IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 50, NO. 11, NOVEMBER 2004

Then, for two arbitrary integers i1, 7z in 1 < @1, < | %], we get
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If we perform the above reordering and averaging process repeatedly,
then the difference of two arbitrary elements in the set eventually re-
duces to zero. This completes the proof.

E. Proof of (23)

E[P,(A,|a®)] can be regarded as the PEP when all the eigenvalues
are equal to (A, )Y/ "7 Substituting each A; by (A,)*/"7 in (5), we
get

A) l/nT " —nrnpR
(”7”) do. 41

4sin? 6

1 w/2
Elr Sl =1 [ (14
T Jo
In addition, J. (¢) in (8) can be rearranged into [12]

) 1 [~/? ¢ —m
m\C) = — 1 V9 d9
Tme) T /0 ( + sin? 6’)

Therefore, combining (41), (42), and (7), we can easily show that
B[P, (Apla)] = Pr(Ap).

42)
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Detection of Constrained Subspace Signals in Additive
Infinite-Dimensional Interference and Noise

John A. Gubner, Member, IEEE, and Louis L. Scharf, Fellow, IEEE

Abstract—The detection of constrained subspace signals in additive
infinite-dimensional interference and noise is motivated by consideration
of multipath-Doppler channels subject to interference from partially
overlapping frequency bands of other sources. Since the interference lies
in an infinite-dimensional subspace, the standard method of projecting
onto the subspace containing the signal plus interference does not yield a
finite-dimensional detection problem. However, an alternative approach
may be used to extract the appropriate finite-dimensional problem.
Moreover, an energy constraint may be imposed on the desired signal.
The generalized likelihood-ratio receiver for this problem is obtained,
and expressions for its average probability of error are given.

Index Terms—Energy constraints, magnitude constraints, matched sub-
space detector.

1. INTRODUCTION

Consider a communication system in which the received waveform
is

y(t) = a(t) + b(t) + n(t)

where a contains the desired signal, b is an interfering signal, and
n is additive white Gaussian noise. Detectors based on waveform
observations are usually derived by extracting a finite-dimensional
coefficient vector based on the projection of the received waveform onto
the subspace containing the desired signal as well as the interfering
signal. This is straightforward if the interfering signal lies in a
finite-dimensional subspace, as in the decorrelating detector for a
code-division multiple-access (CDMA) system [2] or the matched
subspace detector [7], [8]. Suppose, however, that the interfering
signal b is known only to lie in a frequency band which partially
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overlaps that of the signal a. In this case, the subspace containing
a and b is infinite dimensional, and the standard approach will not
result in a finite-dimensional coefficient vector.

In an M -ary communication system, the sender transmits a signal
s;(t) to convey message i. If s; is band limited to W and subject to
multipath, then the signal a at the receiver may be modeled as

a(t) =Y husi(t—1/2W)

(=0

where D is proportional to the product of W and the channel multipath
spread, and the h, are the delay coefficients [6]. When the coefficients
h; are unknown, we can view the modulator-plus-channel as a subspace
modulator. In other words, from the receiver’s point of view, to send
message ¢, the modulator transmits an arbitrary waveform from the ith
signal subspace

span{s;(- —[/2W),l =0,...,D}.

In this context, the arbitrariness of the coefficients h, is imposed by the
channel. On the other hand, randomization of the coefficients has been
proposed as an intentional part of the modulation process under the
names “stochastic process shift keying” [4] and “stochastic multipulse
PAM” [5].

To simplify the notation and to emphasize that the analysis here is not
specific to the case of a band-limited signal subject to multipath and to
overlapping-frequency-band interference, we use the generic subspace
signal model

Pi

a(t) = g aik(t)

k=1

where a;,1,...,4a;p,; are linearly independent waveforms. Although
the coefficients ux are unknown, we assume that they satisfy an energy
constraint; e.g., >, |ux|> < &. Constraints of the form maxy, [ux| <
V€ are considered in Appendix A.

