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Abstract 

While the effects of uniform vertical surcharges have been studied extensively (e.g., Spangler 

1956; Jarquio 1981; Georgiadis and Anagnostopoulos 1998; Greco 2006), the induced lateral 

pressures from horizontal (shearing) surcharge and non-uniform vertical surcharges is largely 

unknown. Past researchers (e.g., Steenfelt and Hansen 1983; Georgiadis and Anagnostopoulos 

1998) have both analytically and experimentally found that plastic limit equilibrium solutions 

best predict these induced lateral pressures. Based on the success of plastic solutions predicting 

the response of retaining walls under uniform vertical surcharge loading, a modified limit 

equilibrium methodology was proposed to quantify the pressures from horizontal surcharge and 

non-uniform vertical surcharges. To validate this proposed methodology, a small-scale 

experimental model is constructed and tested. The experimental testing program included 

varying distances from the applied surcharge to the retaining wall and varying the magnitudes of 

these horizontal and vertical surcharges.  

Results revealed that smaller distances, 𝑑𝑑, between the surcharge and the retaining walls and 

larger surcharge magnitudes, 𝑞𝑞ℎ and 𝑞𝑞𝑣𝑣𝑣𝑣, result in higher bending moments due to higher lateral 

pressures. The experimental results were then compared with predictions from the proposed 

plastic solution, a solution based on elasticity theory, and an approximate method discussed in 

Berg et al. (2009) based on the AASHTO LRFD Bridge Design manual. The proposed plastic 

model was found to be the most accurate method of predicting the bending moment response of 

induced stresses from the noise wall surcharge loading for both small and large values of 𝑑𝑑. 

Ultimately, the values of 𝑑𝑑, 𝑞𝑞ℎ, 𝑞𝑞𝑣𝑣𝑣𝑣, and 𝜙𝜙 (friction angle of backfill soil) were determined to 

control the threshold of whether a surcharge will affect a cantilever retaining wall.  
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1   Introduction 

Noise pollution from sources like highway traffic can negatively affect areas adjacent to high-

volume roadways in a variety of ways ranging from human health and to the environmental 

wellbeing of wildlife (Singh et al. 2017; Kaseloo and Tyson 2004). Noise wall barriers provide a 

way to reduce or abate noise pollution from highway traffic by “absorbing, transmitting, 

reflecting noise or forcing it to take a longer path over and around the barrier” (FHWA 2001). 

These barriers come with a substantial cost – Wisconsin alone has spent $91 million since 1981 

for over 60 km of noise barriers (FHWA 2019). As transportation projects get more complex and 

highway traffic volumes increase, greater lengths of noise wall barriers and other abatement 

structures are needed to reduce the effect of traffic noise next to high-volume roadways. An 

example of an implemented noise wall system at the Zoo Interchange in Milwaukee, WI. 

The overall system at the Zoo Interchange studied for this research includes two independent, but 

interrelated, elements (Figure 1.1): the noise wall and the earth retention system. The noise wall 

includes the noise barrier fixed to an anchor (i.e., sleeper) slab. The noise wall in Figure 1.2a 

carries two types of distributed loads to the underlying soil: vertical dead load from self-weight 

of the noise barrier and sleeper slab and horizontal loads from wind acting on the noise barrier 

portion. Since the resultant of the distributed wind load acts at a height above the base of the 

noise wall system, the wind also produces an overall moment that ultimately produces a linearly 

varying, distributed soil load in the vertical direction. These distributed loads are then 

transmitted to the underlying soil within the backfill portion of the retaining wall (Figure 1.2b).  
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Concrete Footing 

Dead Load 

Moment from Wind Load 

Wind Load 

Dead Load 

Effect of Moment 

Wind Load 

Figure 1.2. Noise wall system (a) external load sources from self-weight and wind and (b) 
loading effects from noise wall to underlying soil. 

(a) (b) 

Wood Lagging 

Noise Barrier  

Anchor Slab 

Steel Soldier Beam 

Roadway 

Figure 1.1. Schematic of the Zoo Interchange (Milwaukee, WI) combined 
noise wall system and soldier beam and lagging retaining wall system. 
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The soldier beam and lagging wall supporting a noise wall system at the Zoo Interchange 

includes steel soldier piles, wood lagging, and the concrete footing shown in Figure 1.1. The 

system is a flexible type of retaining wall, which relies on a portion of the retaining wall 

cantilevered into soil below the excavation depth to support the retained soil. The wood lagging 

retains the backfill and transfers the soil pressure to the soldier beam and concrete footing below. 

Finally, the concrete footing is supported by the soil within the excavation to stabilize the entire 

system. While the noise wall and retaining wall systems are independent from one another, the 

reactions from the noise wall system are supported by the backfill of the retaining wall and 

therefore affects the overall stability of the earth retention system. 

While the effects of vertical surcharge on earth retention systems, like that of dead load from a 

noise wall system, have been studied rather extensively (Rowe 1952; Georgiadis and 

Anagnostopoulos 1998; Greco 2006; etc), the effect of horizontal surcharges and moments are 

relatively unknown. Two known design methods—an elastic method and an approximate method 

from AASHTO (Berg et al. 2009)—do not appear to accurately account for horizontal loads and 

moments applied to flexible retaining walls (discussed in detail in Chapter 2). To ensure both 

safe and economical designs of retaining wall systems, the effect of all three contributing 

surcharge load types need to be considered, in addition to the lateral earth pressures from the 

self-weight of the soil. The goal of this research project is to quantify the induced horizontal 

stresses from these surcharges on the retaining wall system. This will be accomplished by first 

developing a plastic solution and then testing this solution with experimental testing. 
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2   Background 

2.1 Effective Horizontal Stresses under Ko, Ka, and Kp conditions 

Stresses of soil beneath the earth’s surface vary according to depth and other factors including 

but not limited to the presence of nearby structures, soil type, and soil unit weight. Figure 2.1 

shows a soil element below the ground surface. The amount of stress that the system of soil 

particle structure supports in the vertical direction, i.e., the vertical effective stress, is equal to: 

𝜎𝜎′𝑣𝑣 = 𝜎𝜎𝑣𝑣 − 𝑢𝑢𝑤𝑤 = ��𝛾𝛾𝑚𝑚𝑧𝑧𝑚𝑚
𝑚𝑚

� − 𝑢𝑢𝑤𝑤 (1) 

where 𝜎𝜎𝑣𝑣 is the total stress due to self-weight of the soil particles above the soil element and 𝑢𝑢𝑤𝑤 

is the pressure of water between the soil particles within the soil element.  Total stress, 𝜎𝜎, is 

equal to the sum of 𝛾𝛾𝑚𝑚𝑧𝑧𝑚𝑚 where 𝛾𝛾𝑚𝑚 is equal to the unit weight and 𝑧𝑧𝑚𝑚 is the thickness of soil layer, 

𝑖𝑖, above the point of interest.  

𝜎𝜎𝑣𝑣′  

𝜎𝜎𝑣𝑣′  

𝜎𝜎ℎ′  𝜎𝜎ℎ′  

Figure 2.1. Effective stress in the vertical and horizontal 
directions on a soil element below the ground surface. 

𝑧𝑧 
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In the absence of any water in the void spaces between particles, 𝑢𝑢𝑤𝑤 is equal to zero and 𝜎𝜎𝑣𝑣′ =

𝜎𝜎 = ∑ 𝛾𝛾𝑚𝑚𝑧𝑧𝑚𝑚𝑚𝑚 . The effective stress in the horizontal direction, 𝜎𝜎ℎ′ , is equal to the vertical effective 

stress multiplied by the lateral earth pressure coefficient, 𝐾𝐾, resulting in: 

𝜎𝜎ℎ′ = 𝐾𝐾𝜎𝜎𝑣𝑣′ (2) 

The value of 𝐾𝐾 is variable depending on how the soil is loaded with three important values: 𝐾𝐾𝑣𝑣, 

𝐾𝐾𝑎𝑎, and 𝐾𝐾𝑝𝑝. The first of these values, 𝐾𝐾𝑣𝑣, is the value for soil under no lateral strain (i.e., at rest). 

If lateral confinement is gradually removed, lateral strain develops and the value for 𝐾𝐾 and 𝜎𝜎ℎ′  

are decreased. Eventually the soil element will fail when 𝐾𝐾 = 𝐾𝐾𝑎𝑎, the active coefficient of lateral 

earth pressure. Conversely, if lateral confinement is slowly increased, the value of 𝐾𝐾 and 𝜎𝜎ℎ′  will 

increase until failure when 𝐾𝐾 = 𝐾𝐾𝑝𝑝. With these cases in mind, 𝐾𝐾𝑎𝑎 ≤ 𝐾𝐾 ≤ 𝐾𝐾𝑝𝑝 and the actual value 

of K can be anywhere between the two boundaries and is dependent on the amount of lateral 

strain the particular soil element has experienced.  

2.2 Lateral Earth Pressures for Retaining Walls 

In the case of retaining walls, researchers have proposed several methods to model the 

distribution of lateral pressure for design. Atkinson (2007) discusses the solution that Coulomb 

𝛼𝛼 

𝑧𝑧 

𝑊𝑊 

𝑃𝑃 
𝑅𝑅 

𝜙𝜙 

Figure 2.2. Coulomb solution for active state of failure for 
retaining wall under loading from self-weight of soil. 
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developed in 1776. Coulomb’s solution provided a method to calculate the lateral thrust along a 

retaining wall by solving the force equilibrium of a soil wedge with an assumed planar failure 

surface. Figure 2.2 shows the active failure case where the failure wedge, inclined off of the 

horizontal plane at some angle, 𝛼𝛼, is exerting a horizontal thrust, 𝑃𝑃, onto the retaining wall. 

Coulomb’s original model also assumes 1) a frictionless retaining wall 2) a horizontal backfill, 

and 3) a vertical retaining wall face. The rigid block with a weight, 𝑊𝑊, is in equilibrium with the 

reaction between the wedge and the surrounding soil, 𝑅𝑅, and the reaction between the failure 

wedge and the retaining wall, 𝑃𝑃. Solving the equilibrium equation for 𝑃𝑃 results in an equation in 

terms of 𝛼𝛼: 

P =
1
2
γz2

1
tan(α)

sin(α − ϕ)
cos(α − ϕ) =

1
2
γz2

1
tan(α) tan(α − ϕ) =

1
2
γz2𝑓𝑓(α)g(α) (3) 

where 𝑓𝑓(𝛼𝛼) = 1
tan(𝛼𝛼) and 𝑔𝑔(𝛼𝛼) = tan (𝛼𝛼 − 𝜙𝜙).  

These two competing terms exist within the function in Equation 3: the function 𝑓𝑓(𝛼𝛼), is related 

to the lateral extent of the failure wedge, and the load transfer function g(α), relates how much 

of the self-weight of the wedge is transferred to the thrust, 𝑃𝑃. These two functions are inversely 

related:  𝑓𝑓(𝛼𝛼) decreases as the wedge inclination angle, 𝛼𝛼, increases and  𝑔𝑔(𝛼𝛼) increases as 𝛼𝛼 

increases. When these two terms are multiplied, they form the lateral earth pressure coefficient, 

𝐾𝐾(𝛼𝛼) = 𝑓𝑓(𝛼𝛼)𝑔𝑔(𝛼𝛼). A graphical example of the dependency of 𝑓𝑓(𝛼𝛼),𝑔𝑔(𝛼𝛼), and 𝐾𝐾(𝛼𝛼) on 𝛼𝛼 is 

shown in Figure 2.3 for 𝜙𝜙 = 30° and 𝛿𝛿 = 0°. As expected, the critical wedge inclination angle, 

𝛼𝛼𝑐𝑐, that produces the maximum value of 𝐾𝐾(𝛼𝛼) occurs at 45° + 𝜙𝜙
2

= 60°, precisely the same value 

as Coulomb and Rankine had independently calculated using upper and lower bound solutions, 

respectively.  



14 
 

Alternatively, the maximum value of thrust exerted by the soil onto the wall, 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚, can be 

determined analytically by differentiating Equation 3 with respect to 𝛼𝛼 and setting equal to zero; 

that is: 𝑑𝑑𝑑𝑑
𝑑𝑑𝛼𝛼

= 0 where: 

𝑑𝑑𝑃𝑃
𝑑𝑑𝛼𝛼

= 0 =
1
2
𝛾𝛾𝑧𝑧2[cot(α) sec2(𝛼𝛼 − 𝜙𝜙) − csc2(𝛼𝛼) tan(𝛼𝛼 − 𝜙𝜙)] (4)  

0 = [cot(α) sec2(𝛼𝛼 − 𝜙𝜙) − csc2(𝛼𝛼) tan(𝛼𝛼 − 𝜙𝜙)] 

Solving Equation 4 yields a maximum P when 𝛼𝛼𝑐𝑐 = 45° + 𝜙𝜙
2
, precisely the same value 

independently determined by the Coulomb and Rankine. Note for Equation 4 that the value of 𝛼𝛼𝑐𝑐 

is only dependent on 𝜙𝜙, and therefore is independent of 𝑧𝑧 and 𝛾𝛾. Equation 3 can then be rewritten 

so that: 

Figure 2.3. Effect of inclination angle,𝛼𝛼, on the 
functions 𝑓𝑓(𝛼𝛼), 𝑔𝑔(𝛼𝛼), and 𝐾𝐾(𝛼𝛼) 
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𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚 =
1
2
𝛾𝛾𝑧𝑧2f(αc)g(αc) =

1
2
𝛾𝛾𝑧𝑧2

tan �45° + 𝜙𝜙
2 − 𝜙𝜙�

tan �45° + 𝜙𝜙
2�

=
1
2
𝛾𝛾𝑧𝑧2 tan2 �45° −

𝜙𝜙
2
� =

1
2
𝛾𝛾𝑧𝑧2𝐾𝐾𝑎𝑎𝑎𝑎 (5) 

where 𝐾𝐾𝑎𝑎𝑎𝑎 is the active earth pressure coefficient according to Coulomb’s theory.  

Coulomb also developed a similar approach for the passive case, shown in Figure 2.4, where the 

soil resists a thrust P. Solving for equilibrium results in the expression for thrust: 

𝑃𝑃 =
1
2
𝛾𝛾𝑧𝑧2 cot(𝛼𝛼) tan(𝛼𝛼 + 𝜙𝜙) (6) 

To find the plane resulting in the minimum resistive thrust, 𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚, the derivative of Equation 6 

can be taken with respect to 𝛼𝛼 and set to zero; that is: 

𝑑𝑑𝑃𝑃
𝑑𝑑𝛼𝛼

= 0 =
1
2
𝛾𝛾𝑧𝑧2[cot(α) sec2(𝛼𝛼 +𝜙𝜙) − csc2(𝛼𝛼) tan(𝛼𝛼 + 𝜙𝜙) (7) 

0 = [cot(α) sec2(𝛼𝛼 +𝜙𝜙) − csc2(𝛼𝛼) tan(𝛼𝛼 + 𝜙𝜙)] 

Solving Equation 7, 𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚 occurs when 𝛼𝛼 = 𝛼𝛼𝑐𝑐 = 45° − 𝜙𝜙
2
.  Using 𝛼𝛼 = 𝛼𝛼𝑐𝑐 for Equation 6, 𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚 

can be solved as: 

𝛼𝛼 

𝑧𝑧 

𝑊𝑊 

𝑃𝑃 
𝑅𝑅 

𝜙𝜙 

Figure 2.4. Coulomb solution for passive state of failure 
for retaining wall under loading from self-weight of soil. 
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𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚 =
1
2
𝛾𝛾𝑧𝑧2

tan �45° − 𝜙𝜙
2 + 𝜙𝜙�

tan �45° − 𝜙𝜙
2�

=
1
2
𝛾𝛾𝑧𝑧2 tan2 �45 +

𝜙𝜙
2
� =

1
2
𝛾𝛾𝑧𝑧2𝐾𝐾𝑝𝑝𝑎𝑎  (8) 

where 𝐾𝐾𝑝𝑝𝑎𝑎 denotes the passive earth pressure coefficient derived from Coulomb’s theory.   

The previous assumption that the wall is frictionless is in contrast to evidence, as significant 

friction can develop at the interface between the wall and soil (Naval Facilities Engineering 

Command 1982; United States Steel 1984). This interfacial friction, 𝛿𝛿, inclines the thrust, 𝑃𝑃, as 

shown in Figure 2.5.  Solving for equilibrium gives the following equation for 𝑃𝑃: 

𝑃𝑃 =
1
2
𝛾𝛾𝑧𝑧2𝑓𝑓(𝛼𝛼)𝑔𝑔(𝛼𝛼) (9) 

where 𝑔𝑔(𝛼𝛼) = sin(𝛼𝛼−𝜙𝜙)
cos(𝛼𝛼−𝛿𝛿−𝜙𝜙). 

The values of 𝐾𝐾𝑎𝑎 and 𝐾𝐾𝑝𝑝 can be modified according to the model proposed by Poncelet (1840): 

𝐾𝐾𝑎𝑎 =
cos2(𝜙𝜙)

cos(𝛿𝛿) �1 + �sin(𝜙𝜙 + 𝛿𝛿) sin(𝜙𝜙)
cos(𝛿𝛿) �

1
2
�

2 (10)
 

𝛼𝛼 

𝑧𝑧 

𝑊𝑊 

𝑃𝑃 𝑅𝑅 
𝜙𝜙 

Figure 2.5. Coulomb solution for active state of failure 
considering friction between retaining wall and soil. 

𝛿𝛿 
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𝐾𝐾𝑝𝑝 =
cos2(𝜙𝜙)

cos(𝛿𝛿) �1 − �sin(𝜙𝜙 + 𝛿𝛿) sin(𝜙𝜙)
cos(𝛿𝛿) �

1
2
�

2 (11)
 

where 𝛿𝛿 is the interfacial friction angle between the retaining wall and the soil. This interfacial 

friction causes the failure surface to curve and, therefore the assumption of a planar failure 

surface deviates from reality (United States Steel 1984). For the active case, the curving effect is 

negligible and the planar failure surface assumption results in insignificant errors compared to 

the curved surface (Brinch Hansen 1953), as Figure 2.6 illustrates. For the passive case, 

however, the calculated pressures may be more than 50% greater than the values derived from a 

curved failure surface. To account for the large difference for the passive case, Caquot and 

Kerisel (1948) developed approximate correction factors for the passive earth pressure 

coefficient presented by Coulomb’s solution, 𝐾𝐾𝑝𝑝𝑎𝑎. In light of this, straight-line failure surfaces 

will be assumed for active pressures and passive earth pressure coefficients will be corrected. 

One major drawback to Coulomb’s original theory is that the solution yields the force from the 

Coulomb 

Actual 

Active Wedge 

Passive Wedge 

Figure 2.6. Actual  failure surface (solid line) vs. the assumed  
planar failure surfaces from Coulomb’s theory (after Terzaghi 

1954). 



18 
 

soil wedge, not stress, along the wall since the concept of stress had not yet been derived for soil 

mechanics applications in the 18th century. This issue will be discussed in later sections.  

Atkinson (2007) also discusses the theory from Rankine (1857) that offers a solution for lateral 

earth pressure distribution by way of a lower bound solution, satisfying plastic equilibrium while 

not violating Coulomb’s failure criterion. Rankine’s theory employs the use of stress states to 

develop lateral earth pressure. If a soil element is initially in the at rest condition, the vertical and 

horizontal stresses are equal to 𝜎𝜎𝑣𝑣′  and 𝐾𝐾𝑣𝑣𝜎𝜎𝑣𝑣′ , respectively. These stresses are plotted in Mohr 

space in Figure 2.7, with the initial stress state plotted as circle AB. Line OF represents the 

Coulomb’s failure criterion, inclined at an angle equal to the friction angle, 𝜙𝜙, relative to the 

effective stress axis.  

