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ABSTRACT 

Structural health monitoring (SHM) is the process of evaluating a structure with the 

use of sensors to provide an accurate representation of its current condition. Damage is 

identified, located, and quantified in order better understand the deterioration of the structure 

and allow for informed decision-making. Vibration-based damage detection uses 

accelerometers to measure the response of the structure due to ambient or applied loads and 

calculates modal properties based on the measured response. These modal properties (natural 

frequency, mode shape, modal damping) are functions of properties of the structure (mass, 

stiffness); thus, a change in modal properties can be an indicator of damage. Only a portion 

of each structure was investigated, using a process called substructuring. Substructuring is 

the process of studying only a small section of the structure and identifying local behavior. 

Using measurements from the boundaries of the substructure, a virtual force was calculated 

to restrain the boundary to zero response. The response of the isolated substructure was 

calculated by superimposing the (measured) global response with that from the applied 

virtual supports. The natural frequencies of the isolated substructure were then calculated and 

compared to the expected (undamaged) frequencies. A significant difference between the two 

indicated damage within the substructure. The substructural health monitoring technique is 

validated using a spring-mass and modeled beam. Local frequencies are shown to be 

sensitive to local damage, insensitive to damage outside of the substructure, and change with 

the severity of damage.  
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CHAPTER 1.  Introduction 

Civil infrastructure forms the network needed to support human activities. Roadways, 

tunnels, bridges, and airports allow for convenient travel across the nation and around the world. 

Power plants, wastewater treatment centers, and pipelines provide our homes with power, clean 

water, and heat. These valuable services we have come to rely on are only possible because of 

the extensive network of civil structures.  

Unfortunately, the current state of U.S. infrastructure is far from resilient. According to 

the 2017 ASCE Infrastructure Report Card, the current state of U.S. infrastructure is a D+, poor 

and most below standard. The quickly deteriorating infrastructure poses a risk to more than just 

public safety: it is straining the nation’s economy (ASCE 2017).  

Solving the problem of the nation’s crumbling infrastructure requires an influx of 

resources and a change in standards for structure maintenance. The cost of rebuilding and 

retrofitting all deficient structures to earn a B grade would require an additional investment of 

$206 billion per year (ASCE 2017). While infrastructure investment has increased in recent 

years, it is far from the $2.0 trillion needed in the next 9 years.  

Because filling this large deficit is unlikely, another solution is needed to address the 

issue of the nation’s crumbling infrastructure. One solution is to identify the most critical and 

critically damaged structures and focus the limited funds on the repair of these structures. 

Structural health monitoring is a way to quantify the severity of damage of a structure and could 

help determine a structures priority for renovation.   

Structural health monitoring (SHM) is the process of collecting data, via sensors, visual 

inspection, or any other method, analyzing the data, and using it to make an informed decision 

about the structure. The goal of SHM is to provide a reliable and efficient method of collecting, 



 2 

managing, analyzing, and interpreting data. The most basic form of SHM is intermittent visual 

inspections. For publicly-owned bridges, these visual inspections occur at least once every two 

years, as mandated by the Federal Highway Administration (1988). Visual inspections are 

subjective, and the quality of results is dependent on the inspector’s experience. More advanced 

structural health monitoring techniques involve the use of sensors for continuous system 

identification from time-dependent data to supplement, or even replace, traditional intermittent 

visual inspections. The use of sensors for SHM can provide information beyond the surface, such 

as internal strains and natural frequencies; permanent or semi-permanent instrumentation can 

collect and analyze data continuously, providing more frequent feedback than visual inspections. 

The data collected from strategically placed sensors can be used to monitor the deterioration of 

the structure and identify the presence of damage, perhaps long before it progresses to the 

surface.  

Traditionally, structural health monitoring involves inspecting the entire structure and 

making decisions based on the condition of the structure as a whole. This is called global health 

monitoring because it attempts to characterize the behavior of the entire structure, the global 

structure. Global monitoring can be helpful because it can provide a general overview of the 

condition of the structure, however, it may not be able to effectively identify the presence of 

damage or determine the location of damage. Damage in civil structures tends to be concentrated 

in small critical sections, greatly affecting the area nearby but having little effect on portions of 

the structure further away. Because of this concentration of damage, it is possible that a global 

SHM technique will be unable to capture and classify the damage.  If, instead of looking at the 

entire structure, only the small section where the damage is present is investigated, the effects of 

the damage will be more prominent.   
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Substructural health monitoring is the process of applying a global monitoring technique 

to a smaller portion of a structure. A substructure is a small section of a structure that is 

selected for monitoring; it is often the section of a structure that is most prone to damage. The 

connection between the substructure and the global structure is called the interface. Similar 

metrics found for the global structure using global analysis can be identified for the substructure 

using substructural analysis. The substructural response provides information on the substructure 

only and is only influenced by the condition of the substructure. These local substructure 

measurements are sensitive to damage within the boundaries of the substructure and are therefore 

more likely to be able to predict damage within the substructure than global monitoring 

techniques.  

Both monitoring methods (global and substructural) use local measurements for data 

collection. These local measurements can be in the form of accelerometers, strain gauges, or a 

visual inspection at a single point. Together, depending on the method of analysis, the local 

measurements are used to create either the global or local (substructure) response. 

Different substructural health monitoring (SSHM) techniques treat the interfaces 

differently. This project uses the substructural isolation method with interface measurements 

proposed by Hou et al. (2010). This process uses the virtual distortion method to isolate the 

substructure; virtual supports are applied at each degree of freedom of the interface to counteract 

the global influence, resulting in an isolated substructure that reacts to local excitation only. 

Once the substructure is isolated, it can be analyzed using any global monitoring technique. 

This paper investigates the efficacy of substructural health monitoring compared to 

global monitoring methods at identifying damage. The substructural health monitoring method 

(SSHM) involved two steps: (1) isolating the substructure and (2) identifying local damage. The 
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substructural isolation method can be used in combination with any global SHM method. Failure 

of the SSHM method to identify damage could be due to the substructural isolation method or 

the selected damage detection method. Thus, each step in the SSHM method must be 

independently validated. The substructural isolation method was validated on two numerical 

models and then a SHM method was applied to each isolated substructure. The selected SHM 

method studied changes in natural frequency as an indicator of damage. This thesis aims to show 

that substructural health monitoring is more sensitive to damage than global monitoring.   

To apply this substructuring process to an in-situ structure, accelerometers would be used 

to measure vibrations in all degrees of freedom at the interfaces and some degrees of freedom 

within the substructure. For the numerical models studied in this project, the acceleration record 

was calculated for various locations along the substructure, emulating the placement of sensors 

on a real structure. The “sensors” located on the interface were called boundary sensors and the 

sensors located within the substructure were called interior (or substructure) sensors. The 

output-only observer/Kalman identification method (Vicario 2014) and substructural isolation 

method (Hou et al. 2010) were used together to isolate the substructure from the global structure 

and adjust the response of interior sensors. The modal properties of the isolated substructure 

were calculated with the Natural Excitation Technique (James et al. 1995), a type of stochastic 

system identification, and the Eigensystem Realization Algorithm (Juang and Pappa 1985). 

Because natural frequencies are a function of the stiffness and mass of the structure, a 

change in natural frequency can be an indicator of damage. Data are collected on the undamaged 

system to determine the undamaged natural frequencies; these data compose the training set. 

Next, data are collected under unknown conditions (i.e., damage may or may not be present); 

these data compose the test set. For each test data set, a null hypothesis test for the difference 
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between two means is calculated to compare the results from the test data set with those from the 

training set. The hypothesis test categorizes the test data set as “damaged” or “undamaged” by 

either rejecting or failing to reject the null hypothesis that the system is undamaged.  

The SSHM method adopted for this thesis was tested on two virtual structures. First, a 

20-degree-of-freedom system was modeled in Matlab. This model was used primarily for 

method validation as true natural frequencies could easily be calculated and compared to 

experimental values. Second, a modeled simply-supported beam was studied. This system 

required the application of two virtual supports per interface to restrain vertical displacement and 

rotation. For each structure, a portion along the length of the structure was defined as the 

substructure. Accelerometers were used to measure the vibration response at the substructure 

interface and throughout the interior of the substructure. The recorded vibrations were then input 

into the substructural isolation method to extract the substructural frequencies and predict the 

presence of damage.  

   The next chapter provides an overview of the history of research in structural health 

monitoring, the use of vibration analysis, and substructural health monitoring. Chapter 3 explains 

the substructural isolation method used in this project. Chapter 4 describes the process of method 

validation on a spring-mass system and chapter 5 tests the substructuring method on a modeled 

beam. The conclusions of this work are presented in Chapter 6.  
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CHAPTER 2.  Literature Review 

Structural health monitoring (SHM) is the process of conducting non-destructive tests on 

a structure to characterize its condition. SHM includes structure instrumentation, data collection 

and analysis, damage detection, and identification. The goal of SHM is to provide a reliable and 

efficient method of collecting, managing, analyzing, and interpreting data that offers insight into 

the current condition of the structure. In general, the process is done by comparing the unknown 

state to a known, baseline condition, determined either experimentally from an undamaged 

structure or from a computer model.  

SHM can be divided into four steps (Farrar and Worden 2007): (1) operational 

evaluation, (2) data acquisition, (3) feature extraction, and (4) statistical model development for 

feature discrimination. Step one involves determining the conditions (operational and 

environmental) in which the system functions. Step two defines methodology for data collection 

– i.e. the types of sensors to be used, their placement within the structure, continuous or periodic 

monitoring, etc. – and normalizes the data to account for environmental or operational 

variability. Step three identifies the damage-sensitive property used to distinguish between 

undamaged and damaged structures, e.g. modal properties, flexibility (Farrar et al. 2001; Sohn et 

al. 2003). The property selected in step three is dependent on the method used for damage 

detection. Step four develops a statistical model to discern between damaged and undamaged 

structures using changes in the system property selected in step three.  

In civil structures, the most common, and most traditional, method of SHM is visual 

inspection of the structure. For public bridges in the U.S., inspections by a trained professional 

are required at least once every two years (FHWA 1988). These inspectors provide general 

overviews of the condition of the structure, specifically the accessible surfaces, and make 
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recommendation for further inspection or repair. The results of these inspections are subjective 

and largely based on the experience of the inspector. To minimize the subjective human element, 

new methods of SHM have been developed that attempt to provide a reliable and efficient 

method of collecting, managing, analyzing, and interpreting data that offers insight into the 

current condition of the structure. A brief summary of the research in the SHM, vibration-based 

damage detection, and substructural health monitoring is provided in this chapter. For more in-

depth summaries, see Doebling et al. (1996) and Sohn et al. (2003). 

The need for structural health monitoring in civil structures has always been present; 

failure of a structure can result in human casualties, and early detection of damage can save lives. 

Dams were the first structures requiring regular inspection, after the failure of a dam in the 

United Kingdom killed 254 people (Brownjohn 2007). Some of the first monitoring programs for 

bridges occurred on the Golden Gate and Bay Bridges in San Francisco, CA and the Tacoma 

Narrows Bridge in Tacoma, WA (Brownjohn 2007).  

A major part of SHM is damage detection. Damage detection can be divided into four 

levels (Rytter 1993): 

1. The method determines that damage may be present in the structure  

2. The method provides information on the location of the damage 

3. The method determines the size of the damage 

4. The method gives information about the consequence of the damage 

There are numerous methods for damage detection and they cannot be fully documented 

here. These methods include acoustic emission, magnetic particle inspection, ultrasonic, 

radiography, and Eddy current, among others. For more information on these methods, see 

Rytter (1993). While these methods have proven effective at localized damage detection, they 
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require the location of damage to be known a priori and are therefore impractical for global 

monitoring (Farrar and Doebling 1999). Additionally, they are limited to surface defects at 

accessible locations. The need for a method that can be applied to complex structures and 

structures with inaccessible members has led to the influx of research in vibration-based damage 

detection (Doebling et al. 1996).  

Vibration-based damage detection (VBDD) methods use changes in the structures 

measured dynamic response to identify damage. Modal parameters, such as natural frequencies, 

mode shapes, and modal damping are functions of the physical properties of the structure (mass, 

damping, stiffness) and, therefore, changes in the physical properties will cause changes in the 

modal properties. Early advances in vibration-based damage detection were driven by the oil and 

aerospace industries (Farrar and Worden 2007). The inaccessibility of the deep ocean offshore 

platforms led to the use of VBDD by the oil industry in the 1970’s and 1980’s. Noise in 

measurements, varying mass of the platform due to marine growth, and the inability for wave 

motion to excite higher modes were some challenges faced by this application (Carden and 

Fanning 2004). Around the same time, the aerospace industry adopted the use of VBDD for 

portions of space shuttles insulated by thermal protection and thus inaccessible for conventional 

monitoring (Hunt et al. 1990). VBDD has seen the most success in the monitoring of rotating 

machinery (Farrar et al. 1998) due to the controlled environment and precise measurements.  

There are many different bases for methods of VBDD, including: matrix updating, mode 

shape, mode shape curvature/strain, dynamically measured flexibility, nonlinear, and natural 

frequency. Natural frequencies have less variation and more accurate identification compared to 

other modal properties but require large levels of damage for detection (Doebling et al. 1998). 
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This report will focus on natural frequency-based methods of VBDD; for a detailed review of 

other VBDD methods, refer to Doebling et al. (1998) and Carden and Fanning (2004).   

There has been extensive research on the topic of damage detection based on natural 

frequencies. Reduced natural frequencies may be attributed to a reduction in stiffness and be an 

indicator of the presence of damage (Salawu 1997). De Roeck et al. (2000) studied the 

environmental effect on natural frequencies with a long-term study of the Z24 bridge in 

Switzerland. Accelerometers were used to measure the response of the bridge due to ambient 

loads (traffic on and below the bridge) and vibration induced by a shaker. Modal properties were 

accurately identified from output-only dynamic measurements from ambient excitations, and 

damage was successfully identified by comparing with a 95% confidence interval. However, it 

was concluded that changes of eigenfrequencies due to damage was on the same magnitude as 

changes due to temperature variance. Thus, environmental effects must be filtered out of the 

measured response. A method to normalize eigenfrequencies as a function of temperature was 

developed by Peeters and De Roeck (2001) using the same data from the Z24 bridge. After 

normalizing the data, if the eigenfrequency was found to be outside of the confidence interval, 

damage was likely. Damage detection with natural frequencies has found to be reliable for 

changes in natural frequency of 5% (Salawu 1997).  

Global monitoring of natural frequencies is only able to provide level 1 damage 

detection. If sufficient modes are identified, it is possible to achieve level 2 detection as damage 

located on a node would not affect that mode. Global natural frequencies have shown to have 

low sensitivity to damage (Doebling et al. 1996) and changes due to damage are difficult to 

distinguish from changes due to other causes (Doebling et al. 1998).  
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The main difficulty with global monitoring methods is that they involve many unknowns 

(degrees of freedom). Substructural health monitoring reduces the number of unknowns and 

helps in achieving level 2 monitoring. Koh et al. (1991) proposed dividing a structure into 

subsystems for modal parameter calculations. They used the extended Kalman filter with 

weighted global iteration (EK-WGI) to calculate the modal properties of each subsystem 

(substructure). The EK-WGI (Hoshiya and Saito 1984) is a method of model updating that 

iteratively calculates the structure’s properties by minimizing an objective functions (difference 

between measured and predicted response). This method required the response in all DOF at 

each interface to be known.  

Koh and Shankar (2003) suggested a substructural identification method without 

interface measurements. This method does not require any excitation within the substructure. 

System interface forces were calculated with the receptance between interior sensors and 

interface forces. Multiple sets of data were used, generating multiple interface force estimations. 

