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Introduction

In knot theory, a link is a disjoint union of circles
(i.e. components) in 3-dimensional space. A goal of
knot theory is to measure the interaction between the
various components of a link. One measure of the com-
plexity of a link is the complexity of a 2-dimensional
object bounded by this link. One such object is a C-
complex (or clasp-complex). See [1, 2]. We ask
the question, “Given a link, what is the least number of
clasps amongst all C-complexes bounded by that link?”
For two-component links, we have found a precise for-
mula for the minimal number of clasps. In the case of
links of three components, we prove a bound in terms
of a generalization of the classical linking number called
the triple linking number, by relating this problem to
minimal perimeter polyominoes.

Definitions for 2-Components

Link- A collection of curves in R3 that are non-
intersecting and closed. A knot is a link of one compo-
nent.
C-Complex- Given a link L, a C-complex for L =
L1∪ · · ·∪Ln is a collection of smoothly embedded sur-
faces bounded by the components of L which intersect
only in clasps.

A positive (left) and negative (right) clasp of
intersection between two surfaces.

Clasp- An arc in the intersection of two smoothly em-
bedded surfaces F and G in S3 with one endpoint on
the boundary for G and the other on the boundary of
F . Can be denoted as positive or negative.
Linking Number- lk(L1, L2) is given by taking any
C-complex bounded by L1∪L2 and counting the num-
ber of clasps with sign.
Clasp Number- C(L) is the minimum number of
clasps amongst all C-complexes bounded by L.

Examples

Below, we see two link and examples of C-complexes
bounded by these links

The Hopf link and its minimal C-Complex consisting
of two disks. The intersection between these disks is

called a clasp.

The Borromean Rings and a bounded C-Complex
containing four clasps.

What linking number says about
clasps.

Consider the link L = L1 ∪ L2 below and C-complex
F bounded by L. F has two positive clasps and one
negative. Thus, the linking number lk(L1, L2) = 2 −
1 = 1. If L had a C-complex with no clasps, then the
linking number would be zero. Therefore C(L) ≥ 1.
In general,

If L = L1 ∪L2 is a 2-component link then C(L) ≥
| lk(L1, L2)|

It certainly does not look like F can be reduced to have
fewer than 3 clasps. One might guess that C(L) = 3.
However, our first main result says that there is some
other C-complex for this link which has only one clasp.
Therefore, C(L) = 1.

2-Component Theorem

We go through the argument in the case of nonzero
linking number. Let L = L1∪L2 be a 2-component
link.
If the linking number, lk(L1, L2) = 0, then L emits
a C-complex with either 0 or 2 clasps.
If lk(L1, L2) 6= 0 then L emits a C-complex with
|lk(L1, L2)| clasps.

Proof for 2-Component Theorem

If F is a C-complex for L with number of clasps ex-
ceeding | lk(L1, L2)| > 0, then F must contain both
a positive and a negative clasp. If we follow L1 then
there will be some point where there is a positive clasp
followed by a negative clasp. Cancel them as in the
following figure.

This replaces a pair of clasps of intersection with a rib-
bon of intersection (an arc with both endpoints on L1
or both endpoint on L2). Repeating this we remove
clasps until either all clasps are positive or all clasps
are negative. A similar picture to that above can be
used to cancel all ribbon intersections, reducing them
to loops.
Since lk(L1, L2) 6= 0 F must have at least one clasp.
The figure below shows how to absorb all loops of in-
tersection into this clasp.

All that remains is a single clasp of intersection.

Triple Linking number

In [4], there appears a formula for the triple linking
number from a C-complex. As we state the formula for
the triple linking number, we will compute it for the
Boromean rings.
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1 Follow the component L1. Each time you see a clasp
with F2 record x2 (x−1

2 if the clasp is negative).
Each time you see a clasp with F3 record x3 or x−1

3 .
Record this information in a clasp-word, called
ω(L1). In this picture,

ω(L1) = x−1
3 x2x3x

−1
2 .

2 Count with sign how many times you see x2 before
x3 in ω(L1). e23(ω(L1)) = +1

3 Do the same for the other components: e12(L3) = 0,
e31(L2) = 0.

4 The triple linking number is given by summing
these together,

µ123(L) = e12(L3) + e23(L1) + e31(L2) = 1.

Triple Linking Number via
Polyominoes

We explain a procedure which associates to a word w a
curve in the plane which encloses a region whose area
is equal to e12(w). Start at an arbitrary base point
(x, y) in the plane. Each time you encounter x1 in w
travel right a length of 1. When an x−1

1 is encountered
instead travel left. When an x2 or x−1

2 is encountered
travel up or down respectively. Call this path γ12(w)
For instance, when w = x1x2x1x2x

−2
1 x−2

2 , γ12(w) ap-
pears below.

x−2
2
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Notice, the perimeter of this curve is the length of the
word. A straightforward application of Green’s the-
orem from Calculus III reveals that the area of this
region enclosed by the curve is equal to the number of
times you travel horizontally before traveling vertically
(with sign). Summarizing,

Let w be a word in x±i , x±j be a word which contains
the same number of xi’s as x−1

i ’s and the same num-
ber of xj’s as x−1

j ’s. Then γij(w) is a closed curve
in the place. The length of γij(w) is the length of
the word w and the signed area enclosed by γij(w)
is equal to eij(w).

Proof of 3-Component Theorem

Because we can write triple linking number as the area
of a polyomino, our objective becomes finding the mini-
mal perimeter for a polyomino with a given area. Luck-
ily this geometric problem has already been solved: [3].
Within this paper, it is stated that the minimal perime-
ter with a given area n is p(n) = |2d2

√
n e|. Thus, the

minimum number of clasps from one clasp word is equal
to |2d2

√
n e|. Therefore, we can conclude our theorem,

which is the following.
Therefore, if L is a link for which µ123(L) = n then the
three clasp-words for L must have a total length of at
least |2d2

√
n e|, but then every C-complex for L must

have at least |2d2
√
n e| clasps. This proves:

3-Component Theorem

Let L be a 3-component link with vanishing pair-
wise linking numbers. If µijk(L) = n, then
the C-Complex bounded by L must have at least
|2d2
√
n e| clasps.

Possible Future Directions

• Develop a more precise result for three component
links. Does every link with vanishing linking number
and triple linking number n have a C-complex with
precisely |2d2

√
n e| clasps?

• If one considers links of four or more components,
are there constraints on the number of clasps in a
bounded C-complex coming from other tools of knot
theory?

• If one considered links with nonvanishing linking
number, the triple linking number is more
complicated. In the case of three component links
with non-vanishing linking number, what can you
say about the number of clasps in a bounded
C-complex?

References and Acknowledgements

• Department of Mathematics, UWEC.
• Graphics computed and rendered using Inkscape.
• Template created by Philippe Dreuw and Thomas Deselaers of
Jacobs University: Computational Physics and Biophysics Group,
2007.

[1] D. Cimasoni and V. Florens, Generalized Seifert surfaces and signatures of
colored links, Trans. Amer. Math. Soc. 360 (2008), no. 3, 1223–1264.
MR2357695

[2] D. Cooper, The universal abelian cover of a link, Low-dimensional topology
(Bangor, 1979), 1982, pp. 51–66. MR662427

[3] Sascha Kurz, Counting polyominoes with minimum perimeter, Ars Combin.
88 (2008), 161–174. MR2426414

[4] Blake Mellor and Paul Melvin, A geometric interpretation of Milnor’s triple
linking numbers, Algebr. Geom. Topol. 3 (2003), 557–568. MR1997329