At the initial stress state, the soil is at a stable state since the Mohr’s circle is below the failure 

criterion. The soil along the wall on the backfill side of a retaining wall will have a constant 𝜎𝜎𝑣𝑣′  

and a decreasing 𝜎𝜎ℎ′  as soil is excavated, causing a decrease in confinement of the backfill soil. 

This decrease in 𝜎𝜎ℎ′  increases the deviatoric stress, Δ𝜎𝜎 = 𝜎𝜎1′ − 𝜎𝜎3′ = 𝜎𝜎𝑣𝑣′ − 𝜎𝜎ℎ′ , causing the Mohr’s 

circle to increase in diameter. This decrease in 𝜎𝜎ℎ′  will occur until circle AC touches the failure 

criterion at Point D. The horizontal effective stress at this point can be computed using geometry, 

with a resulting 𝜎𝜎ℎ′ = 𝐾𝐾𝑎𝑎𝜎𝜎𝑣𝑣′ = 1−sin (𝜙𝜙)
1+sin(𝜙𝜙)𝜎𝜎𝑣𝑣

′ , meaning the soil is at the active failure state of failure.  



19 
 

If, instead, the wall is applying pressure to the soil, as is the case for the excavation side of 

cantilever walls below the excavation, 𝜎𝜎ℎ′  will increase until failure when circle AG is tangent to 

the failure criterion at point F. The horizontal effective stress can be computed as 𝜎𝜎ℎ′ = 𝐾𝐾𝑝𝑝𝜎𝜎𝑣𝑣′ =

1+sin (𝜙𝜙)
1−sin(𝜙𝜙)𝜎𝜎𝑣𝑣

′  (i.e., the soil is the passive state of failure). It is important to note that because 

Coulomb’s upper-bound solution and Rankine’s lower-bound solution are equal in the case of no 

wall friction, wall inclination, or backfill inclination, the true solution has been found for these 

conditions.  

Since 𝐾𝐾𝑎𝑎 and 𝐾𝐾𝑝𝑝 are constants (assuming the friction angle is constant), applying the Coulomb/ 

Rankine model results in a linear stress distribution with depth on both the backfill and 

excavation sides of a cantilever retaining wall, shown in Figure 2.8. Since both the Rankine and 

Coulomb models were developed for the gravity walls, the active and passive pressures are 

assumed to increase to the end of the retaining wall. This assumption is not valid for flexible 

𝜙𝜙 

𝝉𝝉 

𝝈𝝈′ 𝑂𝑂 
𝐵𝐵 𝐴𝐴 𝐶𝐶 

𝐷𝐷 

𝐸𝐸 

Figure 2.7 Rankine failure states for active failure (circle AC) and passive failure 
(circle AG). Line OF represents the Coulomb’s failure line and points D and E 

represent failure plane for active and passive failure states, respectively. 

𝐹𝐹 

𝐺𝐺 
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cantilever walls, however, since force and moment equilibrium cannot simultaneously be 

satisfied under the pressure distribution in Figure 2.8.  

To achieve both force and moment equilibrium, Bica and Clayton (1989) compiled a number of 

limit equilibrium solutions. The first of these solutions came from Engel (1903) suggested the 

net earth pressure distribution shown by Figure 2.9 based on experimental results, with a 

parabolic net pressure distribution below the excavation (Figure 2.9a) in force and moment 

equilibrium with the active earth pressure distribution (Figure 2.9b). Although Engel’s method 

provides sufficient limit equilibrium, the model appears to have no theoretical or experimental 

basis and no explicit solution was provided, so the application of this method is questionable.  

ℎ 

Excavation Side Backfill Side 

Active Pressure 

Passive Pressure 

Figure 2.8. Assumed lateral earth pressure for flexible cantilever retaining walls 
according to Coulomb or Rankine theories. Note that for this assumed pressure 

distribution does not satisfy moment equilibrium. 

𝜎𝜎ℎ′ = 𝐾𝐾𝑎𝑎𝛾𝛾𝑧𝑧 

𝜎𝜎ℎ′ = 𝐾𝐾𝑝𝑝𝛾𝛾(ℎ − 𝑧𝑧) > 0 

𝑧𝑧 

Figure 2.9. Engel’s Method for net earth pressure (a) parabolic net pressure 
distribution below excavation (b) active pressure on backfill side of wall (after 

Bica and Clayton, 1989) 

(a) (b) 
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In light of the limitations of Engel’s solution, a rectilinear solution was initially proposed by 

Krey (1932) and modified by many including King (1995), whose model is shown in Figure 

2.10. The lateral earth pressure distribution above the excavation, i.e., for pressure distributions 

from 0 ≤ 𝑧𝑧 ≤ ℎ, presented in this model is identical to that of the Rankine model, where lateral 

earth pressure, 𝜎𝜎ℎ,𝐴𝐴
′ , is equal to 𝐾𝐾𝑎𝑎𝛾𝛾𝑧𝑧 toward the excavation. Below the excavation, however, 

King’s model begins to deviate from the Rankine and Coulomb models as well as other 

rectilinear net pressure models. King’s model assumes that below the excavation, the net 

pressure on the backfill side of the retaining wall decreases to zero at a depth of 𝑧𝑧 = ℎ + 𝑥𝑥. 

Below this point, the net pressure begins to increase in the direction toward the backfill up to 

maximum pressure, 𝑝𝑝1 at 𝑧𝑧 = ℎ + 𝑦𝑦. Due to an overall rotation of the wall (counterclockwise in 

Figure 2.10), the net pressure distribution begins to decrease to value of zero at 𝑧𝑧 = ℎ + 𝑦𝑦. The 

net pressure then increases in the direction of the excavation to a value 𝑝𝑝2 at the bottom of the 

retaining wall. 

 

ℎ 

𝑦𝑦 

𝑑𝑑 

𝜀𝜀 𝑝𝑝2 

𝑥𝑥 

𝑝𝑝1 

Figure 2.10. Rectilinear net pressure distribution first proposed by 
Krey (1932) and later modified by others including King (1998) 

𝑧𝑧 

𝑝𝑝𝐴𝐴 
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Several of the variables in Figure 2.10 can be solved using knowledge from previous methods 

and similar triangles. The value of 𝑝𝑝𝐴𝐴 can be determined by making the assumptions as previous 

methods, where  

𝑝𝑝𝐴𝐴 = 𝐾𝐾𝑎𝑎𝛾𝛾ℎ (12) 

Through similar triangles, 𝑝𝑝1 and 𝑝𝑝2 can also be determined: 

𝑝𝑝1 = 𝑝𝑝𝐴𝐴
𝑦𝑦 − 𝑥𝑥
𝑥𝑥

(13) 

𝑝𝑝2 =
𝜀𝜀𝑝𝑝1

𝑑𝑑 − 𝜀𝜀 − 𝑦𝑦
(14) 

By solving forces in the horizontal direction and normalizing ℎ, 𝑥𝑥, 𝑦𝑦 and 𝜀𝜀 with respect to 𝑑𝑑, i.e., 

ℎ′ = ℎ
𝑑𝑑

, 𝑥𝑥′ = 𝑚𝑚
𝑑𝑑

, 𝑒𝑒𝑒𝑒𝑒𝑒., two equations can be determined with three unknowns using both force and 

moment equilibrium: 

𝑥𝑥′ =
𝑦𝑦′[(1 − 2𝜀𝜀′) − 𝑦𝑦′(1 − 𝜀𝜀′)]

ℎ′(1 − 𝜀𝜀′ − 𝑦𝑦′) − 𝑦𝑦′2 + (1 − 2𝜀𝜀′)
(15) 

0 = [(1 − 𝜀𝜀′)ℎ′ + (1 − 2𝜀𝜀′)]𝑦𝑦′2 + [(1 − 𝜀𝜀)ℎ′2 − (1 − 3𝜀𝜀′)]𝑦𝑦′ − [(1 − 2𝜀𝜀′)ℎ′2 + (1 − 3𝜀𝜀′)ℎ′](16) 

For a given normalized excavation height, ℎ′, and assuming an empirical value of 𝜀𝜀′ = 0.35 

based off experimental data, 𝑦𝑦′ and 𝑥𝑥′ can be determined from Equations 15 and 16. This net 

pressure distribution was found to be in good agreement with centrifuge testing of a small-scale 

model (King 1995) and therefore appears to be the best method for quantifying lateral earth 

pressures due to soil self-weight for flexible cantilever retaining walls. As the method from King 

(1995) shows, the lateral earth pressures in the embedded portion of the wall near the bottom of 
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sheet pile are considerably more complex than the portion exposed to the excavation at the top of 

the pile where the method coincides with traditional Coulomb and Rankine theories.  

An assumption from every method discussed in this section is that the soil is in a state of failure 

for earth pressure, either active or passive. In practicality, however, retaining walls obviously 

must be designed against failure, thus neither active nor passive earth pressures can fully 

characterize the entire pressure distribution along the wall. Figure 2.11 shows the earth pressure 

distribution on both sides of the wall taking into account for the actual movements of the 

retaining wall. Since the wall is designed with a significant factor of safety, wall movements will 

be limited, and the earth pressure distribution will deviate from the active/passive pressures to 

the at rest earth pressure, 𝐾𝐾𝑣𝑣. As was the case for the method from King (1995), the pressure 

distributions become significantly more complex as depth increases below the elevation of the 

excavation. Due to this complexity, the focus of this research will be on the portion of the 

flexible cantilever retaining wall that is exposed to the excavation and just below excavation, 

where the actual earth pressure on the excavation side of the wall is in the passive failure 

condition, 𝐾𝐾𝑝𝑝, in Figure 2.11.    

𝐾𝐾𝑣𝑣 𝐾𝐾𝑣𝑣 𝐾𝐾𝑝𝑝 𝐾𝐾𝐴𝐴 

Figure 2.11. Stress distribution along a cantilever wall accounting for actual 
ground movements (after Atkinson 2007). 
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The movement of the walls described in Figure 2.11 is dependent on the flexibility of the wall. 

Terzaghi (1954) discussed that walls that are more flexible would have different properties than 

walls that are more rigid. This postulate was confirmed by small-scale testing by Rowe (1952). 

While Rowe (1952) and Terzaghi (1954) pertain to anchored walls, Bowles (1996) asserted that 

these flexibility dependencies are just as relevant for cantilever walls. Figure 2.12 shows the 

difference in the deflected shape of the walls depending on their flexibility. Figure 12a depicts a 

more flexible wall where only bending is present, and no rotation occurs. At some depth, a point 

of fixity is reached, and no net pressure or wall movement occurs below this depth. This scenario 

is commonly referred to as the “fixed-earth” support case (Rowe 1952; Terzaghi 1954; Bowles 

1996). The corresponding bending moment is qualitatively shown with negative bending 

moments below the point of fixity. Conversely, Figure 12b shows a more rigid wall where minor 

Deflected 
Shape  

Deflected 
Shape  

Points 
of 

Fixity 

Flexible Rigid 

Bending 
Moment  Bending 

Moment  

Figure 2.12. Effect of wall flexibility on the deflected shape and bending moment of (a) 
more flexible wall with fixed-earth support and (b) more rigid wall with free-earth support. 

(a) (b)
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bending occurs and wall rotation dominates the overall movement. At some depth, a point of 

fixity is reached that acts as an axis of rotation. Below this point of rotation, wall movement and 

net pressure are present, unlike the flexible walls. This scenario is commonly referred to as the 

“free-earth” support case (Rowe 1952; Terzaghi 1954; Bowles 1996). The earth pressures 

presented in Figure 2.10 from King (1995) assume the free earth support. 

Important similarities and differences can be observed between the fixed- and free-earth support 

scenarios. First, both methods assume identical earth pressures and bending moments on the 

backfill side of the wall above the elevation of the excavation since the deflections of the wall 

are assumed to be in the active state. Below the elevation of the excavation, however, the two 

assumptions diverge. For the fixed earth support, the maximum bending moment is both less in 

magnitude and shallower in location compared to the free-earth support. The lower magnitude of 

maximum moment is because the more flexible wall allows for greater wall movement. This wall 

movement allows the soil to reach the passive earth pressure condition at shallower depths, 

resulting in lower bending moments (Rowe 1952).  

To quantify the relative flexibility of the cantilever retaining wall, Rowe (1952) proposed the 

dimensionless flexibility number, 𝜌𝜌, given as: 

𝜌𝜌 =
𝐿𝐿4

𝐸𝐸𝐸𝐸
(17) 

where 𝐿𝐿 is the full length of the sheet pile, 𝐸𝐸 is the Young’s modulus of the wall material, and 𝐸𝐸 

is the area moment of inertia of the sheet pile wall.  

In addition to wall flexibility, the compressibility of the soil plays an important role in whether 

the cantilever wall will model the fixed- or free- earth support scenario. Soil with higher 
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compressibility or lower relative density require higher wall flexibility to achieve the fixed-

support scenario (Rowe 1952). Together, the value of 𝜌𝜌 and the compressibility/relative density 

of the soil determine whether the cantilever wall will behave as the free- or fixed-earth support 

scenario.  

Up to this point, only loading due to the self-weight of the soil has been discussed. In many 

cases, however, significant surcharge loading on the backfill portion of the retaining wall is 

present. These surcharge loads can add substantial stresses to a retaining wall, so their effect 

must be properly quantified.          

2.3 Retaining Walls under Surcharge Loading 

In addition to the loading on the retaining wall due to self-weight, surcharge loading above the 

excavation is common and may contribute to significant pressures and bending moments in the 

retaining wall. Several different methods for quantifying the resultant lateral earth pressures from 

surcharge loading are discussed in the following section. 

2.3.1 Elastic Solutions 

Elastic methods to quantify lateral earth pressure due to surcharge loading involve the 

assumption that, while deformation will occur to the soil adjacent to surcharge loading and the 

retaining wall, no soil failure occurs. The method also assumes stresses are directly proportional 

to strains through constitutive equations (i.e., generalized Hooke’s law). Most elastic methods 

pertaining to surcharge loads on retaining walls appear to be based on the original Boussinesq’s 

solution for vertical stresses from point loads. Boussinesq’s original solution is given by 

Equation 17.  
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𝜎𝜎ℎ =
𝑃𝑃

2𝜋𝜋
�

3𝑟𝑟2𝑧𝑧
𝑅𝑅5

−
1 − 2𝜇𝜇
𝑅𝑅(𝑅𝑅 + 𝑧𝑧)�

(18) 

where 𝜇𝜇 is the Poisson’s ratio of the material under loading and other variables are defined in 

Figure 2.12. Equation 18 can then be applied along a vertical line to estimate to estimate the 

induced pressures applied to the imagined retaining wall. Boussinesq’s solution can also be 

integrated to model strip loads and the value of P can be varied to model non-uniform surcharge 

magnitudes. Three such Boussinesq-based solutions will be presented here.   

Poulos and Davis (1974) compiled several of these Boussinesq-based elastic solutions for 

modelling the effect of distributed loading on points at some depth and/or lateral distance away 

from the loading areas on a semi-infinite medium. Figure 2.13 depicts loading from (a) vertical 

loading, (b) horizontal (shear) loading, and (c) linearly varying vertical loading. The induced 

horizontal stresses from each of these distributed loading scenarios can be calculated using 

Equation 19a to 19c, respective to Figure 2.13a to 2.13c (The parameters of the equations are 

defined in Figure 2.14):  

R 
x 

X 

z 

r 
𝜎𝜎ℎ 

y 

Y 

Z 

P 

Figure 2.13. Boussinesq’s solution for a point load on an elastic 
material. 
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𝜎𝜎𝑚𝑚,𝑝𝑝 =
𝑞𝑞𝑣𝑣
𝜋𝜋

[𝛼𝛼 − sin(𝛼𝛼) cos(𝛼𝛼 + 2𝛿𝛿)] (19𝑎𝑎) 

𝜎𝜎𝑚𝑚,𝑞𝑞 =
𝑞𝑞ℎ
𝜋𝜋
�ln �

𝑅𝑅1
𝑅𝑅2
� − sin(𝛼𝛼) sin(𝛼𝛼 + 2𝛿𝛿)� (19𝑏𝑏) 

𝜎𝜎𝑚𝑚,𝑚𝑚 =
𝑚𝑚
2𝜋𝜋

�
𝑥𝑥
𝑏𝑏
𝛼𝛼 −

𝑧𝑧
𝑏𝑏

ln�
𝑅𝑅12

𝑅𝑅22
� + sin(2𝛿𝛿)� (19𝑒𝑒) 

As was the case for the general Boussinesq’s solution, Equation 19 can then be applied along a 

vertical line to estimate the induced pressures that the imagined retaining wall would feel. 

Because these solutions are intended for semi-infinite space, the assumed conditions for lateral 

confinement are different than that of a retaining wall, which may lead to significant errors. To 

get the complete lateral earth pressure, accounting for both the self-weight of the soil and the 

surcharge, Jarquio (1981) stated that the induced horizontal stress from elastic solutions can then 

simply be added to the lateral earth pressure from self-weight via Coulomb or Rankine theories 

(see the previous section for full discussion).  

For the case of uniform vertical surcharge (i.e., Equation 19a), several experimental studies have 

been performed to test the validity of the application of elastic solutions. Results from Spangler 

𝑞𝑞𝑣𝑣 𝑢𝑢𝑛𝑛𝑖𝑖𝑒𝑒 𝑎𝑎𝑟𝑟𝑒𝑒𝑎𝑎⁄  

2𝑏𝑏 

𝛼𝛼 

𝑧𝑧 (𝑥𝑥, 𝑧𝑧) 

𝛿𝛿 
𝑥𝑥 

2𝑏𝑏 

𝑚𝑚 𝑢𝑢𝑛𝑛𝑖𝑖𝑒𝑒 𝑎𝑎𝑟𝑟𝑒𝑒𝑎𝑎⁄  

𝛼𝛼 

𝑧𝑧 (𝑥𝑥, 𝑧𝑧) 

𝛿𝛿 
𝑥𝑥 

𝑅𝑅1 
𝑅𝑅2 

𝑞𝑞ℎ 𝑢𝑢𝑛𝑛𝑖𝑖𝑒𝑒 𝑎𝑎𝑟𝑟𝑒𝑒𝑎𝑎⁄  

2𝑏𝑏 

𝛼𝛼 

𝑧𝑧 (𝑥𝑥, 𝑧𝑧) 

𝛿𝛿 
𝑥𝑥 

Figure 2.14. Schematic diagram of elastic solutions for (a) Uniform Vertical Loading (b) 
Uniform Horizontal Loading and (c) Vertical Loading Increasing Linearly (after Poulos and 

Davis 1974) 

(a) (b) (c) 

𝑅𝑅1 
𝑅𝑅2 
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(1956) produced results with values twice than that from Boussinesq’s solution for uniform 

vertical surcharge loads given by Equation 19a. Thus, these results suggest the induced pressures 

from the vertical surcharge be modified by a factor of two:   

𝜎𝜎ℎ =
2𝑞𝑞𝑣𝑣
𝜋𝜋

(𝛽𝛽 − sin(𝛽𝛽) cos(2𝛼𝛼)) (20) 

The validity of implementing the modifying factor in Equation 20 has seen mixed opinions 

amongst researchers. Terzaghi (1954) suggests that the doubled magnitude in pressure can be 

explained by the rigidity of the wall producing a mirroring effect of a load placed in front of the 

wall. Bowles (1996) dismissed this explanation, saying that the mirror load described by 

Terzaghi (1954) would effectively cancel the pressures from the real load, not double it. Bowles 

(1996) suggested that the cause of the high observed stress magnitudes may be due to limitations 

in the setup and sensors at the time of the experiment and parameters like Poisson’s ratio and 

state (dense or loose) will have a significant effect on the induced lateral earth pressure from 

surcharge loading. In light of these mixed conclusions from previous work, the application of 

elastic solutions appears questionable. 