To summarize, although the detection of subspace signals in sub-
space interference and noise has been studied previously, what is new
here is the fact that there is an energy constraint on the signal coeffi-
cients and the fact that the interference subspace is allowed to be infi-
nite-dimensional. In this context, we derive the generalized likelihood
ratio detector, and we analyze its average probability of error. Thus,
our results generalize all prior results on M -ary subspace detection in
subspace interference and noise.

II. PROBLEM FORMULATION

Let X be a complex inner product space equipped with inner product
(-,-) and corresponding norm || - ||. Consider the following M -ary de-
tection problem. For ¢ = 1,..., M, the ¢th hypothesis is

H :y=a+b+n, ||(l,||2§5;, ace A, beB (1)

where A; C X is the ith signal subspace, 5 C X is the interfer-
ence subspace, and n is zero-mean, white Gaussian noise. (Throughout
the correspondence, Gaussian random vectors and processes are under-
stood to be complex valued and proper (circularly symmetric) [3].) The
notation we use subsumes the following cases.

e When X = CN, we assume that n is a zero-mean Gaussian
random vector with covariance matrix ¢21; i.e., the components
of n are independent random variables with zero mean and vari-
ance o2,

« When X = (2, we assume that n is a sequence of independent
Gaussian random variables with zero mean and variance o>.
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e When X = L?, we assume that n is a zero-mean, wide-sense-
stationary Gaussian noise process with correlation function

R, (t1,t2) := E[n(fl)n(—fg)] = 026(t1 —13)

where 6 is the Dirac delta function, and the overbar indicates the
complex conjugate.

Remark 1: By allowing &; to vary with ¢, the model can accommo-
date different subspaces subject to different amounts of attenuation as
in frequency-shift keying over a frequency-selective channel.

It is convenient to generalize the constraint as follows. For each
hypothesis H;, let a;,1,...,ai,, be any basis for A;, and define the
operator 4; : C’* — X by

Di

Aju = E Uk Qi ks

k=1

w=fur,e o) € C

The operator A; establishes a one-to-one correspondence between
every a € A; and every v € CP?. This suggests the new hypothesis
testing problem

H,:y=A;u+b+n, ||u,||é7 <&, weCli,beB (2

where [|u[|, = uf Q;u, and Q; is any p; X p; positive-semidefinite
matrix.

Remark 2: The adjoint of the operator A4; : CP* — X is the oper-
ator A7 : X — CP¢ defined by [1, p. 161]
(x,ai1)
Alx = € CFe. 3)
(%, aip,;)
Then A} A; can be identified with the matrix whose j k entry is
(aik,aij). Since ||[Ajul® = ||ull%. 4, taking Qi = A A; shows
that the original problem (1) is a special case of (2).

Remark 3: Constraints of the form maxi<i<p, |ur| < V& are
considered in Appendix A.

III. ELIMINATING THE NUISANCE PARAMETER AND MAKING THE
PROBLEM FINITE DIMENSIONAL

The problem in (2) suffers from two difficulties. First, it involves the
nuisance parameter b (possibly belonging to an infinite-dimensional
subspace), and second, the measurement y is in general an element of
an infinite-dimensional space, e.g., L?. If B were finite dimensional,
then the standard way to convert the infinite-dimensional measurement
y into an equivalent, finite-dimensional coordinate vector would be to
project y onto the finite-dimensional subspace

Ar+--+Au + B

and to work with the coordinate vector of the projection. In our case,
since we allow B to be infinite dimensional, the standard approach does
not work. The standard approach also suffers from the defect that it does
not eliminate the nuisance parameter b. In the following, we present
a way around both of these difficulties at the same time. In order to
accomplish this, we first need a few facts about orthogonal projections.

