the codewords. Jahn required that the
letters of each codeword be independent; however, this will
not guarantee that (3a) and (3b) will hold almost surely even
if E[a(Xi1)] < A and E[b(Y;4)] < B hold for all 4, j, k.

Let e,(%:,¥;,s) denote the right-hand side of (22a). It is
clearly upper bounded by 1. Hence

Ele.(X;,Y;,s)] <exp(—né/4)
+Pr (Xi e{z: Iz Aslv) > 6/4})

+Pr ((xi, Y,) € {(z,y): I(y Azslv) > 5/4}). 23)

An easy calculation using the method of types shows that
for sufficiently large n, these last two probabilities are each
upper-bounded uniformly in s and v by exp (—né/8).

Let ep(%i,y;, %), ec(Ti,y;,¥;:), and eq(®i, ¥;, %o, y;0)
denote the right-hand sides of (22b)—(22d), respectively. Each
is clearly upper bounded by 1. We treat only e4 as the others
can be treated similarly. For ¢/ # ¢ and 5/ # j, we can use
independence to compute

E[ed(xi7Yj7Xi’7Yj’) |X1 = Ty, Yj = yj}
:E{ed(ziaijinYj')]
= Z W (z|zi,y;,5)

zerr

. ( Y PXe=zY; = y))-

T.Y):(Z.Y,2)eK

24

25)

Since Pr(X; = z,Y,; = y) = 1/(|Tp(w)||To(v)|), and
since the cardinality of {(z,y) : (z,y,2) € K} is upper
bounded by (recall (17), (14), and the -6 convention)

(n+ DVIXIMZlexp [n(HE (XY |ZV) + €/2)]
where

HY(XY|ZV):= sup
F€DE(S|T)

H(XT|ZV)
the inner sum in (25) is then bounded above by
exp [-n(IH(XY A Z|V) = €)]

when 7 is large enough. Since this bound does not depend on
z (recall (14)), the conditional expectation in (24) is upper-
bounded by the same quantity. Since the bound does not
depend on z; or y;, we have

Elea(X:,Y;, X, Y ;)] <exp[-n(I*(XY AZ|V) —¢)].
By a completely analogous procedure, one can show that
Eles(Xi,Y;,Xo)] <exp[-n(IH(X AZ|YV) - ¢)]

and
EleX:,Y;,Y )] <exp[-n(IX(Y A Z|XV) —¢)].
We now see that
E[eij(sﬁ U)]
< 3exp(—néd/8)
+ Nexp[-n(IM(X A ZIYV) —€))
+ Mexp [-n(IX(Y A Z|XV) - ¢)]
+ NMexp[-n(IH(XY A Z|V) - €)]

from which (16) follows. This establishes the forward result.

B. Proof of the Weak Converse

Suppose (R, Ry) is an achievable rate pair. We must show
it belongs to the closure of R(L, A, B). It suffices to prove
that, for every 0 < § < L, (R1, Ry) belongs to the closure
of R(L — 6, A, B) (cf. [8, Lemma 3.1]). Fix 0 < § < L. Let
0 < A< 1and AR > 0 be arbitrary. Then by Definition 1,
for all sufficiently large n, there exist positive integers N and
M such that

log N log M

(26)

> R — AR and

> Ry — AR

and such that there exists a random code U = (F, G, ®) with F’
and G independent and satisfying (3a) and (3b) almost surely
and

Ele(s,U)] < AJ2. 27

a2 [e(s,U)] < A/ @

Now, let r,- -+, 7, be any elements of D(S) such that
(28)

P (Stom) <o
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and set

n

r(s) := H Tk (Sk),

k=1

s=(s1,-"",82) €S".  (29)

(Cf. [8, eq. (3.3)] in which the stronger requirement 73 €
DL=%(S) for each k was imposed.)