More recently, Wang (2005) developed elastic solutions to quantify the effects of horizontal and 

vertical surcharge loads while also accounting for cross-anisotropy of the backfill. The solutions 

include uniform, linearly varying, and non-linearly varying surcharges that can be superimposed 

to account for more complex surcharge loading. Although these solutions allow for quantifying a 

wide variety of surcharges, the process of determining the induced stresses along the wall are 

complex, cumbersome, and require the input of many elastic parameters, many of which are well 

beyond the scope of most geotechnical investigations. In light of these limitations, the practical 

use of these solutions from this study seem infeasible and are beyond the scope of this thesis. 
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Although elastic models provide simple equations for quantifying the effect of surcharges on 

retaining walls, there are several shortcomings of applying elastic solutions to yielding retaining 

walls. First, elastic methods fail to account for soil strength (𝜙𝜙) and they do not consider the 

range of deformation experienced by the soil structure when the surcharge is applied (i.e, active 

or passive - Steenfelt and Hansen 1981). In addition, applying both the elastic solution for the 

surcharge and Coulomb’s or Rankine’s theory for the self-weight of the soil might not be 

compatible, since the former assumes the soil failure has not occurred, yet the latter assumes soil 

is at failure. Even small rotations (horizontal deflections of 0.05% to 0.2% of the total wall 

height for coarse-grained soils) can provide the necessary deformations to reduce confinement to 

the point of active failure (Naval Facilities Engineering Command 1982) 

By applying elastic theory in this way, the magnitude of the resultant force of the lateral earth 

pressure due to the surcharge at a depth can be greatly overestimated (Steenfelt and Hansen 

1981). Similarly, for surcharge occurring at some distance from the yielding retaining wall, the 

theoretical location of the resultant force tends to be shallower than the actual resultant location. 

This is because elastic solutions predict lateral pressures due to the surcharge immediately below 

the top of the retaining wall, regardless of the surcharge-retaining wall spacing (Steenfelt and 

Hansen 1983). In large-scale experimental testing investigating the effect of surcharge loading 

on retaining walls (Spangler 1956), there was a distinct lack of surcharge contribution at shallow 

depths for surcharges placed at a distance from the retaining wall, something not predicted by 

elastic solutions. Georgiadis and Anagnostopoulos (1998) also confirmed the inaccuracies of 

elastic solutions in a study where elastic, approximate, and Coulomb-based solutions were 

compared via a small-scale experimental model. Results showed that elastic methods greatly 

overestimated lateral earth pressures from vertical surcharges. This will be discussed in detail in 
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the Plastic Limit Equilibrium Solutions section. Ultimately, adding lateral earth pressures due to 

surcharge via elastic methods to the pressures from self-weight via Coulomb or Rankine theory 

for flexible walls can result in potentially unsafe or uneconomical designs, so a different 

approach is needed.  

2.3.2 AASHTO Approximate Solution 

The report from Berg et al. (2009) (based on the AASHTO LRFD Bridge Design Specifications) 

describes approximate methods for modelling the effects of complex surcharge loading on 

retaining structures. Although these methods were originally formulated for the internal/external 

stability design of an MSE wall, it is assumed that these can also be applied to other types of 

walls. The method includes two independent solutions, one for vertical loads and another for 

horizontal loads. These solutions are then superimposed onto traditional active earth pressure 

solutions from Coulomb’s or Rankine’s theories to ultimately quantify the combined horizontal 

earth pressure along the wall from both the surcharge and self-weight of the soil.  

The first solution, shown in Figure 2.14, quantifies the effects of vertical surcharge loads. The 

induced vertical stress from the vertical load, Δ𝜎𝜎𝑣𝑣, is assumed to be maximum at the ground 

surface and attenuate geometrically at a constant rate of 2:1 with the depth below the ground 

surface. The induced horizontal stress along the depth of the retaining wall can be computed as: 

Δ𝜎𝜎𝐻𝐻 = 𝐾𝐾𝐴𝐴Δ𝜎𝜎𝐻𝐻 = 𝐾𝐾𝐴𝐴 �
𝑄𝑄𝑣𝑣
𝐷𝐷1
� (21) 

where 𝐾𝐾𝐴𝐴 is the active earth pressure coefficient according to traditional Coulomb and Rankine 

theories, 𝑄𝑄𝑣𝑣 is the vertical surcharge load magnitude, 𝐷𝐷1 is the effective width of the vertical 

surcharge = (𝑏𝑏𝑓𝑓 + 𝑧𝑧 𝑓𝑓𝑞𝑞𝑟𝑟 𝑧𝑧 ≤ 𝑧𝑧1 and 𝑏𝑏𝑓𝑓+𝑧𝑧
2

+ 𝑑𝑑    𝑓𝑓𝑞𝑞𝑟𝑟 𝑧𝑧 < 𝑧𝑧1), 𝑧𝑧1 is the depth where effective 
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width intersects retaining wall, 𝑏𝑏𝑓𝑓 is the contact width of the surcharge on the ground surface, 

and d is the distance from the retaining wall to the resultant of 𝑄𝑄𝑣𝑣. 

To model the effects of applied horizontal loads, the solution illustrated by Figure 2.15 can be 

employed. The induced horizontal stress from the horizontal loads, Δ𝜎𝜎𝐻𝐻, is assumed to have a 

maximum value at the ground surface and have a linearly decreasing magnitude with depth. For 

a given depth, 𝑧𝑧, the induced stress can be computed as: 

Δ𝜎𝜎𝐻𝐻 = �
�1 −

𝑧𝑧
𝑙𝑙2
� Δ𝜎𝜎𝐻𝐻𝑚𝑚𝑎𝑎𝑥𝑥                𝑓𝑓𝑞𝑞𝑟𝑟 𝑧𝑧 ≤ 𝑙𝑙2

0                                              𝑓𝑓𝑞𝑞𝑟𝑟 𝑧𝑧 > 𝑙𝑙2
(22) 

Figure 2.15. AASHTO approximate method for quantifying the 
effects of distanced vertical surcharges on the lateral earth pressures of 

retaining walls. (from Berg et al. 2009) 
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where 𝑙𝑙2 is the depth that applied horizontal forces influence �= �𝑒𝑒𝑓𝑓 + 𝑏𝑏𝑓𝑓 − 2𝑒𝑒′� tan �45° +

𝜙𝜙
2
��, 𝑒𝑒𝑓𝑓 is the distance between the retaining wall and applied loads, 𝑏𝑏𝑓𝑓 is the effective width of 

surcharge area, 𝑒𝑒′ is the eccentricity of load on surcharge, 𝜙𝜙 is the friction angle of backfill, 

Δ𝜎𝜎𝐻𝐻𝑚𝑚𝑎𝑎𝑥𝑥 = Σ𝐹𝐹
𝑙𝑙2

= Σ(𝑑𝑑𝐻𝐻2+𝐹𝐹1+𝐹𝐹2)
𝑙𝑙2

, PH2 is the lateral force due to superstructure or other concentrated 

lateral loads, F1 is the lateral force due to earth pressure, and 𝐹𝐹2 is the lateral force due to traffic 

surcharge. 

These two methods presented by Berg et al. (2009) have several shortcomings. First, it is unclear 

how these solutions were formulated. The angle of 45° + 𝜙𝜙
2
 from the horizontal direction in the 

solution appears to be an application of Coulomb’s theory where an inclination of 45° + 𝜙𝜙
2
 

produces the maximum thrust. However, this inclination only produces the maximum thrust 

when the surcharge is effectively infinite; i.e., 𝑏𝑏𝑓𝑓 ≥ tan �45 + 𝜙𝜙
2
� 𝐿𝐿, and there is no distance 

between the surcharge loading and the retaining wall, i.e., 𝑒𝑒𝑓𝑓 = 0 (𝐿𝐿 is the height of the retaining 

Figure 2.16 Approximate method for quantifying the effects of distanced 
horizontal surcharges on the lateral earth pressures of retaining walls 

(from Berg et al. 2009). 
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wall). If even one of these conditions is not fulfilled, the maximum thrust will occur at an 

inclination other than 45° + 𝜙𝜙
2
. In addition to the lack of theoretical basis of the method, both 

methods assume that the induced stresses from the surcharge occur immediately at the top of the 

retaining wall, regardless of the distance between the surcharge and the retaining wall. Steenfelt 

and Hansen (1983) previously discussed these seemingly illogical assumptions and suggested 

that a plasticity-based, limit equilibrium approach may be more appropriate. 

2.3.3 Plastic Limit Equilibrium Solutions 

An alternative to the theory of elasticity applied in the solutions in the previous section is the 

theory of plasticity. Whereas elastic solutions assume no failure and deformation, plasticity-

based limit equilibrium solutions assume failure, but not deformation. Coulomb’s and Rankine’s 

theories are examples of methods based on plasticity theory. As stated earlier, the straight-line 

failure surfaces assumed in Coulomb’s theory results in insignificant deviations in the active 

condition when compared to curved failure surface models. A major advantage to using 

Coulomb’s theory is that both the surcharge and the self-weight of the soil are directly 

incorporated into the final solution, unlike elastic methods where superposition of the surcharge 

and self-weight is required. Two plasticity-based solutions for quantifying the effect of vertical 

surcharge on lateral earth pressures on retaining walls will be presented here.  

For an infinite, uniform, vertical surcharge acting on the backfill portion of the retaining wall, the 

critical inclination angle and ultimately the active earth pressure coefficient is identical to that of 

the self-weight only condition. This is because the contribution to the thrust from the self-weight 

and the contribution from the surcharge are identically related to the inclination angle, 𝛼𝛼. When 

solving for the maximum thrust by setting the derivative of thrust, P with respect to 𝛼𝛼, to zero; 
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that is 𝑑𝑑𝑑𝑑
𝑑𝑑𝛼𝛼

= 0, the unit weight, 𝛾𝛾, depth, 𝑧𝑧, and vertical surcharge, 𝑞𝑞𝑣𝑣, can be eliminated, 

identical to Equation 4. This means the critical value for 𝛼𝛼, 𝛼𝛼𝑐𝑐, is again only dependent on the 

friction angle, 𝜙𝜙, and the wall-soil interfacial friction angle, 𝛿𝛿 (more information can be found in 

Appendix B). 

Motta (1994) modified Coulomb’s wedge-based theory for a vertical surcharge, 𝑞𝑞𝑣𝑣, of infinite 

extent situated some distance, 𝑑𝑑, from the retaining wall, as shown in Figure 2.16. The thrust, 𝑃𝑃, 

can be computed as: 

P =
�1

2 γz2f(α) + qv(zf(α) − d)� sin(α − ϕ)

cos(ϕ + δ − α) = �
1
2
γz2f(α) + qv(zf(α) − dtan(α)� g(α) (23)

 

where f(α) = 1
tan(α) and g(α) = sin(α−ϕ)

cos (α−ϕ−δ)
.  

𝑞𝑞𝑣𝑣 𝑑𝑑 

𝜙𝜙, 𝛾𝛾 𝛿𝛿 

𝛼𝛼 

𝑧𝑧 

𝑊𝑊 

𝑃𝑃 
𝑅𝑅 

𝜙𝜙 𝐿𝐿 

Figure 2.17. Schematic of Coulomb-based solution for distanced, 
infinite vertical surcharge on backfill portion of retaining wall (after 

Motta 1994) 
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Equation 23 can also be rearranged into a more traditional form: 

P =
1
2
γz2Ka,γq (24) 

where 𝐾𝐾𝑎𝑎,𝛾𝛾𝑞𝑞 is the active earth pressure coefficient that takes into account both the self-weight of 

the soil and the surcharge. This coefficient yields: 

Ka,γq = �f(α)�1 + nq� − nqλ�g(α) (25) 

where nq = 2q
γz

 and 𝜆𝜆 = 𝑑𝑑
𝑧𝑧
.  

The contribution of the surcharge to the thrust contains two terms, each with a different 

dependence on 𝛼𝛼: 𝑓𝑓(𝛼𝛼)𝑔𝑔(𝛼𝛼) and 𝑔𝑔(𝛼𝛼). This contribution has a profound effect when finding 𝛼𝛼𝑐𝑐  

in that the presence of two terms no longer allows the reduction of 𝛾𝛾, 𝑧𝑧, and 𝑞𝑞𝑣𝑣 as was the case 

for Equation 5. Consequently, 𝛼𝛼𝑐𝑐 is dependent on 𝜙𝜙, 𝛿𝛿, 𝛾𝛾, 𝑧𝑧, and 𝑞𝑞𝑣𝑣. In addition, if 𝑑𝑑 is large 

relative to 𝑧𝑧 so that tan(𝛼𝛼𝑐𝑐) > 𝑑𝑑
𝑧𝑧
, the critical failure surface lies outside the extent of the 

surcharge and 𝛼𝛼𝑐𝑐 is only dependent on 𝜙𝜙 and 𝛿𝛿 (see Equation 10). Considering this, the thrust 

should be determined via a piecewise function: 

P = max�
�
1
2
γz2f(α) + qv(zf(α) − d)� g(α)                for tan(α) <

d
z

  
1
2
γz2f(α)g(α)                                                  otherwise         

(26) 

Greco (2006) introduced a similar model to Motta (1994), except with the distinction that the 

vertical surcharge, 𝑞𝑞𝑣𝑣, is only of a finite width, 𝑏𝑏, as shown in Figure 2.17. The surcharge has a 

magnitude, 𝑞𝑞𝑣𝑣, an application width, 𝑏𝑏, and has a distance from the retaining wall, 𝑑𝑑. The active 

thrust, 𝑃𝑃(𝛼𝛼, 𝑧𝑧), is in equilibrium with the weight, surcharge and reaction for a given depth, 𝑧𝑧, is 

by the following piecewise function: 
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P = max

⎩
⎪
⎨

⎪
⎧ �

1
2
γz2f(α) + qvb� g(α)                                  tan(α) <

d + b
z

�
1
2
γz2f(α) + qv(zf(α) − d)� g(α)                

d + b
z

< tan(α) <
d
z

  
1
2
γz2f(α)M(α)                                                                       tan(α) >

d
z

 

(27) 

where f(α) = 1
tan(α) and g(α) = sin(α−ϕ)

cos(ϕ+δ−α). 

The piecewise function for 𝑃𝑃(𝛼𝛼, 𝑧𝑧) is checked for all values of 𝛼𝛼 between 𝜙𝜙 and 90° to find the 

maximum thrust for a given 𝑧𝑧, 𝑆𝑆(𝑧𝑧) = max[𝑃𝑃(𝛼𝛼, 𝑧𝑧)]. By repeating the process for all depths 

with a small depth increment, the lateral earth pressure is equal to the numerical differentiation 

of 𝑆𝑆(𝑧𝑧) with respect to z, or 𝜕𝜕𝜕𝜕(𝑧𝑧)
𝜕𝜕𝑧𝑧

.  

Georgiadis and Anagnotstopoulos (1998) compared the process proposed by Motta (1994) and                                                                                                                                                                                                           

Greco (2006) with both elastic solutions (Jarquio 1981) and approximate methods (Cernica 1995 

𝑞𝑞𝑣𝑣 

𝑏𝑏 𝑑𝑑 

𝜙𝜙, 𝛾𝛾 𝛿𝛿 

𝛼𝛼 

𝑧𝑧 

𝑊𝑊 

𝑃𝑃 
𝑅𝑅 

𝜙𝜙 𝐿𝐿 

Figure 2.18. Schematic of Coulomb-based solution for distanced, finite 
vertical surcharge on backfill portion of retaining wall (after Greco 

2006) 
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and Beton Kalender 1983) using a small-scale experimental model. A vertical surcharge at a 

distance from the wall, modelling a strip load, was first applied to the backfill of a cantilever 

sheet pile wall in dry sand. Sand was then removed in 5-cm steps on the side opposite to the 

surcharge and bending moments were measured via several strain gauges along the depth of the 

sheet pile wall. The results from this research found that the maximum bending moment 

predicted by elastic methods was over five times larger than the observed results. The predicted 

maximum bending moment from Coulomb’s theory, conversely, had a difference of less than 

20% of the observed value. Although one approximate method had similar differences between 

predicted and observed moments, the applicability of this method is questionable since the 

method lacks any scientific foundation and may not be accurate for conditions other than those 

present in the experimental model. 

As this section has discussed, plasticity-based limit equilibrium solutions are more applicable 

than those based on elasticity for backfill portions under active failure conditions subjected to 

vertical surcharge. Because of this, a method based on plasticity is proposed for more complex 

surcharges including horizontal loading and those from applied moments. 

2.4 Small-Scale Retaining Wall Models 

Part of this research involves simulating the full-scale Zoo Interchange noise wall prototype with 

a small-scale experimental model. However, not every effect cannot be properly simulated in the 

small-scale model and the model itself will have effects that are not present in the prototype. 

These different effects will be addressed and discussed here. 
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2.4.1 Determination of Small-Scale Model Dimensions 

To generalize the results from experimental testing, several considerations need to be addressed 

with respect to scale and boundary effects. The dimensions and boundary conditions of the 

small-scale model will first be discussed. The dimensionless parameters chosen for the 

experimental testing will then be justified. 

Retaining wall prototypes like the system present at the Zoo Interchange are modeled in two 

dimensions as a cross-section since the width of the wall is generally much greater than the 

excavation height and is therefore treated as infinite. This also assumes the system behaves with 

plane strain conditions, as deformations along the width of the wall parallel to the wall face are 

approximately zero. In the case of small-scale model, however, the system cannot be 

immediately treated as a two dimensional system since the ratio between the width and height of 

the active failure wedge is much smaller compared to the prototype. Figure 2.19 shows a 

simplified schematic of the small-scale retaining model in three dimensions. Here the active 

Sidewalls 

Excavation 
Height, H 

Width, W 

Active Failure 
Surface 

𝛼𝛼 

Retaining Wall 

Figure 2.19. Simplified schematic of a retaining wall model in three 
dimensions. 
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wedge is assume to originate at the excavation level, so the height of the active wedge is equal to 

the excavation height. 

