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WHAT 1s A COMPLEX ASSOCIATIVE ALGEBRA?

A complex associative algebra is a vector space over the complex numbers equipped with a
multiplication operation which satisfies the following:

eax(b+c)=axb+a=c, (Left Distributive Law)

e(a+b)xc=axc+b=xc, (Right Distributive Law)
or(axb)=(ra)*b=ax(rb)foranyrinC

eax(bxc)=(ax*b)=c.

(Homogeneity)
(Associativity)

There are 5 basis elements of each 3|2 dimensional algebra, three even and two odd elements.
Let the basis of our algebras be (v1, v2, v3, v4, U5), where v1 and v, are odd elements and v3, v4
and vs are even elements.

It is often useful to encode the multiplication structure of an algebra into a codifferential. An
algebraisamap V ® V — V, and this gives rise to a coderivation of the tensor coalgebra of
the parity reversion W = II(V).

DEFORMING THE ALGEBRAS

Suppose that d is an algebra, and
di = d + Y1t + Pot? + ho

is a 1-parameter deformation of d, where ho stands for higher order terms in the variable .
This means that d; is a (possibly formal) power series in ¢, and the associativity condition is
that

[d¢,d:] =0,

where [, | is the Gerstenhaber bracket.

We say that d; is a jump deformation of d if there is some algebra given by d’ such that d; ~ d’
for all t # 0 in some neighborhood of ¢t = 0.

We say that d; is a smooth deformation if d; ~ dy for t # t’ in some neighborhood of ¢ = 0.

If (6') is a basis for H?, then there is a deformation with multiple parameters t;, called a
versal deformation, which encodes all of the deformations of d. The computability of a versal
deformation makes it possible to determine all jumps and smooth deformations of an algebra
at once. The versal deformation d* is of the form

d® =d + 6'; + ho

where we use the Einstein summation convention for repeated indices.
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CONSTRUCTING THE ALGEBRAS

The Fundamental Theorem of Finite Dimensional Associative Algebras says that if an asso-
ciative algebra structure on a finite dimensional vector space V is non nilpotent, then there is

an exact sequence of algebras
O->M—->V->W-—>0

where M is the maximal nilpotent ideal in V, and W is a semisimple algebra. Over the complex
numbers, we have a stronger result, namely that V = M x W, thatis, V is a semidirect product
of the maximal nilpotent ideal M and a semisimple subalgebra W.

Wedderburn’s Theorem classifies all simple algebras which allows us to construct all semisim-
ple algebras. Previous constructions of moduli spaces of lower dimension give us all possible
nilpotent ideals. Putting these together we can construct all non nilpotent 3|2-dimensional
complex associative algebras.

For Z,-graded algebras, the classical theorem above still holds, but the definition of a division
algebra, which arises in Wedderburn’s Theorem, has to be modified as follows:

Definition. A unital Zy-graded complex algebra is a division algebra if every nonzero homoge-
neous element is invertible.

ExAMPLE OF A VERSAL DEFORMATION

The algebra d»gs is given by the formula dags = 1#3’4 + gbg’5 + gbéll’l + ¢;L,2 + gbg’?’ — gb}’S + gbgA. Its
versal deformation is given by:

4,4 5,5 4,1 4,2 43 15 3,4 3.1 3,2
d°°:1,b4 eVt R U o e B S U o VS o S Rt o 53118

We find there is a relation on the parameters t; and t, that must be satisfied in order for the
expression above to give an associative algebra:

—2t24+2t7 =0

e One solution occurs when t; = t,. In this case, as long as t, # 0, we find the deformation
is isomorphic to

4,4 5,5 3,3 3,1 3,2 1,4
d36:77b4 +17b5 +§b3 +17b1 +¢2 _¢1

e Another solution occurs when t; = —f;. In this case, again as long as t, # 0, we find the
deformation is isomorphic to

44 . 55, .33, 31, 42 15
dp =9, + 95" + Y7 + Y7 + ¢, — Yy

ExAMPLE OF A 3 | 2-DIMENSIONAL ALGEBRA

We have constructed all 617 3 | 2-Dimensional Complex Associative
Algebras in the Moduli Space. Here is an example of one of them:

This is the multiplication structure for the 6th 3|2-dimensional algebra:

U5+ 02 = 09, 02 - U5 = 02, 02 - U2 = U5,

05+ U5 = U5, 04+ 04 = Uy, 03+ 03 = 03,

0301 =01

We represent this algebra structure as the codifferential de.
52 , 425, ,22 55 44 33 3]
de = _Ebz + ‘702 + ¢5 - ¢5 + 1704 + Ebg + ‘Pl

The terms of the algebra correspond to the terms in the codifferential. Notice some of the
terms have minus signs, which do not appear in the original multiplication table. This occurs
because of some subtleties that arise because when we go to the codifferential representation
of an algebra, we reverse the parity of the elements, and some signs of the terms become
reversed.

DEFORMATIONS OF 1|3-DIMENSIONAL ALGEBRAS

This is an example of the end goal of our project. The figure below illustrates how the
moduli space is glued together by deformations for 1|3-Dimensional Algebras. For our
current project, we have deformed roughly 596 out of 617 Algebras in the moduli space of
3|2-dimensional Algebras.
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