For B a subspace of X, let P denote the corresponding orthogonal
projection operator onto 3. If B is infinite dimensional, we assume
it is closed, and we assume X is a Hilbert space. These assumptions
guarantee the existence of Pg. Projection operators have two proper-
ties that we use repeatedly. First, they are self-adjoint, i.e., P5 = Ps,
and second, they are idempotent, i.e., PsPs = Pp. The orthogonal
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complement of B is denoted by B, and its corresponding orthogonal
projection operator is denoted by P . Note that P4 = I — Pg, where
1 is the identity operator.

Write y in (2) as

y=Aiu+b+n= P[J;_:/L"LL + PgA;u+b+n.
Since PsA;u € B, and since b € B is arbitrary, (2) is equivalent to

H;:y= PiAiut+b+n, lulle, <&, u€Ch. beB. 4

Observe that Pi A, is an element of the ith interference-free signal
subspace,

Gi:={Pga:ac A} )
The sum of all the interference-free signal subspaces is
G:=Gi +---+Gm.

Since P A;u € G; C G, and since ¢ C B™, applying Py to y in
(4) yields Pgy = P A;u+ Pgn:ie., the operator I’; zero forces the
interference b. Next, observe that the signals

7:= Pgy = Py Aiu+ Pgn  and ﬂ::y—’j]:b—l—Pé‘n

have the following three properties:

i) 7 is a function of y;

ii) ¥ and ¥ are independent under all hypotheses (since the noise

terms are Gaussian and uncorrelated);

iii)  the distribution of y does not depend on the hypothesis.
It then follows that the optimal detector depends only on y [10,
pp- 299-300].

A further simplification is possible. Let ¢i....,g, be an or-
thonormal basis for G, and define the operator G: C? — X by

P

Gu := Z uj g;,

j=1

u=[u,...,u,] €C". 6)

The adjoint of G is the operator G* : X — CP given as in (3), and
Pgy = G(G"G)™'G™y [1, pp. 160-161]. Furthermore, since the g;
are orthonormal, G*G = I and Pg = GG*. If we puty := G™y, then
7 := Pgy = Gly. Since G*§ = y, we see that § and y are equivalent in
that each is a function of the other. Hence, rather than design the optimal
detector based on the waveform 7, we base it on the coordinate vector
y. If we put n := G n, then (4) is equivalent to the coordinate-vector
detection problem

Hi:y=G"PsAu+n, |[ully, <E. ueC’ (7)
where n is a p-dimensional, zero-mean, Gaussian random vector with
covariance matrix R := ¢*G*G = ¢°I,.

This completes our conversion of the waveform channel (2) into the
coordinate-vector channel (7). In the coordinate-vector channel, the in-
terference b has been zero forced by the projection Ig. The signal A;u
has been projected onto B+ and resolved onto the basis {g1,. ..., Iy}
of G.

Example 1: Fori = 1 and 2, take .A; to be the one-dimensional
subspace A; = span{a;}, where the complex waveforms a1 (t) and
a2 (t) are the inverse Fourier transforms of @1 (f) and a@>(f) shown at
the top in Fig. 1. Observe that { a1, a2) = 0, and by Parseval’s equa-
tion, {a1,a2) = 0 too. Thus, the signal subspaces .4; and A- are or-
thogonal. For the interference subspace I3, we take the set of high-pass
waveforms whose Fourier transform is zero for |f| < 1. Then B™ is
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Fig. 1. Fourier transforms of signals (top) and of their projections (bottom) in
Example 1.

the set of low-pass waveforms that are band limited to | f| < 1;1i.e., P
is just a low-pass filter. It follows thalt\gPé‘al )(t) an(/iM(Pé‘ as)(t) are

the inverse Fourier transforms of (Pga:1)(f) and (Pga2)(f) shown
at the bottom in Fig. 1. Observe that

(PFar. Pias) = (Par). (Pgaz)) = 1

and so G; = span{Pga; } and Go = span{Pg a» } are not orthogonal
subspaces, although they are linearly independent; i.e., G1 NGz = {0}.
Furthermore, since the G; are one-dimensional, computation of Fg,; is

trivial. We have
P PBla,; PBla,;
GY=\Y o1 7 /T ol "
’ VPFadl [ TPEac]

Because || Pg, y||* appears later, we also note that

2
(y, P a:)

| Pg-asl?

| Ps,yll> =

where || Paa1]|?> = 2 and | P# as])> = 1 in this example. The inner
product (y, Pg a;) can be realized by sampling at time t = 0, the
output of the matched filter whose transfer function is the complex con-
jugate of (Pga;)(f).