Two forces act on the retaining wall in the horizontal direction: the active thrust, 𝐹𝐹𝑎𝑎𝑐𝑐𝑎𝑎𝑚𝑚𝑣𝑣𝑎𝑎, in the 

direction toward the retaining wall and a resistive force from friction from both side walls, 

𝐹𝐹𝑓𝑓𝑓𝑓𝑚𝑚𝑐𝑐𝑎𝑎𝑚𝑚𝑣𝑣𝑚𝑚, in the direction away from the retaining wall. These forces can be calculated as: 

𝐹𝐹𝑎𝑎𝑐𝑐𝑎𝑎𝑚𝑚𝑣𝑣𝑎𝑎 =
𝛾𝛾𝐾𝐾𝑎𝑎𝐻𝐻2𝑊𝑊
2 tan(𝛼𝛼)

(28) 

𝐹𝐹𝑓𝑓𝑓𝑓𝑚𝑚𝑐𝑐𝑎𝑎𝑚𝑚𝑣𝑣𝑚𝑚 =
𝛾𝛾𝐾𝐾𝑣𝑣𝐻𝐻3 tan(𝛿𝛿𝑠𝑠𝑤𝑤)

3 tan(𝛼𝛼)
(29) 

where 𝐾𝐾𝑣𝑣 is the at-rest earth pressure coefficient and 𝐾𝐾𝑎𝑎 is the active earth pressure coefficient, 

and other variables defined in Figure 2.19. Summing these forces in the horizontal direction, the 

actual force acting on the retaining wall is 𝐹𝐹𝑎𝑎𝑐𝑐𝑎𝑎𝑎𝑎𝑎𝑎𝑙𝑙 = 𝐹𝐹𝑎𝑎𝑐𝑐𝑎𝑎𝑚𝑚𝑣𝑣𝑎𝑎 − 𝐹𝐹𝑓𝑓𝑓𝑓𝑚𝑚𝑐𝑐𝑎𝑎𝑚𝑚𝑣𝑣𝑚𝑚. When no sidewall 

friction is present, 𝐹𝐹𝑎𝑎𝑐𝑐𝑎𝑎𝑎𝑎𝑎𝑎𝑙𝑙 = 𝐹𝐹𝑎𝑎𝑐𝑐𝑎𝑎𝑚𝑚𝑣𝑣𝑎𝑎 and the retaining wall can be treated as two-dimensional. 

Figure 2.20 shows the effect of 𝑊𝑊/𝐻𝐻 for the wall on  𝐹𝐹𝑎𝑎𝑐𝑐𝑎𝑎𝑎𝑎𝑎𝑎𝑙𝑙/𝐹𝐹𝑎𝑎𝑐𝑐𝑎𝑎𝑚𝑚𝑣𝑣𝑎𝑎 when 𝜙𝜙 = 31° and the 

retaining wall was assumed frictionless (i.e., 𝛼𝛼 = 45° + 𝜙𝜙
2

). Several values of 𝛿𝛿𝑠𝑠𝑤𝑤 are plotted to 

show the effect of the sidewall roughness. As Figure 2.20 shows, for large values of 𝑊𝑊/𝐻𝐻, the 

boundary effect of the sidewall become negligible (i.e., 𝐹𝐹𝑎𝑎𝑐𝑐𝑎𝑎𝑎𝑎𝑎𝑎𝑙𝑙/𝐹𝐹𝑎𝑎𝑐𝑐𝑎𝑎𝑚𝑚𝑣𝑣𝑎𝑎 ≈ 1) no matter the value 

of 𝛿𝛿𝑠𝑠𝑤𝑤. This represents the case for the prototype and here the problem can be treated as two-

dimensional. However, for the case of the small-scale model, where the ratio between W and H 

is smaller, the boundary effects of the sidewall may become significant depending on the value 

of 𝛿𝛿𝑠𝑠𝑤𝑤.  
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To reduce the influence of sidewall friction, two considerations were made: the width-to-height 

ratio were chosen to be greater than one, and the sidewalls were made of smooth material. The  

wall was chosen to be 45 cm wide with an excavation height of 12.5 cm, resulting in 𝑊𝑊/𝐻𝐻 =

3.6. This width to height ratio was chosen to balance the feasibility of testing (filling of the 

model was done by hand) and mitigating adverse stress effects the small-scale model discussed 

in Section 2.4.3.   Note that the actual height of the failure wedge may range between the 

excavation height and the full length of the wall, 𝐿𝐿, so the lower bound of 𝑊𝑊 𝐻𝐻⁄ = 1.125 is also 

plotted.  

Figure 2.20. Effect of the width-to-height ratio of the retaining wall on the 
influence of sidewall friction resisting the thrust from the active failure 

wedge. 

Range of possible 
conditions small-scale 
model 
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In addition to the consideration of retaining wall dimensions, the value of 𝛿𝛿𝑠𝑠𝑤𝑤 was reduced by 

adding a layer of Teflon to either sidewall. The value of the interfacial friction between Teflon 

and sand was investigated by Leonards (1965). Based on the results from Leonards (1965), the 

value of 𝛿𝛿𝑠𝑠𝑤𝑤 for this can be estimated as 0.25 ∙ 𝜙𝜙. With the values of both the minimum value of 

𝑊𝑊/𝐻𝐻 and an estimate for 𝛿𝛿𝑠𝑠𝑤𝑤, the value for 𝐹𝐹𝑎𝑎𝑐𝑐𝑎𝑎𝑎𝑎𝑎𝑎𝑙𝑙/𝐹𝐹𝑎𝑎𝑐𝑐𝑎𝑎𝑚𝑚𝑣𝑣𝑎𝑎 for the small-scale model can be 

estimated between 0.88 and 0.96, depending on the height of the wedge. Based on these results, 

slight reductions to lateral pressure and corresponding bending moments can be expected. 

2.4.2 Scaling and Similarity 

In order to generalize the results of the small-scale model testing, the important physical 

parameters used in testing must be made dimensionless to have as much similitude as feasible 

between the small-scale model and the full-scale prototype. Figure 2.21 illustrates the pertinent 

parameters related to the noise wall-retaining wall system in this research. These parameters are 

defined as follows: (1) 𝑎𝑎 is the moment arm of the resultant load related to wind, (2) 𝑏𝑏 is the 

width of the surcharge, (3) 𝑑𝑑 is the distance between the surcharge and the retaining wall, (4) 𝐻𝐻 

is the excavation height, (5) 𝑞𝑞ℎ is the magnitude of the horizontal surcharge from wind loading, 
𝒒𝒒𝒉𝒉𝑏𝑏 

𝒒𝒒𝒗𝒗𝒗𝒗 

𝑯𝑯 𝜸𝜸,𝝓𝝓,𝐷𝐷50 

𝑎𝑎 

𝑏𝑏 𝒅𝒅 

Figure 2.21. Schematic showing the parameters pertinent to the 
noise wall–retaining wall system used in this research. Bolded 

parameters indicate those chosen for dimensional analysis. 
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(6) 𝑞𝑞𝑣𝑣𝑣𝑣 is the vertical surcharge magnitude from dead load of the noise wall, (7) 𝛾𝛾 is the unit 

weight of the soil, (8) 𝜙𝜙 is the friction angle of the backfill, and (9) 𝐷𝐷50 is the particle diameter 

that 50% of the soil’s mass is larger than.  

Butterfield (1998) provides guidance on performing dimensional analysis, where the minimum 

number of dimensionless groups, 𝑁𝑁, is to be determined based on the minimum number of 

independent primary dimensions, 𝑚𝑚, and number of variables, 𝑛𝑛. Based on the variables above, 

𝑚𝑚 = 2 (Force and Length are the two independent primary dimensions) and 𝑛𝑛 = 9, as there are 

nine variables listed above. From these values, the number of dimensionless groups can be 

calculated as 𝑁𝑁 = 𝑛𝑛 −𝑚𝑚 = 7 dimensionless groups. These groups are: 𝑎𝑎
𝐻𝐻

, 𝑏𝑏
𝐻𝐻

, 𝑑𝑑
𝐻𝐻

, 𝐷𝐷50
𝐻𝐻

, 𝜙𝜙, 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

, and 

𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

. 

Of these seven dimensionless parameters, four were chosen for similarity for this research: 𝑑𝑑
𝐻𝐻

, 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

, 

𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, and 𝜙𝜙. The first of these parameters, 𝑑𝑑
𝐻𝐻

, relates a geometric term from both the noise wall and 

the retaining wall. Both parameters increase between the model and prototype, so geometric 

similarity has been achieved. Next, the magnitude of the vertical surcharge from the dead load, 

𝑞𝑞𝑣𝑣𝑣𝑣, can be related to the vertical effective stress at the excavation level (in this solution we 

assume dry conditions), 𝛾𝛾𝐻𝐻, to form the dimensionless parameter 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

. Since both quantities 

increase from the model to the prototype, stress similitude has been achieved.  

The magnitude of the horizontal surcharge due to the wind load, 𝑞𝑞ℎ, was treated differently than 

the previous two parameters. Instead of relating 𝑞𝑞ℎ to a quantity related to the retaining wall, 𝑞𝑞ℎ 

was related to 𝑞𝑞𝑣𝑣𝑣𝑣. This is because the ratio 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

 is related to both the shearing loading of the noise 

wall in the horizontal direction and the moment effect in the vertical direction. In the horizontal 
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direction, 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

 is equivalent to the total force between the noise wall and the underlying in the 

tangential direction to the total force in the vertical direction. This ratio cannot exceed the static 

friction coefficient between the noise wall and underlying soil or sliding failure will occur. In the 

vertical direction, 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, is related to the applied moment. This moment is equal to 𝑞𝑞ℎ𝑎𝑎, with an 

eccentricity equal to 𝑞𝑞ℎ𝑎𝑎
𝑞𝑞𝑣𝑣𝑣𝑣

. The value of 𝑎𝑎 was kept constant throughout testing but the eccentricity 

was altered by changing the value of 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, ultimately causing a larger moment effect.  

The friction angle, 𝜙𝜙, is the final parameter of interest for the dimensional analysis. Being an 

angle, 𝜙𝜙, already is dimensionless and therefore requires no relation with any other parameter. 

Though this material was not intentionally varied in testing, the actual value of 𝜙𝜙 varied due to 

dilation effects discussed in the next section.  

Three dimensionless parameters were not investigated for this research, 𝑎𝑎
𝐻𝐻

, 𝑏𝑏
𝐻𝐻

, and 𝐷𝐷50
𝐻𝐻

. The first of 

these parameters 𝑎𝑎
𝐻𝐻

 is related to the applied moment and ultimately the linearly varying 

component of the vertical surcharge. However, the applied moment also varies with  𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, so this 

parameter can be used to test the effect of both horizontal surcharge and the applied moment. 

The next parameter, 𝑏𝑏
𝐻𝐻

, is related to the width of the surcharge. This parameter was ignored since 

this parameter only slightly affects the distribution and magnitude of induced stresses on the wall 

from the surcharge. Finally, the parameter 𝐷𝐷50
𝐻𝐻

 is related to the grain size distribution of the 

backfill. This parameter was ignored because for both the small-scale and large-scale case, the 

value of this parameter is very small. Because of the small value of 𝐷𝐷50
𝐻𝐻

 for both cases, the sand 

can be treated as a continuum for the purpose of design. 
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2.4.3 Stress Variation and Dilation Effects 

The final aspects of small-scale retaining wall models that relates to dimensional analysis are the 

limitations due to the small stress variation and presence of high dilation. These limitations could 

have been eliminated by using a model in a centrifuge (similar to that of King 1995 and others), 

but instead were mitigated and considered when interpreting and generalizing results.  

The first of these limitations is related to the small stress variation in the model as compared to 

those of the prototype. At the top of the retaining wall, the stress is zero in every direction. At the 

bottom of the retaining wall, the stress is 𝛾𝛾𝐿𝐿 = 𝜌𝜌𝑔𝑔𝐿𝐿 in the vertical direction, where 𝛾𝛾 is the unit 

weight of the soil, 𝐿𝐿 is the length of the retaining wall, 𝜌𝜌 is the density of the soil and 𝑔𝑔 is the 

acceleration due to gravity. As Figure 2.22 shows, the range of stresses present in the model (red 

box) is significantly narrower compared to that of the prototype (green box). One method 

researchers have addressed this issue in the past is to run centrifuge testing, effectively 

increasing the value of 𝑔𝑔 to something greater than that of the normal value of 9.81 m/s2 (King 

1995). This in turn allows for the same variation in stress variation for shorter wall lengths. For 

this research, however, a 1g model was used so effects of the lack of stress variation present in 

the model is not present in the prototype.  

One such limitation due to the lack of stress variation in the model is the effect of dilative 

tendencies of soils at low effective stresses. This limitation in small-scale retaining walls has 

been identified and discussed by several researchers by several researchers including Bolton 
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(1985). Bolton (1985) pointed out that two sources of dilation exist: high density of particles and 

low confinement. The former can be mitigated by placing sand in the model in as loose of a state 

as possible (i.e., highest void ratio possible). As the bottom plot in Figure 2.22 shows, low 

confinement can cause dilation even for high void ratio, as is the case in the small-scale model. 

For the prototype case, however, only a small range of depths near the top of the retaining wall 

will experience dilation for soils with high void ratios. These dilation effects can be accounted in 

the actual friction angle 𝜙𝜙: 

𝜙𝜙 = 𝜙𝜙𝑠𝑠𝑠𝑠 + 𝜓𝜓 (30) 

Contractive 

𝜎𝜎′, 𝑠𝑠′ 

𝜏𝜏, 𝑒𝑒 

𝑒𝑒 

𝜎𝜎′, 𝑠𝑠′ 

𝑪𝑪𝑪𝑪𝑪𝑪 
𝛼𝛼 

𝑪𝑪𝑪𝑪𝑪𝑪 

Model 
Conditions 

Prototype 
Conditions 

Dilative 

Figure 2.22. Difference in stress variation and dilatancy for the model 
conditions compared to the prototype conditions. 𝑠𝑠′ = (𝜎𝜎1′ − 𝜎𝜎3′)/2 and 𝑒𝑒 =

 (𝜎𝜎1 − 𝜎𝜎3)/2 
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where 𝜙𝜙𝑠𝑠𝑠𝑠 is the constant steady-state friction angle and 𝜓𝜓 is the dilation angle. The consequence 

of the increase in 𝜙𝜙 is primarily a reduction in lateral pressures on the retaining wall and 

ultimately a reduction in the corresponding bending moment response. This can be illustrated in 

Figure 2.23, where the results of experimental testing are shown for the fully excavated 

(excavation height equal to 12.5 cm) and 𝑑𝑑
𝐻𝐻

= 0.1, 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 1, and 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

= 0.3. The addition of 15° of 

dilation causes a dramatic reduction in bending moment. For the purpose of this document, the 

value of 𝜙𝜙 angle was estimated based on the comparing the bending moment results with that 

predicted by Coulomb theory for the unloading condition and reduced by 5° for the high vertical 

surcharge loading case causing increased confinement and lower dilation. It is recommended that 

the actual value of 𝜙𝜙 be investigated for future use of this research. 

Figure 2.23. Effect of dilation on the bending moment response of the thicker 
retaining wall when fully excavated with no surcharge loading applied. 
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3   Proposed Limit Equilibrium Solution 

3.1 Theoretical Solution 

To incorporate more complex surcharge loading, the solution given by Motta (1994) and Greco 

(2006) was modified to include the effects of horizontal loads and applied moments. As Figure 

3.1 shows, the modified solution has the addition of a horizontal surcharge, 𝑞𝑞ℎ, and the vertical 

surcharge, 𝑞𝑞𝑣𝑣(𝑥𝑥), is now non-uniform due to the effect of the moment. This non-uniformity is 

due to the combined effect of a uniform vertical surcharge from the dead load, 𝑞𝑞𝑣𝑣𝑣𝑣, and an 

applied moment from the horizontal load. Since the distributed wind load is applied along the 

height of the noise wall, its force resultant, 𝑞𝑞ℎ𝑏𝑏, is applied at some height above the base of the 

𝑞𝑞ℎ 

𝑞𝑞𝑣𝑣 (𝑥𝑥) 

𝑏𝑏 𝑑𝑑 

𝜙𝜙, 𝛾𝛾 𝛿𝛿 

𝛼𝛼 

𝑧𝑧 

𝑊𝑊 

𝑃𝑃 
𝑅𝑅 

𝜙𝜙 𝐿𝐿 

𝑥𝑥 

Figure 3.1. Schematic of proposed limit equilibrium solution that 
considers complex surcharge loading from linearly varying vertical 

sucharge and uniform horiztonal loading. 
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noise wall, ℎ, causing a moment, 𝑞𝑞ℎ𝑏𝑏ℎ (Note: Solving the force equilibrium gives the piecewise 

function with three sub-functions, similar to the models presented in Chapter 2, for 

thrust, 𝑃𝑃(𝛼𝛼, 𝑧𝑧), as: 

P =  

⎩
⎪⎪
⎨

⎪⎪
⎧

1
2
γz2f(α)g(α)                                                                                                          if               𝛼𝛼 > θ1

�
1
2
γz2f(α) + (zf(α) − d)(Aqvo − tan(δ) qh)� g(α) +

qh(zf(α) − d)
cos(δ)        if     θ1 > 𝛼𝛼 > θ2

�
1
2
γz2f(α) + b(qvo − tan(δ) qh)� g(α) +

qhb
cos(δ)                                            if                α < θ2

(31) 

where f(α) = 1
tan(α), g(α) = sin(α−ϕ)

cos(ϕ+δ−α), 𝜃𝜃1 = tan−1 �𝑧𝑧
𝑑𝑑
�, 𝜃𝜃1 = tan−1 � 𝑧𝑧

𝑑𝑑+𝑏𝑏
�, and 𝐴𝐴 =

�1 + 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

�6ℎ
𝑏𝑏
�  − 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
�12ℎ𝑑𝑑

𝑏𝑏2
�� − 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
�6ℎ
𝑏𝑏2
� (𝑧𝑧𝑓𝑓(𝛼𝛼) + 𝑑𝑑). 

The process of determining lateral thrust for a given depth, 𝑧𝑧, in the proposed model is similar to 

the process for the vertical-only surcharge models by Motta (1994) and Greco (2006). The 

maximum value of the piecewise function 𝑃𝑃 is determined for 𝛼𝛼 from 𝜙𝜙 to 90° and the 

horizontal component of the maximum thrust, 𝑃𝑃ℎ(𝑧𝑧), is calculated as 𝑃𝑃ℎ(𝑧𝑧) = 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚(𝑧𝑧)𝑒𝑒𝑞𝑞𝑠𝑠(𝛿𝛿). 

This process is repeated for all values of z from zero depth to the height of the retaining wall, 𝐿𝐿. 

With these values of lateral thrust, the lateral earth pressure, 𝜎𝜎ℎ(𝑧𝑧), is determined as 𝜎𝜎ℎ(𝑧𝑧) =

𝑑𝑑𝑑𝑑ℎ(𝑧𝑧)
𝑑𝑑𝑧𝑧

 (Steenfelt and Hansen 1983; Georgiadis and Anagnostopoulos 2004).  

Since the function for 𝑃𝑃 is piecewise, the sub-function from Equation 31 that results in the 

maximum value of 𝑃𝑃 will vary throughout the domain of 𝑧𝑧 from zero to 𝐿𝐿. Two main factors 

compete based on the value of 𝛼𝛼: the magnitude of the combined forces of the surcharge and 

self-weight that decreases with increasing 𝛼𝛼 and the value of the load transfer function, 𝑀𝑀(𝛼𝛼), 
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that increases with increasing 𝛼𝛼. While the self-weight magnitude always increases with 

increasing 𝛼𝛼 and 𝑧𝑧, the magnitude of the contribution from the surcharge is limited to its 

maximum when the critical failure surface intersects the ground surface at the far end of the 

surcharge; i.e., when 𝑥𝑥 = 𝑑𝑑 + 𝑏𝑏. This limitation has important implications for which 

subfunction of Equation 31 produces the maximum thrust, 𝑃𝑃, and ultimately the magnitude of the 

lateral earth pressure on the retaining wall. 