The stiffness and damping matrices were updated until the interface forces remain constant 

between data sets.  

Hou et al. (2010) proposed a substructuring method using the virtual distortion method 

for isolation; this method will be the focus of this thesis. Unlike previous substructuring methods 

in which the substructure is coupled to the global structure via interface forces, this method 

places virtual supports on the interface to filter out the influence of the rest of the structure, 

thereby, isolating the substructure. This eliminated the need to calculate interface forces or build 

a finite element model, thus reducing computation costs and modeling errors. The method was 

tested on a numerical frame model and an aluminum cantilever beam. In both experiments, the 

method accurately fixed the interfaces and isolated the substructure, constructing a local 
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response that can be analyzed using any global SHM method. As originally presented, this 

method required that the impulse response functions of the structure be known prior to 

substructural isolation. These were measured experimentally by Hou et al. (2010); they will be 

instead extracted from output-only data in the present study, as this more accurately represents in 

situ monitoring applications. 

In Hou et al. (2012), pin supports were introduced as a new type of virtual support. 

Rather than restraining the rotation at the interface (which is difficult to measure), a single strain 

measurement was used and the internal bending moment was restrained to zero. The original 

method proposal required the global system to be linear and the constraining excitations to be 

impulse loads in all DOF at the interface. These requirements were relaxed in this paper, 

requiring only the substructure to be linear (allowing the global structure to be nonlinear, 

yielding, or unknown) and allowing the constraining excitations to be any type of load placed on 

or outside of the interface. The cantilever beam experiment was repeated with success. 

The method was adapted for online monitoring in Hou et al. (2013). The use of a time 

series methodology and the dropping of the requirement for known initial conditions allowed for 

an online monitoring system to be easily applied for real-time, accurate information on the 

substructure. The method was effective on a numerical truss model and experimental cantilever 

beam. 

These previous versions of the substructural isolation method with interface 

measurements were conducted in the time domain. In Hou et al. (2015), the method is expanded 

to the frequency domain, reducing the computation costs. The efficiency and accuracy were 

verified using a numerical spring-mass model and experimental cantilever beam.  
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Calculating frequency response functions (FRF) from long time histories of a randomly 

loaded structure has proven effective (Alvin et al. 2003). Calculating FRFs traditionally requires 

the input force to be known, in addition to the structure’s response. However, due to the large 

size and complexity of civil structures, it is difficult to induce a known excitation. Instead, the 

response of the structure under ambient excitation (wind, ocean wave, pedestrian or vehicular 

traffic, etc.) is recorded. Modal parameters can be calculated using the output-only 

observer/Kalman filter identification method (O3KID) or the Natural Excitation Technique 

(NExT). O3KID (Vicario 2014) approximates the input (excitation force) as white noise to 

calculate the frequency response functions. NExT (James et al. 1995) calculates cross-correlation 

functions for the recorded data and analyzes these as the free vibration response. From there, the 

Eigensystem Realization Algorithm (Juang and Pappa 1985) can be used to identify modal 

properties. These methods were used in the proposed SSHM technique.   
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CHAPTER 3.  Methodology 

3.1. Substructural Isolation 

The substructural isolation method with interface measurements, proposed by Hou et al. 

(2010), is a substructuring method that completely isolates the substructure by applying the 

virtual distortion method (Kolakowski 2008) to model fixed supports at the interface, thereby 

isolating the substructure from the global structure. The isolated substructure can then be 

analyzed using any method of SHM.  

The core idea of this substructuring method is that a set of virtual forces may be 

computed that counteract the measured boundary sensor accelerations, making the response at all 

interface degrees of freedom equal to zero. Computationally applying these virtual forces to the 

structural system equivalently results in fixed boundary conditions at the interfaces. The 

procedure follows three steps:  

1. Identification of the necessary virtual forces that constrain the interfaces 

2. Application of these virtual forces to modify the response at all sensors 

3. Identification of the local modal properties of the isolated substructure 

The first two steps in the substructural isolation method for structural health monitoring 

involve isolating the substructure from the global structure. This was done by relating the 

response of each instrumented location to impulse forces at another set of locations. These 

relationships, called the impulse response functions, can be calculated or measured for all 

sensors for any number of force locations. In this study, the virtual forces were assumed to be 

located at each boundary degree of freedom (DOF), though the substructuring method would still 

theoretically work as long as the virtual forces are assumed to be located anywhere outside the 

substructure. Using the principle of superposition, the response at any location can be 
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constructed by using a linear combination of the impulse response functions convolved with the 

applied forces.  

Using the impulse response functions, the response at all the sensor locations as modified 

by a set of virtual forces applied at the interfaces can be determined. This new, adjusted, 

response is equivalent to the response of the isolated substructure with fixed supports at all 

interfaces and can be represented by: 

   
0

( ) ( ) ( ) ( )
t

M
i i ij j

j
a t a t B t f

t

t t
=

= + -åå   (3.1) 

   
0

( ) ( ) ( ) ( )
t

M
j j

j
t t D t fa a a

t

e e t t
=

= + -åå   (3.2) 

Table 3.1: Definition of variables 

( )ia t  Modified (substructure) response of boundary sensor i at 
time t 

( )M
ia t  Measured response from boundary sensor i at time t 

ijB  Influence matrix of impulse response functions relating 
boundary sensor i and interior sensor j 

( )jf t  Force at interior sensor j at time step t  

( )tae  Modified (substructure) response of interface sensor α at 
time t 

( )M tae  Measured response from interface sensor α at time t 

jDa  Influence matrix of impulse response functions relating 
interface sensor α and interior sensor j 

  

Combining the responses of all sensors, these equations can be expressed in matrix form: 

Ma a Bf= +   (3.3) 

M Dfe e= +   (3.4) 

where a and ε are vectors of the responses of all boundary and substructure sensors, respectively, 

after isolating the substructure, aM and εM are vectors of the measured boundary and substructure 
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sensors, respectively, f is the vector of virtual forces, and B and D are the impulse response 

functions for the boundary and substructure sensors, respectively, arranged into matrix form.  

If the virtual supports fix the interface, then the response at the interface sensors will 

vanish and the adjusted response, a, must be equal to zero. Solving for the virtual forces to 

induce zero response at the interface gives: 

[ ] Mf B a+= -   (3.5) 

where [ ]B +  is the pseudoinverse of the B matrix. Substituting this result into equation (3.4) gives 

the response of the substructure with fixed supports: 

    [ ]M MD B ae e += -   (3.6) 

The substructure’s local response, ε, can then be analyzed using any traditional method of 

structural health monitoring (SHM). 

For this thesis, the impulse response functions were calculated from the response of the 

structure under random excitation using the output-only observer/Kalman identification method 

(O3KID). The O3KID method (Vicario 2014) is a system identification method that uses least-

squares to solve a set of algebraic equations to calculate the impulse response functions between 

any pair of sensors (one being the sensor response, the other being the location of the force), 

assuming random loading.  

The substructuring process required two input parameters: pointsOK and Np. The 

variable pointsOK defined the duration of data to use when calculating the impulse response 

functions. For experiments in this thesis, the value of pointsOK ranged from 3,000 to 15,000 data 

points. The variable Np defined the number of terms to use in the least-squares calculation within 

O3KID and varied from 20 to 60 for this report. The variable Po defined the length of the output 

impulse response functions and was taken as the largest value that is a power of two but less than 
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the total length of the data. After determining the impulse response function between all 

combinations of sensors, matrices B and D in Equation (3.6) can be assembled and the isolated 

substructure response can be calculated.  

3.2. Feature Extraction 

Following substructural isolation, a characteristic feature or metric must be extracted 

from the substructure’s local response to identify the presence of damage. The basis of the 

subsystem identification method is the dynamic equation of motion: 

   ( )MV V KV F tx+ + =   (3.7) 

where M is the mass of the subsystem, 𝜉 is the damping, K is the stiffness, V, 	𝑉, and 	𝑉  

represent the displacement, velocity, and acceleration, respectively, and F(t) is the input force. 

Equation (3.7) can be rewritten into the discrete-time state-space representation: 

   ( 1) ( ) ( )x k x k u k+ = +A B   (3.8) 

   ( ) ( ) ( )y k x k u k= +C D   (3.9) 

Table 3.2: Definition of variables 

k Time step (sample counter) 
x State vector 
u Force vector 
y Output vector 
A System matrix 
B Input matrix 
C Output matrix 
D Direct influence matrix 

 

If only the output (y) is known, the forcing may be assumed to be white noise, so that 

Equations (3.8) and (3.9) can be rewritten as: 

   ( 1) ( ) ' ( )px k x k w k+ = +A   (3.10) 

   ( ) ( ) ' ( )my k x k w k= +C   (3.11) 
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where 'pw  and 'mw  are zero-mean, white noise stationary processes that affect the input on the 

state and measurement equations (Bu(k) and Du(k)). Knowing A and C, the modal properties of 

the system can be computed. These matrices may be computed from the impulse response 

functions of the system using classical system identification techniques. The Natural Excitation 

Technique (James et al. 1995) was used in conjuncture with the Eigensystem Realization 

Algorithm (Juang and Pappa 1985) to calculate the modal properties of the substructure.  

The Natural Excitation Technique (NExT) is a process that uses the response of as 

structure to ambient excitation to estimate the impulse response functions of the system. It takes 

the cross-correlation between the measured response at different locations and calculates the 

Markov parameters (i.e., the impulse response functions of the system in the form of CAk-1B). 

The Eigensystem Realization Algorithm (ERA) was then used to compute the modal parameters 

(natural frequency, damping ratio, mode shape) with the Markov parameters calculated with 

NExT. ERA constructs a reduced-order state space representation of the structure, where this 

model order, denoted by M, must be specified as an input parameter. The number of modes that 

may be identified from the ERA is half this model order, and over-specification of the model 

order is beneficial for ensuring that all desired modes are properly identified. Therefore, M was 

specified to have a value between 30 and 100.  

Each of the output mode shapes was plotted in Excel and determined to be either a 

probable mode or not. The process of selecting the best modes involved looking at the overall 

shape of the mode and comparing values of the extended modal amplitude coherence (EMAC), 

modal phase collinearity (MPC), and the consistent-mode indicator (CMI). The EMAC is a 

temporal modal check that quantifies the consistency of each identified mode through time 

(Nayeri et al. 2009). The EMAC value can range from 0 to 1. A mode shape from noise would 
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not be consistent over time, and thus, would have a low EMAC value while a true mode shape 

would have an EMAC value closer to 1. The MPC is a spatial mode check that quantifies the 

monophasic behavior of each identified mode. Like the EMAC, it ranges from 0 to 1 with a 

value of 1 being a perfect mode shape.  The CMI is an overall mode check that considers both 

EMAC and MPC values by combining them as 

𝐶𝑀𝐼 = 𝐸𝑀𝐴𝐶 ∙ 𝑀𝑃𝐶 

In general, modes with a CMI value greater than 0.8 are likely to be true (Pappa and 

Elliot 1993). If multiple outputs exhibited similar mode shape and modal frequency, the output 

with the greatest CMI value was selected.  

The global properties were also calculated using the NExT and ERA/DC (Eigensystem 

Realization Algorithm using Data Correlations) methods (Juang et al. 1988). The length of data 

used to calculate the cross-correlations, Pg, was taken as the largest value that is a power of two 

but less than the total length of the data.  

1.1. Damage Detection 

For this thesis, potential damage was identified by changes in natural frequencies. 

Training data, composed of data from substructures with no damage, were used to determine 

the average undamaged natural frequencies. In all cases, the training data contained a minimum 

of 30 trials; thus, in accordance to the Central Limit Theorem, it was assumed that the natural 

frequencies follow a normal distribution. The average (experimental) natural frequency, Y̅, for 

each undamaged mode was computed and 95% and 99% confidence intervals were constructed 

using a large-sample test for a population mean (Navidi 2011):  

95% Confidence: 1.96 Y

Y

sY
n

±  
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99% Confidence: 2.58 Y

Y

sY
n

±  

If there were fewer than 30 trails, then the confidence interval for each mode shape was 

computed using a small-sample confidence interval (Navidi 2011): 

100(1-α)% confidence: 1, /2
Y

n
Y

sY t
na-±   

where n is the number of trials, and t is the value taken from the Student-t distribution table with 

(1-α/2)% confidence for n-1 degrees of freedom, and α	is the desired confidence level.  

Using the confidence intervals, the true natural frequencies of the system (if known) were 

compared to the confidence intervals of the training data. If the true frequencies were within the 

confidence intervals, it was likely that the training data appropriately represented the population.  

Next, substructures with unknown condition were tested. For a given data set and 

substructure, test data were generated as the modal properties for nine trials using the input 

parameters provided in Chapter 4 (spring-mass system) and Chapter 5 (beam system). The 

average of the nine trials was taken as the trial set average. To compare the test data values to 

the population frequencies and identify potential damage, a hypothesis test for the difference 

between two means was used. 

The null hypothesis, ho, stated that the test data (substructure of unknown condition) 

came from the same population as the training data (undamaged substructure) and any variation 

between the two was due to random variation only. The alternative hypothesis, h1, was that the 

test data does not come from the same population as the training set and the test data mean was 

statistically different from the population mean, i.e. it was likely damaged. The conclusion of the 

hypothesis test was to either reject or fail to reject the null hypothesis. Rejecting the null 

hypothesis in favor of the alternate hypothesis suggests a significant difference between the 
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natural frequencies of the two data sets. This difference could potentially be attributed to the 

presence of damage and, therefore, in this report, a mode is classified as damaged if the null 

hypothesis was rejected. Failing to reject the null hypothesis suggests that the test data has, 

statistically speaking, the same modal properties as the population data and was therefore 

classified as undamaged in this report. However, this classification of damaged or undamaged 

does not conclude the actual presence or lack of damage, merely a significant difference between 

the population data and test data. This significant difference can be caused by many different 

factors, such as changes in temperature, malfunctioning sensors, etc. Rather than classifying the 

test data as “statistically different and potentially damaged” or “not statistically different and 

potentially undamaged”, the terms used herein are simplified to damaged and undamaged.  

For test data containing a single trial set of nine trials, the average, X̅, and standard 

deviation, sX, are calculated for each mode (Navidi 2011).  
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Because there were only, at most, nine samples in each instance of test data, a small-

sample confidence interval for the difference between two means was used to compare the 

experimental data with the training data. The average of the test data, X̅, was compared to the 

average of the training data, Y̅, as follows (Navidi 2011): 
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Where sX and sY are the sample standard deviations, nX and nY are the total number of 

samples in each data set, X̅ and Y̅ are the average natural frequency for the experimental data and 

the training set, respectively, and Δ represents the difference in means of the populations. In this 
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application, the two data sets are assumed to have the same mean, so Δ is taken as zero and the 

equation becomes: 
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X Y
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  (3.14) 

 The t-statistic was used to calculate the P-value, which represents the probability that if 

the test data comes from a population with the same mean as the training data, the test data 

would yield a mean equal to X̅, i.e. the probability of getting a sample with a mean of X̅ from a 

population with mean of Y̅. A larger t-statistic will yield a larger P-value and, thus, a smaller 

probability that the test data comes from the (undamaged) population. The value of the t-statistic 

has an approximate Student’s t-distribution with the number of degrees of freedom calculated by: 
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Rounding down the value of v to the nearest integer, the P-value is determined using the 

Student-t distribution table. 

Because the alternative hypothesis states that the sample mean was not equal to the 

population mean, a two-sided confidence test was used, and the calculated P-value was 

multiplied by two. If the final P-value had a value less than one minus the confidence level, the 

null hypothesis was rejected and the test data was classified as damaged.  