Let « be a {1,---, N}-valued random variable and 3 a
{1,---, M}-valued random variable. Let X = (X1,---,Xn)
be an X"-valued random variable, and similarly, let Y, S, and
Z be Y™-, §"-, and Z"-valued random variables, respectively,
whose joint distribution, conditioned on the random code
U = u, is given by

Pr(Z=2,X=z,Y=9S=s0=ja=4iU=u)

= W"(z|z, y, s)r(s)oz, ()by (y)/MN (30
where v = (f,g,¢) and f = (z1,---,ZN). 9= (Y1, Yur)-
Furthermore, z; = (i1, -, %in) and ¥; = (Yj1,° "+ Yj,n)
are such that

1o :
—Zazlk Z=17""N7 (313)
n k=1
and
1 n
~Y b)) <B,  j=1. M. Glb)
k=1

Observe that S does not necessarily satisfy the state constraint
L. If we can show, however, that (27) implies

Pr (8(2) # (a,9) < )

then a Fano-type weak converse can be carried out.

Using (28) and a Chebyshev bound as in [8, p. 28], we
can easily show that Pr (£,(S) > LIU = u) < A/2 for
sufficiently large n for all u € UNM. It then follows that
Pr(¢,(S) > L) < A/2 as well. Note that this bound is
uniform in {r;}7_, satisfying (28). By (30)

Pr(Z=za=10=7U=u)

1 n
= NM > r(9Wn(2lz,y;,9).
sesn

(32)

Thus

Pr (®(Z) # (o, B)IU =u) =

and
Pr (®(Z) # (@, 8)) = E[Pr (®(Z) # (e, 8) | U) ]

=) r(9)Ele(s, U)]
sesn

< E
saax le(s, U)]

+Pr(€,(S) > L)
<A

Writing ®(Z) = (®1(Z), ®2(Z)), we see that
Pr(®1(Z) #a) <A and Pr(®2(Z) #8) < A

Using (30) and Fano’s inequality [3, p. 53], we can write
log NM = H(ap)
< Alog NM + 1+ I(aB A ®(Z)).
Rearranging, we have
(1-XN)logNM < I(af A®(Z)) +1

and by (26)
I(eBA®(Z)+1

R.
TS VR

Ri+ Ry < (33)

Now write
I(af A ®(Z)) = H(apB) — H(aB|®(Z))
= H(ap|U) — H(apB|2(Z))
< H(ap|U) — H(apB|®(Z),U)

= I(aﬂ/\@(Z)IU)
= ZPr
< ZPr

where the last step follows by the Data Processing Lemma [3,
p. 55, Lemma 3.11(i)]. Equation (30) allows us to write

I(aB AB(Z)) < ZPr(U =)

(B A e(Z)|U = u)

V(XY A Z|U = u)

( I( XYy A Zi|U = u)) (34)

n
=Y I(XiYe A Zi|U).
k=1

Now
I(XxYs A Zi|U) = H(Zp)U) — H(Z| X Y3 U)
= H(Zx|U) — H(Zk| XiYr)
< H(Zy) - H(ZW| X Yr)

= I(XkYk A Zk)

and so

I(aBN®(Z Z (XkYr A Z) (35)
where I(XYx A Zy) is computed from the joint distribution

on (z,y,s,2)
pr(@)ar(y)re(s)W (2|2, y, 5)

and p(z) = Pr(Xyx = ) and gi(y) = Pr (Y = 9).
Note that the independence of X and Y follows from their
conditional independence given U = u together with the
independence of F and G. Now let V = {1,---,n}, and let
Pr (V = k) = 1/n. Then the right-hand side of (35) is equal to

n-I(XY /\Z[V)
where

) 1
Py xysz(k e, 9,8,2) = — - pe(@)a(y)re(s)W (z]2,, ).
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Furthermore, note that E[¢(S)] < L — § by (28). Also

By (30) and (31a), we have

E[% ia(xk)

N
k=1 i=

v=u] - %Z(%kg (o1
< A.

(36)
Thus E[a(X)] < A, and therefore

pr(z) = Py (zlk) € DAX[Py).
From (33) we can now write

IE8XY AZ|V) + 0!

R < .
1+ Ry < T +2AR
In a similar manner, one can obtain
L-s(% A ZIVV -1
ngl (XAZIYV)+n +AR
1-A
and
L8 A ZIRV) 40!
RzSI ( AIZJA ) n + AR.

Remark: If we replace (31a) by

1 N 1 n
3 2 (5 et <4
i=1 k=1
(which is called a message-average constraint, cf. [4, p. 28])
and similarly for (31b), then (36) still holds, and the converse
proof goes through unchanged.

