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Alfvén resonances, where the local flow speed relative to the boundary is equal to the local Alfve
speed, introduce novel dynamical features in a differentially rotating plasma. The spatial structure
and dynamics of current sheets in such plasmas is investigated analytically as well as numerically.
The current sheets at Alfmeresonances tend to power-law singularities. The growth of current
sheets is algebraic in time in the linear regime and saturates in the presence of dissipation without
the intervention of nonlinear effects. These results have significant implications for forced
reconnection and Alfue wave dissipation in laboratory and space plasmas.1998 American
Institute of Physics[S1070-664X98)00606-5

I. INTRODUCTION are run long enough that they attain steady state. For a given

The phenomena of current sheet formation and force&‘mpm'“Ide of the externally imposed magnet_ic perturbatior_1,
reconnection in differentially rotating plasmas are of greatIW0 types of steady-state solutions are obtained: those with

interest for space as well as fusion applications. We mentiof'29netic islands at the neutral line when the rotation speed
three examples. In a tokamak, forced reconnection caused By 10W, and those without islands when the rotation speed is

. 8 . . . . .
resonant field errors can produce current sheets and magnef]i9h-" A distinctive feature of the second type of solutions is
islands which can lock to the error field and grow to suffi- the development of Alfve layers(on both sides of the neu-

cient size so as to cause disruptidris. the earth’s magne- (@l line) where the pllalssma flow velocity matches the “po-
totail, forced reconnection driven by the solar wind can lead0idal” Alfve n speed.""*These Alfvn layers are the domi-
to the formation of thin current sheets observed during thdant sites where exchange of forces between the plasma and
growth and predisruption phase of substoffsn the solar  the magnetic field takes place.
corona, a vacuum magnetic field can be forced by photo- A Plasma can also be driven by time-dependent, oscilla-
spheric footpoint motion to form current sheets that can cont0ry momentum sources as, for example, in the coronal Al-
tribute significantly to coronal heatirfy. fven wave heating simulations discussed in Ref. 14. The ob-
It is common practice to describe fundamental featuredective of these simulations is to study the resonant
of the phenomena mentioned above by means of a slagbsorption of Alfvéx waves in an inhomogeneous coronal
model in which the component of the equilibrium magneticPlasma. The initial conditions of these simulations are differ-
field in the direction of symmetrythe “toroidal” compo-  ent from those used in Ref. 11: The plasma is embedded in a
nend is assumed to be a constant, and the magnetic field ighearless magnetic field with an inhomogeneous density pro-
the plane perpendicular to this componéifite “poloidal” file, and driven at the poundary by an oscillatory forcing
componentchanges sign across a surface, known as the nediunction that excites Alfve waves in the system. As a con-
tral line. When a sinusoidal magnetic perturbation issequence of strong forcing at the boundary, highly sheared
switched on rapidly at the boundary of a stable plasma, thivelocity profiles are generated and seen to deform signifi-
current sheets tend to grow at the neutral line on the charagantly the ideal resonant heating laygf® In particular,
teristic “poloidal” Alfvén time scale. On a reconnection resonant heating is seen to occur dominantly via current
time scale(which is longer than the Alfue time scale but sheets in two narrow layers around the ideal Alfveso-
shorter than the resistive diffusion time soalsignificant nance layer, qualitatively similar to the Affadayers seen in
magnetic islands develop. The nonlinear dynamics of currenRef. 11.
sheets and islands driven by such a sinusoidal boundary per- The main focus of the present paper is on the structure
turbation, with and without differential rotation, has been theand dynamics of near-singular current sheets at Alfreso-
subject of numerous analytical and numerical investi-nances in a differentially rotating plasma. We consider the
gations>~1° physically interesting case of a sheared background flow that
The differential rotation can be sustained by variouscannot be eliminated by a Galilean transformation. Such a
types of momentum sources. The sources can be time indfow can be realized either by moving the boundaries with
pendent, as in the tokamak simulations discussed in Ref. 1ihe plasma at rest, or by moving the plasma in between fixed
where they are centered on flux surfaces, close to the bounloundaries. While both cases are equivalent and can be
aries, on different sides of the neutral line. The simulationdreated by the methodology presented in this paper, for
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specificity we treat the first case. Alfugesonances can oc- ¢ is a stream function. The two-dimensional MHD equations