   The total number of damaged modes and the t-statistic (calculated in (3.14)) for each trial 

set were compared between damaged and undamaged data sets. A definition of damaged 
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structures involving the number of damaged modes and t-statistic can then be determined based 

on these results.  
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CHAPTER 4. Spring-Mass System 

The first step in investigating the substructural health monitoring technique was to study 

the method on a simple, idealized structure. Using a 20-degree-of-freedom system, described in 

Section 4.1, the method for identifying modal frequencies and mode shapes was validated on the 

global system (Section 4.2). Then, the method for fixing the interfaces and isolating the 

substructure was investigated in Section 4.3. Following this, in Section 4.4, experiments were 

repeated on the undamaged substructure to generate a population data set to comprise the 

training data for damage detection. In Section 4.5, damage was inflicted on the system and the 

method’s sensitivity to interior and exterior damage was investigated. The validity of the 

assumption that the substructuring method completely isolates the substructure from the global 

structure, making the substructure unresponsive to exterior damage was also studied in this 

section. In Section 4.8, the sensitivity of the method was explored by applying varying amount of 

damage and attempting to determine the level of damage required for detection. Finally, in 

Section 4.9, the same damaged systems were tested with a global monitoring method to compare 

the sensitivity of global and local natural frequencies to damage.  

For this thesis, a data set is the acceleration record of a structure for a specific damage 

condition. For each substructure selected from a data set, the natural frequencies were calculated 

nine times. Each of these nine trials was calculated using different input parameters for the 

substructuring and modal identification processes. The average natural frequency of these nine 

trials was taken as the trial set value. In this chapter, each trial was named according to the 

following convention: 

DataSet-Substructure.Trial 
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For example, trial P5-3.1 was the third substructure investigated using data set P5 and the results 

were calculated using the first set of input parameters. 

4.1. Description of System 

The method was first tested on a simple, 20-degree-of-freedom system modeled using 

Matlab. The spring-mass system was composed of 20 masses, each with a mass of 1 kg, 

connected by a spring of stiffness 500 N/m, as shown in Figure 4.1. Rayleigh damping was 

assumed; the damping matrix, ζ, was constructed using a mass-proportional damping coefficient, 

α, equal to 0.01 sec-1 and a stiffness-proportional damping coefficient, β, of 0.001 sec: 

   M Kz a b= +   (4.1) 

where M is the mass matrix and K is the stiffness matrix. 

 

 

Figure 4.1: 20-degree-of-freedom spring-mass system 
 

The system was loaded at all degrees of freedom with random white noise forcing, f(t), 

with a mean of zero, standard deviation of 1 N, and no correlation between the forces applied to 

any two degrees of freedom. The measured outputs from the model used in the following 

sections were the accelerations at each degree of freedom, y(t).  

For this investigation, 28 data sets of the 20-degree-of-freedom system were generated 

with varying damage and noise levels. Data sets P1 through P5 were used as training data to 

calculate the mean population natural frequencies of the undamaged substructure. Five percent 

RMS noise was added to the acceleration responses from these undamaged systems. Additional 
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undamaged global system data sets were used for experimental data (data sets U1 and U2). 

Damage was inflicted to interior masses (data set M) and interior springs (data sets S and L) with 

no added noise to investigate the substructuring method’s ability to detect damage. Additional 

interior-damaged spring data sets were studied, data sets D through D25, with 5% RMS noise. 

Substructures with exterior damage to springs were investigated using data sets E1 through E11. 

More detailed information about each of these data sets is included in Table A1. 

4.2. Validation of Modal Identification using Global System 

To validate the efficacy of the Natural Excitation Technique (NExT) and the Eigensystem 

Realization Algorithm using Data Correlations (ERA/DC), discussed in Chapter 3, the global 

modes of the spring-mass system were identified and compared to the analytical modes.  

 For these calculations, a total of four data sets (P1, P2, P3, and P4) were used; each 

contained 500 seconds of data at a sampling rate of 100 Hz. Each data set was run through a 

high-pass and low-pass filter and decimated by a factor of two. The resulting filtered data 

contained frequency content between 0.1 and 10 Hz, had a length of 25,000 points, and a 

sampling rate of 50 Hz. The global modeshapes were calculated (1) using all 500 seconds of 

data, Trials PX-G1, (2) using only the first 200 seconds of data, Trials PX-G2, and (3) using data 

from time 200-400 seconds, Trials PX-G3. The trials are summarized in Table 4.1.  

The NExT-ERA/DC required two inputs in addition to the data: the model order, M, 

which defines the total number of modes that may be identified, and the length of data used for 

calculating the cross-correlations, defined as Pg. The model order M used for these calculations 

was 100 and the value Pg was the largest value that is a power of two but less than the total 

length of the data. For trials PX-G1, the value of Pg was 16,384. For trials PX-G2 and PX-G3, Pg 
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was 8,192. Each trial identified modes 1-13 of the structure; the identified frequencies are shown 

in Table 4.2. 

Table 4.1: Data sets used for global analysis 

Trial Data File Time Record 
Used (s) 

P1-G1 

P1 

0-500 

P1-G2 0-200 

P1-G3 200-400 

P2-G1 

P2 

0-500 

P2-G2 0-200 

P2-G3 200-400 

P3-G1 

P3 

0-500 

P3-G2 0-200 

P3-G3 200-400 

P4-G1 

P4 

0-500 

P4-G2 0-200 

P4-G3 200-400 
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Table 4.2: Natural frequencies (Hz) of global system 

Mode P1-G1 P1-G2 P1-G3 P2-G1 P2-G2 P2-G3 P3-G1 P3-G2 P3-G3 P4-G1 P4-G2 P3-G3 

1 0.271 0.273 0.271 0.272 0.268 0.270 0.272 0.270 0.272 0.272 0.267 0.273 

2 0.817 0.818 0.817 0.816 0.820 0.815 0.817 0.816 0.816 0.816 0.817 0.814 

3 1.356 1.356 1.355 1.354 1.350 1.355 1.355 1.356 1.355 1.354 1.359 1.353 

4 1.888 1.891 1.896 1.887 1.887 1.883 1.885 1.888 1.891 1.891 1.888 1.892 

5 2.412 2.417 2.418 2.408 2.409 2.407 2.410 2.411 2.409 2.402 2.401 2.408 

6 2.961 * 2.927 2.911 2.907 2.912 2.914 2.917 2.919 2.909 2.902 2.917 

7 3.509 3.400 3.424 3.405 3.409 3.392 3.405 3.413 3.406 3.401 3.411 3.400 

8 3.868 3.898 3.881 3.866 3.867 3.877 3.861 3.864 3.864 3.879 3.874 3.878 

9 4.313 4.323 4.298 4.335 4.349 4.317 4.323 4.298 4.336 4.313 4.312 4.286 

10 4.727 4.747 4.749 4.748 4.710 4.772 4.746 4.779 4.752 4.736 4.745 4.756 

11 5.123 5.173 5.141 5.111 5.127 5.136 5.138 5.141 5.108 5.147 5.162 5.141 

12 5.606 5.521 5.474 5.505 5.473 5.465 5.529 5.525 5.496 5.506 5.522 5.497 

13 5.819 5.828 5.781 * * 5.831 5.836 5.806 5.714 5.829 5.850 5.829 

* Mode not identified. 

Each trial calculated 50 possible mode shapes. The outputs from trial P1-G1 with a 

consistent-mode indicator (CMI) value greater than 0.5 are included in Table 4.3. Each of these 

outputs were plotted and identified. Figure 4.2 shows the outputs with the best shape that were 

selected as the fundamental modes (also highlighted in Table 4.3). Almost all the highlighted 

modes shapes found in Trial P1-1 had a CMI value greater than 0.88, and therefore the true 

modes were easily identified from the full list of ERA outputs. The results from other trials were 

similar to those of P1-G1; the best mode shapes had high CMI values. 
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Table 4.3: Selected outputs from trial P1-G1 

Frequency 
(Hz) EMAC MPC CMI 

0.271 0.950 1.000 0.949 
0.817 1.000 1.000 1.000 
1.356 1.000 1.000 1.000 
1.888 0.999 1.000 0.999 
2.412 0.988 0.999 0.987 
2.922 0.976 0.999 0.974 
2.961 0.829 0.983 0.815 
3.412 0.985 0.998 0.983 
3.509 0.704 0.897 0.631 
3.868 0.980 0.997 0.978 
4.313 0.974 0.990 0.964 
4.727 0.971 0.993 0.964 
5.123 0.918 0.962 0.883 
5.493 0.919 0.965 0.887 
5.606 0.748 0.854 0.639 
5.743 0.678 0.763 0.517 
5.819 0.903 0.979 0.884 
5.851 0.746 0.946 0.706 
6.247 0.781 0.698 0.546 
6.365 0.889 0.713 0.634 
6.780 0.873 0.813 0.710 
7.118 0.858 0.582 0.500 
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Figure 4.2: Mode shapes identified in trial P1-G1 

 

The average frequencies among the 12 trials, fobs, of each identified mode (shown in 

Table 4.2) were calculated and compared to the true analytical frequencies, ftrue, calculated using 

the eigenvalues of the spring-mass system. The percentage difference between the observed 

natural frequencies and calculated true natural frequencies was less than 0.7% for all modes, as 

shown in Table 4.4.  

 100obs true

true

f f
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= ´   (4.2) 
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Table 4.4: Observed natural frequencies (Hz) of global spring-mass system  

Mode Average 
Observed 

Calculated 
with 

Eigenvalues 
Difference 

1 0.271 0.273 0.63% 

2 0.817 0.816 0.04% 

3 1.355 1.355 0.02% 

4 1.889 1.886 0.15% 

5 2.409 2.406 0.15% 

6 2.918 2.912 0.21% 

7 3.415 3.400 0.42% 

8 3.873 3.869 0.11% 

9 4.317 4.315 0.05% 

10 4.747 4.736 0.25% 

11 5.137 5.128 0.17% 

12 5.510 5.491 0.34% 

13 5.812 5.822 0.16% 

  

Because the percentage difference between the observed natural frequencies and 

calculated natural frequencies was small, it was assumed that the method accurately identified 

the natural frequencies. A confidence interval, Ci, for the global modal frequencies was 

calculated using a small-sample confidence interval for a population mean, as explained in 

Chapter 3. For mode 2, the average (X̅) of the 12 trials (n) was 0.817 Hz and the standard 

deviation (s) was 0.00137 Hz. The 95% confidence interval for mode 2 was found to be (0.8157 

Hz, 0.8175 Hz).  

The true natural frequencies were compared to the 95% and 99% confidence intervals for 

all identified modes. The 95% and 99% confidence intervals are shown in Table 4.5. Two of the 

first 13 fundamental analytical frequencies were outside of the 95% confidence interval 
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(highlighted in yellow). For the 99% confidence interval (a larger range of frequencies), all mode 

intervals encompass the analytical frequencies. It was therefore concluded that the selected SHM 

technique accurately identifies the modes of a structure. 

Table 4.5: Confidence intervals for experimental global modeshapes (Hz) 

Mode 
True 

Frequenc
y 

99% 
Confidence 

Interval: 
Lower 
Bound 

95% 
Confidenc
e Interval: 

Lower 
Bound 

Average 
Observe

d 

95% 
Confidenc
e Interval: 

Upper 
Bound 

99% 
Confidence 

Interval: 
Upper 
Bound 

1 0.273 0.269 0.270 0.271 0.272 0.273 
2 0.816 0.630 0.671 0.771 0.871 0.912 
3 1.355 1.171 1.211 1.310 1.408 1.449 
4 1.886 1.707 1.747 1.845 1.942 1.982 
5 2.406 2.231 2.270 2.366 2.461 2.501 
6 2.912 2.907 2.909 2.914 2.919 2.921 
7 3.400 3.399 3.401 3.406 3.412 3.414 
8 3.869 3.748 3.776 3.843 3.910 3.938 
9 4.315 4.163 4.197 4.280 4.363 4.397 
10 4.736 4.599 4.632 4.713 4.793 4.827 
11 5.128 4.997 5.028 5.104 5.181 5.212 
12 5.491 5.481 5.487 5.500 5.514 5.520 
13 5.822 5.713 5.737 5.791 5.845 5.869 

 

4.3. Validation of Substructural Isolation 

After confirming that the NExT and ERA/DC accurately identified global modes, the 

efficacy of the substructuring method at properly fixing the interface degrees of freedom was 

investigated. Again, a spring-mass system with 20 degrees of freedom, as shown in Figure 4.1, 

was used, though no noise was added (data set U1). Five hundred seconds of data at a sample 

rate of 100 Hz were generated. The first 10 seconds of data for masses 5 and 8 are plotted in 

Figure 4.3:.  
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Figure 4.3: Acceleration from global structure trial set U1-1 
 

  Virtual supports were applied to masses 8 and 19, creating substructure interfaces at these 

locations and adjusting the response of the entire system to account for these constraints. This 

adjusted system is shown in Figure 4.4; the dashed lines represent the applied virtual supports 

restraining the structure from motion in the y-direction. 

 

Figure 4.4: Spring-mass system with virtual supports at masses 8 and 19 
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Figure 4.5(a) shows the first 10 seconds of acceleration data from mass 8. Plotted in blue 

is the data from unaltered record, i.e. the response of mass 8 in the global structure. In pink is the 

adjusted record of mass 8 after substructuring. The virtual support applied at mass 8 appears to 

successfully counteract the global response, thereby creating a fixed support at that location. In 

contrast, the record of mass 5 before and after the application of the virtual support is shown in 

Figure 4.5(b). Mass 5 was not selected as a substructure interface, and the adjusted acceleration 

response of mass 5 is not equal to zero but has been altered from the original response. 
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(a) 

 
(b) 

Figure 4.5: Acceleration records before and after substructural isolation for (a) mass 8 and 
(b) mass 5 
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After fixing masses 8 and 19 and adjusting the response, the NExT and ERA methods 

were applied to calculate the natural frequencies and modeshapes of the virtually supported 

structure. For this analysis, the value of pointsOK was 3,000, and M and Np were equal to 30. 

Figure 4.6 shows mode shapes 2 through 4 of the substructure (shown in red) created by 

the original boundary and the virtual support at mass 8. From this figure, it appears that the 

virtual supports at masses 8 and 19 restrained the structure from vertical displacement at these 

points, thereby creating two substructures: substructure 1 to 8 and 8 to 19. While the applied 

virtual support restrains the movement of masses 8 and 19 to zero, the response of the other 

masses is non-zero. Both portions (substructures) of the system had some response.  

 
Figure 4.6: Mode shapes identified in trial U1-1 
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 Next, the method was tested for accuracy in isolating the substructure by comparing the 

natural frequencies of substructures of the same length. Data set U1 was used and substructures 

of length 8 at different locations along the structure were selected to confirm that a substructure 

of length 8 was identical to any other substructure of length 8 from a structure with uniform 

properties.  

The first trial, U1-1, had virtual supports applied at masses 8 and 19 (Figure 4.4) creating 

a substructure of length 8 and another of length 11. The natural frequencies of the substructure of 

length 8 were evaluated. The second trial, U1-2, applied virtual supports at masses 1, 9, and 19 

and the natural frequencies of the substructure 1 to 9 were recorded. The third trial, U1-3, 

applied virtual supports to masses 1, 2, 10, and 19. This pattern continued until the virtual 

supports were applied at masses 12 and 20.  