IV. EXAMPLE AND DISCUSSION

Consider a noiseless erasure channel in which X = Y =
{0,---,p—1}and S={0,1}. Forz € X, y € Y, and s € S,
the channel output is given by

{w+y, ifzy=s=0
z=19" .
P, otherwise

where z € Z = {0,---, p}. In other words, if zy = s = 0
and z = z + y, then W(z|z,y,s) = 1. If zy # 0 or s # 0,
then W (p|z,y,s) = 1. In all other cases W(z|z,y,s) = 0.
The state constraint is £(s) = s with 0 < L < 1. No input
constraints are imposed (or equivalently the constraints are
inactive). To reflect this, in this section, we write R(L) instead
of R(L, A, B).

It is difficult to determine R(L) exactly for this channel;
instead we give inner and outer bounds that are tight for large
p. For any random variable X, let Ex = 0, if X = 0 and

Ex =1, otherwise. If V, X, Y, S, and Z have joint distribution
(5), then

I(XAZ|YV)=I(ExEyX ANZ|YV)
=I(ExEy A Z|YV)
+ I(X A Z|YVExEy).
Hence
IN(X AZ|YVExEy) <I*(X AZ|YV)
<1+ I5X AZ[YVExEy).
Similarly, it can be shown that
IY(Y A ZIXVExEy) < I*(Y A Z|XV)
<1+IYY AZ|XVExEy),
IX(XY A Z|VExEy) < I*(XY A Z|V)
<2+ IH(XY A Z|VExEy).
Recalling (9), we conclude that

Ri(L) C R(L) C Ro(L) (37)

where
Ri(L) = JRi(L,7,p,9), (38)

Ri(Ly7,p,0) = {(Ba, Ra) :
0< R, <I*(X AZ|YVExEy),
0< Ry <IYX(Y AZ|XVExEy),
Ry + Ry < TX(XY A Z|VEXEY)}
RO(L) = {(R19R2) : Rl Z 0: R2 Z 01
(IRy = 1I*, B2 = 11%) € Re(L) |
and the union is over all sets V, |V| < oo, all v € D(V),

p € D(X|V), and ¢ € D(Y|V).
In Appendix I, we show that the inner bound is given by

R1(L), it L>1/2
RI(L)={R1(L)UR;(L)Ung(L), ;fL< 1/2

where

Rl(L) = {(Rl,Rz) :Rl Z O,Rz Z 0,
(VR + VI ) < (1- L)log(p— 1)}

and where, letting X =1—Xand L =1-L

(39

Ra(L) = { (B3, Rz) :0 < Ry < (X — L)slog (o~ 1),
0< Ry < [(A= L)+ X(1 - V5)?| log(p = 1),
for some L < A < Z,ogsg1}

Ra(L) = {(Rl,Rg) :(Ry,Ry) € RZ(L)}.

The bound (37) reveals several interesting features of R(L)
which are unique to the MAVC. As illustrated in Fig. 1, the
capacity region is not convex in general. To our knowledge,
this is the first example of a synchronous multiple-access
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0 20 40 60 80 100
R

Fig. 1.  Inner and outer bounds for L = 0.5 and log (p — 1) = 200.

channel with this property. The lack of convexity is due to
the state constraint; when this constraint is inactive, R(L) is
always convex.

Perhaps the two best-known prior examples of nonconvexity
are the capacity region of the frame-asynchronous multiple-
access channel and the capacity region per unit cost of the
multiple-access channel subject to input constraints. The first
example was obtained independently by Hui and Humblet [10]
and Poltyrev [12]. This capacity region is not generally convex
because the lack of a common time reference between asyn-
chronous encoders precludes time-sharing. In sharp contrast,
for certain MAVC’s, time-sharing with the auxiliary variable
V enlarges the set of achievable rate pairs, but fails to achieve
the full convex hull. The second example, the capacity region
per unit cost obtained by Verdu [13, eq. (19)], is not the same
as the capacity region itself of the conventional MAC subject
to input constraints, which is always convex.

