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1

Introduction

Structural Health Monitoring (SHM) at its core is a process to identify damage, defined as either
material or geometric change, of a system that negatively affects the systems performance[7] . SHM
seeks to address four questions:
(Level 1) Detection: Is damage present?
(Level 2) Localization: What is the probable location of damage?
(Level 3) Assessment: What is the severity of the damage?
(Level 4) Prognosis: What is the remaining service life of the damaged system?
SHM can be used to monitor structures affected by external stimuli, long-term movement, material degradation, or demolition. It can also assess integrity after natural disasters, lessen need for
maintenance and repair construction, provide information to improve future designs, and encourage
the move towards performance-based design philosophy instead of time-based design[3][7][9] . Multiple damage-detection methods are currently in practice including visual detection, acoustic emission,
ultrasonic methods, magnet particle inspection, radiography, eddy-current methods and thermal field
methods[7][18] . These methods, though, require prior knowledge of the damage location and that the
inspected area is readily accessible. Therefore, research in the field of vibration-based inspection has
significantly increased in the past two decades as a way to detect damage.
Damage can alter stiffness, mass, and energy dissipation, which result in a change in the dynamic characteristics of a system including natural frequencies, mode shapes, modal curvatures, and
flexibility[7][20] . SHM methods identify one or more of these features using data obtained from sensors
attached to the system being investigated. Then using prior data from the undamaged state or from
computer modeling, irregular behavior is identified and statistical approaches are used to detect damage. Each identified feature has its own advantages and disadvantages such as sensitivity to noise and
environmental effects, ease of calculation, and ability to answer the higher leveled questions mentioned
above.
The majority of methods for structural health monitoring have observed the whole or global system.
Recently there has been a shift to methods focusing on smaller substructures of the system due to
several reasons. Classical global methods have been tested on small structural systems comprised of
only a few unknowns and degrees-of-freedom. In contrast, real-world structures are becoming larger
2

and more advanced. Due to ill-conditioned behavior in many global monitoring approaches, the large
increase in DOFs can create problems in convergence[12][15][25] . In addition, local damage can introduce
insignificant changes in global modal data[25] . A division of the whole structural system into smaller
substructures lessens the amount of unknowns and can treat local areas as isolated structures, therefore
allowing for more accurate results, improved identification of local damage, and easier convergence
to a solution[12][15] . Other advantages include the need for smaller amounts of sensors, reductions
in modeling errors due to the smaller size and reduced complexity, and minimizing the need for
expensive computation otherwise needed for processing large amounts of data[15] . Lastly, the use
of substructures can allow for output-only identification if the excitation is random or located only
outside the substructure; this is advantageous in the common case where ambient excitation is used
for identification[15] .
With both global and substructural methods, many problems arise due to variability in the field,
test procedures, data manipulation, as well as assumptions made and uncertainties of many aspects
involved. As opposed to computer models and laboratory testing, field systems are affected by environmental and operational factors that impact SHM results such as temperature, humidity, changing
boundary conditions, ambient loading conditions, and mass loading effects[20] . Each of these factors
can significantly change the response of a system potentially leading to a false-positive identification
of damage. Methods should seek to understand these factors so to avoid this problem.
Generating input forces can also produce challenges for monitoring. Ideally, testing of a system
should not take a bridge out of service. To achieve this, ambient excitation, though impossible to
measure, should be used and the chosen SHM methods should be able to use output-only data[7][9] .
Ambient excitation cannot be dictated, so certain vibration modes may not be excited and as a result
not identifiable from the data[7] . Furthermore, almost all SHM methods developed assumed linear
behavior, which is not always the case[7] . In nonlinear behavior, modal parameters are sensitive to
excitation amplitude, which may again falsely detect damage[9] . Related to linearity of a system,
numerical models represent linear behavior that may not be accurate. Additional challenges with
models arise with material properties and connections that are hard to verify and heterogeneity of
systems which are hard to replicate[10] .
This paper proposes a substructural monitoring method able to detect the presence of damage using
the Extended Kalman Filter and State-Space analysis. The novelty of this method is in the simulation
of the interface degrees of freedom with modal coordinates for the global structure, such that internal
3

forces at the interface need not be calculated and measurements of the motion at the interfaces need
not be collected. This method’s objectives are to
1. Minimize the need for interface measurements, but also leverage interface measurements if available by modeling internal forces as ”ground motions” at the interfaces
2. Avoid the requirement of measuring external forcing by regarding unknown forcing as noise and
estimating its value for each time step
3. Identify directly the stiffness of the structure as the damage-relevant feature for SHM
4. Operate efficiently and in near real-time
This thesis will discuss other methods and research in the field of substructural health monitoring,
provide a walk-through of the theory behind the proposed substructural monitoring method, discuss
application of the method on numerical models and its results, and then conclude with a summary,
setbacks, and potentials of this method.