Figure 4.7 shows the progression of substructuring. The dashed lines represent applied 

virtual supports and the masses shaded in blue compose the substructure of interest. A total of 10 

trials were completed. In the following substructural analysis, accelerations from all degrees of 

freedom (including locations inside, outside, and on the interface) were used. To check the 

accuracy of the method, a spring-mass system of length 8 with fixed supports on each end was 

modeled (Figure 4.8).  
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Figure 4.7: Substructuring progression for substructure of length 8 

 
Figure 4.8: Modeled substructure of length 8 

 

A fixed-fixed system of length 8 (with 7 degrees of freedom) has 7 fundamental modes, 

however, only the first four modes were consistently identified in trials U1-1 through U1-10, see 

Table 4.6. One possible explanation for this is that the analysis for these trials includes the 

response of all masses in the system and not just the response of masses that comprise the 

substructure. Because there is still a response in the exterior masses (see Figure 4.6), by 

including their response, the method is attempting to calculate a single mode for two separate 

structures. Thus, the results of the substructuring method include some modes that somewhat 
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describe one substructure and some that attempt to describe the other, rather than an accurate 

description of the one substructure of interest.   

Unlike traditional modal calculations in which the force is known and the response is 

calculated, this substructuring method solves the inverse problem: calculating the forces required 

to produce a response. Traditionally, the lower modes of a structure dominate the response and 

the higher modes are more difficult to calculate and detect. For this inverse problem, it appears 

that the lower modes are more difficult to calculate and may explain why the first mode was not 

identified in all trials. 

Table 4.6: Observed fundamental frequencies of substructure of length 8 (Hz)  

 
Trial 

Virtual 
Supports 

Mode 
1 2 3 4 

U1-1 8 1.343 2.875 3.801 4.945 
U1-2 1, 9 1.355 * 3.907 5.108 
U1-3 2, 10 1.350 2.751 3.906 5.123 
U1-4 3, 11 1.382 2.700 4.071 5.062 
U1-5 4, 12 * 2.855 3.966 5.255 
U1-6 5, 13 * 2.754 4.168 * 
U1-7 7, 15 * 2.874 3.943 4.954 
U1-8 9, 17 * 2.670 4.266 * 
U1-9 11, 19 * 2.742 3.926 * 
U1-10 12, 20 * * 4.276 5.204 

Average 1.358 2.778 4.023 5.204 
True Frequency 1.389 2.724 3.954 5.033 

Percentage Difference, % 2.23% 1.98% 1.73% 1.20% 
*Mode not identified 

The mean observed natural frequencies among the 10 trials were compared to the true 

natural frequencies calculated from the eigenvalues of the modeled substructure in Figure 4.8, 

and were all found to be within 2.5%, see Table 4.6. From this, it was concluded that the 

substructuring method accurately isolated the substructure from the global structure and 

extracted the true fundamental frequencies. Because the structure was uniform along the length, 
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all substructures of a specific length exhibited the same properties no matter where the 

substructure was taken from the structure. 

When applying the substructuring method to real structures, sensors would only be 

placed at the interfaces and within the substructure. Thus, the numerical model was used to 

confirm that the method would yield more accurate results when only using data from the 

sensors on and within the interface. Again, data from a spring-mass system of length 20 was used 

and a substructure of length 8 was investigated. This data set, P5, had 5% noise added to each 

sensor and all masses were loaded with random loading. The substructure used for Trial Set P5-1 

(shown in Figure 4.9) was defined by masses 1 and 9; only data from masses 1 through 9 were 

used for analysis. Three values of pointsOK were considered for analysis of the spring-mass 

model: 3,000, 7,000, and 12,000. Three values of Np were used for analysis: 20, 30, and 40. The 

model order, M, was 50 for all analyses. All values of pointsOK were tested with all values of 

Np, resulting in a total of nine calculations per substructure, see Table 4.7. The results of these 

nine trials are shown in Table 4.8.  

 

Figure 4.9: Substructure 1 to 9 using interior and boundary data only 
Table 4.7: Analysis input values--Set 1 

Trial pointsOK Np M 
1 

3,000 
20 

50 2 30 
3 40 
4 

7,000 
20 

50 5 30 
6 40 
7 

12,000 
20 

50 8 30 
9 40 
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Table 4.8: Observed frequencies (Hz) of substructure 1 to 9 using interior data only, trial 
set P5-1 

Trial 
Mode 

1 2 3 4 5 6 7 
P5-1.1 1.337 * 3.851 5.121 5.800 6.613 6.955 
P5-1.2 1.305 2.596 3.902 4.995 5.978 6.573 6.952 
P5-1.3 1.300 * 3.956 4.917 5.989 6.576 6.962 
P5-1.4 1.327 2.814 3.903 5.074 5.838 6.632 6.957 
P5-1.5 1.304 2.758 3.969 5.016 5.932 6.584 7.074 
P5-1.6 1.289 2.782 3.997 4.960 5.977 6.575 6.965 
P5-1.7 1.318 * 3.863 5.050 5.942 6.625 6.954 
P5-1.8 1.291 2.788 3.897 5.020 5.967 6.561 7.072 
P5-1.9 1.268 2.811 3.941 4.987 5.970 6.561 7.072 

Average 1.304 2.758 3.920 5.016 5.932 6.589 6.996 
*Mode not identified 

The average frequencies among the nine trials in Trial Set P5-1 (Table 4.8), were 

compared to the analytical frequencies calculated using the eigenvalues of the modeled 

substructure (Figure 4.8) and the percentage difference between these two results was calculated, 

see Table 4.10. Figure 4.10 shows the mode shapes identified in trial P5-1.2 compared to the 

analytical mode shapes calculated with eigenvalues.  

Table 4.9: Natural frequencies calculated with interior data only compared to true 
frequencies 

Mode 
Trial Set P5-1 

Average 
Frequency, Hz 

Population 
Mean 

Frequency, Hz 

Percentage 
Difference 

1 1.304 1.389 6.061% 
2 2.758 2.724 1.260% 
3 3.920 3.954 0.874% 
4 5.016 5.033 0.345% 
5 5.932 5.918 0.243% 
6 6.589 6.576 0.197% 
7 6.996 6.981 0.214% 
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Table 4.10: Confidence intervals for trial set P5-1 (Hz) 

Mode 

99% 
Confidence 

Interval: 
Lower 
Bound 

95% 
Confidence 

Interval: 
Lower Bound 

Trial Set 
Results 

95% 
Confidence 

Interval: 
Upper Bound 

99% 
Confidence 

Interval: 
Upper Bound 

1 1.281 1.288 1.304 1.321 1.328 
2 2.623 2.672 2.758 2.844 2.893 
3 3.865 3.882 3.920 3.957 3.975 
4 4.947 4.969 5.016 5.062 5.084 
5 5.857 5.881 5.932 5.984 6.008 
6 6.558 6.568 6.589 6.610 6.619 
7 6.931 6.952 6.996 7.040 7.060 

 

Except for the first two modes, the experimental frequency was within 1% of the true 

frequency. Small-sample 95% and 99% confidence intervals were calculated for each mode and 

are shown in Table 4.10. For all mode shapes except mode shape 1, the true frequency was found 

to be within the confidence interval.  It was concluded that using only interior and interface data 

accurately identified local natural frequencies.   
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Figure 4.10: Modeshapes from trial P5-1.2 compared to analytical modeshapes 

  

When calculating the natural frequencies of a substructure, more modes can be identified 

when using only the masses that compose the substructure than using all masses. The use of 

exterior masses confounds the true modes of the substructure by attempting to establish a 

response relationship between separate substructures. Using all masses, as in Trials U1-1 through 

U1-10 (Table 4.6), identified, at most, four modes. On average, the U1 trials identified 2.9 of the 

first 4 modes (72.5%). While using only the masses that compose the substructure, as in Trial Set 



 43 

P5-1(Table 4.10), at least 6 out of the first 7 fundamental frequencies were identified in every 

trial. These trials identified, on average, 6.67 out of the first 7 mode shapes (95.23%). For the 

remainder of this chapter, only interior and interface sensors will be used in analysis. 

4.4. Generate Population (Training) Data Set 

  When implementing this method on a real structure, it is unlikely that the true natural 

frequencies of the substructure would be known. Thus, in lieu of the exact eigenvalue-calculated 

frequencies, an expected value for the undamaged substructure must be determined to be used as 

a benchmark for assessing unknown data conditions.  

  For this test, the substructure of interest was a spring-mass system of length 8 and, thus, 

the population includes all substructures of length 8 of the same system. The mean and standard 

deviation of the population were assumed to be equal to those calculated by analysis of a 

sufficiently large sample of training data. The training data was assembled as follows:  

1. Data sets P1 through P5, described in Section 4.1, were generated 

from a fully loaded 20-degree-of-freedom spring mass system.  

2. Six substructures of length 8 were selected from each data set, thus 

generating six trial sets per data set. 

3. Each trial set was analyzed nine times, using the input values 

specified in Table 4.7.  

  The 30 trial sets (5 data sets with 6 substructures per data set) are shown in Table 4.11. 

This resulted in a training set with a total of 270 trials, over which the population mean and 

standard deviations were calculated.  
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Table 4.11: Substructures used for population data 

Trial 
Set 

Data 
Set Virtual Supports 

P1-1 

P1 

1 9 
P1-2 3 11 
P1-3 5 13 
P1-4 7 15 
P1-5 9 17 
P1-6 11 19 
P2-1 

P2 

2 10 
P2-2 4 12 
P2-3 6 14 
P2-4 8 16 
P2-5 10 18 
P2-6 12 20 
P3-1 

P3 

2 10 
P3-2 4 12 
P3-3 6 14 
P3-4 8 16 
P3-5 10 18 
P3-6 12 20 
P4-1 

P4 

7 15 
P4-2 8 16 
P4-3 9 17 
P4-4 10 18 
P4-5 11 19 
P4-6 12 20 
P5-1 

P5 

1 9 
P5-2 3 11 
P5-3 5 13 
P5-4 7 15 
P5-5 9 17 
P5-6 11 19 

 

Only the data from the masses that compose the substructure were used for analysis. The 

population mean natural frequencies of the first seven modes are shown in Table 4.12. Note that 

not all trials identify all modes, so the total number of times each mode was identified is also 
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included in the table. The mean natural frequencies of the population data were all within 0.5% 

of the true frequencies (calculated with the eigenvalues of the system in Figure 4.8) and the 

sample size for correctly identified modes was sufficiently large. Therefore, the computed 

population set mean and standard deviation were deemed acceptable, and were used for purposes 

of damage detection in the following sections. 

Table 4.12: Average natural frequency found using only interior and interface data 

Mode 
Population 

Mean 
Frequency, Hz 

Number of 
Times 

Identified, n 

Population 
Standard 

Deviation, s 

True 
(eigenvalue) 
Frequency, 

Hz 

Percentage 
Difference 

1 1.386 214 0.040 1.389 0.199% 
2 2.728 263 0.097 2.724 0.171% 
3 3.960 265 0.041 3.954 0.153% 
4 5.048 269 0.043 5.033 0.299% 
5 5.907 268 0.049 5.918 0.193% 
6 6.576 270 0.034 6.576 0.006% 
7 6.958 270 0.063 6.981 0.327% 

 

4.5. Damage Detection 

4.5.1. Damage to Masses 

Given that the substructuring method accurately isolated the substructure and identified 

natural frequencies, as documented in Sections 4.3, it was tested for its ability to detect damage. 

A change in mass of the structure was first investigated by generating data set M, for which the 

masses 9, 10, and 11 were reduced by 30%. All masses were randomly loaded, and 500 seconds 

of data were generated at a sample rate of 100 Hz. No noise was added to this data set.  

Three substructures of length 8 were investigated; M-1 (masses 2 to 10), M-2 (masses 4 

to 12), and M-3 (masses 8 to 16), are shown in Figure 4.11. The vertical dashed lines represent 

applied virtual supports, the masses in red have damage, and the masses in blue compose the 



 46 

substructure. The natural frequencies were calculated using data from the substructure only and 

the parameters shown in Table 4.13. Table 4.14 shows the average natural frequencies of the 

nine trials for each trial set. 

Table 4.13: Analysis input values-- Set 2 

Trial pointsOK Np M 
1 

3,000 
20 

30 2 30 
3 40 
4 

7,000 
20 

30 5 30 
6 40 
7 

12,000 
20 

30 8 30 
9 40 

 

 
Figure 4.11: Substructures investigated for interior damage detection to masses 
 
 

Table 4.14: Average natural frequencies (Hz) for the first seven modes (damaged masses) 

Trial Set Substructure Mode 
1 2 3 4 5 6 7 

M-1 2 to 10 1.391 2.749 4.210 5.277 6.121 6.736 7.208 
M-2 4 to 12 1.484 2.957 4.246 5.385 6.354 6.896 7.229 
M-3 8 to 16 1.438 2.970 4.182 5.436 6.336 6.936 7.834 
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As explained in Chapter 3, a hypothesis test for the difference between two means was 

used to identify potential damage. For trial sets M-1 through M-3 the average, X̅, and standard 

deviation, sX, were calculated for each mode. Because there were only, at most, nine values for 

each trial, a small-sample test for the difference between two means was used to compare the 

experimental data with the training (i.e., population) data. The calculated P-value was multiplied 

by two to account for the probability of the sample mean being less than or greater than the 

population mean. If the final P-value had a value less than one minus the confidence level, the 

null hypothesis was rejected, e.g. when conducting at 95% confidence hypothesis test, the null 

hypothesis was rejected if the final P-value was less than 0.05. 

Using the results from the population data (calculated in Section 4.4), a hypothesis test 

for the difference between two means was conducted for the results from trial set M-1; the results 

are shown in Table 4.15. Each mode was classified as “damaged” or “not damaged” by 

comparing the P-value with the confidence level. For both the 95% and 99% confidence, modes 

4, 5, and 7 were identified as damaged.  
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Table 4.15: Hypothesis test for trial set M-1 

 
Mode 

1 2 3 4 5 6 7 
Population 
Frequency 

Y̅, (Hz) 
1.386 2.728 3.960 5.048 5.907 6.576 6.958 

Number, ny 214 263 265 269 268 270 270 
Variance, sy

2 0.002 0.009 0.002 0.002 0.002 0.001 0.004 
M-1 

Average 
Frequency 

X̅, (Hz) 

1.391 2.749 4.210 5.277 6.121 6.736 7.208 

Number, ny 9 9 9 9 9 9 9 
Variance, 

sx
2 8.16E-05 9.24E-04 1.40E-01 3.87E-02 1.86E-03 9.33E-04 1.11E-02 

test statistic, 
v 25.926 14.423 8.006 8.025 8.719 8.666 8.193 

t-statistic 1.296 1.752 2.001 3.497 14.580 15.367 7.074 
P-value 0.339 0.177 0.125 1.19E-02 2.55E-07 1.61E-07 1.04E-04 
Damage 

(95% 
confidence) 

Not 
damaged 

Not 
damaged 

Not 
damaged Damaged Damaged Damaged Damaged 

Damage 
(99% 

confidence) 

Not 
damaged 

Not 
damaged Damaged Damaged Damaged Damaged Damaged 

  
The hypothesis test for the difference between two means was repeated for trial sets M-2 

and M-3; the number of damaged modes for each trial set is summarized in Table 4.16. Because 

more non-interface masses were damaged (three in trials M-2 and M-3, one in trial M-1), more 

modes were classified as damaged. This followed the expectation that more severe damage 

would exhibit more damaged modes. 

Table 4.16: Number of damaged modes identified for each trial 

Trial Set 95% confidence 99% confidence 
M-1 4 3 
M-2 6 6 
M-3 7 6 
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4.5.2. Damage to Springs  

This process was repeated for a beam with damaged springs using data set S. The 

stiffness of springs 8 and 9 was reduced by 20% and spring 10 was reduced by 10%. Again, three 

substructures were investigated, as shown in Figure 4.12: S-1 (masses 2 to 10), S-2 (masses 4 to 

12), and S-3 (masses 8 to 16). Natural frequencies were calculated with the input parameters 

shown in Table 4.13. The natural frequencies and total number of modes classified as “damaged” 

are shown in Table 4.17 and Table 4.18, respectively.