cur in such configurations at the surface where the flow veean then be writtertin cgs unit$ as

locity relative to the moving boundary matches the local Al- )

fven speed. Previous theoretical work has focused on the ‘?_‘/’Jrv_vwz e v2y (13

strong suppression of magnetic islands at the neutral line dt 4 '

under these conditions, but the structure and dynamics of the )

current sheets at the Alfmeresonances have not been con- V<

sidered in sufficient detail. T
The plan of this paper is as follows. In Sec. Il, we (1b)

present the model and equations that enable us to treat cyj, .. vite £, cosky—KVq) as the real part of, exgi(ky

rent sheets at Alfve resonances in systems with sheared K : .

o o . . —kVot)] and express the linear perturbations in the form
magnetic fields as well as stratified density profiles. Our ob-
jective is to obtain basic results that are applicable to systems P (X,y,t) = px, Dex i (ky—kVgt)],
such as tokamaks as well as the solar corona. In Secs. Il and
IV, we discuss, respectively, the Imear. and the nopllnear b1(X,y,1) = d(x,t)exdi(Ky—kVot)].
phases of current sheet growth, and verify the analytical re-
sults by numerical simulation. We conclude in Sec. V with aThe linearized ideal equations for the outer regions are

+Vv-VV2¢|=2-[VyyxV(V2y)]l4m+ vV .

summary and a brief discussion of the possible implication 5

of our results. TEHkAV(x) nz]/:ik?&Boy(x), (2a)
J ~ "o

Il. MODEL AND EQUATIONS —+HIKAV(X) VZp+ = (4

We use the geometry and coordinates of Taylor's ,
model®#-1%12 The initial magnetic field is given byBj —ik;&[AV”(pr—AV’(x)
=yByx/a+2zB; for |x|<a, whereB,, By, anda are con- P
stants. There is a neutral line 0. Assuming translation ;nare AV(X)=Uo(x)—V, is the difference between the

symmetry alongz and ignoring perturbations of tecom- 1a35ma flow velocity and the velocity of the moving bound-
ponent of B;, we represent the time-dependent magnetlcary, V2=32/9x2— k2 is the two-dimensional Laplacian, and

field asB=zxVy(xy,t) + 2By, wherey is a flux function.  the prime indicates spatial derivative. Note that although the
For tokamak application&uch as Ref. D1the initial fluxis | g|ocities Uo(x) and V, vary from one Galilean reference

. _ 2 - .
given by yo=Box/2a. Later, for coronal application®uch  frame to another, the relative velocity/(x) is frame invari-
as Ref. 14, we takey,=Byx andB;=0. ant.

“As discussed in SeE-J’ we will consider the case in  \ye assume that the leading-order, outer-region solution
which the boundaries at=*a are moved suddenly with a g quasisteady in time. Lep, be the density andV,g

constant velocityi,=YyV,. For the coronal applicatioV, is _ ——— ; . _ :
the phase velocﬁj; ofyth?a photospheric drivgrposcillati%g with,__ BO/. .4.7Tp° the poloidal Alfven speed ax=a. With the
' redefinitionp/py— p, ¥Bga— (B/By—B), ¢/V0a— ¢,

frequencyw,=V,/k. The viscous relaxation of the fluid ve- ka—k, x/a—x, anda=AV(x)/V s, we obtain the follow-

locity _|n5|de _the plasma will be governed_ by the momen'guming dimensionless equations for the outer region:
equation which, in the presence of the time-dependent iner-

tial term, is an equation of the diffusion type. The velocity a:ﬂ= B, :ﬁ (38
profile will show a tendency to relax to the uniform state Y