IV. THE DETECTOR DECISION RULE

Let f denote the complex, proper (circularly symmetric), zero-mean,
multivariate normal density with covariance matrix R; i.e., for complex
Gaussian random vectors [3, p. 122]
HRf 1

e ¥

mPdet R’

Yy
fly) = yec (®)
where the superscript 7’ denotes the complex conjugate transpose. The
density of y under hypothesis H; in (7) is f (y—G* Pg A;u), whereu €
CP and ||Z||é)q < &;. Since the value of u is unknown, we replace it
by its maximum-likelihood estimate under H;. We denote this estimate
by @;, and put

g, := G" Pg Aii;.
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We now decide in favor of H; if ¢ is the smallest integer among
1,.... M such that

where 7; is the a priori probability that message 7 is sent. This is a

generalized likelihood-ratio test (GLRT), or empirical Bayes test.
Because of the Gaussian form of f, and because the covariance

matrix R = 021, is proportional to the identity matrix, the above

inequality is equivalent to
Li > Lj+ni
where

19,117

2

L; = Ro(g,i) - 9

| - ||y is the Euclidean norm on C?, and
a®/2)In(n: /n;).

In the case ; = 1/M for all 7, ;; = 0 for all ¢ and j.

To gain further insight into the structure of L;, it is convenient to
rewrite it in terms of the original observation y. With regard to the inner
product in (9), write

iy = (

(4.3.) =(G"y. G" P5 Aiiy)
= (y, P P5 Ailii), since GG* = Pg
= (y. P A;0.). since Py A,@; € G
=(Ds,y, Py A, i)y since Py A%, € Gi.
Similarly, ||7.|I; = ||ﬁi|l;24*PéAi' Hence,

~ 112
”UiHA;*pBlA’

L: = Re(Pg.y, Pg Aiti;) — 5

(10)

We next turn to the problem of computing @;, the maximizer of
fly - G* Pg A;u). Due to the Gaussian form of f and the fact that
its covariance matrix is R = oI, @; is the solution of

lly — G* Py Asulf;.

min
IIUIIZ,iSSi

an

In general, there is no closed-form solution. However, this is a quadrati-
cally constrained least squares problem that is readily solved by numer-
ical methods once the orthonormal basis used to construct G™ is given.
However, as we now show, @; can be found without constructing G
and without computing y = G*y. Write

ly — G" Py Asull; = |G"(y — Ps Awu)l;
=|Ps(y — P5 Aiw)|*
= 1Py — Pis Asul”
=||Pgy — Pg, Py’
+ |1 Ps, Poy — Pg Asull?
=||Pgy — Pg, Payl?

+1Ps,y — Ps Aul? (12)

where we have used the fact that P3 A;u € G; C G. Since only the
last term involves u, solving for @; is equivalent to solving
1Po,y — Pi Asul”.

min
llull?,

13)

This shows that @; depends on y only through Pg,y. Combining this
fact with (10) yields the following result.
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Theorem 1: The statistic L; depends on y only through FPg,y, the
projection of y onto the 7th interference-free signal subspace G; . Hence,
the receiver statistic is a zero-forcing or decorrelating detector.