 

Figure 4.12: Substructures investigated for interior damaged detection to springs, data set 
S 

 

Table 4.17: Average natural frequency for each trial set for data with damaged springs 
(Hz) 

Trial Set Substructure 
Mode 

1 2 3 4 5 6 7 
S-1 2 to 10 1.319 2.684 3.772 4.849 5.723 6.233 6.905 
S-2 4 to 12 1.448 2.593 3.839 4.850 5.672 6.424 6.708 
S-3 8 to 16 1.328 2.656 3.852 4.957 5.774 6.512 6.968 
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Table 4.18: Number of damaged modes identified for each substructure (damaged springs) 

Trial 
Set 

95% 
confidence 

99% 
confidence 

S-1 6 6 
S-2 6 6 
S-3 6 6 

  

As with the results from the system with damaged masses, analysis of the system with 

damaged springs identified modes that were significantly different from the expected 

(undamaged) values. This change in natural frequency could be an indicator of the presence of 

damage.  

4.5.3. Location of Damage 

The effect of damage location was further investigated by reducing the stiffness of one 

spring and selecting substructures to analyze with the damaged spring in different locations. For 

this experiment, data was generated for a structure of length 20. The stiffness of spring 10 was 

reduced by 20%. Five percent noise was added to the system and 500 seconds of data at 100 Hz 

were generated. This data, data set L, was filtered and decimated by a factor of two, resulting in a 

data set of length 25,000 at 50 Hz. Substructures of length eight were selected such that the 

damaged spring progressed through all possible locations, see Figure 4.13. Each substructure 

was analyzed nine times using the input parameters shown in Table 4.20. As before, all seven 

modes were consistently identified in each trial. The average of these nine trials was taken as the 

trial set value and was compared to the accepted population frequencies (calculated in Section 

4.4, see Table 4.12) using a small-sample hypothesis test for the difference of two means. Each 

mode shape was classified as “damaged” or “not damaged” using the 95% and 99% confidence. 
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The total number of modes classified as “damaged” as well as the maximum t-statistic within 

each trial set is shown in Table 4.19.  

Figure 4.13: Substructures used to investigate effect of damage location 

 
Table 4.19: Total number of modes identified as damaged 

Trial Set Virtual 
Supports 

Confidence Maximum 
t-statistic 95% 99% 

L-1 9 17 5 4 9.866 
L-2 8 16 4 4 16.772 
L-3 7 15 6 4 21.040 
L-4 6 14 5 5 13.591 
L-5 5 13 6 6 26.120 
L-6 4 12 6 6 23.704 
L-7 3 11 6 6 18.995 

   

   There appears to be no significant difference between the results from Trial Sets L-1 

through L-7; each trial set identified 4 to 6 damaged mode shapes. These different damage 

locations were tested to identify if there was a potential damage location that yielded more 

damaged results—i.e. a critical location where damage would cause the largest effect on the local 
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substructure’s modes. By inspection, the total number of damaged modes did not vary between 

trials and no “critical section” was identified.  

4.5.4. Undamaged System 

The substructuring process was repeated using data from an undamaged structure. For 

this test, data from an undamaged spring-mass system of length 20 with 5% added noise was 

used. The data has a sample rate of 100 Hz and a duration of 500 seconds. The data set, U2, was 

filtered and decimated by a factor of 2, resulting in data of length 25,000 at a sample rate of 50 

Hz. Substructures of length 8 were studied, following the progression of virtual supports shown 

in 

Figure 4.14. As before, each trial was analyzed nine times in accordance to the inputs shown in 

Table 4.20. The average frequency from each trial set is shown in Table 4.21. 



 53 

 

Figure 4.14: Substructures investigated for data set U2 
 

Table 4.20: Analysis input values—Set 3 

Trial pointsOK Np M 
1 

3,000 
20 

30 2 30 
3 40 
4 

7,000 
20 

30 5 30 
6 40 
7 

12,000 
20 

30 8 30 
9 40 

 

A small-sample hypothesis test for the difference between two means was calculated for 

the experimental results compared to the population values calculated in Section 4.4. The total 

number of potentially damaged modes was determined, see Table 4.22. 
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Table 4.21: Average natural frequencies calculated for trials U2-1 through U2-13 

Trial Set Mode 
1 2 3 4 5 6 7 

U2-1 1.388 2.733 3.955 5.014 5.911 6.585 6.954 
U2-2 1.305 2.748 3.929 5.004 5.918 6.604 6.984 
U2-3 1.344 2.839 3.954 5.057 5.883 6.596 7.003 
U2-4 1.382 2.753 3.940 5.028 5.924 6.588 7.014 
U2-5 1.386 2.717 3.948 5.034 5.862 6.595 7.021 
U2-6 1.404 2.690 3.946 5.030 5.894 6.656 6.984 
U2-7 1.381 2.726 3.958 5.036 5.952 6.633 6.950 
U2-8 1.377 2.729 3.970 5.035 5.906 6.570 6.975 
U2-9 1.412 2.759 3.920 5.020 5.919 6.562 6.972 
U2-10 1.392 2.742 3.965 5.032 5.917 6.582 6.987 
U2-11 1.392 2.722 3.925 5.013 5.880 6.574 6.944 
U2-12 1.383 2.752 3.924 5.027 5.906 6.563 6.963 
U2-13 1.424 2.778 3.986 5.098 5.976 6.589 6.982 

 

 

Table 4.22: Number of potentially damaged modes identified in trials U2-1 through U2-13 

Trial 
Set 

95% 
Confidence 

99% 
Confidence 

U2-1 1 1 
U2-2 3 1 
U2-3 5 2 
U2-4 3 0 
U2-5 3 2 
U2-6 3 1 
U2-7 2 2 
U2-8 0 0 
U2-9 3 2 
U2-10 0 0 
U2-11 2 2 
U2-12 2 1 
U2-13 2 0 
Mean 2.38 1.07 

Median 3 1 
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  Additionally, for each trial set within the population data (trial sets P1-1 to P5-6), a 

hypothesis test was conducted to compare the results of the trial set to the accepted population 

data. Because these trial sets were used to calculate the population values, conducting a 

hypothesis test comparing the trial set to the population results would double-count the trial set 

data into both the training and test sets. However, these hypothesis tests were done only to 

explore how well the U2 data represents the population data. For each trial, the total number of 

damaged modes is shown in Table 4.23.  

The average number of damaged modes at a 95% confidence level was 2.80 for the 

population trial sets, compared with 2.38 for the U2 data. For 99% confidence, the population 

trial sets identified 1.97 damaged modes on average, compared with 1.07 for data U2. This could 

mean that truly undamaged data would falsely identify damaged modes at a rate closer to 2.8 and 

1.97 (at 95% and 99% confidence level) and defining damage based on the results from data U2 

is conservative.  

Table 4.23: Damaged modes identified for each trial set in population data 

Trial Set 95% Confidence 99% Confidence 
P1-1 2 1 
P1-2 4 4 
P1-3 2 1 
P1-4 1 0 
P1-5 3 3 
P1-6 3 3 
P2-1 4 3 
P2-2 3 3 
P2-3 4 3 
P2-4 3 2 
P2-5 2 2 
P2-6 0 0 
P3-1 2 1 
P3-2 2 1 
P3-3 4 3 
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P3-4 3 2 
P3-5 3 1 
P3-6 4 3 
P4-1 2 2 
P4-2 4 2 
P4-3 3 1 
P4-4 2 1 
P4-5 5 4 
P4-6 2 1 
P5-1 1 1 
P5-2 3 2 
P5-3 4 3 
P5-4 3 1 
P5-5 3 2 
P5-6 3 3 

Mean 2.80 1.97 
Median 3 2 

 

The total number of damaged modes is helpful for identifying substructures with 

potential damage but does not provide information on the severity of damage. While undamaged 

data may identify 2 or 3 damaged modes, it is possible that the variation from the population 

frequency is barely large enough to be classified as damaged. To help define the magnitude of 

the variation between the experimental and population data, the t-statistic (used to conduct the 

hypothesis test) is investigated. For each trial set for data sets U2 and P1 through P5, the average 

t-statistic and maximum t-statistic were calculated among the modes identified as damaged. The 

“average t-statistic” is the mean t-value considering only the potentially damaged modes. Figure 

4.15 and Figure 4.16 show these results plotted against the total number of damaged modes. The 

U2 results appear to be match the results from the population data and it is accepted that the U2 

data adequately represents the population data. 
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(b) 

Figure 4.15: Damaged modes and average t-statistic for population data trial sets and U2 
data—(a) 95% confidence and (b) 99% confidence 
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(b) 

Figure 4.16: Damaged modes and maximum t-statistic for population data trial sets and U2 
data—(a) 95% confidence and (b) 99% confidence  
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modal response was calculated. The substructures investigated in this section are defined in 

Table 4.24. The data sets used, E1 through E11, had exterior damage varying from 2% to 20% 

and contain samples from data with and without 5% added noise. Each data set is defined in 

Table A1. As in previous experiments, modes 1-7 were consistently identified in each trial. The 

total number of modes identified as damage are included in Table 4.24. 

Figure 4.17 shows the total number of damaged modes compared to the average damaged 

t-statistic at both the 95% and 99% confidence level. Also included in these plots are the results 

from undamaged and interior damaged conditions found in Section 4.5 (Trial Sets M, S, and L).  

Figure 4.18 shows the total number of damaged modes compared to the maximum t-value. In 

both figures, especially those for 99% confidence, the undamaged and exterior damage cases 

rarely identify more than 3 damaged modes while the interior-damaged systems tend to have 

more than 3 damaged modes. The exterior and undamaged systems appear to follow the same 

pattern, verifying the hypothesis that the substructuring method subtracts out the global influence 

on the substructure so that it is completely isolated and the local response does not depend on the 

state of the global system.  

Table 4.24: Substructures with exterior damage 

Trial Set Data Interfaces Number of Damaged Modes 
95% Confidence 99% Confidence 

E1-1 E1 8 16 4 2 
E2-1 E2 8 16 5 5 
E3-1 E3 8 16 2 2 
E4-1 E4 8 16 3 2 
E5-1 E5 8 16 3 1 
E6-1 

E6 

10 18 1 1 
E6-2 11 19 2 2 
E6-3 12 20 4 0 
E6-4 1 9 2 1 
E7-1 E7 1 9 4 3 
E8-1 E8 1 9 3 2 
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E9-1 E9 1 9 3 1 
E10-1 E10 1 9 3 2 
E11-1 E11 1 9 3 1 
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(b) 

Figure 4.17: Number of damaged modes compared to average t-statistic—(a) 95% 
confidence and (b) 99% confidence  
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(b) 

Figure 4.18: Number of damaged modes and maximum t-statistic for exterior damaged and 
undamaged substructures—(a) 95% confidence and (b) 99% confidence 
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undamaged condition exhibit a significant difference from the population data. Comparing the 

results from the damaged masses and damaged springs, both trials identify more potentially 

damaged modes, but it is unclear which data set is more critically damaged.  

   The total number of damaged modes is helpful for identifying substructures with 

potential damage but does not provide information on the severity of damage. To help define the 

severity of damage, the t-statistic (used to conduct the hypothesis test) is investigated.  

   For each trial set tested in Sections 4.5.1 through 4.5.4 (data sets S, M, and U2), the 

average t-statistic was plotted with respect to the total number of modes classified as damaged 

for both 95% and 99% confidence, see Figure 4.20. Alternatively, the maximum t-statistic for 

each trial set is plotted with respect to the total number of damaged modes in Figure 4.21. 
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(b) 

Figure 4.19: Histogram for (a) 95% confidence and (b) 99% confidence damaged modes 
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(b) 

Figure 4.20: Total number of modes identified as damaged at the (a) 95% confidence and 
(b) 99% confidence level compared with the average t-statistic 
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(b) 

Figure 4.21: Maximum t-statistic compared to total number of damaged modes at the (a) 
95% confidence and (b) 99% confidence levels 
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cut-off values is not the focus of this thesis, but, as an example, if damage to a substructure is 

defined by having 3 or more damaged modes and a maximum t-statistic greater than 11.2 (within 

one standard deviation of the mean of the undamaged results), then all six damaged trial sets and 

no undamaged trial sets will be classified as damaged at the 95% and 99% confidence levels. 

This definition was determined by inspection of these 6 damaged and 13 undamaged trials and 

serves as an example only; it is not a statistically justified procedure. To further develop a robust 

classification scheme for separating damaged and undamaged substructures, more trials must be 

completed.  

  Additional substructures were investigated; trial sets were calculated using the input 

values shown in Table 4.13.  A complete list of the substructures included can be found in Table 

A2. The results from all substructures investigated in this chapter are plotted below, comparing 

the average and maximum t-statistic at both the 95% and 99% confidence, see Figure 4.22 and 

Figure 4.23.  
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(b) 

Figure 4.22: Average t-value compared with damaged modes for (a) 95% confidence and 
(b) 99% confidence 
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(b) 

Figure 4.23: Maximum t-statistic compared to the total number of damaged modes for (a) 
95% confidence and (b) 99% confidence 
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Table 4.25: Substructures Studied for Progression of Damage 

Trial 
Set Substructure 

Reduction of 
Stiffness of 
Spring 10 

D0-1 

5 to 13 

0 
D2-1 2% 
D5-1 5% 
D10-1 10% 
D15-1 15% 
D20-1 20% 
D0-2 

9 to 17 

0% 
D2-2 2% 
D5-2 5% 
D10-2 10% 
D15-2 15% 
D20-2 20% 
D25-2 25% 

 

To better understand the severity of damage required for detection, the average damaged 

t-statistic was plotted against the percentage of stiffness reduction for the substructures defined 

in Table 4.25, see Figure 4.24 and Figure 4.25. For substructure 9 to 17, the average t-statistic 

increased with the severity of damage (reduction of stiffness). Also included in the plot is the 

maximum t-statistic for each trial set. For substructure 9 to 17, the maximum t-statistic followed 

the same pattern as the average t-statistic: increasing with the severity of damage. The total 

number of damaged modes increased with the severity of damage. Figure 4.26 shows the total 

number of modes classified as damaged compared with the stiffness of spring 10.  
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Figure 4.24: Progression of damage to spring 10—substructure 5 to 13 

 

 
Figure 4.25: Progression of damage to spring 10-- substructure 9 to 17 
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Figure 4.26: Total number of damaged modes compared to stiffness of spring 10 
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4.9. Global Sensitivity to Damage 

   To investigate the sensitivity of substructural health monitoring compared to global 

health monitoring, a global analysis was conducted for the damaged data sets M, S, and D2 

through D25, presented above. Each data set was analyzed for global modes using the procedure 

presented in Section 4.2. Each data set was analyzed three times (first using all data points, then 

the first 200 seconds of data, then the second 200 seconds of data) and the average of these three 

calculations was taken as the trial set value. Trial sets were named as follows: 

DataSet-G 

The trial set values were then compared to the average observed global frequency shown 

in Table 4.4 using a small-sample hypothesis test for the difference of two means. The total 

number of modes identified as damaged for each data set (at the 95% and 99% confidence levels) 

are shown in Table 4.26. 