. BOy(X) 2~
=ik —/——V
I p ¥

Uo=YV, on a viscous diffusion time scalep,=pa?/v -~ p~ , p' , ~ Boy _~
(wherep is the density and- is the coefficient of viscosily a| Vgt " ' |~ a"(x)+ e (x) | = e Ve
through a sequence of intermediate statgs yuy(x,t). In (3b)

many low-collisionality systems of physical interest, the vis-
cous relaxation time is much longer than the nonlinear reNote that if the normalized velocity differenceis a global
connection time. Hence for dynamics on the ideal magnetoconstant, it must be zero everywhere because of the bound-
hydrodynamiqMHD) and reconnection time scales, we canary conditione(*+a)=0. In that case, Eqs3a) and (3b)
assumely=Yyuo(X) and suppress the slow time dependenceeduce, respectively, to the outer region equations for Tay-
of the background shear flow. lor's model, =0 and V=0, and the Alfve resonances
We now perturb the background plasma by a small-do not appear. Hence differential rotation is an essential in-
amplitude sinusoidal perturbation at the moving boundarygredient for the new physical effects discussed in this paper.
represented byx=*[a— &, cosky—kVyt)] where |&,/a| (Although « is not constant everywhere, it can, of course,
<1. As a result of this perturbation, the plasma exhibits dy-have local regions of flatnegs.
namics on a much faster time scale than the slow viscous We first consider a plasma of constant density, embed-
relaxation time of the background flow. We assume that theéled in a magnetic field with a neutral linge., Boy=Xx),
time-dependent perturbed plasma veloaitfies entirely in ~ appropriate for tokamak applications. Equati(#a) yields
the (x,y) plane and represent it as=zXxV ¢(x,y,t), where  =x¢/a, which can be substituted in E(Bb) to obtain
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~ ~ 2a'x
(X>—a?) ¢"+2x(1—xa'la)p' +| K3 (a®—x?)—
2a'?x%  a'x? =
+ o2 —T-i-aoz ¢=0. (4)

A notable feature of Eq(4) is the presence of two Al-
fvén resonances at= + a, or x=*+AV(X)/V,o. In general,
if we define VA(X)=Bgy(X)/V4mp(X), the Alfven reso-
nances obey the relatiahV(x) = £ Va(X). Near these reso-
nances, it is clear from Ed4) that the vorticityw= ¢" ex-
hibits singular behavior. Sincet”—x~ as x—=*a, we
conclude from the relationy=x¢/a that "— ¢" in this
limit and hence, the current density= " must also be sin-
gular at the Alfve resonances.

Wang et al. 2293

As in the case with the neutral line, we can expand
around the shifted resonances to wrijga?=1+Q46
+0(6?), which defines). It follows that

p'a?+2a'la=(pa®)' —2a' ap

1
1——4=Q+0(0),
pa

which, when substituted in Eq6), yields Eg.(5) again.
Therefore the structure of the singular outer region solution
in this case is similar to that in the first case.

It should be noted that the singular structure of the ideal
perturbed velocityor ¢’) obtained from Eq(5) is different
from that of the standard Alfweresonancé>~'*Whereas the
perturbed velocity has a logarithmic singularity near the
resonance in the standard case, it has a power-law singular-
ity, scaling as X—X,) "1, near the flow-driven Alfve reso-

We carry out a local analysis near the singular points ohance.
Eq. (4) to determine the spatial structure of the outer region

solutions. Letxq be a positive root of the algebraic equation || | INEAR DYNAMICS OF THE CURRENT SHEET

x2— a?(x)=0. In the neighborhood ot=x,, the velocity

profile in general can be approximated by a linear expansio

in X. Hence we write
a(X)=~ a(Xg) + a' (Xg) (X—Xg) =Xo+ Qg¥,

wherea’ (Xg)=Qq, §=x—Xo=€6y ande is a small param-
eter. Asx—Xxqy(0—0), to leading order ire, Eq. (4) yields,

gF©
0 +F0=0,
% 56,

©)

A- The linear ideal phase

The time development of current sheets at Atfueso-
nances can be determined by a high-order inner region cal-
culation, using the asymptotic behavior of the outer solution
FO~ gy t~(x—x0) ! as the matching condition. For the
Alfvén resonance layer of width O(€) we introduce a slow
time scalety= et so thatd/dt=edl dty. At leading order, Eq.