Most researchers have estimated the induced stress from the surcharge by simply subtracting the 

traditional Coulomb and Rankine active earth pressure distributions, 𝐾𝐾𝐴𝐴 cos(𝛿𝛿) 𝛾𝛾𝑧𝑧 (Georgiadis 

and Anagnostopoulos 1998; Steenfelt and Hansen 1983). Here a more rigorous approach was 

employed to remove the effect of the contribution to the lateral earth pressure from the self-

weight of the soil. From the distribution of the maximum thrust, 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚, for each value of z along 

the height of the wall, the term related to self-weight from Equation 31 was removed: 

𝑃𝑃𝑞𝑞(𝑧𝑧) = 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚(𝑧𝑧) −
1
2
𝛾𝛾𝑧𝑧2𝑓𝑓(𝛼𝛼𝑐𝑐)𝑔𝑔(𝛼𝛼𝑐𝑐) (32) 

The induced stress from the surcharge was determined via numerical differentiation of 

𝑃𝑃𝑞𝑞(𝑧𝑧)cos (𝛿𝛿) with respect to depth: 

Δ𝜎𝜎ℎ,𝑞𝑞 = cos(𝛿𝛿) �
𝑃𝑃𝑞𝑞(𝑧𝑧 + 𝑑𝑑𝑧𝑧) − 𝑃𝑃𝑞𝑞(𝑧𝑧)

Δ𝑧𝑧
� (33) 
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At shallow depths (Zone 1 in Figure 3.2a), the critical failure wedge (i.e., the failure wedge 

resulting in the maximum lateral thrust) does not intersect with the surcharge and the first sub-

function in Equation 31 controls. Therefore, the lateral earth pressure Zone 1 is independent of 

the surcharge and can be determined through Coulomb’s and Rankine’s theories for self-weight. 

As depths increase, the failure wedge with the minimum value of 𝛼𝛼 = 𝜙𝜙 begins to include a 

larger portion of the surcharge and ultimately an increasing contribution to the thrust, 𝑃𝑃. 

Eventually, a failure wedge that includes a portion of the surcharge footprint produces the 

maximum thrust (Zone 2 in Figure 3.2a) and the second sub-function in Equation 31 controls. 

Note that if the critical failure wedge is inclined at the minimum wedge angle 𝛼𝛼 = 𝜙𝜙, the 

𝑏𝑏
𝐻𝐻�  𝑑𝑑

𝐻𝐻�  

Figure 3.2. Typical results from proposed solution showing (a) critical wedge progression with depth 
and (b) resulting induced horizontal stress from surcharge. Dashed lines signify characteristic failure 

surfaces, where abrupt changes in lateral earth pressure occur. 

Zone 1 

Zone 2 

Zone 3 

Zone 4 

𝑏𝑏
𝐻𝐻�  𝑑𝑑

𝐻𝐻�  

(a) (b) 
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reaction force, 𝑅𝑅, is vertical and the load transfer function, 𝑔𝑔(𝛼𝛼), is equal to zero in Equation 28. 

This is reflected in lateral earth pressure, shown in Figure 3.2b, where a section of Zone 2 with a 

constant lateral earth pressure of magnitude 𝑞𝑞ℎ
tan(𝜙𝜙) occurs. The critical failure wedges contain an 

increasing portion of the surcharge area as depth increases until the full extent of the surcharge is 

reached when 𝑧𝑧𝑓𝑓(𝛼𝛼) = 𝑑𝑑 + 𝑏𝑏, marking the transition to Zone 3. 

In Zone 3, the lateral extent of the failure wedge remains constant at the far edge of the surcharge 

(𝑧𝑧𝑓𝑓(𝛼𝛼) = 𝑑𝑑 + 𝑏𝑏) even with increasing depth, producing a fan-shaped zone (Figure 3.2a). The 

magnitude of the surcharge remains constant at its maximum value (𝑞𝑞ℎ𝑏𝑏 and 𝑞𝑞𝑣𝑣𝑣𝑣𝑏𝑏 for the 

horizontal and vertical surcharge, respectively), but the load transfer function, 𝑔𝑔(𝛼𝛼), increases 

with depth. As the depth increases, the critical failure surface will eventually begin to extend past 

the width of the surcharge (Zone 4).  

The abrupt changes in the controlling sub-functions and zones cause abrupt changes in the 

resulting lateral earth pressure. The transition from Zone 1 to Zone 2 marks a sharp increase in 

lateral earth pressure for two reasons: (1) the surcharge is now contributing to the critical failure 

wedge and (2) the size and weight of the failure wedge have a pronounced increase from Zone 1 

to Zone 2. The transition from Zone 2 to Zone 3 marks a decrease in the slope of the lateral earth 

pressure, as the wedge keeps a constant width, 𝑑𝑑 + 𝑏𝑏, even as the depth increases. This is 

because the downward force due to the surcharge is constant, 𝑞𝑞𝑣𝑣𝑣𝑣𝑏𝑏, while the self-weight of the 

wedge continues to increase due to its dependence on depth, 𝑧𝑧.  

3.2 Effects of Input Parameters in Proposed Solution 

As Equation 31 shows, the thrust, 𝑃𝑃, is dependent on several parameters and therefore, the lateral 

earth pressure, 𝜎𝜎ℎ, will be dependent on these parameters. A set of parameters were selected to 
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illustrate their effects on the lateral earth pressure, based on the dimensional analysis presented 

in Section 2.4.2. These parameters include the distance from the noise wall to the retaining wall, 

𝑑𝑑, the friction angle, 𝜙𝜙, the magnitude of the uniform vertical load contribution to the vertical 

surcharge, 𝑞𝑞𝑣𝑣𝑣𝑣, and the magnitude of horizontal surcharge, 𝑞𝑞ℎ. The parameters, excluding 𝜙𝜙 

which is already dimensionless, were made dimensionless to generalize the interpretation of the 

results. The resulting dimensionless parameters are: the distance relative to the exposed wall 

height, 𝑑𝑑
𝐻𝐻

, the magnitude of the uniform vertical surcharge relative to the vertical effective stress 

at the elevation of the excavation in the backfill, 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

, and the magnitude of the horizontal 

surcharge relative to the uniform vertical surcharge, 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

.  

Table 1 summarizes the different dimensionless parameters and the values chosen to illustrate 

their effects. The underlined values show the parameter value kept constant when other 

parameters are varied. Figures 3.3 through 3.6 show the effects of 𝑑𝑑
𝐻𝐻

, 𝜙𝜙, 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, and 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

 respectively, 

on the lateral earth pressure from both the self-weight of the soil and surcharge, 𝜎𝜎ℎ. Both the 

resulting lateral earth pressure and moment are presented as the dimensionless parameters 𝜎𝜎ℎ
𝛾𝛾𝐻𝐻

 and 

𝑀𝑀
𝛾𝛾𝐻𝐻3. Appendix A shows the induced horizontal stress from the surcharge, Δ𝜎𝜎ℎ,𝑞𝑞, that was made 

dimensionless, Δ𝜎𝜎ℎ,𝑞𝑞

𝑞𝑞𝑣𝑣𝑣𝑣
.  
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Table 1. Summary of dimensionless parameter values chosen for plotting lateral earth pressures. 
Bolded values signify constant values when comparing different parameters.  

The figures in the following subsections show that the four dimensionless parameters  (i.e., 𝑑𝑑
𝐻𝐻

, 𝜙𝜙, 

𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

) have a profound effect on the lateral earth pressure distributions and corresponding 

bending moment. These effects include the depth at which the surcharge begins to influence the 

lateral earth pressure, and overall magnitude and trend of the relative lateral earth pressure, 𝜎𝜎ℎ
𝛾𝛾𝐻𝐻

. 

The depth at which the surcharge begins to influence the lateral earth pressure marks the 

threshold at which a failure plane containing some or all the surcharge provides a greater thrust 

onto the wall compared to the well-known failure wedge from self-weight alone provided by the 

traditional Coulomb and Rankine theories.  

3.2.1 Relative Distance, 𝒅𝒅
𝑯𝑯

 

Figure 3.3 shows the effect of the distance, 𝑑𝑑, between the surcharge loading and the retaining 

wall. The relative distance, 𝑑𝑑
𝐻𝐻

, has the most profound effect on the depth at which the surcharge 

begins to influence lateral earth pressures, 𝑧𝑧𝑞𝑞. This is because the distance, 𝑑𝑑, is directly related 

to the minimum depth that a failure wedge contains a portion of the surcharge, 𝑧𝑧𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚 = 

𝑑𝑑tan(𝛼𝛼𝑚𝑚𝑚𝑚𝑚𝑚) (where 𝛼𝛼𝑚𝑚𝑚𝑚𝑚𝑚 = 𝜙𝜙). By increasing the value of 𝑑𝑑
𝐻𝐻

, the depth at which a failure wedge 
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containing the surcharge overtakes the critical failure wedge from soil self-weight alone is forced 

to deeper depths, as shown in Figure 3.4a. To the same effect, the distance, 𝑑𝑑, has important 

implications on whether the surcharge will affect the lateral earth pressures along the wall at all. 

If the value of dtan(𝜙𝜙) exceeds the depth to point of fixity, the surcharge loading will no longer 

affect the lateral earth pressures that promote failure of the wall. 

In addition to the significant effect on 𝑧𝑧𝑞𝑞, the parameter, 𝑑𝑑, also affects the overall magnitude 

and trend of the relative lateral earth pressure distribution (Figure 3.3a). Near the top of the 

retaining wall, lower values of 𝑑𝑑 unsurprisingly result in higher earth pressures since a larger 

𝑏𝑏
𝐻𝐻

 

𝑑𝑑
𝐻𝐻

 

Figure 3.3. Effect of the distance, 𝑑𝑑, between the retaining wall and the applied surcharge on 
(a) the lateral earth pressure from both self-weight of the soil and surcharge loading and (b) 

the corresponding bending moment. Thin, dashed lines correspond to the first two 
characteristic failure planes. 

 



56 
 

portion of the surcharge loading is included in critical failure wedges at low depths. At deeper 

depths near 𝑧𝑧 = 𝐻𝐻, however, the relative lateral earth pressure magnitude for further distanced 

surcharges, eventually exceed the magnitudes from the surcharges at closer proximity to the 

wall. This is because the critical failure wedges meet the far edge of the surcharge. At this point, 

the magnitude of the surcharge contribution reaches its maximum. This effect occurs at 

shallower depths for closer surcharge distances. While the difference between relative surcharge 

Figure 3.4. Schematic showing the reliance of the minimum depth to 
influence, 𝑧𝑧𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚, on (a) distance between retaining wall and surcharge, 𝑑𝑑 and 

(b) friction angle, 𝜙𝜙. 

𝒅𝒅𝟏𝟏 
𝒅𝒅𝟐𝟐 

𝜙𝜙 

𝜙𝜙 

(a) 

𝑧𝑧𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚2 

𝝓𝝓𝟏𝟏 

𝑑𝑑 

𝝓𝝓𝟐𝟐 

(b) 

𝑧𝑧𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚2 

𝑧𝑧𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚1 

𝑧𝑧𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚1 
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magnitudes differs with varying values of 𝑑𝑑, the greatest effect is at the depth at which the 

surcharge begins to influence the lateral earth pressures. 

The effect of the value of 𝑑𝑑 also has important implications for the corresponding bending 

moment due to the applied pressures, as shown in Figure 3.3b. Smaller values of 𝑑𝑑 produce 

significantly larger bending moments and the wall should exhibit detectable changes to the 

bending moment response. This change in response is shown to be consistent with the results of 

experimental testing in Chapter 4. 

3.2.2 Friction Angle, 𝛟𝛟 

Figures 3.5a and 3.5b shows the effect of varying friction angle, 𝜙𝜙, on 𝜎𝜎ℎ
𝛾𝛾𝐻𝐻

 and 𝑀𝑀
𝛾𝛾𝐻𝐻3, respectively. 

The friction angle yields similar effects to the lateral earth pressure as the surcharge distance. As 

previously mentioned, the minimum depth to surcharge influence, 𝑧𝑧𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚, is directly dependent 

on 𝜙𝜙, 𝑑𝑑tan(𝜙𝜙). As Figure 3.4b shows, higher values of 𝜙𝜙 force 𝑧𝑧𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚 to deeper depths. Because 

typical values for 𝜙𝜙 vary between roughly 20° and 45°, the value of 𝑧𝑧𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚 ranges between 

roughly 0.35𝑑𝑑 and 𝑑𝑑, respectively. The friction angle again partially determines whether the 

surcharge will affect the lateral earth pressure of the wall; if 𝑑𝑑𝑒𝑒𝑎𝑎𝑛𝑛(𝜙𝜙) is greater than depth on the 

backfill side of the wall to the pivot point, the surcharge will not affect the wall.  

The dependence of 𝑧𝑧𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚 on the value of 𝜙𝜙 also affects the range of depths where 𝛼𝛼 = 𝜙𝜙 and a 

constant lateral earth pressure magnitude, 𝜎𝜎ℎ = 𝑞𝑞ℎ tan(𝜙𝜙)⁄ , is applied. Since 𝛼𝛼 has a minimum 

value of 𝜙𝜙, lower values of 𝜙𝜙 result in failure wedges encountering the surcharge at shallower 

depths.   
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In addition to range of constant lateral earth pressure, the overall magnitude of the relative lateral 

earth pressure is also greatly affected by 𝜙𝜙, with lower friction angles resulting in higher 

pressures. This is rather unsurprising as this concept is both intuitive and widely accepted in the 

case of self-weight-only loading (i.e., no surcharge loading), where the active earth pressure 

coefficient, 𝐾𝐾𝑎𝑎 = 1−sin(𝜙𝜙)
1+sin(𝜙𝜙), is larger for higher values of 𝜙𝜙. As Figure 3.5b shows, changes to the 

value of 𝜙𝜙 also produce significant changes to the bending moment from the applied lateral 

pressures. This change in bending moment should thus be detectable in the experimental testing 

presented in Chapter 4. 

𝑏𝑏
𝐻𝐻

 
𝑑𝑑
𝐻𝐻

 

Figure 3.5. Effect of varying friction angle on (a) the lateral earth pressure from both the self-
weight of the soil and the applied surcharge for varying friction angle, 𝜙𝜙 and (b) the corresponding 

bending moment. Thin, dashed lines correspond to the first two characteristic failure planes. 

(a) (b) 
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3.2.3 Relative Horizontal Surcharge, 𝒒𝒒𝒉𝒉
𝒒𝒒𝒗𝒗𝒗𝒗

 

Figure 3.6a and 3.6b shows the effect of the horizontal surcharge magnitude, 𝑞𝑞ℎ, on the values of 

𝜎𝜎ℎ
𝛾𝛾𝐻𝐻

 and 𝑀𝑀
𝛾𝛾𝐻𝐻3, respectively. As Equation 28 shows, the relative horizontal surcharge, 𝑞𝑞ℎ 𝑞𝑞𝑣𝑣𝑣𝑣⁄ , has 

one of the more complicated relationships with the thrust due to its effect on both the slope of the 

linearly varying vertical surcharge (moment loading) and the horizontal surcharge itself. As 

Equations 31b and 31c show, there are three terms that contain 𝑞𝑞ℎ: the 𝑞𝑞𝑣𝑣𝑣𝑣𝐴𝐴 term (related to the 

moment in Equation 31b), the term −tan(𝛿𝛿) 𝑞𝑞ℎ (related to the reaction between the failure 

wedge and the adjacent soil mass), and the final term in Equations 31b and 31c (related to the 

direct contribution of 𝑞𝑞ℎ to the thrust).  

Figure 3.6. Effect of varying horizontal surcharge, 𝑞𝑞ℎ on (a) the lateral earth pressure from both 
the self-weight of the soil and the applied surcharge and (b) the corresponding bending moment. 

Thin, dashed lines correspond to the first two characteristic failure planes. 

𝑏𝑏
𝐻𝐻

 
𝑑𝑑
𝐻𝐻

 

(a) (b) 
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For the first term, 𝑞𝑞ℎ𝐴𝐴, higher values of 𝑞𝑞ℎ result in a higher contribution from the linearly-

varying vertical surcharge and higher values of thrust and lateral earth pressure. As the equation 

for the variable, 𝐴𝐴, shows, there are positive and negative terms. These conflicting terms result in 

a relatively small effect on the thrust and will only have an effect when Equation 31b controls.  

The second term, −tan(𝛿𝛿)𝑞𝑞ℎ, is the effect of the horizontal surcharge lessening the reaction 

force between the failure wedge and the surrounding soil mass. The higher the value of 𝑞𝑞ℎ, the 

more the horizontal surcharge acts to decrease the reaction force of the failure wedge with the 

surrounding soil and lowers the effect of both the self-weight of the soil and the vertical 

surcharge. Due to dependence of the second term on roughness of the wall, 𝛿𝛿, this term is greatly 

reduced for smoother walls and disappears for perfectly smooth walls. The final term is the direct 

contribution of 𝑞𝑞ℎ to the thrust, 𝑃𝑃, with higher values 𝑞𝑞ℎ causing larger values of 𝑃𝑃. Of these 

three terms, the final term has the greatest effect on the thrust and its contribution relative to the 

vertical surcharge and the self-weight of the soil will be dependent on the critical failure 

inclination angle, 𝛼𝛼𝑐𝑐. 

A direct example of this dependence on 𝛼𝛼𝑐𝑐, is the value of 𝑧𝑧𝑞𝑞. Although the value of 𝑞𝑞ℎ/𝑞𝑞𝑣𝑣𝑣𝑣 does 

not affect 𝑧𝑧𝑞𝑞,𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑑𝑑𝑒𝑒𝑎𝑎𝑛𝑛(𝜙𝜙), the surcharge does have an effect on when the actual depth to 

surcharge influence, 𝑧𝑧𝑞𝑞, with larger values of 𝑞𝑞ℎ/𝑞𝑞𝑣𝑣𝑣𝑣 resulting in shallower depths of surcharge 

influence. As the value of 𝛼𝛼𝑐𝑐 is generally low near 𝑧𝑧𝑞𝑞, the value for the load transfer function, 

𝑔𝑔(𝛼𝛼) is small, thus making the final 𝑞𝑞ℎ term dominant and the influence of the reaction of the 

failure wedge with the surrounding soil mass small or even zero when 𝛼𝛼𝑐𝑐 = 𝜙𝜙.   

This effect is also related to the overall magnitude of 𝜎𝜎ℎ, as shown in Figure 3.6a, where the 

differences in lateral earth pressures between the different plot lines is greatest near depths equal 
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to 𝑧𝑧𝑞𝑞. As expected, higher magnitudes of 𝑞𝑞ℎ toward the retaining wall results in higher lateral 

earth pressure, since the horizontal surcharge will contribute to higher values of the horizontal 

thrust. As depths increase, however, the value of 𝛼𝛼𝑐𝑐 increases and the contribution of 𝑞𝑞ℎ relative 

to the vertical surcharge and the self-weight of the soil decreases, as shown by the plot lines 

converging at 𝑧𝑧
𝐻𝐻
≅ 1.2 in Figure 3.6a.  