Formula (13) is again a quadratically constrained least squares
problem that is easily solved by numerical methods. For example, the
Lagrangian for the quadratically constrained least squares problem in
(13) is

Lagr(\, u) = | Po,y — Pit Asull” + A([[ull?, — &)

where the scalar A is the Lagrange multiplier. Using the Kuhn—Tucker
sufficiency theorem [9, p. 60], it is easy to see that

u=[\Qi+ A P5 Ai] Al Poy (14)
solves (13) if A > 0 is chosen so that
lully, <& and  A(||ullg, — &) = 0. (15)

We assume here that either @; > 0 or A; N B = {0}. Note that since
@i1s-..,0;p, is abasis, A7 A; > 0; hence, this natural choice for @;
is positive definite. When A = 0 and A; N B # {0}, « is understood
to be the minimum || - ||, -norm solution of Pg A;u = Pg,y. We also

point out that since Pg, A; = Pi A;, (14) can be rewritten as

u=[\Qi+ A Pg A;] "Al Piy. (16)

Remark 4: Equation (16) suggests some simplification is possible
if we choose (J; = A!P# A;. This choice of ¢); amounts to con-
straining only the signal energy that lies in interference-free subspace
B*. We show later that for @, of this form,  can be found by in-
spection. It is important to note two situations in which the assumption
Q;, = A Pé‘ A; entails no loss of generality.

i) If A; is one dimensional, then (Q; and A}‘Pé‘Ai are positive

constants, and |u|?), < & can always be rewritten as

_‘/l(A PB /Ql—‘/L”PBazl” /Qz

||7"||i;Pé A;

ii) If the ¢th constraint is inactive (£; = o), then in (13)
2 P
{u:||ullg, < oo} =C

no matter how (); is chosen.

V. THE AVERAGE PROBABILITY OF ERROR

A. Notation and Preliminary Observations

Let
Qi =G" (Ci>

denote the image of §; under the mapping G™. Then instead of the
calculations in (12), use the fact that G* P3 A;u € g, to write
ly — G" Ps Awully = |ly -

Pg ylly +11Pe.y — G* P Asully. (17)

Observe that the first term on the right does not depend on . Hence,
the solution of (11), @;, depends on y only through Pg y.

Next, construct a matrix G; whose columns are giiilgn by any or-
thonormal basis for g Then Pg =Gy C ,and Gfi G is the identity
matrix of size equal to dim Q

Lemma 2: We have dim QL = dim G;, and dim G; < p;, with
equality if and only if A; N B = {0}.

Notation: Rather than introduce a new symbol for dim G, we abuse
notation and denote dim G, by p;.
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Proof of Lemma 2: We first argue that dim G, = dim G;. Since

G; C G, itis easy to see that forz € G;, G*x = 0 implies z € GN Gt

and is therefore the zero vector. Hence, any linearly independent set in
G; is mapped by G™ into a linearly independent set in J,.

Similarly, since {a;};, is assumed to be a basis for A;,

{Pga, }2%, arelinearly independent if and only if A; N B = {0}. 0

Theorem 3: The statistic L; depends on y only through G y.
Proof: Since Pg y=G; GHy, it now follows that @; is a func-
tion of GH Furthermore writing the inner product in (10) as

(Pg,y. Py Aiii) = (PgPg,y, Py Aifl;)
=(GG" Pg,y. Pg Aiii;)
=(G"Pg,y. G" Pg A;i;)
and using the easily verified fact that G* Py, = Py G", we have

”LLL”;; PiA

Li = Re(Pg y,G" P5 Aili;) —

D |

Since @; is also a function of Pgy= G,GH y, L; depends on y only
through GH y. O

B. Calculations

Let Poy; denote the conditional probability of a correct decision
given that message ¢ is sent. Then the average probability of error is

M M
P = Z(l = FPoini =1~ ZPG\Z' i
i=1 =1

Hence, it suffices to compute
Peji = P(Lz‘ 2 max[L; + 7]ij])
JFr

where each L; is a function of G”u and y is given by (7); i.e., y is
a p-dimensional, Gauss1an random vector with mean G™ PB Aj;u and
covariance matrix o I,,. Since each L; is a function of G'J y, we write
L;( fo y) to make this dependence explicit. We then have

Peji = P(Li(Gﬁy) > Irl;E([LJ(Gf{g) + 7}1']']).