To show how time-sharing with the auxiliary variable Vcan
enlarge the set of achievable rate pairs but not achieve the
full convex hull, let R, (L) consist of those rate pairs that are
achievable without time-sharing; i.e., the right side of (9) with
the union restricted to V such that |V| = 1. From Appendix I,
it is straightforward to show, for all 0 < L < 1, that R1(L)
similarly equals the right side of (38) with the union restricted
to V such that |V| = 1. As in (37), it is then easily seen that

R1(L) C Ru(L) C Ry0(L), (40)

where Ry o(L) is defined similar to R (L) except that Ry(L)
is replaced by Ry(L). In Fig. 2, Ry(L) and Ry(L) are
depicted for log (p — 1) = 1000. For this value of p, the three
regions in (37) coincide to within the thickness of the plot
lines, as do the three regions in (40). From Fig. 2, we see that

R«(L) C R(L) C convex hull of R, (L)

where the inclusions are strict. Thus R(L), although non-
convex, contains some rate pairs which are achievable only
through time-sharing with the auxiliary variable V.

800

600

R, 400

200

0 200 400 600 800
B

Fig. 2. RY(L) and R!(L) for L = 0.2 and log (p — 1) = 1000.

APPENDIX |
PROOF OF (39)

Let V, |V| < o0, v € D(V), p € D(X|V), ¢ € D(Y|V)
be arbitrary. Our approach is to derive an outer bound to
Ri(L,v,p,q) and then to show this bound is achieved by
a particular choice of v, p, and q.

Fix r € DE(S|y) and observe for this channel that

I(XY AZ|VExEy)=I(XNZ|YVExEy)
+I(Y AZ|XVExEy).
Taking the infimum over r € DZ(S|y), we obtain
IY(XY A Z|VExEy) > I*(X A ZIYVExEy)
+IY(Y A Z|XVExEy).
The R; + Ry bound in R(L,,p,q) is therefore redundant

and can be omitted.
Next we write

I(X ANZ|YVExEy)
=" 1(v)q(0]v)[1 - p(0]v)]

veEV
I(XAZ|Y,V=v,Ex =1,Ey =0)
<Y 4(@)q(0j)[1 — p(00)]r(0fv) log (p — 1). (41)
veEV
The inequality follows by recognizing that, given V =
v,Ex = 1, and Ey = 0, the random variable X, taking
values in {1,---,p — 1}, is connected to Z by a single-user
erasure channel with probability of erasure r(1|v). Hence,
the conditional mutual information on the right is at most
r(0fu) log (p — 1).
Similarly, it can be shown that
I(Y AN ZlXVExEy)
<> A (@)p(0[w)[1 — q(0fv)]r(0fv) log (p — 1). (42)
veV
Observe thatif a,b € [0,1] and ¢ := ab, then (1—-a)(1-b) <
(1 — v/1)2, with equality if and only if a = b = V1. So, if
we set

t(v) := q(0]v)[1 - p(0fv)], (43)
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then (41) and (42) imply

I(X AZIYVExEy) <Y 1(0)t(v)
veEV

-7(0[v)log (p — 1), (44)
2
(Y ANZ|XVExEy) <> ~(v) (1 - \/t(v))
veEV
-7(0]v)log{p — 1). (45)

Let T} < --- < Tk denote the distinct values that t(V)
takes with positive probability. For L > 0, we can always
choose s = T; and t = T; for some ¢ and j and such that

Pr{t(V)<s}< L <Pr{t(V)<s}

Pr{t(V) >t} < L <Pr{t(V)>t}.
Here and throughout this Appendix, for any = € [0,1], we
define T := 1 — z. With this choice of ¢ and s, it follows

that s < ¢t when L > 1/2, and s > t when 0 < L < 1/2.
Moreover, there exist a,b € [0,1] such that

Pri{t(V) < s} +aPr{t(V)=s}= L,
Pr{t(V) >t} +bPr{t(V)=1t}=T.

If we set
0, tlv)<t
r+(0Jv) := {b, tv) =t
1, tlv) >t
and
0, tv)>s
ro(0lv) := {a, t(v) =s
1, tv)<s

then both yield E[¢(S)] = L. Since any 7 € DL(S|y) provides
an upper bound on the infimum, we have

IX(X A ZIYVExEy) < 3 2(0)r, (0]0)t(v) log(p — 1)

veV
2
IHY AZIXVExEy) < Z'y(v)rt(olv) (1 —Vt) )
veV
-log (p — 1). (46)

We now restrict attention to the case L > 1/2. In this case,
t > s and so

> @) O)ev) < [Prie(v) < s}

veEV
FaPr{#(V) = s}]s
<(1- L.
Similarly, we obtain

2
S r0l) (1= VI ) < (1= DL - VR,

vEV

The four preceding inequalities imply Rj(L,7v,p,q) C
R1(L;t), where

Ry(L;t) = {(R1, R2) : 0 < Ry < (1 - D)tlog (p - 1),
0< Ry < (1= L)(1 - Vi) log(p~1)}.