In the case of wind loading on noise-wall barriers, the direction of loading can occur both toward 

or away from the retaining wall, resulting in either positive or negative values of 𝑞𝑞ℎ, 

respectively. For the case where 𝑞𝑞ℎ/𝑞𝑞𝑣𝑣𝑣𝑣 is negative (i.e., the horizontal surcharge is directed 

away from the retaining wall) there is a dramatic increase in value of 𝑧𝑧𝑞𝑞. This is because the 

horizontal surcharge acts to stabilize the wedge, decreasing the thrust, 𝑃𝑃, for wedges that contain 

a portion of the surcharge. According to this proposed limit equilibrium formulation, negative 

values of 𝑞𝑞ℎ will not cause increases to the lateral earth pressures. This predicted lack of adverse 

effect was found to be consistent with the results of experimental testing presented in Chapter 4 

of this thesis. 
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3.2.4 Relative Vertical Surcharge, 𝒒𝒒𝒗𝒗𝒗𝒗
𝜸𝜸𝑯𝑯

 

The relative vertical surcharge, 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

, is the final parameter from the proposed solution that 

significantly affects lateral earth pressure (Figure 3.7a) and corresponding bending moment 

(Figure 3.7b). The effects of the vertical surcharge magnitude without any horizontal surcharge 

have been studied extensively (e.g., Motta 1994; Georgiadis and Anagnostopoulos 1998), and 

Figure 3.7a shows that the addition of horizontal surcharges and applied moment effects have 

similar effects to 𝑧𝑧𝑞𝑞 and the overall magnitude of 𝜎𝜎ℎ as the previous models done by others. 

Higher magnitudes of 𝑞𝑞𝑣𝑣𝑣𝑣 result in shallower depths at with the surcharge begins to influence, 

𝑧𝑧𝑞𝑞. Similar to the discussion for 𝑞𝑞ℎ, this is because high vertical surcharges allow failure wedges 

𝑏𝑏
𝐻𝐻

 
𝑑𝑑
𝐻𝐻

 

Figure 3.7. Effect of varying vertical surcharge magnitude, 𝑞𝑞𝑣𝑣𝑣𝑣, on (a) the lateral earth pressure from 
both the self-weight of the soil and the applied surcharge and (b) the corresponding bending 

moments. Thin, dashed lines correspond to the first two characteristic failure planes. 



63 
 

containing the surcharge to overtake the values of thrust from self-weight-only failure wedges at 

shallower depths. The effect of higher 𝑞𝑞𝑣𝑣𝑣𝑣 magnitudes causing higher overall magnitudes of 𝜎𝜎ℎ is 

rather intuitive, since higher values of 𝑞𝑞𝑣𝑣𝑣𝑣 will contribute to higher values of thrust, 𝑃𝑃. 

3.3 Lessons Learned 

A limit equilibrium formulation to account for horizontal and vertical surcharges is proposed 

based on similar solutions from Motta (1994) and Greco (2006) for vertical surcharge loading 

only. The effects of four primary input parameters in dimensionless form (𝑑𝑑
𝐻𝐻

, 𝜙𝜙, 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, and 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

) 

were presented. Key conclusions include: 

a) Decreasing relative distance, 𝑑𝑑
𝐻𝐻

, significantly decreased the depth that the surcharge 

begins to influence, 𝑧𝑧𝑞𝑞. The value of 𝑑𝑑
𝐻𝐻

 had a small effect on the maximum value of the 

relative horizontal stress, 𝜎𝜎ℎ
𝛾𝛾𝐻𝐻

, with the greatest influence at depths near 𝑧𝑧𝑞𝑞.  

b) Decreasing friction angle, 𝜙𝜙, caused both shallower values of 𝑧𝑧𝑞𝑞 and higher values of  𝜎𝜎ℎ
𝛾𝛾𝐻𝐻

. 

c) Increasing relative horizontal surcharges, 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, resulted in shallower values of 𝑧𝑧𝑞𝑞 and 

higher values of 𝜎𝜎ℎ
𝛾𝛾𝐻𝐻

 near 𝑧𝑧𝑞𝑞. This effect diminished with depth and the value of 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

 had 

almost no effect for relative depths, 𝑧𝑧
𝐻𝐻
≅ 1.2. Negative values of 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
 made 𝑧𝑧𝑞𝑞 significantly 

deeper and dramatically decreased the values of 𝜎𝜎ℎ
𝛾𝛾𝐻𝐻

 above 𝑧𝑧
𝐻𝐻
≅ 1.2. 

d) Increasing relative vertical surcharge magnitude, 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

, resulted in shallower values of 𝑧𝑧𝑞𝑞 

and higher values of 𝜎𝜎ℎ
𝛾𝛾𝐻𝐻

 near 𝑧𝑧𝑞𝑞. Unlike 𝑞𝑞ℎ, higher vertical surcharge magnitudes 

produced higher values of 𝜎𝜎ℎ
𝛾𝛾𝐻𝐻

 for 𝑧𝑧
𝐻𝐻

> 1.5. 
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e) For each of these trends, a noticeable change in bending moment occurred and should be 

clearly seen in the bending moment response of experimental testing. 

As discussed in Chapter 2, flexible, cantilever retaining walls resist an induced movement of 

wall via earth pressures alone (e.g., see Figure 2.10). It is hypothesized that the threshold at 

which surcharge loading will induce horizontal stress on a retaining wall is a complex 

relationship of 𝑑𝑑
𝐻𝐻

, 𝜙𝜙, 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, and 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

. If the combination of these parameter produces a 𝑧𝑧𝑞𝑞 deeper than 

the point of fixity (Figure 2.12), the surcharge does not influence the retaining wall. This 

hypothesis is examined via the experimental testing presented in Chapter 4. 
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4   Experimental Testing 

4.1 Introduction 

A 1-g (non-centrifuge) small-scale retaining wall model was constructed and used to evaluate 

changes in stress state caused by application of horizontal and vertical surcharge loads. The 

physical model was constructed and subsequently tested in an attempt to validate the proposed 

limit equilibrium formulation presented in Chapter 3. A variety of surcharge positions and 

magnitudes were tested. Experimental strain gauge results were converted into bending moment 

from the known flexural rigidity of the retaining wall. These results were ultimately compared to 

values predicted by the proposed formulation, a formulation based on the theory of elasticity, and 

the approximate AASHTO method.  

4.2 Model Setup and Testing Procedure 

A 450-mm-wide by 600-mm-tall by 900-mm-long wooden container (Figure 4.1) was filled with 

dry sand and used aluminum sheet metal to model a flexible retaining wall. The response of the 

wall was monitored with a series of strain gauges fixed on the excavation side of the wall. This 

sheet metal was partially embedded into the sand, acting as a flexible, cantilever retaining wall. 

Strain gauge spacing varied between 12.5 mm and 50 mm. The uneven distribution of strain 

gauges with depth was designed to capture the response of the wall in areas of interest (i.e., near 

the elevation of the excavation of the retaining wall). Two thicknesses, 0.8 mm (0.032 in) and 2 

mm (0.08 in), of aluminum sheet metal were used for low- and high-surcharge magnitudes 

relative to the self-weight of the soil, respectively. The differing thicknesses also enabled the 

research team to assess how both relatively flexible and relatively rigid walls respond to complex 

surcharge loading. 



66 
 

To limit the effect of friction between the sidewalls of the model and the sand inside, PFTE 

(commercially known as Teflon) films were applied to each sidewall. The dry sand had a critical 

state friction angle of 31° (as determined via the angle of repose according to Cornforth 1973; 

Bolton 1986; Santamarina 2001). Due to the low confining pressures from the small-scale of the 

model, significant dilation was expected, resulting in peak behavior and higher acting friction 

angles (Bolton 1986), and confirmed by direct shear testing. The unit weight of the sand was 

estimated by measuring the weight of material placed per 100-mm increment, with an average 

value of 15.5 kNm-3.  

Vertical 
Load 

b = 150 

Strain Gauges 

Horizontal 
Load 

400 

Sheet Pile 
Retaining Wall 

d 

H = 125 

All units in mm 

600 

900 

Sand 

Figure 4.1. Schematic diagram of experimental setup. 

L-shaped 
loading plate 
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Testing began by filling of the model with sand in a series of 100-mm lifts with the sheet metal 

fixed in place. Sand was slowly placed via a funnel, effectively putting the material in loosest 

possible state. Once the model was filled, baseline strain readings were taken. Sand on the 

excavation half of the model was then removed in 50-mm and 25-mm lifts via vacuum until the 

final excavation elevation. Strain gauge data were collected at each lift height. After the 

excavation was completed, an L-shaped loading plate (Figure 4.1) was placed, effectively 

applying a vertical surcharge. The initial distance, 𝑑𝑑, between the L-shaped plate and the 

retaining wall was 150 mm.  

An increasing horizontal load was then applied in the direction away from the sheet pile wall, via 

a pulley system. The horizontal load effectively applied both a horizontal surcharge and moment 

in the direction away from the sheet pile wall. The magnitude of the horizontal load began at 

10% of the vertical load and progressively increased to 20%, 30%, 40% of the vertical load 

(Note: no readings were taken for the 30%-vertical load for the low vertical surcharge testing). 

Strain data were collected after each increment of horizontal load. The process was then repeated 

with 10%, 20%, 30%, and 40% of the weight of the noise wall applied in the direction toward 

the sheet pile. The process of vertical loading and consecutive horizontal loading was repeated 

for distances of 50 mm and 10 mm between the noise wall and the retaining wall until massive 

deformation of the sheet pile was observed.  

4.3 Data Processing 

Before any data could be analyzed, the strain gauge measurements were calibrated. To begin the 

calibration process, the self-weight of the aluminum sheet metal with applied strain gauges was 

measured. The sheet metal was then placed with one end tightly clamped to form a cantilever 

(Figure 4.2), and strain measurements were taken to determine the strain due to self- 
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weight, 𝜀𝜀𝑠𝑠𝑤𝑤. Next, a line load of magnitude, 𝑃𝑃, was applied at the very end of the cantilever and 

strain measurements were again taken. This measurement, 𝜀𝜀𝑑𝑑+𝑠𝑠𝑤𝑤, includes strain from both the 

line load and the self-weight of the sheet metal. The strain due to the point load only, 𝜀𝜀𝑑𝑑, is then: 

𝜀𝜀𝑑𝑑 = 𝜀𝜀𝑑𝑑+𝑠𝑠𝑤𝑤 − 𝜀𝜀𝑠𝑠𝑤𝑤 (34) 

The value of 𝜀𝜀𝑑𝑑 measured in the setup can then be compared to theoretical strain due to line 

loading, 𝜀𝜀𝑑𝑑,𝑎𝑎ℎ𝑎𝑎𝑣𝑣. The theoretical strain due to the point load can be determined from beam theory 

as: 

𝜀𝜀𝑑𝑑,𝑎𝑎ℎ𝑎𝑎𝑣𝑣 =
12𝑃𝑃𝑥𝑥
𝐸𝐸𝑒𝑒3

(35) 

where 𝑥𝑥 is the distance from the point load to the strain gauge being corrected, 𝐸𝐸 is the Young’s 

modulus of aluminum equal to 69 GPa, and 𝑒𝑒 is the thickness of the sheet metal. Finally, the 

correction factor, 𝐶𝐶𝐹𝐹, for calibration is given by: 

𝐶𝐶𝐹𝐹 =
𝜀𝜀𝑑𝑑,𝑎𝑎ℎ𝑎𝑎𝑣𝑣

𝜀𝜀𝑑𝑑
(36) 

 

Approx. Line 
Load, 𝑷𝑷 

Figure 4.2. Set up to calibrate raw strain data. 

Strain Gauges 

𝒙𝒙 

Cantilever 
Support 
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In theory, the value of 𝐶𝐶𝐹𝐹 should be constant for any magnitude of 𝑃𝑃 (provided the strain limit of 

the material is not exceeded). To ensure this was the case, the calibration process was repeated 

for multiple magnitudes of 𝑃𝑃 and the value for 𝐶𝐶𝐹𝐹 was indeed found to be constant. With the 

value of 𝐶𝐶𝐹𝐹 for each strain gauge, the raw strain values, 𝜀𝜀𝑓𝑓𝑎𝑎𝑤𝑤, from data collected during 

experimental testing could then be corrected by: 

𝜀𝜀𝑐𝑐𝑣𝑣𝑓𝑓𝑓𝑓 = 𝐶𝐶𝐹𝐹𝜀𝜀𝑓𝑓𝑎𝑎𝑤𝑤 (37) 

where 𝜀𝜀𝑐𝑐𝑣𝑣𝑓𝑓𝑓𝑓 is the calibrated strain value for a given strain gauge. This calibration process was 

peformed for each of the two retaining wall thicknesses.  

As previously mentioned, the goal of this experimental testing program was to compare the 

measured strain data with the applied pressures from each of the three methods for quantifying 

the effects of the surcharge loading. To make this comparison, the measured strain and the 

predicted lateral pressures must be converted to like quantities. Bending moment was chosen to 

be the optimal quantity for comparison, as it can be easily determined from both lateral pressures 

along the wall and from the deformation (bending strain) these pressures cause on the sheet pile.   

To convert the calibrated strain values measured during testing into the corresponding bending 

moment response, strain is first converted to stress from bending along the depth of the sheet 

pile, 𝜎𝜎𝑏𝑏𝑎𝑎𝑚𝑚𝑑𝑑𝑚𝑚𝑚𝑚𝑏𝑏(𝑧𝑧), via Hooke’s Law: 

𝜎𝜎𝑏𝑏𝑎𝑎𝑚𝑚𝑑𝑑𝑚𝑚𝑚𝑚𝑏𝑏(𝑧𝑧) = 𝐸𝐸𝜀𝜀𝑐𝑐𝑣𝑣𝑓𝑓𝑓𝑓(𝑧𝑧) (35) 

The bending stress from Equation 35 can then be related to moment by: 

𝑀𝑀(𝑧𝑧) =
2𝐸𝐸𝜎𝜎𝑏𝑏𝑎𝑎𝑚𝑚𝑑𝑑𝑚𝑚𝑚𝑚𝑏𝑏(𝑧𝑧)

𝑒𝑒
=

2𝐸𝐸𝐸𝐸
𝑒𝑒
𝜀𝜀𝑐𝑐𝑣𝑣𝑓𝑓𝑓𝑓(𝑧𝑧) (36) 
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where  𝑀𝑀(𝑧𝑧) is the bending moment at depth, 𝑧𝑧, along the sheet pile, 𝐸𝐸 is the area moment of 

inertia, and 𝜀𝜀𝑐𝑐𝑣𝑣𝑓𝑓𝑓𝑓(𝑧𝑧) is the calibrated strain for the strain gauge at depth, 𝑧𝑧. 

The predicted lateral pressures from each of the methods is converted into bending moment via 

beam theory. Applied lateral pressures, 𝜎𝜎ℎ, along the depth of the wall produce an internal force 

in the form of shear, 𝑉𝑉, and internal couple in the form of bending moment, M. These are related 

by: 

𝑉𝑉(𝑧𝑧) = � 𝜎𝜎ℎ𝑑𝑑𝑧𝑧
𝑧𝑧

0
≈

1
2

[𝜎𝜎ℎ(𝑧𝑧) + 𝜎𝜎(𝑧𝑧 − Δ𝑧𝑧)]Δ𝑧𝑧 + 𝑉𝑉(𝑧𝑧 − Δ𝑧𝑧) (37) 

and 

𝑀𝑀(𝑧𝑧) = � 𝑉𝑉𝑑𝑑𝑧𝑧
𝑧𝑧

0
≈

1
2

[𝑉𝑉(𝑧𝑧) + 𝑉𝑉(𝑧𝑧 + Δ𝑧𝑧)]Δ𝑧𝑧 + 𝑀𝑀(𝑧𝑧 − Δ𝑧𝑧) (38) 

Since 𝑉𝑉(𝑧𝑧) and 𝑀𝑀(𝑧𝑧) are equal to zero at the top of the retaining wall, Equations 37 and 38 can 

be repeated iteratively along the depth of the sheet pile to produce the bending moment 

distribution, 𝑀𝑀(𝑧𝑧).  

4.4 Results from Experimental Testing 

After strain measurements were calibrated via the process presented in Section 4.3, comparisons 

were made between results from different loading conditions. The results presented here include 

data from both smaller surcharge magnitude testing (𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 0.1), and testing done under larger 

surcharge magnitudes (𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 1). For the smaller surcharge magnitude testing, the thinner, more 

flexible sheet pile wall was used in order to allow for finer sensitivity strain measurement 
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expected from smaller load changes. Conversely, the larger surcharge magnitudes employed the 

thicker, more rigid sheet pile wall in order to withstand the larger loads without yielding.  

For each of the model walls, the sand was placed in the loosest possible state. Despite being 

placed in the loosest possible state, the very low confining pressures present in the small-scale 

model resulted in significant dilation effects. For the testing under lower vertical surcharge 

magnitudes, the actual value of 𝜙𝜙 used for comparing the different induced stress methods was 

41° (i.e., 10° of dilation). For the testing under higher surcharge method, the actual 𝜙𝜙 used was 

36° (i.e., 5° of dilation). These values of dilation angles are consistent with results from Bolton 

(1986), as the dilative component is significant even for low void ratio material but decreases 

with increasing confining stress.  

Typical results from experimental testing are shown in Figure 4.3 through 4.7, in the form of 

dimensionless bending moments, 𝑀𝑀
𝛾𝛾𝐻𝐻3, versus dimensionless depth, 𝑧𝑧

𝐻𝐻
. Figures 4.3 and 4.4 show 

the effect of distance between the surcharge and retaining wall, 𝑑𝑑, for the high and low vertical 

surcharge magnitudes, respectively. In each of the two figures, decreasing 𝑑𝑑 resulted in a higher 

bending moment response. These observations were expected from the results presented for the 

proposed limit equilibrium formulation (Figure 3.3b). Note that for Figure 4.4, there are outliers 

presented for dimensionless bending moment at 𝑑𝑑
𝐻𝐻

= 0.2. There is no known explanation for 

these values, other than possibly improper bonding between the strain gauge and sheet metal 

used for the thicker wall. Thus, data from this strain gauge were removed for subsequent figures. 

Figure 4.5 illustrates the effect of the direction of the horizontal surcharge, 𝑞𝑞ℎ, with negative 

values corresponding to horizontal surcharges applied away from the retaining wall and positive 

values representing surcharges toward the retaining wall. Negative values of 𝑞𝑞ℎ resulted in no 
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significant changes to the bending moment response, whereas positive values of the same 

magnitude resulted in large changes in the values for bending moment. The lack of change to the 

bending moment for negative values of 𝑞𝑞ℎ deviates from the results from the proposed limit 

equilibrium model (Figure 3.6b). 

 

 

 

 

Figure 4.3. Typical results showing the effect of distance, 𝑑𝑑
𝐻𝐻

, for a 
constant 𝑞𝑞𝑣𝑣𝑣𝑣/𝛾𝛾𝐻𝐻 = 0.1 and 𝑞𝑞ℎ/𝑞𝑞𝑣𝑣𝑣𝑣  = 0.4. 
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While Figure 4.5 exhibited the directional effects of 𝑞𝑞ℎ, Figure 4.6 illustrates the effect of the 

magnitude of 𝑞𝑞ℎ for horizontal surcharges directed toward the sheet pile wall (i.e., positive 

values of 𝑞𝑞ℎ). The bending moment response was negligible for small values of 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, but for 

relative values of 0.3 and 0.4, large changes to the bending moment are observed. Finally, Figure 

4.7 shows the difference in bending moment response between the two tests run under different 

surcharge magnitudes. As expected, the higher surcharge magnitudes resulted in a larger bending 

moment response. These trends are in agreement with a similar a set of tests conducted by 

Georgiadis and Anagnostopoulos (1998), so the addition of the horizontal surcharge does not 

appear to change the effect of the vertical surcharge. 