Let f; denote the density of GE y, which is a p;-dimensional, Gaussian
random vector with mean G7 G* P~ A;u and covariance matrix o2 i
Then

Po= [P L
&l /(1?;3([

Since the G 7y, g =1...,] M are jointly Gaussran so is the condi-
tional distribution of the {G y,j # i} given Gy = ¢, and it is
therefore stralghtforward to determine. Once the condltlonal density
of the { G] y,J # i} given G y = £ is known, it is possible in prin-
ciple to compute the conditional probability in (18).

j(Gfg)-i'mj]SLz‘(ﬁ)’GHJ §>f( )dg. (18)

VI. SPECIAL CASES

Example 2 (Orthogonal Subspaces): If the subspaces G ; are orthog-
onal, then the random vectors G JU y are independent. We then have

Poy; =/

where F7, . Sl denotes the cumulative distribution function of the real-
valued random variable L ( G + y) under hypothesis H;. In general, the

19)

HFL”,; (Lz'(ﬁ) - 'Iij):| fi(€) d¢§

i
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GY y are not independent under H;. However, if there is no interfer-
ence; i.e., BB is the zero subspace and Bt = X, and if the A; are
orthogonal, then the desired independence can be easily arranged.

Example 3 (Binary Signaling): In this case, if ¢+ = 1 in (18), we get

Pop = /P(Lz(ny) < Li(€) —me

Gly= 5) f1(6) de. (20)

One of the difficulties with (18), and even (19) and (20), is that we
do not have an explicit formula for the L;(-). However, examination of
(16) and Remark 4 following it suggests we consider the special case
Qi = A? P A;. For this choice of the Q;, we do not need Lagrange
multipliers, and as noted in Remark 4, in some cases, this entails no
loss of generality.

Writing (13) with Q; = A Pg A;, we have

| Po,y — Pg Asul®

min
I1PgAull2<E;

or equivalently

1Pg,y = ol”.

min
vEG;:||v]|2<E;

This is the problem of projecting the point P,y € G; onto the closed
ball of radius \/é_l in G;. The optimal value of v is

R P(Jlr/
v, =
v I|

Substituting g, = G*v; in (9) yields

if || Po, y*

U” otherwise.

if || Pg,yll* < €
otherwise.

HPg ylI?
v (21
VENPosll - 5.
We thus have an explicit formula for the function of Pg,y asserted in
Theorem 1. In fact, L; depends on Fg, y only through its energy.

Remark 5: If the constraints are inactive, i.e., all £, = oo, we have
the unconstrained matched subspace detection problem of [7], [8] gen-
eralized from 2 to M hypotheses. In this case, we decide in favor of
message ¢ if

I1Pg,yll”> > |1 Po,yll* + 2n:5.  forall j

which is the unconstrained matched subspace detector. We also note
that even with all £; = oo, our derivation here is more general than that
in [7], [8] because we allow the interference subspace B to be infinite
dimensional, and we do not assume .4; N B = {0}.

Remark 6: Considering (21) as a function of the energy || Pg,y||*,
this function is strictly increasing, and for large argument, its slope is
decreasing; i.e., the function can be viewed as a compressor. Hence,
when constraints are active (the &; are finite), the comparison L; >
L; + n;; amounts to comparing compressed versions of the uncon-
stramed matched subspace detector statistics || Pg, y||* and || Pg,yl|*
of the preceding remark.

Using (21), we can give an explicit formula for the function of Pg_y
asserted in Theorem 3. First, an orthogonality argument shows that
ng G"y = G" Pg,y. Using this result, it is then not hard to show that

2 2 H 2
I1Pe,ull” = 1P, yll, = 1G5yl - (22)
We can now write
IICv"’yII2 .
L= if ||G;U2||12:j <& (23)

otherwise.

Ve IIC, yllp - %
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Lemma 4: If Qs = A5 Pg As, then the conditional probability in
(20) can be expressed using the conditional cumulative distribution
function

P<L2(G5{g) <Gy = 6) 24
which is equal to
P(HG?gniz <2\Glly = £>, for £ < &2/2.
and
P(HG?EH,Z)Z <L+ E&/2)° /& Gf{g = 5), otherwise.