Table 4.26: Damaged modes identified in global analysis 

Data Set Reduction in 
Stiffness 

Number of Damaged 
Modes 

95% 
Confidence 

99% 
Confidence 

M-G 30%* 11 10 
S-G 20% 4 4 

D2-G 2% 0 0 
D5-G 5% 3 0 
D10-G 10% 1 0 
D15-G 15% 4 3 
D20-G 20% 2 1 
D25-G 25% 5 3 

    *Damage was reduction of element mass 

 
One substructuring trial set from each data set was selected for comparison of global and 

local mode sensitivity. The first trial set for each data set was selected, i.e. M-1a, S-1a, D2-1, 
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D5-1, D10-1, D15-1, D20-1, D25-2. Global analysis of the system consistently identified the first 

13 modes while substructural analysis only identified the first 7, thus, the total number of 

damaged modes could not be directly compared. For each trial set, the total number of damaged 

modes was divided by the total number of modes identified (13 for global analysis and 7 for 

local analysis) and the results are shown in Table 4.27.  

Table 4.27: Damaged modes – Local and global analysis 

Data Set 
% Damaged Modes Maximum T-Value 95% Confidence 99% Confidence 

Global Local Global Local Global Local 
M 85% 57% 77% 43% 12.73 15.37 
S 31% 86% 31% 86% 15.35 22.77 

D2 0% 71% 0% 57% 1.74 16.92 
D5 23% 43% 0% 29% 2.97 8.99 
D10 8% 86% 0% 86% 2.56 15.42 
D15 31% 71% 23% 71% 7.35 10.86 
D20 15% 86% 8% 86% 14.03 26.12 
D25 38% 57% 23% 43% 20.91 3.00 

 

  With the exception of data set M, local analysis detected a greater proportion of damaged 

modes than global analysis. A possible explanation for this is that data set M is the only case 

with damage to the masses and perhaps this sort of damage is more detectable on the global 

scale. For a given damage scenario, the substructuring method and local analysis appears to 

detect more damage than the global analysis for the same system, especially for cases of low 

damage. For data sets D2 through D10, where the stiffness of a single spring was reduced by 2% 

to 10%, the global analysis at the 99% confidence level detected no damage. It appears that 

substructuring and local analysis is able to detect damage at lower levels, before it could be 

detected by global monitoring. The results from Table 4.27 are plotted in Figure 4.27, below. 
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The global analysis methods are concentrated in the 0-40% detection while the local analysis 

detected identified 30%-90% damaged modes.  

 
Figure 4.27: Global and local detection of damaged modes 
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the substructure were calculated with the NExT and ERA methods. The substructure was 

modeled independently, and the true natural frequencies were calculated and then compared to 

the experimental values. This confirmed that the substructuring method isolated the substructure 

and accurately calculated the modal properties from the adjusted data. 

One important advantage of substructural health monitoring is that it allows for 

monitoring methods to be concentrated at critical sections and does not require instrumentation 

throughout the global system. When applying the method to a real structure, only the 

substructure of interest would be instrumented, thus, the method was repeated using only data 

from the substructure and interfaces. The experimental natural frequencies from these trials 

(Table 4.9) were within 1% for most mode. For a substructure of length 8, using data from the 

entire structure (20 masses) consistently found the first four modes, while using only data from 

the substructure (9 masses) found all seven mode shapes. For the trials using all masses, two 

virtual supports were applied: at masses 8 and 19. This orientation created two substructures, one 

from 0 to 8, and the other from 8 to 19. The outputs from this analysis included the results from 

both substructures analyzed at once. For each potential natural frequency, either the substructure 

0 to 8 would exhibit a good mode shape, or substructure 8 to 19 would have a good shape. This 

method, essentially, analyzed two separate substructures as one and selected the best mode shape 

by combining the results of both substructures. Because the shapes of both substructures were 

simultaneously analyzed to calculate the CMI, MPC, and EMAC values, the values were low and 

the shapes were not as clear. In comparison, the results from using the substructure only had high 

CMI values, clear mode shapes, and consistently identified more modes. These tests confirmed 

that the substructuring method accurately isolates the substructure and calculates the natural 
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frequencies. It was found that using data only from the substructure yielded more accurate mode 

shapes with higher CMI values.  

To investigate the efficacy of damage detection, multiple damage scenarios were tested. 

The population data, used for comparison of damaged data, was composed of 30 trial sets from 

five data sets (6 trial sets per data set). A sample size of more than 30 was used so that it was 

adequately large enough for the central limit theory to apply and for the data to be assumed to 

follow a normal distribution.  

Damage was inflicted to the masses and springs at various locations and damage levels. 

For each trial set investigated in this chapter, the average damaged t-statistic is compared to the 

total number of damaged modes in Figure 4.28.  
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(a) 

 
(b) 

Figure 4.28: Average t-value compared with damaged modes for all trial sets, 95% 
confidence (a) and 99% confidence (b) 
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   For both the 95% (Figure 4.28 (a)) and 99% (Figure 4.28 (b)) confidence intervals, there 

was a general trend. The undamaged cases (shown in blue diamonds) are concentrated in the 

lower left quadrant: low average t-value (less than 10) and 3 or fewer damaged modes. The trial 

sets with interior damage tend to be outside of the bottom left quadrant: either with a high 

average t-value, 4 or more damaged modes, or a combination of both. Additionally, the 

substructures with the largest amount of damage (shown in red) are the most extreme, with large 

average t-values and 6 or 7 damaged modes. The results of the trial sets with exterior damage are 

clustered near those of the undamaged system. It is possible to formulate a rule for classifying 

damage by looking at only the total number of damaged modes and the average t-value. Using 

the example presented earlier in the chapter, if damage is defined as having more than 3 

damaged modes and/or an average t-value greater than 11.2, then at the 95% confidence level, 

only 1 out of 18 undamaged trial set is identified as damaged (Type I error) and 3 out of 34 

damaged trial sets are classified as undamaged (Type II error). For the 15 trial sets with exterior 

damage, 4 were identified as damaged. However, these trials were classified as damaged because 

they had more than three damaged modes, but all had average t-values far below the critical 

point of 11.2. Therefore, if a more advanced method for damage classification were developed—

one that takes into account both the average t-value and the total number of damaged mode—it 

may be possible to get fewer errors.  

  Finally, the damaged spring-mass systems were analyzed globally to determine the 

number of damaged global modes and the results were compared to those of local analysis of the 

same damage case. Normalizing the results from each trial to account for the different number of 

modes identified in local and global analyses, the rate of damaged mode identification was 

compared, see Table 4.27. The local analysis identified damage at a much higher rate, suggesting 
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that local frequencies calculated by substructure is able to detect lower levels of damage than 

global analysis and global frequencies.  
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CHAPTER 5. Beam Model 

  After validating the substructuring method on the spring-mass system, the method was 

applied to a more complicated beam model, as described in Section 5.1. In Section 5.2, the 

global modes and population averages were calculated using data sets B1 through B8. Damage 

was introduced to the system in Section 5.3. Three cases of interior damage to the substructure 

were studied (data sets J1, J2, and J3) and three cases of exterior damage were investigated (data 

sets K1, K2, and K3). Additional undamaged substructures (data sets N1 through N4) were also 

tested. An extreme damage case was studied in Section 5.4; the stiffness of five elements was 

reduced by 50% (data set EX). Finally, in Section 5.5, the damaged beam systems were studied 

globally for comparison with the substructuring method.  

5.1. System Description 

  A 2-dimensional beam was modeled in Matlab with the properties shown in Table 5.1. 

The beam was defined by 100 elements and 101 nodes. Data was generated by computing the 

element mass and stiffness matrices, placing them into the global matrices, and constructing the 

Rayleigh damping matrix. Boundary conditions were added to define fixed supports at both ends 

of the beam, i.e. rotation and displacement at both ends were restrained. Each vertical degree of 

freedom (DOF) was randomly loaded. The random load was filtered using a lowpass infinite 

impulse response filter with an order of 8, passband frequency of 200 Hz, and a passband ripple 

of 0.5 dB. Fifty seconds of data at a sample rate of 1000 Hz was generated using Newmark’s 

method with average acceleration. For each node, two outputs were generated: transverse 

acceleration and rotation. A schematic of the beam is shown in Figure 5.1. 
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Table 5.1: Properties of beam model 

Variable Property Value 
E Modulus of Elasticity 1,000,000 MPa 
I Moment of Inertia 52.0833 m4 

A Cross-Sectional Area 25 m2 

ρ Density 1 Mg/m3 

L	 Length of each element 1 m 
α Mass Proportional Damping 0.0005 
β Stiffness Proportional Damping 0.00005 

 

 
Figure 5.1: Fixed-fixed beam modeled in Matlab 

 

5.2. Generate Population Data Set 

  To calculate the global modes of the beam system, eight undamaged data sets of 50 

seconds of acceleration data at a sample rate of 1000 Hz were generated. Each system was 

loaded randomly in all vertical DOF and restrained from vertical displacement and rotation at 

each end (a fixed-fixed global system), see Figure 5.1. For each data set, B1 through B8, the 

global modes were calculated using the Natural Excitation Technique (NExT) and Eigenvalue 

Realization Algorithms with Data Correlation (ERA/DC) as explained in Chapter 3. For quicker 

calculations, in these trials (B1-G through B8-G) only the vertical data from every other element 

were used in analysis (elements 1, 3, 5, etc.). For the global analysis, the model order, M, had a 
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value of 50 and Pg was equal to the largest value that is a power of two but less than the total 

length of the data, 37,768 for these trials. The average natural frequencies of these eight trials 

and the number of trials each mode was identified is shown in Table 5.2. 

Table 5.2: Average global frequencies of beam model 

Mode 
Number of 

Times 
Identified, n 

Frequency 
(Hz) 

3 2 2.750 
4 6 4.570 
5 8 6.848 
6 8 9.571 
7 8 12.751 
8 8 16.353 
9 8 20.425 
10 8 24.942 
11 8 29.892 
12 8 35.269 
13 8 41.078 
14 8 47.292 
15 8 53.951 
16 8 61.011 
17 8 68.352 
18 8 76.104 
19 8 84.136 
20 8 92.582 
21 8 101.250 
22 8 110.230 
23 8 119.380 
24 8 129.094 

 

   Unlike the spring-mass model where any substructure of length 8 was studied, the only 

substructure examined in this chapter spanned from element 30 to 70, see Figure 5.2. The global 

system is in gray and the substructure of interest is highlighted in black. The substructure was 

isolated by applying virtual supports to restrain the vertical displacement (pin supports, shown in 
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blue) and rotation at the selected interface (fixed supports, shown in purple), thereby, creating an 

isolated fixed-fixed substructure.  

 
Figure 5.2: Substructure 30 to 70 

 

The data used in each analysis was the vertical acceleration and rotation records from 

elements 30 and 70 (the interfaces) and the vertical accelerations from every other interior 

element (elements 32, 34, 36, etc.). Figure 5.3 shows a simplified schematic of the substructure 

instrumentation; the green circles represent rotation measurements and the red X’s represent 

vertical acceleration records. Note that the figure is not to scale nor a true representation of the 

instrumentation. Figure 5.3 shows only 9 vertical sensors while 21 vertical sensors were used in 

this experiment.  
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Figure 5.3: Schematic of substructure instrumentation 

  
The modal properties of substructure 30 to 70 were calculated using the substructural 

isolation method for each data set B1 through B8. These trials were labeled as 

DataSet-P.TrialNumber 

The P means that the trial is part of the population data set. As with the spring-mass 

system, each trial set contained 9 trials using parameter values shown in Table 5.3, and the 

average frequencies of these trial sets were taken as the population mean. 

Table 5.3: Input values for beam model--Set 1 

Trial pointsOK Np M 
1 

5,000 
30 

50 2 40 
3 50 
4 

10,000 
30 

50 5 40 
6 50 
7 

15,000 
30 

50 8 40 
9 50 

 

Because only the substructure from 30 to 70 was studied, only one trial set was calculated for 

each data set. Figure 5.4 and Figure 5.5 show the acceleration record for elements 30 and 46 both 
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before and after substructural isolation in trial set B1-P.1. From Figure 5.5, the substructuring 

process restrains the interface element in both degrees of freedom and adjusts the response of 

interior elements, Figure 5.4.  

 
Figure 5.4: Acceleration records before and after substructure isolation for interior 

element 46 in the vertical direction for trial B1-P.1 
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(a) 

 
(b) 

Figure 5.5: Acceleration records before and after substructure isolation for interface 
element 30 in (a) vertical direction and (b) rotation for trial set B1-P.1 
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   Modes 1 through 12 were identified in the trial sets. The average observed natural 

frequencies, standard deviation, sample variance, and total number of times each mode was 

identified are shown in Table 5.4.  

Table 5.4: Undamaged beam substructure results (population data) 

Mode 

Population 
Mean 

Frequency, 
Y (Hz) 

Times 
Identified, 

ny 

Standard 
Deviation, 

sy 

Variance, 
sy

2 

1 2.713 19 0.141 0.020 
2 8.048 28 2.222 4.937 
3 18.366 33 0.654 0.428 
4 30.007 55 0.901 0.811 
5 44.107 66 1.351 1.824 
6 61.585 69 1.514 2.293 
7 81.327 66 2.997 8.984 
8 103.114 69 2.774 7.697 
9 126.817 47 3.004 9.026 
10 151.298 25 2.973 8.840 
11 181.409 26 5.596 31.311 
12 201.663 9 8.785 77.176 

 

   Mode 2 was identified 28 times, had an average frequency of 8.084 Hz, and a standard 

deviation of 2.222 Hz. Unlike the other identified modes where the standard deviation was about 

3% of the average, the standard deviation of mode 2 was 27.6% of the average. The results for 

mode 2 from all trials in the population data set are shown in Table 5.5.  
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Table 5.5: Population data- Mode 2 

Trial 
Frequency 
of Mode 2 

(Hz) 
B2-P.1 4.593 
B3-P.1 4.588 
B3-P.2 4.588 
B3-P.3 9.292 
B3-P.4 4.586 
B3-P.5 4.555 
B3-P.6 4.672 
B3-P.7 4.587 
B3-P.9 4.665 
B4-P.1 9.531 
B4-P.4 9.388 
B4-P.5 9.091 
B4-P.8 9.317 
B5-P.7 9.130 
B6-P.1 9.212 
B6-P.4 9.453 
B6-P.7 9.544 
B7-P.1 9.276 
B7-P.2 9.576 
B7-P.4 9.592 
B7-P.5 9.580 
B7-P.6 9.524 
B7-P.7 9.581 
B7-P.8 9.512 
B7-P.9 9.348 
B8-P.1 9.443 
B8-P.4 9.544 
B8-P.7 9.571 
Mean 8.048 

Median 9.317 
 

   While the mean of the results was 8.048 Hz, the median was 9.317 Hz. Mode 2 was 

identified at around 4.5 Hz in 8 out of the 28 trials that identified mode 2, and only in the 

analyses of data sets B2 and B3. It was hypothesized that the true local mode was either 4.5 Hz 
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or 9.3 Hz and the other was a residual of a global mode shape. Mode 4 from the global system 

had a frequency of 4.570 Hz and mode 6 had a frequency of 9.571 Hz. Figure 5.6 shows the 

global mode shapes of modes 4 and 6 and the outputs of trial sets using data set B3; trial B3-P.1 

identified mode 2 at 4.588 Hz and trial B3-P.3 at 9.292 Hz.  

 
Figure 5.6: Global mode shapes and local mode 2 

  

   Both identified substructural mode shapes were similar, both following a similar shape as 

the global mode 6, as shown in Figure 5.6. This suggested that the identification of a mode 

around 9 Hz may have been a residual from the 6th global mode, and perhaps the local mode 2 

was at 4.3 Hz. However, the majority of population trials identified local mode 2 around 9 Hz, 

suggesting that 9 Hz was the true local frequency.  
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   To check the identified substructure frequencies are accurate and determine the frequency 

of the second mode, a fixed-fixed beam of length 40 was modeled as shown in Figure 5.7. Four 

data sets (data sets C1-C5) were generated, no noise was added, and all vertical DOF were 

loaded randomly. For each data set, the natural frequencies were calculated for the first 12 modes 

using data from every other element and the NExT and ERA/DC methods. The average of these 

five trials is shown in Table 5.6. 