 

Figure 4.4. Typical results showing the effect of distance, 𝑑𝑑, for a 
constant 𝑞𝑞𝑣𝑣𝑣𝑣/𝛾𝛾𝐻𝐻 = 1 and 𝑞𝑞ℎ/𝑞𝑞𝑣𝑣𝑣𝑣  = 0.4. Outliers circled in red. 
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Figure 4.5. Effect of relative horizontal surcharge direction, the sign of 
𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, for a constant vertical surcharge, 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 1, and distance, 𝑑𝑑
𝐻𝐻

= 0.1. 

Positive values of 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

 represent horizontal surcharges toward the sheet 
pile wall, whereas negative values represent surcharges away from the 

sheet pile wall. 
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Figure 4.6. Effect of relative horizontal surcharge magnitude, 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, for 

a constant relative vertical surcharge, 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 1, and distance, 𝑑𝑑
𝐻𝐻

= 0.1. 
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4.5 Comparison of Predicted and Measured Bending Moment Response  

To quantify the effects of the combined surcharge from both vertical and horizontal loading, 

three main methods were considered: the proposed limit equilibrium solution, an elastic method 

and an approximate method from AASHTO. The proposed limit equilibrium method is described 

in detail in Chapter 3 and incorporates the effects of both horizontal/vertical surcharges, applied 

moments, and the self-weight of the soil simultaneously. To calculate the induced horizontal 

stress for the surcharge, the effect of the self-weight of the soil was removed, as described in 

Section 3.1. The elastic method uses a combination of individual elastic solutions provided in 

 Figure 4.7. Effect of relative vertical surcharge magnitude, 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

, for a 

constant relative horizontal surcharge magnitude, 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

= 0.4, and 

distance, 𝑑𝑑
𝐻𝐻

= 0.1. 
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Poulos and Davis (1974) for uniform vertical, uniform horizontal, and linearly varying vertical 

surcharges (see Section 2.3.1 for more details). These elastic solutions were then superimposed 

onto active pressures from traditional Coulomb or Rankine solutions to account for soil self-

weight. The AASHTO approximate method uses two approximations to estimate the induced 

lateral pressures from surcharge: one for the effect of the vertical surcharge and the other for the 

effect of the horizontal surcharge. These induced lateral earth pressures were then added to the 

lateral earth pressure from self-weight calculated from Coulomb or Rankine’s solutions, like the 

elastic method. The AASHTO approximate method does not consider the effect of applied 

moment. Figures 4.8 and 4.9 show a typical comparison of the induced horizontal stresses from 

the surcharge for each of these three methods for small and large values of 𝑑𝑑, respectively.  

Figure 4.8. Comparison of induced horizontal stresses from surcharge for 
each method for 𝑑𝑑

𝐻𝐻
= 0.1, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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The bending moment response from lateral earth pressure methods, with both the self-weight and 

the surcharge, were compared with the results of the experimental testing. The predicted bending 

moments from each of the three methods were determined by relating lateral pressure to internal 

shear force and internal shear force to bending moment, both by way of numerical integration as 

described in Section 4.3. For depths below the excavation, i.e., 𝑧𝑧
𝐻𝐻

> 1, the traditional passive 

pressures from Coulomb and Rankine’s theories were assumed, but corrected on the excavation 

side of the retaining wall as recommended by Caquot and Kerisel (1948). The net lateral earth 

pressures were then used for integration below the excavation. Since the net lateral earth pressure 

distribution near the bottom of flexible cantilever retaining walls is complex (Figure 2.12), the  

Figure 4.9. Comparison of induced horizontal stresses from surcharge for 
each method for 𝑑𝑑

𝐻𝐻
= 1.2, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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bending moment response for each of the methods is only plotted up to the point of maximum 

bending moment.   

A typical comparison of predicted dimensionless bending moments with experimental testing are 

shown in Figure 4.10 and 4.11 for small and large values of 𝑑𝑑, respectively (see Appendix D for 

the entirety of comparisons). As Figure 4.10 illustrates, the AASHTO method and the proposed 

plastic limit equilibrium solution from Chapter 3 provide comparable, accurate predictions for 

𝑑𝑑
𝐻𝐻

= 0.1, and the elastic method significantly overpredict. For larger values of 𝑑𝑑
𝐻𝐻

, however, only 

the plastic limit equilibrium solution provides an accurate prediction and both the AASHTO and 

elastic methods significantly overpredict the observed response (Figure 4.11).  Table 2 compares 

Figure 4.10. Comparison of observed and predicted dimensionless moments for 
each of the three methods for 𝑑𝑑

𝐻𝐻
= 0.1, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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the measured maximum bending moment observed during experimental testing with the 

maximum bending moment predicted by each of the three methods. 

  

 

 

 

 

 

 

 

 

Figure 4.11. Comparison of observed and predicted dimensionless moments 
for each of the three methods for 𝑑𝑑

𝐻𝐻
= 0.1, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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Table 2. Comparison of the measured and predicted maximum bending moments for each of the  
methods. 

 

4.6 Discussion 

When comparing the three methods, the proposed limit equilibrium method most accurately 

predicted the bending moments from experimental measurements and ultimately the lateral earth 

pressures from complex surcharge loading, regardless of the distance between the surcharge and 

retaining wall. The AASHTO method also provides accurate predictions when the surcharge is 

right at the wall, but is not accurate for the intermediate and large values of 𝑑𝑑 (𝑑𝑑
𝐻𝐻

= 0.4 and 𝑑𝑑
𝐻𝐻

=

1.2, respectively). One reason that the proposed method provides better prediction originates 

from how the method treats the distance, 𝑑𝑑, between the surcharge and the retaining wall. While 

the AASHTO and elastic method both predict induced stresses from the surcharge immediately 

below the top of the wall regardless of the value of 𝑑𝑑, the proposed method predicts a delay in 

Relative 
Distance, 
𝑑𝑑/𝐻𝐻 

Relative 
Horizontal 
Surcharge, 
𝑞𝑞ℎ/𝑞𝑞𝑣𝑣𝑣𝑣 

Relative 
Vertical 

Surcharge, 
𝑞𝑞𝑣𝑣𝑣𝑣/𝛾𝛾𝐻𝐻 

Maximum Dimensionless Bending Moment, 𝑀𝑀
𝛾𝛾𝐻𝐻3 

Experimental 
Measurement 

Proposed Limit 
Equilibrium 

Method 

Elastic 
Method 

AASHTO 
Method 

1.2 0.3 1 0.12 0.06 0.39 0.40 

1.2 0.1 1 0.08 0.06 0.21 0.27 

0.4 0.3 1 0.22 0.31 0.75 0.50 

0.4 0.1 1 0.18 0.18 0.40 0.29 

0.4 0.1 0.1 2.5×10-2 4.4×10-2 6.8×10-2 5.8×10-2 

0.1 0.3 1 0.38 0.54 1.00 0.58 

0.1 0.1 1 0.29 0.33 0.54 0.33 

0.1 0.1 0.1 3.9×10-2 5.7×10-2 8.1×10-2 5.9×10-2 
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induced stress from the surcharge and the noise wall will not affect the lateral earth pressures for 

some depth. This difference results in dramatic differences in bending moments predicted by 

each method, as shown in Figure 4.11 (more comparisons made in Table 2 and Appendix D). 

Since the proposed limit equilibrium solution has been shown to most accurately model the 

effect of the surcharge loading, this solution can be used to explain three notable trends found in 

the experimental testing. First, closer distances between the surcharge loading and the retaining 

wall (i.e., smaller values of 𝑑𝑑) result in higher bending moments as shown in Figures 4.3 and 4.4. 

As Figure 3.3 shows, smaller values of 𝑑𝑑 do not produce higher induced stresses from the 

surcharge, but rather result in shallower depths at which the surcharge begins to influence lateral 

earth pressures. This shallower depth of influence ultimately leads to higher values of bending 

moment.  

The next trend that can be seen from experimental testing is that the addition of horizontal 

loading towards the retaining wall causes a significant increase to the bending moments from 

lateral earth pressure (Figure 4.5 and Figure 4.6). As higher surcharge loads are transmitted from 

the noise wall to the underlying soil, more lateral thrust and ultimately higher lateral pressures to 

the retaining wall are produced. Conversely, horizontal loading away from the retaining wall has 

no discernible effect, positive or negative, on bending moment, as shown in Figure 4.5. This was 

the case for all combinations of 𝑑𝑑 and 𝑞𝑞𝑣𝑣𝑣𝑣, as show in in Appendix C. This observation does not 

match the results of the proposed limit equilibrium formulation from Chapter 3 (Figure 3.6). The 

limit equilibrium formulation predicts horizontal loads directed away from the retaining wall will 

lessen the lateral earth pressure and therefore result in smaller values for bending moment. This 

suggests that the proposed limit equilibrium solution does not sufficiently model the effects of 

the horizontal loading when the loading is directed away from the retaining wall and therefore 
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should not be used for this loading case. However, for the case of wind loading on noise wall 

barriers, the wind loading may be in either direction, and the most adverse load is desired for 

design. Since the loading case that produces the highest bending moments from lateral earth 

pressures is clearly when the horizontal loading is applied towards the retaining wall according 

to these results, the failure of the proposed solution in accurately predicting the surcharge effects 

is of no consequence. 

The final trend exhibited by experimental results is that increasing the vertical surcharge 

magnitude, 𝑞𝑞𝑣𝑣𝑣𝑣, produces much larger bending moments (Figure 4.7). As was the case for the 

horizontal surcharge, higher vertical surcharge loading transmits higher lateral pressures to the 

retaining wall. These results match those from similar experimental testing on the effect of 

vertical surcharge loading (Georgiadis and Anagnostopoulos 1998).  

Apart from the three general trends above, other important observation can be made as well. As 

discussed in Section 2.2, wall flexibility plays an important role on the behavior of cantilever 

retaining wall (Figure 2.12). Two wall flexibilities were used during testing: a thin, more flexible 

wall for the lower surcharge magnitude testing (𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 0.1) and a thicker, more rigid wall for the 

higher surcharge magnitude testing (𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 1). As Figures 4.7 shows, the two walls have 

distinctly different bending moment responses. Although two variables are varied here (the 

flexural rigidity and the surcharge magnitude), bending moment distribution can be compared. 

The more flexible wall reaches its maximum moment at 𝑑𝑑
𝐻𝐻

= 1.2 and the bending moment 

response drops to near zero by 𝑑𝑑
𝐻𝐻

= 2.4. Conversely, the more rigid wall reaches its maximum 

moment at much deeper depth of around 𝑑𝑑
𝐻𝐻

= 1.8 and the bending moment response persists to 

the bottom of the sheet pile. Recalling the wall flexibility discussion in Figure 2.12, the 
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experimental tests for the flexible and rigid walls behave in accordance to the fixed- and free-

earth support scenarios, respectively. As retaining walls are designed to be relatively stiff to 

restrict deflections at the top of the wall, the results for the rigid wall are more applicable to the 

expected behavior of prototype cantilever retaining walls under combined horizontal and vertical 

surcharge loading. 

Apart from the effects of wall flexibility, information was obtained regarding the threshold of 

whether the surcharge influences the retaining wall. Figure 4.3 shows that the loading case where 

𝑑𝑑 𝐻𝐻⁄ = 1.2 and 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 0.2 has no discernible effect on the bending moment even with 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

 at its 

maximum value of 0.4. However, for the higher vertical surcharge magnitude (𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 1 in Figure 

4.3), there is a significant change in bending moment for the same value of 𝑑𝑑
𝐻𝐻

. This suggests two 

things: (1) a threshold exists where beyond a certain combination of parameters, namely 𝑑𝑑, 𝜙𝜙, 

𝑞𝑞ℎ, and 𝑞𝑞𝑣𝑣𝑣𝑣, the surcharge will no longer influence the lateral pressures along the retaining wall 

and (2) geometry alone, i.e., the value of 𝑑𝑑, does not solely control this threshold.  

This threshold can be explained by the differing depths at which the surcharge begins to 

influence the retaining wall between the high and low magnitude vertical surcharge. Figure 4.10 

shows the induced horizontal stresses for each of the vertical surcharge magnitudes when 𝑑𝑑
𝐻𝐻

=

1.2. No significant change in bending moment was recorded when 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 0.1 (dotted blue line), 

but a significant change in bending moment was recorded for 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 1 (solid red line) because the 

depth at which the surcharge begins to influence the retaining wall is shallower. This also 

suggests that the threshold at which the surcharge begins to induce stress on the retaining wall 

lies somewhere between 𝑧𝑧
𝐻𝐻
≅ 1.6 where the surcharge does influence and 𝑧𝑧

𝐻𝐻
≅ 2.2 where the 
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surcharge does not influence the bending moment. It is important to note that the surcharge can 

influence the retaining wall even when the depth to influence is below the elevation of the 

excavation, i.e., 𝑧𝑧
𝐻𝐻

= 1. Ultimately, it is of the opinion of the author that the threshold depth of 

influence is at the point of fixity at which the flexible retaining wall either rotates or is fixed 

according to the free- or fixed-earth support case, respectively (Figure 2.12). This pivot point lies 

somewhere below the excavation but above the bottom of the pile. The rationale for this point is 

that if the surcharge influences above the point of fixity, the induced stresses from the surcharge 

will promote movement of the top of the sheet pile wall toward the excavation. If the surcharge 

begins to influence below the point of fixity, the induced stresses from the surcharge will either 

have no effect for the fixed-earth case or promote rotation of the top of the sheet pile away from 

Figure 4.12. Induced stresses when 𝑑𝑑
𝐻𝐻

= 1.2 for each of the vertical 
surcharge magnitudes. 
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the excavation effectively stabilizing the retaining wall for the free-earth case. More research 

should be conducted to confirm this hypothesis.  

4.7 Lessons Learned 

A small-scale, 1-g retaining wall model was used to test the effects of several parameters related 

to horizontally and vertically loaded surcharge placed near a model sheet pile wall. These 

parameters included the distance between the surcharge and the retaining wall, 𝑑𝑑, the horizontal 

surcharge magnitude, 𝑞𝑞ℎ, and the vertical surcharge magnitude, 𝑞𝑞𝑣𝑣𝑣𝑣. To isolate each of these 

variables, combinations of each of these parameters was tested. Measurements were made via 

strain gauges placed at various depths along the model sheet pile wall and were converted to 

bending moments. The bending moment results from the experimental testing were compared 

with the predicted bending moments from net lateral earth pressures from three different 

methods: the proposed limit equilibrium solution from Chapter 3 and the elastic and AASHTO 

methods described in Chapter 2. Key conclusions are as follows: 

a) Due to the very low confining pressures present in the small-scale model, significant 

dilative effects were observed. This is a limitation of the experimental model that does 

not simulate the confining pressures expected in prototype cantilever retaining walls.  

b) Smaller values of 𝑑𝑑, larger values of 𝑞𝑞ℎ, and larger values of 𝑞𝑞𝑣𝑣𝑣𝑣 produced larger bending 

moments. 

c) When 𝑞𝑞ℎ was negative, i.e., the horizontal loading was directed away from the retaining 

wall, no significant change in bending moment was recorded. 

d) When comparing the observed experimental bending moment results with bending 

moments predicted via the three methods, the proposed limit equilibrium solution 

provided accurate predictions for all surcharge distances (𝑑𝑑). The AASHTO method 
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provided accurate predictions when the noise wall was at the retaining wall (small values 

of 𝑑𝑑) but greatly overpredicted the response for intermediate and large surcharge 

distances. The elastic method gave the least accurate predictions for all load cases. 

e) The relative flexibility of the wall had a significant effect on the bending moment 

response between the more flexible wall under lower magnitude vertical surcharge 

loading and the more rigid wall under the higher magnitude vertical surcharge. The 

bending moment response of the more flexible wall reflected the fixed-earth support 

response, while the more rigid wall better reflected the free-earth response presented in 

Figure 2.12. These results were consistent with the results of Rowe (1952).  

f) It is the opinion of the author that the threshold that decides whether the surcharge will or 

will not influence the retaining wall is governed by the depth at which the surcharge 

begins influencing the wall. This depth is a complex function dependent primarily on the 

horizontal and vertical surcharge magnitudes, 𝑞𝑞ℎ and 𝑞𝑞𝑣𝑣𝑣𝑣, respectively, and the distance 

between the surcharge loading and the retaining wall, 𝑑𝑑. If this depth is above the point of 

fixity for the wall, the surcharge will influence the retaining wall. If this depth is below 

the point of fixity, the surcharge will not adversely affect the lateral earth pressures on the 

retaining wall. 
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5  Conclusions 

The goal of this thesis was to determine a more accurate method of evaluating the effect of 

horizontal surcharges and non-uniform vertical surcharge loading behind flexible cantilever 

retaining walls. A literature review was performed that began with lateral earth pressures from 

the self-weight only and progressed into applied lateral pressures from surcharge loading. As a 

result of this literature review, a plasticity-based, limit equilibrium solution was proposed that 

accounted for horizontal and non-uniform vertical surcharges.  

The proposed limit equilibrium solution was determined to have four main controlling 

dimensionless parameters: the distance, 𝑑𝑑
𝐻𝐻

, between the surcharge and the retaining wall, the 

friction angle, 𝜙𝜙, the magnitude of the applied horizontal surcharge, 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, and the magnitude of 

the applied vertical surcharge, 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

. Analysis of the effects of these parameters found that 

decreasing 𝑑𝑑 or 𝜙𝜙, and increasing 𝑞𝑞ℎ or 𝑞𝑞𝑣𝑣𝑣𝑣 caused increased lateral pressures and corresponding 

bending moments, according this proposed limit equilibrium solution. 