From (38), it then follows that Ry(L) C Ute[O,l] R1(L;t).
Conversely, for each 0 < ¢ < 1, it is easy to show that the
choice V = {t}, 4(t) = 1
q(0lv) =1 = p(0fv) = Vv
q(ylv) = [1 = Vv]/(p— 1),
plzlv) = Vv/(p = 1),
achieves Rr(L,%,p,3) = Ri1(L;t); hence,
Ri(L)= |J RulLst) = Ra(L).
0<t<1

This completes the proof of (39) for L > 1/2.
We now treat the case 0 < L < 1/2. To this end, define
the probability mass functions

ri(1}v)

y#0

T#0 @7

1(v) = —; =)
72(1}) - TS(O|U)1+—T'1;2(£|’U) - l’y(v)
1) = 0
Here we have
3 A()ra0p)t(v) = LY m(0)t(v)
veV veV
+(1=2L0) Y p(v)tw)

vEV

<Lt+(1-2L0)) n(v)t).

veV

Using 3 instead of v;, we similarly obtain

5 (wrolo) (1= Vi) )2

veEV

2
<(-20) T lo) (1 - )+ - VA

veEV

Since v2(v) is nonzero only for ¢t < t(v) < s, we can write
t(v) = a(v)t + @(v)s
for some 0 < a(v) < 1. It follows that

Z Y()t(v) =at+ as

vEV

where

o= Z’yg(v)a(’u).
v
Since (1 — /7 )? is convex on [t, s], we have

2
(1 - \/t(w) < o)1 VI + &(w)(1 - V3)?
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and thus

Z72(U)<1 -

2
t(v)) <a(l-vVi)+a(l—vs)2
vEV

Substituting into (46), we obtain

I*(X NZ|YVExEy) < [Lt + (1 - 2L)(at + @s)]

-log(p— 1)
IX(Y A ZIXVExEy) < {(1 - 2L)[e(1 — V2)?
+a(1-Vs)Y

+L(1 - V5)?} - log(p - 1).

Upon setting
RI(L’ YDy Q)

A = (1 - 2L)a + L, we conclude that
C Ro(L; M\ t,s) where

Ro(L; Mt s)
2{(31,1{2) 0< Ry <A+ (X —L)s]log(p—1),
0< Ry <[A-L)(1 = Vi) + X(1-5)7
'log(p—l)}

L<A<L,and0<¢<s<1. Conversely, for each choice
of LK A< L and0<t<s<1,itis straightforward to
verify that R;(L,%,p,§) = Ra(L; A, t,s), where V = {t, s},
#(t) =1 —4(s) = A, and ¢ and p are as in (47). From (38),
we conclude that

Ri(L) =

U

LA T, 0<t

Ra(L; Aty 8).
<s<1

(48)

To complete the proof, it only remains to show that the union
reduces to the right side of (39) when 0 < L < 1/2. To this
end, observe that for fixed A, (A\—L)(1—v/%)2+ X (1—+/5)%is
convex in the region 0 < ¢ < s < 1, and that \t+(X —L)s =
Ry /log (p—1) is a line segment in this region. The maximum
on this line is therefore achieved on the boundary, so that
either s = ¢, ¢t = 0, or s = 1. Hence

Ri(L) = R1(L) UR2(L) URs(L)
where R1(L), R2(L), and R3(L) are obtained by restricting
the right-side of (48) to s = ¢, t = 0, and s = 1, respectively.
R1(L) and Ro(L) are then as given in (39). After the change
of variable £ = (1 —/1)2 and A = X, R3(L) also reduces to
the corresponding region in (39).

APPENDIX 11
PROOF OF THE APPROXIMATION THEOREM

The proof is an easy consequence the following two lemmas.