(2) yields

whereFEE’ and the superscript zero indicates the leading-At O(¢), we obtain

order solution. Equatio(b) shows that the leading-order per-

turbed velocity has a power-law singularity, i.&{)~ 6,*
~(x—xo) 1. It follows that the stream functios® has a
logarithmic singularity. However, the vorticity” (9~ ¢,

~1/(x—x0)? has a stronger power-law singularity, and so

does the current sheet’®). This power-law singularity of
the current density should be contrasted with &fenction
singularity obtained at the neutral line in Taylor's model.

PO=30 O[O, 7
{%—ik(l—%) eo}?és<°>=ikxo[?zs“>—7p<1>], (8a
0

ato

where the superscript one denotes the first-order solution.
Eliminating the first-order terms between E(8a and(8b),

i_ik(l_ﬂo)ao}a(o):—ikXO[E)(l)—:/',(l)]”, (8b)

We next consider the structure of the singular outer rewe obtain

gion solutions for coronal Alfue wave heating applications,
discussed, for instance in Ref. 14, where the density is strati-

fied but the magnetic field is shearless. We tBkg=1, and
obtain from Eqgs(3a) and(3b),

(1—pa®)¢"—(p' a?+2a'la) ¢’
arZ ”n

2 a
+|K2(pa?—1)+ 2 —;-I—a(pa"-i—p'a')

$=0.
(6)

i 9| oF© FO_g 9
Ot 1= 0g) oty| 304 ©
We introduce the Laplace transformf_(ao,po)
= [{dty e Po'of(6,,t0) and transform Eq(9) to
JFO —
[Po—ik(1~Q0)60] —5 =ik(1—Qq)F?, (10
0

By Eq. (7), the current density is given by©®=©
=9F©)/96,. Differentiating Eq.(10), we obtain the equa-

The singular points of Eq6), and hence, the resonant layers tion for the current density

are located where 4pa®=0. Recalling the definition

Va(X)=Bygy/V4mp(x), we can rewrite this resonance con-

dition as kug— wg)?=k?V4 or AV(x)=*+V,(x), which is

3]

[po—ik<1—no>eo]a—%=2ik<1—90>?°>. (11)

identical to the resonance condition in the first case. Whemntegrating Eq(11) and then taking the limit,— %, which

Ug(X)=0, we obtain the standard Alfmsewave resonance
conditionw?=k?V4. For given continuous profilgs(x) and

Ug(X), there are at least two shifted resonance layers, speci- ?0)(0)% _

fied by the relationwy=kuy=kV, .

corresponds to the outer limit of the inner region, we obtain

k(1—9Qp) eor

. (0. (12)
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Matching the outer limit of the inner region to the inner limit

of the outer region, we obtain
Vo W
(X—X0)?Po fzagpo’
13
whereW,~By&,. From Egs.(12) and(13) we obtain
201 _ 2
FO)(0)~ - %_
€"Po
Thus the current density at the Alfveesonances= + x, or
0o=0 is given by
T(O) = —K2(1—Qg)?W i3/ €= — k2(1— Q) 2W ot?,
(15

J (e Bp—2) =] (X—X0) =

(14

which grows algebraically with time.

We note that Eq(9) is invariant under the transforma-

tions 6p— By, t— Bt whereg is a constant. While the

width of this ideal current sheet scales&g’, its amplitude
grows ast? until dissipation intervenes. As shown below,
resistivity and/or viscosity then slows down the ideal dynam

ics and saturates the growth of the current sheet.

B. The linear nonideal phase

The linearized nonideal MHD equations can be written

as
D ke | i—ikxd= = 16
ke [g—ikxg=g ¥, (169
a 1 k - ” 1 k //~ — k ~ " 1 = " 16b
o Hika | " —ika"¢=ikxy"+ = ¢, (16b)

whereS= 7/ 7, is the Lundquist numbeR=r,/7, is the
Reynolds numberrgr=4ma? 5c?, andr,=pa?/v.