Note that the conditional distribution of G’ y given G y = s
Gaussian, with mean and covariance easily determined.
Proof: Write (24) as the sum of

P(L(6ly < LlGful, < 86ty =¢) @)
and

P<L2(G§'£) <GNIGT YR, > & Gf{y:£>. (26)
From (23), it follows that (25) is equal to

P(I6£ . < mine2e.e2)[61'y = ¢)
and (26) is equal to
P(é‘z <IGHylls, < (64 E2/2)°/&:|Gly = 5).

Note that this last expression is zero for { < &> /2. The lemma now
follows easily. O

Lemma 5: When message ¢ is sent

IG5 wllz,
a2 /2

is noncentral chi-squared with 2p; degrees of freedom and noncen-
trality parameter

|G G* Pg Aul|,. . Y s
02—/2 =2||Pg, G" P5 Awully /o
=2||G* Pg, Ps Aiulls/o”
=2||Pg P, Pg Al /o?

=2||Pg, Ps Ajul* /o 27
Remark 7: Observe that hypothesis ¢ affects the distribution of
2||GH [ ||f)] /o? only via the noncentrality parameter. The noncentrality
parameter is determined by the amount of energy of Pa A;u € G;
that falls in the subspace G;. To put it another way, the noncentrality
parameter is proportional to the energy that “leaks” from subspace G;
into subspace G;. If the subspaces G; and G; are orthogonal, there is
no energy leakage, and the noncentrality parameter is zero for j # i.
For j = i, (27) reduces to 2|| Py A;u||*/a?, where || Pg A;u|)? is the
energy in the signal A;u that lies in the interference-free subspace.

Proof of Lemma 5: According to (7), under H;, y is a p-dimen-
sional Gaussian random vector with mean G* Pg 4;u € G , and covari-
ance matrix ¢>T,. Thus, GJU y is a p,-dimensional Gaussian random
vector with mean Gf{ G*Pg A;u and covariance matrix o1, »,;- The
result now follows. O
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Lemma 6: If Q; = Aj Pg‘A]', then F7 ); in (19) is given by

fﬁj (46/0-2)3
Fflj“i(() = vaj (2“ + gj/Q)z/[o_z‘g]_ ),

(<E)2

otherwise

where F, p; is the cumulative distribution of a noncentral chi-squared
random variable with 2p; degrees of freedom and noncentrality pa-
rameter (27).

Proof: This is immediate from the proof of Lemma 4 and the
result of Lemma 5. O

Lemma 7: Motivated by (23), put

oy 62 0<¢<E
Lite)= { VEC—E&i/2, otherwise

so that L;(Gf'y) = Li(|GIyll;,). If Qi = A} Pz A, then (19)
becomes

Py =/

where fN‘,, ; is the density of a noncentral chi-squared random variable
with 2p; degrees of freedom and noncentrality parameter

17, (ﬁi(<02/2) - %‘) Fri(Q)dC

JFi

2 i, o 2
P”PB Aju|]” = O__ZHUHA:PBlAi'

Proof: The only point worth noting is that the noncentrality
parameter comes from (27) with j = <. O

Example 4 (Binary Signaling With On-Off Keying): In this case,
A is the zero subspace. Then G is also the zero subspace, which is
automatically orthogonal to any G». Since L1 = 0, we decide in favor
of message 2 if and only if Lo > 121. Assuming Q2 = A3 Pé‘Ag, we
have

Pep = Fp, (?551(7721)/02)

where in this case the noncentrality parameter is zero. On the other
hand

e = 1= Ey (205 )

where l/’\p2 is the cumulative distribution function of a noncentral
chi-squared random variable with 2p> degrees of freedom and non-
centrality parameter