 
Figure 5.7: Modeled fixed-fixed beam of length 40 

 

Table 5.6: Average frequencies from modeled beam of length 40 

Mode 
Average 

Frequency 
(Hz) 

1 3.372 
2 9.309 
3 18.236 
4 30.107 
5 44.827 
6 62.193 
7 82.069 
8 103.751 
9 127.529 
10 151.947 
11 177.032 
12 200.094 
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Confidence intervals for 95% and 99% confidence were calculated for each natural 

frequency in the population data set, as explained in Chapter 3, and are shown in Table 5.7. At 

the 99% confidence level, modes 1, 5, 6, and 11 determined from the global analysis of a fixed-

fixed beam of length 40 (shown in Figure 5.7) were not within the confidence interval. For the 

95% confidence, modes 2 and 7, in addition to the modes listed above, were outside of the 

confidence intervals. However, it should be noted that only five trials of the modeled beam of 

length 40 were conducted as opposed to the 82 trials conducted on a substructure of length 40. 

Therefore, the results of trials C1 through C5 may not accurately represent the true properties of 

a fixed-fixed beam of length 40 as the sample size is low.   

Table 5.7: Confidence intervals for undamaged data natural frequencies (Hz)—All results 

Mode 

Average 
Modeled 

Beam, 
Hz 

Lower Bound Population 
Average, 

Hz 

Upper Bound 

99% 
Confidence 

95% 
Confidence 

95% 
Confidence 

99% 
Confidence 

1 3.372 2.620 2.645 2.713 2.782 2.807 
2 9.309 6.884 7.186 8.048 8.909 9.211 
3 18.236 18.054 18.134 18.366 18.598 18.678 
4 30.107 29.683 29.764 30.007 30.251 30.332 
5 44.827 43.666 43.775 44.107 44.439 44.549 
6 62.193 61.102 61.221 61.585 61.949 62.068 
7 82.069 80.348 80.590 81.327 82.064 82.306 
8 103.751 102.229 102.447 103.114 103.780 103.999 
9 127.529 125.640 125.935 126.817 127.699 127.995 
10 151.947 149.635 150.071 151.298 152.526 152.962 
11 177.032 178.350 179.149 181.409 183.669 184.468 
12 200.094 191.837 194.910 201.663 208.415 211.488 

 

   The results of trials C1 through C5 confirmed that the true second mode of a fixed-fixed 

beam of length 40 was around 9.3 Hz, as correctly identified by 20 out of the 28 population 

trials. Therefore, the 8 trials that identified local mode 2 around 4 Hz were omitted from the 
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following analysis and new confidence intervals were calculated, see Table 5.8. These new, 

adjusted properties of mode 2 were used for damage detection in the following sections.   

Table 5.8: Adjusted properties of population mode 2 

Average Frequency, Y (Hz) 9.425 
Standard Deviation, s 0.159 

Variance, s2 0.025 
Number of Times Identified, n 20 

95% Confidence Interval (Hz) 9.351 to 9.500 
99% Confidence Interval (Hz) 9.323 to 9.527 

 

5.3. Damage Detection  

  Damage detection in this system was investigated by reducing the stiffness of a portion of 

the beam. Three interior and three exterior damage cases were studied. The interior damage 

cases, J1, J2, and J3, had a reduction in stiffness to elements 40 and 50, 60 through 65, and 50 

through 55, respectively. For each damage location, the response of the substructure was 

calculated for damage levels (percent reduction in member stiffness) ranging from 2% to 25%. 

The substructures are shown in Figure 5.8 and the trials are summarized in Table 5.9.  
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Figure 5.8: Interior damage cases 

Table 5.9: Trial sets with interior damage 

Trial Damaged 
Elements 

Reduction in 
Stiffness (%) 

Variable 
Set 

J1-5 

40, 50 

5 
Table 
5.10 

J1-10 10 
J1-15 15 
J1-20 20 
J2-2 

50-55 

2 

Table 
5.3 

J2-5 5 
J2-10 10 
J2-15 15 
J2-20 20 
J2-25 25 
J3-5 

60-65 

5 

Table 
5.10 

J3-10 10 
J3-15 15 
J3-20 20 
J3-25 25 
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  Because only the substructure 30 to 70 was investigated, trial sets were named with the 

damage location and damage level, e.g. trial J1-5 calculated the modal properties of substructure 

30 to 70 with 5% reduction of stiffness in location J1.  

  For the first trial, J1-5, the stiffness of elements 40 and 50 was reduced by 5%. The 

natural frequencies of substructure 30 to 70 were calculated by applying virtual supports to 

elements 30 and 70 as shown in Figure 5.2. The results of trial set J1-5 are shown in Table 5.11. 

Note that trial J1-5.2 identified mode 2 at 4.59 Hz and, as discussed above, was therefore omitted 

from the analysis. As with the spring-mass system, the lower modes (modes 1, 2, and 3) were not 

consistently identified. 

Table 5.10: Input values for beam model, set 2 

Trial pointsOK Np nextM 
1 

5,000 
20 

50 2 30 
3 40 
4 

10,000 
20 

50 5 30 
6 40 
7 

15,000 
20 

50 8 30 
9 40 
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Table 5.11: Trial results from trial set J1-5 

Trial Mode 
2 3 4 5 6 7 8 9 10 11 12 

J1-5.1 9.57 * 29.73 43.65 63.58 81.32 104.86 129.61 * 186.47 * 
J1-5.2 4.59 * 29.71 44.08 61.14 83.00 108.11 132.47 * 183.33 * 
J1-5.3 * * 30.64 41.42 61.34 83.11 94.98 * * 182.46 * 
J1-5.4 9.54 19.29 29.49 44.07 60.74 80.93 103.33 130.13 151.34 176.14 * 
J1-5.5 * * 29.01 44.63 59.67 81.64 102.64 127.81 * 180.66 * 
J1-5.6 * * 30.83 44.90 59.59 83.27 102.97 * * 174.14 * 
J1-5.7 * * 29.40 45.10 61.51 81.16 102.62 128.96 151.81 185.39 201.50 
J1-5.8 * 18.76 29.27 44.10 60.06 82.18 102.35 * * 186.15 * 
J1-5.9 * * 31.11 44.63 59.95 83.08 102.47 126.00 * * * 

Average 9.55 19.03 29.91 44.06 60.84 82.19 102.70 129.17 151.58 181.84 201.50 
*Mode not identified 

   The substructuring process was repeated for damage cases J2 and J3 for each of the 

damage severities listed in Table 5.9, resulting in a total of 15 trial sets with interior damage. 

Like the results from trial set J1-5, the trial sets investigated most consistently identified modes 4 

through 8; therefore, only those modes were considered for the remainder of the chapter. A 

hypothesis test for the difference between two means was conducted for each trial set and the 

total number of damaged modes was calculated and is shown in Table 5.12. 

 

 

 

 

 

 

 



 98 

Table 5.12: Results from interiorly damaged trial sets 

Trial 
Set 

95% Confidence 99% Confidence Maximum 
t-statistic Damaged 

Modes 
Average t-
statistics 

Damaged 
Modes 

Average t-
statistic 

J1-5 0 -- 0 -- 1.771 
J1-10 2 5.037 2 5.037 5.144 
J1-15 1 4.455 1 4.455 4.455 
J1-20 0 -- 0 -- 2.315 
J2-2 1 4.592 1 4.592 4.592 
J2-5 1 4.594 1 4.594 4.594 
J2-10 2 3.353 0 -- 3.380 
J2-15 2 4.460 1 6.243 6.243 
J2-20 1 8.239 1 8.239 8.239 
J2-25 2 5.648 2 5.648 5.667 
J3-5 1 5.147 1 5.147 5.147 
J3-10 1 2.733 0 -- 2.733 
J3-15 0 -- 0 -- 1.544 
J3-20 2 5.557 1 8.083 8.083 
J3-25 2 6.656 2 6.656 9.696 

 

To investigate the influence of exterior damage to the substructure, three exterior damage 

cases were tested (Figure 5.9). The data sets K1, K2, and K3, had damage to elements 20 through 

25, 72 through 79, and 93 through 98, respectively. Trials were named using the same format as 

for data sets J1, J2 and J3. The local natural frequencies were calculated for each damage 

location with damage ranging from 5% to 25%, see Table 5.13. The results from the hypothesis 

tests conducted on each trial set are shown in Table 5.14. 
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Figure 5.9: Exterior damage cases 

Table 5.13: Trial sets with exterior damage 

Trial Damaged 
Elements 

Reduction 
in 

Stiffness 
(%) 

Variable 
Set 

K1-5 

20-25 

5 

Table 
5.10 

K1-10 10 
K1-15 15 
K1-20 20 
K1-25 25 
K2-5 

72-79 

5 

Table 
5.3 

K2-10 10 
K2-15 15 
K2-20 20 
K2-25 25 
K3-5 

93-98 

5 

Table 
5.3 

K3-10 10 
K3-15 15 
K3-20 20 
K3-25 25 
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Table 5.14:Results from externally damaged trial sets 

Trial 
95% Confidence 99% Confidence Maximum t-

statistic Damaged 
Modes 

Average t-
statistics 

Damaged 
Modes 

Average t-
statistic 

K1-5 1 5.027 1 5.027 5.027 
K1-10 1 5.178 1 5.178 5.178 
K1-15 0 -- 0 -- 0.969 
K1-20 1 1.846 0 -- 1.846 
K1-25 2 8.839 1 15.229 15.229 
K2-5 2 3.663 1 4.036 4.036 
K2-10 1 2.030 0 -- 2.030 
K2-15 1 5.096 1 5.096 5.096 
K2-20 2 3.807 1 4.823 4.823 
K2-25 2 3.683 1 4.243 4.243 
K3-5 2 3.340 1 3.877 3.877 
K3-10 1 3.280 1 3.280 3.280 
K3-15 2 3.467 1 4.255 4.255 
K3-20 3 5.233 1 11.073 11.073 
K3-25 3 4.106 3 4.106 5.938 

 

   Substructures from an undamaged global system were also investigated. Four data sets, 

N1 through N4, were generated for an undamaged fixed-fixed beam of length 100 using the same 

procedure as data sets J and K. Local modes were identified and a hypothesis test was conducted 

to determine the number of damaged modes. The results of these four trial sets are summarized 

in Table 5.15. Also included in this table are the results from hypothesis tests conducted on each 

of the trials sets that compose the training set. As mentioned in Chapter 4, because these 

population trial sets were used to calculate the properties used as a baseline for damage 

detection, conducting a hypothesis test comparing each population trial set to the population is, 

essentially, comparing the data to itself. These tests were only conducted to supplement the 

results of trials N1 through N4. The results of all trials in this chapter are compared in Figure 

5.10 and Figure 5.11.  
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Table 5.15: Results from undamaged trial sets 

Trial 
Set 

95% Confidence 99% Confidence Maximum 
t-statistic Damaged 

Modes 
Average t-
statistics 

Damaged 
Modes 

Average t-
statistic 

N1-1 0 -- 0 -- 2.585 
N2-1 1 10.133 1 10.133 10.133 
N3-1 3 3.811 1 4.787 4.787 
N4-1 0 -- 0 -- 2.363 
B1-P 1 4.382 1 4.382 4.382 
B2-P 2 3.134 1 3.726 3.726 
B3-P 0 -- 0 -- 2.135 
B4-P 1 3.922 1 3.922 5.763 
B5-P 0 -- 0 -- 2.412 
B6-P 0 -- 0 -- 2.869 
B7-P 3 6.669 3 6.669 9.544 
B8-P 1 3.060 0 -- 3.413 

 

   The threshold between damaged and undamaged substructures was not as clear as it was 

for the spring-mass model. Most of the trial sets identified 1-2 damaged modes. At both the 95% 

confidence and 99% confidence levels, multiple damaged trial sets identified zero damaged 

modes and several undamaged trial sets identified three damaged modes. While the maximum t-

value ranged from approximately 2 to 15, the results from damaged and undamaged trial sets 

were intermixed. At a 95% confidence level, the maximum average t-value was from a system 

with no damage and at a 99% confidence, an exterior damage trial set had the largest t-value. 

Similarly, the maximum t-value was from either an undamaged or exterior damage trial set. The 

results from these trials do not yield a clear pattern distinction between damaged and undamaged 

trial sets. 
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(a) 

 
(b) 

Figure 5.10: Damaged modes and maximum t-value for all trials – (a) 95% confidence and 
(b) 99% confidence 
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(a) 

 
(b) 

Figure 5.11: Damaged Modes and average t-value for all trials—(a) 95% confidence and 
(b) 99% confidence 

 

5.4. Extreme Damage Case 

To explore the possibility that the level of damage was not severe enough for reliable 
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Figure 5.12. The stiffness of elements 35 through 40 was reduced 50%, all vertical DOF 

were randomly loaded, and 50 seconds of data at 1000 Hz were generated. 

 

Figure 5.12: Damage case EX 
 

   Using the input values from Table 5.3, nine trials were conducted and the trial set values 

were calculated. The results from this trial, EX-1, were compared to the population natural 

frequencies with a small-sample hypothesis test for the difference between two means and are 

shown in Table 5.16. All modes were classified as damaged at both the 95% and 99% confidence 

levels. and had an average and maximum t-value of 8.477 and 13.132, respectively. Adding these 

points to the plots in Figure 5.10 and Figure 5.11, trial set EX-1 was clearly distinguished from 

the undamaged and exterior damage cases. The results of trial set EX-1 support the idea that the 

previously tested damage cases were not severe enough to yield a statistically significant 

difference from the undamaged data, and that the substructural health monitoring (SSHM) 

method presented in Chapter 3 was able to identify damage in the beam model, albeit in a less 

sensitive manner.  
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Table 5.16: Results from trial set EX-1 

Mode 

Average Frequency 
(Hz) T-Value 

Damage Classification 

Population 
Data 

Trial Set 
EX-1 

95% 
Confidence 

99% 
Confidence 

4 30.007 28.312 8.975 

Damaged Damaged 
5 44.107 42.599 5.826 
6 61.585 59.040 4.865 
7 81.327 74.911 9.585 
8 103.114 98.588 13.132 

 

5.5. Sensitivity of Global Monitoring  

  Six of the damaged data sets used earlier in this chapter were analyzed globally to 

investigate if these levels of damage would be detected with a global natural frequency 

monitoring method. The data sets from trials J2-5, J2-20, J3-25, K3-25, and EX-1 were used for 

this test. The systems were analyzed using the global analysis described in Section 5.2 (trial sets 

J2-5G, J2-20G, J3-25G, K3-25G, and EXG). The global natural frequencies were calculated four 

times for each data set using the parameters shown in Table 5.17 with a modal order, M, of 50.  

Table 5.17: Trials for global analysis of damaged systems 

Trial Time Record 
Used (s) 

1 0-12.5 
2 12.5-25 
3 25-37.5 
4 37.5-50 

  

   The average of the four trials was taken as the trial set value and the results were 

compared to the population global modes calculated in Section 5.2 (Table 5.2). The average 

frequencies from each trial set were compared to the population values using a small-sample 



 106 

hypothesis test for the difference between two means and each mode was classified as damaged 

or undamaged. 

   Global analysis consistently identified modes 3 through 24, for simplicity, only modes 5 

through 12 were used for analysis. Higher modes are more sensitive to damage and thus more 

likely to be classified as damaged, but are often difficult to extract accurately from field 

monitoring data. Of the eight modes included in analysis, all trial sets identified seven damaged 

modes, see Table 5.18. While this could suggest that the global analysis of these damage cases is 

more sensitive to damage than the substructuring (the global method identified more damaged 

modes), this is likely not the explanation for these results. Also included in Table 5.18 are the 

results from the global analysis of an undamaged system, N3. This trial set, N3G, also identified 

seven damaged modes for this case. Thus, it is likely that there was another factor affecting the 

results. 