A small-scale experimental model was constructed and used to assess the validity of the 

proposed limit equilibrium solution. Two walls were tested with a different flexibility, each 

instrumented with a set of strain gauges to quantify the bending moment response. The more 

rigid wall was used for higher vertical surcharge loading and the more flexible wall was used for 

lower vertical surcharge loading. The measured bending moment response for different loading 

conditions (i.e., varying combinations of 𝑑𝑑
𝐻𝐻

, 𝜙𝜙, 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, and 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

) were then compared to bending 

moment distributions predicted by the proposed limit equilibrium solution, an elastic solution, 

and an approximate method from Berg et al. (2009) based on the AASHTO LRFD Bridge 
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Design Specifications. It was confirmed that the proposed solution most accurately predicted the 

bending moment response from the applied surcharge loading for any distance between the 

surcharge and the retaining wall, 𝑑𝑑. It is ultimately recommended that (1) the proposed limit 

equilibrium solution be used to quantify the lateral pressures from the horizontal/vertical 

surcharge loading and (2) that any predicted induced stresses above the point of fixity be used for 

lateral earth pressure analysis. 
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Appendix A: Derivation of Proposed Limit Equilibrium Solution 

1. Determine Maximum Thrust, 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚, for given depth, z and 𝜙𝜙 ≤ 𝛼𝛼 ≤ 90°  

Known Relationships  

𝑅𝑅ℎ = 𝑅𝑅 sin(𝛼𝛼 − 𝜙𝜙)              𝑅𝑅𝑣𝑣 = −𝑅𝑅cos (𝛼𝛼 − 𝜙𝜙)    

𝑊𝑊 =
1
2
𝛾𝛾𝑧𝑧2cot (𝛼𝛼) 

𝑃𝑃𝑣𝑣 = 𝑃𝑃𝑠𝑠𝑖𝑖𝑛𝑛(δ)        𝑃𝑃ℎ = 𝑃𝑃𝑒𝑒𝑞𝑞𝑠𝑠(δ) 

Case 1: Failure Wedge Includes Entire Footprint of Surcharge 

�𝐹𝐹ℎ = 0 =  𝑃𝑃ℎ + 𝑞𝑞ℎ𝑏𝑏 − 𝑅𝑅ℎ =  𝑃𝑃ℎ − 𝑞𝑞ℎ𝑏𝑏 − 𝑅𝑅𝑠𝑠𝑖𝑖𝑛𝑛(𝛼𝛼 − 𝜙𝜙) 

∴ 𝑃𝑃 =
𝑅𝑅𝑠𝑠𝑖𝑖𝑛𝑛(𝛼𝛼 − 𝜙𝜙) + 𝑞𝑞ℎ𝑏𝑏 

cos(𝛿𝛿)  (1) 

𝑞𝑞ℎ 

𝑞𝑞𝑣𝑣(𝑥𝑥) 

𝑏𝑏 𝑑𝑑 

𝜙𝜙, 𝛾𝛾 
𝛿𝛿 

𝛼𝛼 

𝑃𝑃ℎ 

𝑧𝑧 

𝑊𝑊 

𝑃𝑃𝑣𝑣 
𝑅𝑅 

𝜙𝜙 

𝑧𝑧 
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�𝐹𝐹𝑣𝑣 = 0 =  𝑃𝑃𝑣𝑣 −𝑊𝑊 − 𝑞𝑞𝑣𝑣𝑣𝑣𝑏𝑏 + 𝑅𝑅𝑣𝑣 =  𝑃𝑃ℎ tan(𝛿𝛿) −𝑊𝑊 − 𝑞𝑞𝑣𝑣𝑣𝑣𝑏𝑏 + 𝑅𝑅𝑒𝑒𝑞𝑞𝑠𝑠(𝛼𝛼 − 𝜙𝜙) 

∴ 𝑃𝑃 =
𝑊𝑊 + 𝑞𝑞𝑣𝑣𝑣𝑣𝑏𝑏 − 𝑅𝑅𝑒𝑒𝑞𝑞𝑠𝑠(𝛼𝛼 − 𝜙𝜙)

sin (𝛿𝛿)
(2) 

Setting equations (1) and (2) equal gives: 

𝑅𝑅𝑠𝑠𝑖𝑖𝑛𝑛(𝛼𝛼 − 𝜙𝜙) + 𝑞𝑞ℎ𝑏𝑏   =
𝑊𝑊 + 𝑞𝑞𝑣𝑣𝑣𝑣𝑏𝑏 − 𝑅𝑅𝑒𝑒𝑞𝑞𝑠𝑠(𝛼𝛼 − 𝜙𝜙)

tan(𝛿𝛿)  

Solving for R yields: 

𝑅𝑅 =
𝑊𝑊 + 𝑞𝑞𝑣𝑣𝑣𝑣𝑏𝑏 − 𝑞𝑞ℎ𝑏𝑏 tan(𝛿𝛿)

tan(𝛿𝛿) cos(𝛼𝛼 − 𝜙𝜙) + sin (𝛼𝛼 − 𝜙𝜙)
 

Substituting into Equation (1): 

𝑃𝑃 =
(𝑊𝑊 + 𝑞𝑞𝑣𝑣𝑣𝑣𝑏𝑏 − 𝑞𝑞ℎ𝑏𝑏𝑒𝑒𝑎𝑎𝑛𝑛(𝛿𝛿))sin (𝛼𝛼 − 𝜙𝜙)

cos(𝛿𝛿) (tan(𝛿𝛿) cos(𝛼𝛼 − 𝜙𝜙) + sin(𝛼𝛼 − 𝜙𝜙)) +
𝑞𝑞ℎ𝑏𝑏

cos(𝛿𝛿) 

= �𝑊𝑊 + 𝑞𝑞𝑣𝑣𝑣𝑣𝑏𝑏 − 𝑞𝑞ℎ𝑏𝑏𝑒𝑒𝑎𝑎𝑛𝑛(𝛿𝛿)�
sin(𝛼𝛼 − 𝜙𝜙)

cos(𝛼𝛼 − 𝜙𝜙 − 𝛿𝛿) +
𝑞𝑞ℎ𝑏𝑏

cos(𝛿𝛿)
(3𝑎𝑎) 

Note that Equation 3 is only valid for values of 𝛼𝛼 that result in the failure surface intersecting the 

ground surface at or beyond the far edge of the surcharge, i.e., Case 1. Thus, Equation 3 must be 

modified to incorporate values of 𝛼𝛼 that result in failure surfaces that include only a portion of 

the surcharge (Case 2) or excludes the footprint of the surcharge entirely (Case 3).  
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Case 2: Failure Wedge Includes Portion of Surcharge: 

When a portion of the surcharge is included in the wedge, the length of this surcharge portion is 

equal to: 

zcot(α) − d = 𝑥𝑥 − 𝑑𝑑 

Solving for equilibrium leads to 

�𝐹𝐹ℎ = 0 =  𝑃𝑃ℎ + 𝑞𝑞ℎ𝑧𝑧𝑒𝑒𝑞𝑞𝑒𝑒(𝛼𝛼) − 𝑅𝑅ℎ =  𝑃𝑃ℎ − 𝑞𝑞ℎ𝑧𝑧𝑒𝑒𝑞𝑞𝑒𝑒(𝛼𝛼) − 𝑅𝑅𝑠𝑠𝑖𝑖𝑛𝑛(𝛼𝛼 − 𝜙𝜙) 

∴ 𝑃𝑃 =
𝑅𝑅𝑠𝑠𝑖𝑖𝑛𝑛(𝛼𝛼 − 𝜙𝜙) + 𝑞𝑞ℎ𝑏𝑏

cos(δ)
(1) 

 

𝑞𝑞ℎ 

𝑞𝑞𝑣𝑣(𝑥𝑥) 

𝑏𝑏 𝑑𝑑 

𝜙𝜙, 𝛾𝛾 𝛿𝛿 

𝛼𝛼 

𝑃𝑃ℎ 

𝑧𝑧 

𝑊𝑊 

𝑃𝑃𝑣𝑣 
𝑅𝑅 

𝜙𝜙 

𝑧𝑧 
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�𝐹𝐹𝑣𝑣 = 0 =  𝑃𝑃𝑣𝑣 −𝑊𝑊 −� 𝑞𝑞𝑣𝑣(𝑥𝑥)
𝑧𝑧𝑐𝑐𝑣𝑣𝑎𝑎(𝛼𝛼)

𝑑𝑑
+ 𝑅𝑅𝑣𝑣

=  𝑃𝑃ℎ tan(𝛿𝛿)−𝑊𝑊 −� 𝑞𝑞𝑣𝑣(𝑥𝑥)
𝑧𝑧𝑐𝑐𝑣𝑣𝑎𝑎(𝛼𝛼)

𝑑𝑑
+ 𝑅𝑅𝑒𝑒𝑞𝑞𝑠𝑠(𝛼𝛼 − 𝜙𝜙) 

∴ 𝑃𝑃 =
𝑊𝑊 + ∫ 𝑞𝑞𝑣𝑣(𝑥𝑥)𝑧𝑧𝑐𝑐𝑣𝑣𝑎𝑎(𝛼𝛼)

𝑑𝑑 − 𝑅𝑅𝑒𝑒𝑞𝑞𝑠𝑠(𝛼𝛼 − 𝜙𝜙)
sin(𝛿𝛿)

(2) 

Linearly varying vertical surcharge, 𝑞𝑞𝑣𝑣(𝑥𝑥): 

    𝑒𝑒 = 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

ℎ = 𝐹𝐹ℎ  𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑞𝑞𝑣𝑣𝑣𝑣 �1 − 6𝑎𝑎
𝑏𝑏
�   𝑞𝑞𝑚𝑚𝑎𝑎𝑚𝑚 = 𝑞𝑞𝑣𝑣𝑣𝑣 �1 + 6𝑎𝑎

𝑏𝑏
�  

  where:   

   𝑒𝑒 = eccentricity from applied moment 

ℎ = height of resultant of horizontal force, e.g., wind load 

𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚, 𝑞𝑞𝑚𝑚𝑎𝑎𝑚𝑚 = minimum and maximum magnitude of vertical load  

 

Slope:  𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚−𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
𝐵𝐵

= 𝑞𝑞𝑣𝑣𝑣𝑣 �1 − 6𝑎𝑎
𝐵𝐵
− 1 − 6𝑎𝑎

𝐵𝐵
� = 𝑞𝑞𝑣𝑣𝑣𝑣 �−

12𝑎𝑎
𝐵𝐵
� 

𝑞𝑞𝑣𝑣(𝑥𝑥) = 𝑞𝑞𝑣𝑣𝑣𝑣 ��1 +
6𝐹𝐹ℎ
𝑏𝑏

−
12𝐹𝐹ℎ𝑑𝑑
𝑏𝑏2

� −
12𝐹𝐹ℎ𝑥𝑥
𝑏𝑏2

� 

� 𝑞𝑞𝑣𝑣(𝑥𝑥)
𝑚𝑚

𝑑𝑑
= � 𝑞𝑞𝑣𝑣(𝑥𝑥)

𝑧𝑧𝑐𝑐𝑣𝑣𝑎𝑎(𝛼𝛼)

𝑑𝑑
= 𝑞𝑞𝑣𝑣𝑣𝑣 ��1 +

6𝐹𝐹ℎ
𝑏𝑏

−
12𝐹𝐹ℎ𝑑𝑑
𝑏𝑏2

� (𝑥𝑥 − 𝑑𝑑) −
6𝐹𝐹ℎ
𝑏𝑏2

(𝑥𝑥2 − 𝑑𝑑2)� 

= (𝑥𝑥 − 𝑑𝑑)𝑞𝑞𝑣𝑣𝑣𝑣 ��1 +
6𝐹𝐹ℎ
𝑏𝑏

−
12𝐹𝐹ℎ𝑑𝑑
𝑏𝑏2

� −
6𝐹𝐹ℎ
𝑏𝑏2

(𝑥𝑥 + 𝑑𝑑)� 

= (𝑥𝑥 − 𝑑𝑑)𝑞𝑞𝑣𝑣𝑣𝑣𝐴𝐴 
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 where   𝐴𝐴 = ��1 + 6𝐹𝐹ℎ
𝑏𝑏
− 12𝐹𝐹ℎ𝑑𝑑

𝑏𝑏2
� − 6𝐹𝐹ℎ

𝑏𝑏2
(𝑥𝑥 + 𝑑𝑑)� 

 Setting Equation (1) equal to (2) and solving for P: 

  𝑃𝑃 = �1
2
γz2f(α) + (zf(α) − d)(Aqvo − tan(δ) qh)� g(α) + qh(zf(α)−d)

cos(δ)  

Case 3: Failure Wedge Excludes Surcharge 

The simplest of all three cases, only self-weight contributes to the thrust, 𝑃𝑃. 

�𝐹𝐹ℎ = 0 =  𝑃𝑃ℎ − 𝑅𝑅ℎ =  𝑃𝑃ℎ − 𝑅𝑅𝑠𝑠𝑖𝑖𝑛𝑛(𝛼𝛼 − 𝜙𝜙) 

∴ 𝑃𝑃 =
𝑅𝑅𝑠𝑠𝑖𝑖𝑛𝑛(𝛼𝛼 − 𝜙𝜙)

cos(𝛿𝛿)
(1) 

�𝐹𝐹𝑣𝑣 = 0 =  𝑃𝑃𝑣𝑣 −𝑊𝑊 + 𝑅𝑅𝑣𝑣 =  𝑃𝑃ℎ tan(𝛿𝛿) −𝑊𝑊 + 𝑅𝑅𝑒𝑒𝑞𝑞𝑠𝑠(𝛼𝛼 − 𝜙𝜙) 

𝑞𝑞ℎ 

𝑞𝑞𝑣𝑣(𝑥𝑥) 

𝑏𝑏 𝑑𝑑 

𝜙𝜙, 𝛾𝛾 𝛿𝛿 

𝛼𝛼 

𝑃𝑃ℎ 

𝑧𝑧 

𝑊𝑊 

𝑃𝑃𝑣𝑣 
𝑅𝑅 

𝜙𝜙 

𝑧𝑧 
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∴ 𝑃𝑃 =
𝑊𝑊 − 𝑅𝑅𝑒𝑒𝑞𝑞𝑠𝑠(𝛼𝛼 − 𝜙𝜙)

sin(𝛿𝛿)
(2) 

Setting (1) and (2) equal and solving for P: 

𝑃𝑃 =
1
2
𝛾𝛾𝑧𝑧2f(α)g(α) 

2. Calculate 𝑃𝑃ℎ,𝑚𝑚𝑎𝑎𝑚𝑚 

𝑃𝑃ℎ,𝑚𝑚𝑎𝑎𝑚𝑚 = 𝑃𝑃𝑚𝑚𝑎𝑎𝑚𝑚cos (𝛿𝛿) 

3. Repeat steps 1 and 2 for all values of z along retaining wall 

4. Numerically differentiate 𝑃𝑃ℎ,𝑚𝑚𝑎𝑎𝑚𝑚(𝑧𝑧) with respect to z to find lateral earth pressure, 𝜎𝜎ℎ(𝑧𝑧) 
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Appendix B: Effect of Input Parameters on Induced Horizontal Stresses 

 

 

 

𝑏𝑏
𝐻𝐻

 

𝑑𝑑
𝐻𝐻

 

Figure B.1. Effect of distance, 𝑑𝑑
𝐻𝐻

, on the induced horizontal stress for 
𝜙𝜙 = 30°, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.3, 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 0.5. 
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𝑏𝑏
𝐻𝐻

 
𝑑𝑑
𝐻𝐻

 

Figure B.2. Effect of friction angle, 𝜙𝜙, on the induced horizontal 
stress for 𝑑𝑑

𝐻𝐻
= 0.5, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.3, 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 0.5. 
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𝑏𝑏
𝐻𝐻

 
𝑑𝑑
𝐻𝐻

 

Figure B.3. Effect of horiztonal surcharge magnitude, 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

, on the 

induced horizontal stress for𝑑𝑑
𝐻𝐻

= 0.5, 𝜙𝜙 = 30°, 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 0.5. 
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𝑏𝑏
𝐻𝐻

 
𝑑𝑑
𝐻𝐻

 

Figure B.4. Effect of vertical surcharge magnitude, 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

 on the 

induced horizontal stress for 𝑑𝑑
𝐻𝐻

, = 0.5 𝜙𝜙 = 30°, and 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

= 0.3. 
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Appendix C: Experimental Results - Bending Moment Response  

  

Figure C.1. Results showing effect of distance,𝑑𝑑
𝐻𝐻

, for a constant 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

=

0.1 and 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

 = 0.4. 
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Figure C.2. Results showing effect of 𝑞𝑞ℎ direction for a constant 
𝑑𝑑
𝐻𝐻

= 0.4 and 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 0.1  
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Figure C.3. Results showing effect of positive 𝑞𝑞ℎ magnitude for a 
constant 𝑑𝑑

𝐻𝐻
= 0.4 and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 0.1 
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Figure C.4. Results showing effect of negative 𝑞𝑞ℎ magnitude for a 
constant 𝑑𝑑

𝐻𝐻
= 0.4 and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 0.1 
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Figure C.5. Results showing effect of distance,𝑑𝑑
𝐻𝐻

, for a constant 
𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 1 and 𝑞𝑞ℎ
𝑞𝑞𝑣𝑣𝑣𝑣

 = 0.4. 
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Figure C.6. Results showing effect of 𝑞𝑞ℎ direction for a constant 
𝑑𝑑
𝐻𝐻

= 0.4 and 𝑞𝑞𝑣𝑣𝑣𝑣
𝛾𝛾𝐻𝐻

= 1 
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Figure C.7. Results showing effect of positive 𝑞𝑞ℎ magnitude for a 
constant 𝑑𝑑

𝐻𝐻
= 0.4 and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1 
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Figure C.8. Results showing effect of negative 𝑞𝑞ℎ magnitude for a 
constant 𝑑𝑑

𝐻𝐻
= 0.4 and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1 
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Appendix D: Comparison of Methods for Surcharge Lateral Pressures 
 

Induced Horizontal Stresses from Surcharge 

  

Figure D.1. Comparison of induced horizontal stresses from surcharge for 
each method for 𝑑𝑑

𝐻𝐻
= 1.2, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.3, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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Figure D.2. Comparison of induced horizontal stresses from surcharge for 
each method for 𝑑𝑑

𝐻𝐻
= 1.2, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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Figure D.3. Comparison of induced horizontal stresses from surcharge for 
each method for 𝑑𝑑

𝐻𝐻
= 0.4, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.3, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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Figure D.4. Comparison of induced horizontal stresses from surcharge for 
each method for 𝑑𝑑

𝐻𝐻
= 0.4, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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Figure D.5. Comparison of induced horizontal stresses from surcharge for 
each method for 𝑑𝑑

𝐻𝐻
= 0.4, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 0.1. 
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Figure D.6. Comparison of induced horizontal stresses from surcharge for 
each method for 𝑑𝑑

𝐻𝐻
= 0.1, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.3, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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Figure D.7. Comparison of induced horizontal stresses from surcharge for 
each method for 𝑑𝑑

𝐻𝐻
= 0.1, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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Figure D.8. Comparison of induced horizontal stresses from surcharge for 
each method for 𝑑𝑑

𝐻𝐻
= 0.1, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 0.1. 
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Comparison of Measured and Predicted Bending Moments 

 

Figure D.9. Comparison of observed and predicted dimensionless moments 
for each of the three methods for 𝑑𝑑

𝐻𝐻
= 1.2, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.3, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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Figure D.10. Comparison of observed and predicted dimensionless moments 
for each of the three methods for 𝑑𝑑

𝐻𝐻
= 1.2, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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Figure D.11. Comparison of observed and predicted dimensionless moments 
for each of the three methods for 𝑑𝑑

𝐻𝐻
= 0.4, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.3, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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Figure D.12. Comparison of observed and predicted dimensionless moments 
for each of the three methods for 𝑑𝑑

𝐻𝐻
= 0.4, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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Figure D.13. Comparison of observed and predicted dimensionless moments 
for each of the three methods for 𝑑𝑑

𝐻𝐻
= 0.4, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 0.1. 
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Figure D.14. Comparison of observed and predicted dimensionless moments 
for each of the three methods for 𝑑𝑑

𝐻𝐻
= 0.1, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.3, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 



126 
 

 

 

 

 

 

 

 

 

Figure D.15. Comparison of observed and predicted dimensionless moments 
for each of the three methods for 𝑑𝑑

𝐻𝐻
= 0.1, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 1. 
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Figure D.16. Comparison of observed and predicted dimensionless moments 
for each of the three methods for 𝑑𝑑

𝐻𝐻
= 0.1, 𝑞𝑞ℎ

𝑞𝑞𝑣𝑣𝑣𝑣
= 0.1, and 𝑞𝑞𝑣𝑣𝑣𝑣

𝛾𝛾𝐻𝐻
= 0.1. 
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