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Introduction

The goal of this poster is to discuss a relationship between quan-
dle theoretic invariants of links, linking number and a higher order
analogue of linking number, called the triple linking number. More
precisely, we present quandles such that the number of colorings of
a link by these quandles recover its linking number and triple linking
number.
The notion of a quandle has its origin in the idea of knot colorability
first defined by Crowell and Fox. A quandle is a set with two binary
operations (. and .−1) that satisfy certain conditions motivated by
Reidemeister moves. A coloring of a link by a quandle is a labelling
of its arcs by elements of the quandle such that at each crossing
the labelling looks like:
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Figure 1: A local picture of a coloring of a link by a quandle.

The quandle which recovers Fox’s original notion of p-colorability
is given by Z/p with operation a . b = 2b − a. A 3-coloring of
the trefoil is depicted below
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Figure 2: A 3-coloring of the trefoil.

In this project we prove the following:

Theorem (A)
There exists a family of quandles Qp

3 (p ∈ N) so that the number
of colorings of a 2-component link by Qp

3 recovers whether or not
p divides the linking number.
While a quandle with the same properties is given by Harrell and
Nelson, ours has the advantage that it generalizes to give a quandle
that recovers Milnor’s higher order triple linking number:

Theorem (B)
There exists a quandle Qp

4 so that the number of colorings of a
3-component link with zero pairwise linking numbers by Qp

4

recovers whether or not p divides the triple linking number.
As a consequence the number of the colorings can detect linking
number up to a sign.

A quandle that recovers linking number

For p ∈ N, Qp
3 is the quandle given by the following subset of upper

triangular matrices with entries in Z/p:

Qp
3 =




1 1 a

0 1 0

0 0 1



,



1 0 a

0 1 1

0 0 1



: a ∈ Z/p


with quandle operations given by M .N = NMN−1 and M .−1

N = N−1MN

For convenience we set sa =



1 1 a

0 1 0

0 0 1



and ta =



1 0 a

0 1 1

0 0 1



Consider the 2-component torus link T2,2n given as the closure of
the braid depicted in Figure 3. We begin by counting the number
of colorings this link has by Qp

3. To be precise there are p2 coloring
of T2,2n of types 1 and 2 (depicted in Figure 3 below). If p is a
factor of n then there are another p2 colorings of types 3 and 4.
Thus, the number of colorings of T2,2n is given by

# col(T2,2n, Q3
p) =

{
4p2 if p divides n
2p2 otherwise
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There are p2 each of colorings of
types 1 and 2 (below):
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Whenever n ≡ 0 mod p, there are
p2 each of colorings of types 3 and
4 (below):

Figure 3: Four copies of a braid whose closure is T2,2n, with the four
different types of colorings of T2,2n by Qp

3.

Any 2-component link L with linking number n is link homotopic to
T2,2n. Since the number of colorings of L by Qp

3 is a link homotopy
invariant, then

# col(L,Q3
p) =

{
4p2 if p divides n
2p2 otherwise

A glance at this formula reveals that if we know the number of
colorings of a two component link, then we know whether or not p
divides the linking number. This proves Theorem A.

A quandle for triple linking number

There is a quandleQp
4 that is analogous toQp

3 except it is composed
of 4x4 upper triangular matrices
Theorem (C)
For any 3-component link with vanishing pairwise linking number
and triple linking number n, the number of colorings possible by
Qp

4 is given by:

# col(L,Qp
4) =

{
3p3 + 4p6 + 2p8 + 4p7 + p9 if p divides n
3p3 + 4p6 + 2p8 + 2p7 + p9 otherwise

The idea of the proof in this setting is highly similar. Any 3-
component link L with pairwise linking number 0 and triple linking
number n is link-homotopic to the n-fold iterate of the Boromean
rings depicted in Figure 4. The number of colorings by our quandle
is a link homotopy invariant. By direct computation on the link of
Figure 4 we see that the theorem holds.
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Figure 4: n-iterations of the Borromean rings. BR represents a braid
whose closure is the borromean rings.
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