Table 5.18: Results of hypothesis test of global analyzed systems 

Data Set 

Number of Damaged 
Modes 

95% 
Confidence 

99% 
Confidence 

J2-5G 7 7 
J2-20G 7 7 
J3-25G 7 7 
K3-25G 7 7 

EXG 7 7 
N3G 7 7 

  

   For the global analysis, the trial set results were compared to the population global results 

generated in Section 5.2. However, there were only eight samples in this (global) population data 

and only four samples in the trial set. For modes 5 through 12, the average variance of the 
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population modes was very small: 0.000536 Hz. The population sample size may have been too 

small and clustered to adequately represent the population.  

   Another way to compare the sensitivity of the global analysis compared to the local 

analysis is to investigate the relative difference between the population data natural frequencies 

and the damaged data natural frequencies. Table 5.19 shows the percentage difference between 

the damaged trial set natural frequency and the population frequency for each data set (that is, 

each global damaged case is compared to the global population, and each local damaged case is 

compared to the local population).   

Table 5.19: Percentage difference between damage and population data- Global and local 
analysis 

Data 
Set Analysis Mode 

4 5 6 7 8 9 10 11 12 

J2-5 Global * 0.31% 0.08% 0.33% 0.17% 0.15% 0.16% 0.31% 0.20% 
Local 0.34% 0.07% 2.35% 0.80% 1.67% * * * * 

J2-20 Global * 1.23% 0.08% 0.88% 0.48% 0.78% 0.56% 0.69% 0.77% 
Local 1.32% 1.60% 3.48% 0.41% 2.84% * * * * 

J3-25 
Global * 0.33% 0.60% 1.36% 0.43% 1.44% 0.90% 0.68% 1.15% 
Local 3.23% 2.04% 3.81% 0.88% 1.81% * * * * 

K3-
25 

Global * 0.11% 0.45% 0.36% 0.47% 0.78% 0.89% 0.90% 0.82% 
Local 3.13% 4.14% 1.67% 1.19% 0.83% * * * * 

EX 
Global * 1.85% 1.45% 3.46% 1.22% 2.24% 2.59% 1.85% 2.39% 
Local 5.65% 3.42% 4.13% 7.89% 4.39% * * * * 

N3 
Global * 0.18% 0.03% 0.12% 0.03% 0.03% 0.13% 0.20% 0.07% 
Local 2.96% 2.96% 2.96% 2.96% 2.96% * * * * 

 *Mode not identified 

   For each data set, the average change between damaged systems and population natural 

frequencies was larger for the local analysis than the global analysis. However, the local modes 

were more difficult to identify than the global modes. As previously mentioned, the global 

population samples had a low average variance: 0.000536 Hz. For trial sets J2-20G and K3-25G, 

the average variances of global frequencies were 0.00131 Hz and 0.00170 Hz, respectively. In 
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comparison, the local calculations for these same data sets (trial sets J2-20 and K3-25) had 

average variances of 3.689 Hz and 0.645 Hz, respectively.  In general, local modes are more 

sensitive to damage but are more difficult to precisely calculate. Global modes have a lower 

sensitivity to damage but are more precisely calculated. The combination of these makes it 

difficult to compare the methods and determine the relative sensitivies. 

5.6. Summary 

  The substructural isolation method with interface measurements was tested on a 2-

dimensional, Matlab-modeled beam. Elements 30 through 70 were selected as the substructure 

and virtual supports were applied to restrain vertical and rotational acceleration at the interfaces. 

The substructuring method was found to restrain the interface DOF to zero and adjust the interior 

response (Figure 5.4). The training data set was generated to calculate the population averages 

for comparison; this set contained eight data sets (B1 through B8). The local natural frequencies 

were calculated for three interior damaged conditions (J1 through J3), three exterior damaged 

conditions (K1 through K3), four undamaged data sets (N1 through N4), and one extremely 

damaged case (EX).  

  The results of trials J, K, and N, did not exhibit a clear distinction between damaged and 

undamaged data sets. There are many possible explanations for the lack of a statistically 

significant difference between the damaged and undamaged systems. First, only three damage 

cases were investigated (damage cases J1, J2, and J3). Within each damage case, different levels 

of damage were investigated but only three damage locations were studied. Additionally, the 

number of damaged elements compared to the length of the structure was small. For case J1, 

only 2 out of the 100 elements that composed the system were damaged. Second, each damage 

case was studied at a gradual increase in damage severity—reduction of stiffness of 5%, 10%, 
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15%, 20% and 25%. This could potentially lead to a gradual transition between undamaged and 

damaged results rather than a clear boundary between the results of the two. Third, the 

population sample size was smaller than it was for the spring-mass system: only 8 trial sets and 

55-70 trials versus 30 trial sets and 270 trials in the spring-mass. The population sample may not 

have represented the population as well as it did in the spring-mass experiment. 

  To investigate the possibility that the damage in cases J, K, and N was not severe enough 

for detection, an extremely damaged system (50% stiffness reduction in five elements) was 

studied. At both the 95% and 99% confidence levels, all modes were classified as damaged. The 

substructural health monitoring method could identify damage to the beam system, though it was 

not as sensitive as observed with the spring-mass system. 

  Finally, damaged systems were analyzed globally to calculate global modes, which were 

compared to the global population modes. For each damaged data set tested, the hypothesis test 

determined seven out of eight modes to be damaged. An undamaged data set was also tested 

globally and, again, seven out of eight modes were classified as damaged (Table 5.18). This 

hypothesis test compared the four samples in the trial set to the eight samples in the global 

population data. It was likely that the small size of the samples and their low variances led to 

such a high rate of damage identification, such that even the undamaged system was improperly 

classified as “damaged.” For more accurate results from the hypothesis test, a larger population 

sample may be needed.  

  Instead of comparing global and local monitoring by their rate of identification of 

damaged modes, the change in frequencies between damaged and undamaged data was 

compared (Table 5.19). The local frequencies calculated with the SSHM method were found to 

change 20-40% more than global frequencies due to the same damage conditions.  While local 
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modes were known to be more sensitive to damage, they were also more difficult to precisely 

identify. Thus, the larger change in local frequencies between damaged and undamaged systems 

cannot be completely attributed to the hypothesis that local frequencies are more sensitive to 

damage than global frequencies.  
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CHAPTER 6. Summary and Conclusions 

   A substructural health monitoring (SSHM) strategy using the substructuring technique 

developed by Hou et al. (2010) was demonstrated using a spring-mass and simple beam system. 

The substructuring method uses the virtual distortion method (Kolakowski et al. 2008) to model 

fixed supports at all interfaces of the substructure, isolating it from the global system. Impulse 

response functions relate the force at one location to the response at another location and were 

used to adjust the substructure response for the virtual supports. The output-only 

observer/Kalman (Vicario 2014) identification method was used to calculate these impulse 

response functions and isolate the substructure. The Natural Excitation Technique (James et al. 

1995) and the Eigensystem Realization Algorithm (Juang and Pappa 1985) were used to 

calculate the local natural frequencies from the adjusted substructure response. Changes in 

natural frequencies were used to predict damage by comparing the frequencies from (unknown) 

experimental systems to the undamaged (training set) frequencies. 

The SSHM method was validated on a 20-degree-of-freedom system. Substructures of 

length 8 were studied. The method was shown to effectively fix the interfaces and calculate local 

natural frequencies. Damage was introduced to the system by reducing the stiffness of certain 

springs. For each damage case, the total number of damaged modes was calculated by use of a 

hypothesis test for the difference of two means; the t-statistic was investigated as an indicator of 

damage severity. Comparing the total number of damaged modes and the average t-value showed 

potential for the development of a statistical model for damage classification. Plotting these 

results exhibited a clear clustering of undamaged systems separated from the damaged cases. The 

same damaged systems were tested with a global analysis method and there was no significant 
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difference in natural frequencies between the global frequencies of the damaged and undamaged 

cases.  

The SSHM method was tested on a modeled fixed-fixed beam of length 100. The portion 

of the beam spanning from element 30 to 70 was selected as the substructure. Virtual supports 

were applied to restrain vertical displacement and rotation at each interface. Damage was added 

to the substructure at three different locations and each was analyzed for damage levels ranging 

from 5% to 25%. Three exterior damaged cases were also studied. The total number of damaged 

modes and maximum t-value did not vary significantly between damaged and undamaged cases. 

When the stiffness of five elements of the substructure was reduced by 50%, there was a 

significant change in the natural frequencies and damage was clearly identified. The damaged 

systems were analyzed globally, and the hypothesis test could again not differentiate between 

damaged and undamaged cases: all cases, regardless of the level or existence of damage, had 7 

out of 8 modes classified as “damaged.” The global natural frequencies experienced less change 

than local frequencies subjected to the same amount of damage.  

This substructural health monitoring method worked well at identifying local damage to 

the spring-mass system and accurately isolated the substructure and calculated local natural 

frequencies. Applying the method to the beam system was inconclusive for the damage cases 

investigated in this project. The results from systems with 5% to 25% damage did not vary 

significantly from the results of an undamaged system. When 50% stiffness reduction was 

introduced, many more modes were classified as damaged.  The results from the global analysis 

of the beam system precisely identified global modes. Because the variance in the global natural 

frequencies was so small, hypothesis tests identified seven out of eight modes as damaged, even 

when testing an undamaged system. The high precision of the global analysis made it difficult to 
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compare the sensitivity of global modes with that of local modes. While local modes are known 

to be more sensitive to damage, their relative sensitivity compared to global modes could not be 

quantified.  

The substructural isolation method involved two steps: (1) isolate the substructure and (2) 

identify local damage. For the spring-mass system, the SSHM method appeared to be effective. 

For the beam model, the results were less conclusive. These results do not necessarily indicate 

that the substructural isolation method was ineffective, rather that the substructural isolation 

method used in conjunction with the changes in natural frequencies as an indicator of damage 

was ineffective. In both models, the substructural isolation method with interface measurements 

was shown to accurately model fixed supports and isolate the substructure (step 1). Using 

changes in natural frequencies as an indicator of damage was successful for the spring-mass 

system but inconclusive for the beam model.  However, the problems with the beam model were 

likely due to the small number of structures and damage cases studied, as well as the low levels 

of damage. The substructural isolation method proved effective and changes in natural 

frequencies have potential for use as an indicator of damage, but requires more research into the 

severity of damage required for detection.  
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APPENDIX A 

Table A1: Data sets used for spring-mass system 
Data Set Description 

A1 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of springs 12 and 14 reduced by 30%. 

A2 Spring-mass system of length 20 with no added noise. All masses randomly 
loaded. Stiffness of spring 11 reduced by 30%. 

A3 Spring-mass system of length 20 with no added noise. All masses randomly 
loaded. Stiffness of spring 11 reduced by 20%. 

A4 Spring-mass system of length 20 with no added noise. All masses randomly 
loaded. Stiffness of spring 11 reduced by 10%. 

A5 Spring-mass system of length 20 with no added noise. All masses randomly 
loaded. No damage. 

D0 Spring-mass system of length 20 with no added noise. All masses randomly 
loaded. No damage. 

D2 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of spring 10 reduced by 2%. 

D5 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of spring 10 reduced by 5%. 

D10 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of spring 10 reduced by 10%. 

D15 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of spring 10 reduced by 15%. 

D20 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of spring 10 reduced by 20%. 

D25 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of spring 10 reduced by 25%. 

E1 Spring-mass system of length 20 with no added noise. All masses randomly 
loaded. Stiffness of springs 1, 2, and 3 reduced by 20%. 

E2 Spring-mass system of length 20 with no added noise. All masses randomly 
loaded. Stiffness of springs 1, 2, and 3 reduced by 20%. 
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E3 Spring-mass system of length 20 with no added noise. All masses randomly 
loaded. Stiffness of springs 3,4,5, and 19 reduced by 20%. 

E4 Spring-mass system of length 20 with no added noise. All masses randomly 
loaded. Mass of elements 3,4,5, and 19 reduced by 20%. 

E5 Spring-mass system of length 20 with no added noise. All masses randomly 
loaded. Mass of element 19 reduced by 20%. 

E6 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of spring 10 reduced by 20%. 

E7 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of spring 10 reduced by 25%. 

E8 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of spring 10 reduced by 15%. 

E9 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of spring 10 reduced by 10%. 

E10 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of spring 10 reduced by 5%. 

E11 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of spring 10 reduced by 2%. 

L Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. Stiffness of spring 10 reduced by 20%. 

M Spring-mass system of length 20 with no added noise. All masses randomly 
loaded. Masses 9, 10, and 11 reduced by 30%. 

P1 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. No damage. 

P2 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. No damage. 

P3 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. No damage. 

P4 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. No damage. 
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P5 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. No damage. 

S 
Spring-mass system of length 20 with no added noise. All masses randomly 
loaded. Stiffness of springs 8 and 9 reduced by 20%, stiffness of spring 10 
reduced by 10%. 

U1 Spring-mass system of length 20 with no added noise. All masses randomly 
loaded. No damage. 

U2 Spring-mass system of length 20 with 5% added noise. All masses 
randomly loaded. No damage. 

 
Table A2: Additional trial sets included for spring-mass system 

Trial 
Set Substructure Data Set 

A1-1 

8 to 16 

A1 
A2-1 A2 
A3-1 A3 
A4-1 A4 
A5-1 A5 
A6-1 A6 
A7-1 A7 

 
Table A3: Data sets used for beam system 

Data Set Description 

B1 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. 

B2 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. 

B3 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. 

B4 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. 

B5 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. 

B6 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. 

B7 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. 

B8 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. 
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C1 Beam of length 40 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. No damage. 

C2 Beam of length 40 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. No damage. 

C3 Beam of length 40 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. No damage. 

C4 Beam of length 40 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. No damage. 

C5 Beam of length 40 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. No damage. 

EX Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. 50% damage to elements 35-40. 

G5 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. 5% damage to elements 40 and 50. 

G10 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. 10% damage to elements 40 and 50. 

G15 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. 15% damage to elements 40 and 50. 

G20 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. 20% damage to elements 40 and 50. 

J1 
Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. Stiffness of elements 40 and 50 
reduced by… 

J1-5 …5% 
J1-10 …10% 
J1-15 …15% 
J1-20 …20% 
J1-25 …25% 

J2 
Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. Stiffness of elements 50 to 55 
reduced by… 

J2-2 …2% 
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J2-5 …5% 
J2-10 …10% 
J2-15 …15% 
J2-20 …20% 
J2-25 …25% 

J3 
Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. Stiffness of elements 60 to 65 
reduced by… 

J3-5 5% 
J3-10 10% 
J3-15 15% 
J3-20 20% 
J3-25 25% 

K1 
Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. Stiffness of elements 20 to 25 
reduced by… 

K1-5 …5% 
K1-10 …10% 
K1-15 …15% 
K1-20 …20% 
K1-25 …25% 

K2 
Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. Stiffness of elements 72 to 79 
reduced by… 

K2-5 …5% 
K2-10 …10% 
K2-15 …15% 
K2-20 …20% 
K2-25 …25% 

K3 
Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. Stiffness of elements 93 to 98 
reduced by… 

K3-5 …5% 
K3-10 …10% 
K3-15 …15% 
K3-20 …20% 
K3-25 …25% 

N1 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. No damage. 
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N2 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. No damage. 

N3 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. No damage. 

N4 Beam of length 100 with fixed supports on both ends. All vertical DOF 
randomly loaded. No added noise. No damage. 

 
 

 

 

 

  

 