2 1 5 2 .
0__2||PB AQUHZ = (T_ZH'””AZA;PI;AQ-

VII. CONCLUSION

The detection of subspace signals in infinite-dimensional interfer-
ence and noise was motivated by consideration of multipath-Doppler
channels subject to interference from partially overlapping frequency
bands of other sources. Since the interference lies in an infinite-
dimensional subspace, the standard method of projecting onto the
subspace containing the signal plus interference does not yield a finite-
dimensional detection problem. However, we presented an alternative
approach to extract the appropriate finite-dimensional problem. An
additional feature of the model was the imposition of an energy
constraint on the desired signal. We then derived the generalized like-
lihood-ratio detector, and gave expressions for its average probability
of error.

Although we obtained closed-form expressions for the detector
statistics L; only in the case Q; = A7Px A; ((21) and (23)), we
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emphasize that even in the general case, it is still practical to compute L;
numerically because it requires solving only a quadratically constrained
least squares problem. We also have the general structural result,
Theorem 1, which shows that each detector statistic L; depends on the
observation y only through Fg;y. In other words, the front end of the
detector takes the measurement y and passes it through a zero-forcing
or decorrelating linear filter matched to the :th interference-free signal
subspace.

The importance of Theorem 3 is that it allows us to obtain the general
expression (18) for computing the average probability of error. The
formula (18) can then be simplified in special cases as shown in the
examples in Section VI.

In Appendix A, the energy constraint ||ul|?,, < & is replaced by
the magnitude constraint maxy, [uz| < & /2 Thus, instead of having
a quadratic form subject to a quadratic constraint, we have a quadratic
form subject to a convex constraint. It is shown that the single convex
constraint is equivalent to p; quadratic constraints. This converts the
convex programming problem with one constraint into a quadratically
constrained least squares problem with p, constraints. When the coef-
ficient vector is real valued, the magnitude constraint is shown to be
equivalent to 2p; linear constraints. This converts the convex program-
ming problem into a quadratic programming problem.

APPENDIX
MAGNITUDE SIGNAL CONSTRAINTS

Suppose that in (13) we replace the constraint [|u||?), < & with
[|u]|oe := max |ur| < VE.
1<k<p;
Then we must solve

| Ps,y — Pg Asul|*.

min
lullZ, <&;

(28)
Although the objective function here is a quadratic form in w, the con-
straint ||u||2, < & is no longer quadratic. However, since the constraint
is still convex, the overall problem is a finite-dimensional, convex pro-
gramming problem to which standard techniques apply.

We now point out that since the single nonquadratic constraint
[lul|% < & can be rewritten as p; quadratic constraints, we can
convert (28) into a quadratically constrained least squares problem. To
see this, rewrite the single constraint

max |ur| < VE
1<k<p;
as the p; quadratic constraints
”Dl.u”]ri Sgu k= 17pl
where Dy, = diag(0,...,1,...,0) with the 1 in the kth position.
Thus, we have converted (28) into a quadratically constrained least

squares problem to which standard methods apply. For example, the
Lagrangian for this problem is

Pq
Lagr(\,u) = [|Pg,y — P Awul” + > M| Drully, - &)
k=1

where A := [A1,...,\p,]" is now a vector of Lagrange multipliers.

Appealing again to the Kuhn—Tucker sufficiency theorem, if

u=[A+ A Pg A A Pry
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where

Pq
A=) \Dy = diag(Mi, .0 Ap,)

k=1

and the A, > 0 are chosen so that the components of u satisfy

lue? <& and Ap(un]® = &) =0,  k=1,....p

then u solves the minimization problem.

We now briefly reconsider the optimization problem (28) under the
requirement that the v, be real instead of allowing them to be complex.
In this case, the condition ||u||Z, < & can be expressed as the p;
conditions

V& Sup <VE
or, equivalently, as the 2p; linear inequalities

wr < VE and  —up < VE.

Since the objective function || Pg,y — Pg A;u||* is quadratic in u, we
see that the required optimization is a quadratic programming problem,
for which various algorithms are available.
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