We consider the cas8<R first. Resistivity dominates
as a dissipation mechanism in this case, and the effect of
viscosity can be neglected. Resistive effects enter the induc-

tion equation wherSe2a/dt~0(1) for a/9t~0O(e€), which
shows that the width of the Alfve layer scales as
=S51820 Hence we redefineto=t/7 =€t (where 7,
=SY7,) and writed/ gt=€dl gt,. To zeroth order ire, we
obtain Eq.(7). The O(¢€) equations are

60— =ikx,[ Y-y,
(179

J .
e k(=006

@0=—ikx[ ¢V —yV]". (17D

J .
[Eo—m(l—ﬂo)eo

Eliminating the first-order terms between Edq47a and
(17b), we obtain
i 9| oF @ i 33 F©
— +FO= :
k(1—Qyp) dtg| 96, 2k(1-Qq) 963
(18)

0o+

The Laplace transform of E@18) yields

Wang et al.

JFO —o 1 FFO
[Po—ik(1—£0) o] &00—”((1—90)': T
(19

In the limitt<<7_or py>1, Eq.(19) reduces to Eq10). We

thus recover the ideal current shééb). [In this limit the
right-hand side of Eq(18) can be shown to be negligibfIt

is interesting to note that although resistivity determines the
characteristic time scale _, it does not appear explicitly in
the expression for the current sheet amplitbidén other
words, the current sheet amplitude grows at the same ideal
rate independent of the level of dissipation, although the time
scale over which the ideal growth persists is determined by
the dissipation.

In the limit t>7 or pp<<1, the current sheet becomes
sufficiently thin that the orderings~S™ %3 breaks down.
Then the resistive term in Eq16a becomes much larger
thanO(€) and the equations need to be reordered. A consis-
tent ordering can be found far=S"2, with redefinedt,
=t/ r5p= et(75p=S"?74) which implies d/dt=edldty. In
this asymptotic limit the contribution due to the current sheet
is sufficiently large that it changes the leading-order equation
(7) to

IO =50 %T(ox 0 =jo (20)
0

From Eq.(20) it follows that a quasisteady solution with a
current sheet is attainable in the linear regime and obeys the
condition[j(?]"=0. In the limitt>r7gp, or d/dty~po<1,

the quasisteady current sheet is given PY’~j(©(0)

= constant.

In the case witt5>R, we haveRe?d/gt~O(1). Since
dlat~0O(€), we obtaine=R~ 3. Then the leading-order so-
lutions continue to obey E@7), and the next-order solutions
are determined by the equations

PO =ikx[ 4V =y, (219

——ik(1-Q¢) b,
0

{%— ik(1- Q) 00}5)(0):[5)@)]"— ikxo[ pM — V7"
’ (21b)

It is easy to verify that Eq9218 and(21b) also lead to Eq.
(19). Thus fort<RY3 we again obtain the “ideal” current
sheet(15). Note, however, that the quasisteady current sheet
is determined, not by Eq20), but by

~ ~ ~ i

(0)— £(0)  =(0)—{(0)_ ___ 7 0)~
pr=¢", W= X [@™]", (22
with e=R™ Y2 Equations(22) imply that the quasisteady
current sheet obeys

[2]"=0, [j1"=0. (23)
Thus the quasisteady current sheet is giverj B~ ©(0)

=constant, as in the ca&<R.
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IV. THE NONLINEAR REGIME

Current J,

It is interesting to note that, according to the discussion
in Sec. lll, the rate of growth of the current sheet slows down
within the realm of validity of linear theory without the in- >
tervention of nonlinear effects. We now demonstrate that as
long as the magnitude of the sinusoidal boundary perturba-
tion remains small, the current sheets at the Alfvesonance
remain essentially in the linear regime. In such a plasma, the 2
magnitude of the Eulerian displacemeéitfrom a stable
MHD equilibrium is bounded from above by the maximum FIG. 1. Contour plot of the current densily showing current sheets at the
size &, of the boundary perturbation. The magnitude of theAlfven layers ¢=200r,).
perturbed flowli=9&/dt scales ast/ T where 7 is the char-
acteristic time scale of the perturbation. At the Alfiveeso-
nancex=X,, the flow velocityu, relative to the boundary is
equal to the local Alfva speedV(Xo) =VaXo/a=Xy/7x.
Hence, we obtain