Recall our assumption that min, a(z) = min, b(y) = 0.
Then Lemma 1 is straightforward. In the lemma, d is the
variational distance [3, p. 58].

Lemma I: Suppose |V| < oo and that p € D(X|V) and
g € D(Y|V) are given. Fix any positive integer n. Then
for each v € V, there exist types p'(:|v) € D,(X) and
¢’ (-|v) € D,(Y) such that

d(p(-|v),p'(:
d(q(-v), q'(:
and such that both

L a(z)p’

x

v)) <2X|/n

v)) < 2[¥|/n

|
| 49)

)p(z|v)

(zv) <Z
and

y)q(ylv).

Zb y)q (ylv) < Z

There are two immediate implications of Lemma 1. First,
the sum of the two upper bounds in (49) is equal to 6, and
second, for any v € D(V), if p € DA(X|v) and ¢ € DE(Y|y),
then p' € DA(X|y) and ¢’ € DE(Y}y).

Lemma 2: For |V| < o0, v € D(V), p € D4(X]y), and
q € DB(Y|7), let Py xysz be as in (5). For n > 4(|X|+]Y|),
let p’ and ¢’ be as in Lemma 1, and set

Pvxiyiszi(v,2,y,8,2)
= 7(v)p' (zlv)q (yl)r(s[)W (2], y,5).  (50)
Then
IENXAZIYV)SIHX ANZ'|IY'V) + i
TEHY AZ|IXV)<STEY' AZ'|X'V) + pin
IHXY AZIV)<STHX'Y' AN Z'|V) + pin.
Proof: Observe that Pz xyy = Pz x/yv. Then using
(49) and (50)

|H(ZIXYV) - H(Z'|X'Y'V)| < 6, l0g|Z|.

Next, note that (49) implies that for each v € V

dPxysziv(-1v),Pxyrszv(-lv)) < bn.

Since for n > 4(|X| + |Y]), 6, < 1/2, we can follow [3, p.
33, Lemma 2.7] and show that
|H(ZIV) — H(Z'|V)| < 6. 10g (Z1/6,)

[H(Y V)~ H(Y'|V)| < 6 log (|Y]/6.)
|H(X|V) = H(X'|V)| < 6, log (X|/6,)
|H(YZ|V) - H(Y'Z'|V)| < 6, 10g(]Y||Z|/8,)
|H(XZ|V) - H(X'Z'|V)| < 6n1log (|X||Z|/8).

Then writing, for example, I(X A Z|YV) = H(Z|YV) —
H(Z|IXYV) = HYZ|V) - HY|V) - H(Z|XYV), the
lemma follows easily. |

When p’ and ¢ are as in Lemma 1, note that as v
runs though V, there are only |D,(X)| possibilities for
p'(-|lv) and |D,(Y)| possibilities for ¢'(-|v). If we let
m = |Dp(X)||Da(Y)|, then by [3, p. 39], m is equal to
the right-hand side of (12). Hence, in an obvious way, we
can partition V into m equivalence classes, say Vi, -, Vy,.
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Recalling (7), we set IL(Y'AZ'|X'V) := inf (Y'AZ'|X'V),
where the infimum is restricted to those r € DL(S|y)
such that r(-|v) is a constant of v on each V,. Note that
TEY' A Z'|X'V) < TE(Y' A Z/|X'V). If we now return
to (50), we see that Pxiyrgz/ v (-|v) is constant for v on
each equivalence class. Hence, we may identify the V in the
theorem with the collection of equivalence classes of V, and
in an obvious way construct

Pisvaz(0,2,y, 8, 2)
= 3(9)p(x|0)§(y|9)7(s|0)W (2], y, 5)
where if v = V;

F(Vi) = > ()

vEV;

p(zlV;) = p'(x]v;)

q(ylVi) = ¢'(y|v)

7(8]Vi) = r(s|v;)
and v; is any element of the equivalence class V;. Furthermore,
it is not hard to see that IL(Y' A Z'|X'V) = IL(Y AZ|XV).
Thus for any R(L,~,p,q) on the right-hand side of (9), we
have

R(L;y.p,q) C R(L, 7,9, ¢") + U
C R(L.7,,9) + pnU
and ‘then (13) follows.
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