0
Y

which integrates the linearized equations. After a short-lived
transient phase during which the sinusoidal perturbation is
switched on to its full valué® both codes show that the
current sheets at the Alfmeresonances grow algebraically
U &ra €& with time (as indicated by the dot-dashed lineonsistent
Uy  XoT - Xo 24 with Eq. (15). The linear and nonlinear codes show satura-
tion of the current sheet amplitude at comparable levels, sup-
where e=S™'3, STV2 (e=R™3, R™Y) for the resistive porting our claim that nonlinearities do not play an essential
(viscous case. Ifefo<xo, the plasma dynamics near the role in determining the saturation level. As the magnitude of

AIfVén resonance remains in the linear regime. Itis now eaSX/O is reduced' the A|ﬁ/e |ayers approach the neutral line

driven Alfven resonances are well-separated from the neutral  Cyrrent sheets, qualitatively similar to the ones shown in
line (or the standard Alfue resonanceng=k?V3). Toreal-  Fig. 1, are also seen in the coronal Alfvavave heating
ize well-separated flow-driven Alfveresonances, we must sjmulations of Ref. 14(See Plates 1-4 of Ref. 14.

have x,>A~ea, whereA is the width of the inner layer
near the neutral lingor the standard Alfve resonande
Since §p<<a, it follows that the conditiorky> A~ ea> €&

must hold. In a differentially rotating, resistively stable plasma
In the case with the neutral line, if the conditi@g>A  driven by a sub-Alfveic boundary perturbation, a singular-
~ea>ef, does not apply, the flow-driven Alfvereso- ity occurs at Alfven resonances where the frame-invariant
nances will not be sufficiently well-separated from the innerflow speed difference AV) between the plasma and the
layer at the neutral line. Then the dynamics will be similar tohoundary matches the local Alfeespeed. The suppression
that in Taylor's model which exhibits a current sheet as wellof magnetic reconnection at the neutral line under such con-
as magnetic islands at the neutral Ifife'°We point out that  ditions has been discussed elsewH&ré*We have focused
whereas nonlinear effects are very important for the currenhere instead on the structure and dynamics of current sheets
sheet and reconnection dynamics in Taylor's mddeéley  at the Alfven resonances. The current sheets tend to be
are not so for the saturation of current sheets at the flowpower-law singularities near the Alfaeresonances, unlike
driven Alfven resonances. the &function singularity near the neutral line when the dif-
The analytical calculations described above have beeferential rotation is sufficiently smafl::°we have calculated
tested by a two-dimensional MHD simulatiofi-or a more  analytically and verified by numerical simulation the time

detailed discussion of the computer code, the reader is retevelopment of these current sheets which grow algebra-
ferred to Ref. 10.In these simulations, the nonlinear equa-
tions (1) are integrated forward in time with a sinusoidal
boundary perturbation with the initial analytical equilibrium 0.70
o= Box?/2a which has a neutral line at=0. The param-
eters of the simulation arefy=5\710* ka=m/2,
Vo=0.2V,, S=10°, and R=10*. In Fig. 1 we show the
contour plots for the current densily in thex-y plane. Two
distinct current sheets are seen, coincident with the flow-
driven Alfven layers, on two opposite sides of the neutral
line. Neither a current sheet nor significant islands are seen
to form nearx=0, consistent with the results obtained in
Refs. 11 and 13. In Fig. 2 we show the time evolution of theFIG. 2. The growth and saturaFion of t_he maximum current sheet amplitude
maximum current sheet amplitude near one of the ‘Afve & Fhe Alfven Iayer_s as a function of timémeasured in unlts_of-A). The '
L L solid and dotted lines represent the outputs from the nonlinear and linear
resonances. The solid line indicates the output from the nonsyges; respectively. The dot-dashed line is a theoretical fit and is consistent
linear code and the dotted line is the output from the codevith Eq. (15).

V. SUMMARY AND DISCUSSIONS

-0.35

Maximum J,

0.00

0 50 100 150 200
time
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