2

Literature Review

Original methods pertaining to structural health monitoring required observation of the global system.
Doebling[5] offered a summary of global vibration-based damage detection methods published from
1968 to 1998. Documented methods included forward and inverse methods that utilized finite element
models or techniques that relied solely on measured data, which typically included identification and
examination of global modal properties. For more recent updates in this field, Hossein[17] offered
explanations of global methods incorporating linear and nonlinear behavior, and updates in related
problems with SHM such as sensor layout and data collection strategies.
Global methods encounter challenges such as difficulty in achieving convergence in model updating
due to the high dimensionality of the identified system, the need for many sensors, and expensive
computation for huge amounts of data[6][22] . Methods that investigate only a portion of the system
alleviate these problems as well as allow for better localization of damage, lessen errors and size
of models, and allow parallel identification of many smaller models[6][7][26] . This literature review
consequently focuses on recent substructural SHM methods.
Substructuring is the process of partitioning a global structure into substructures or components.
Analysis can either be done on one substructure to obtain localized results, or multiple substructures
4

can be analyzed independently then assembled using coupling procedures to provide global results.
The interface and interface degrees of freedom (DOFs) are the surfaces and DOFs between one substructure and another that split the substructures apart. The substructure is defined specific to each
system, but is done so that it provides either an adequate overview of the global structure or superior
information about a particular region of interest in the global structure. In structural health monitoring,
substructures that are likely to include damage are typically analyzed.
Damage can alter stiffness, mass, and energy dissipation and one of the classic substructural SHM
methods proposed by Koh et al.[11] exploited this change. Through time-histories of displacement,
velocity, and acceleration of all degrees of freedom at the substructure interface, the dynamic stiffness
and damping matrices were identified using the extended Kalman filter with weighted global iteration.
The Kalman filter is a recursive method that estimates the current state of a system by taking into
account both the current observation state and the previous estimated state while being impacted by
the variance in noise signal. Through an iterative process, this estimation was done over the entire
time history and compared to measured responses to obtain the objective function. This method was
validated for numerical models of a shear building, a plane frame building, and a plane truss bridge.
Koh et al.[10] expanded on the previous method by using quasi-static displacement vectors to eliminate the need for displacement and velocity responses at the interfaces. The equation of motion
subjected to forces induced by motion of the interface DOFs and excitation forces were analyzed. Then
using a genetic algorithm approach, the measured and estimated relative accelerations were compared
iteratively until convergence was achieved. They found that the accuracy of the convergence results
could be improved if repositioning of the sensors was allowed. If not possible, this paper provided
an alternative called progressive structural identification where the SHM method was analyzed on increasingly larger substructures while keeping the number of unknowns small due to the use of past
identified structural parameters.
Damage can indirectly result in a change in the dynamic characteristics of a system. These parameters include natural frequencies, mode shapes, modal curvatures, and flexibility. Park et al.[16] proposed
a strain-based method, a deformation-based method, and a free-free substructural method all based on
the changes in the localized flexibility matrices. The flexibility matrices were then compared between
healthy and damaged states to detect localized damage.
Koh and Shankar[12] proposed an inverse method for parameter identification without the need
for interface measurements. Different sets of data under the same dynamic loading were used with
5

the receptance matrix, obtained from the dynamic stiffness matrix, to calculate the unknown interface
forces. Then a genetic algorithm and fitness function were used to minimize the difference between
the sets of calculated interface forces. The method was validated using two simple numerical beam
models and a more complicated 50 DOF numerical model.
Hou et al.[8] proposed a method to effectively isolate the substructure from the behavior of the
global structure. This was accomplished using the virtual distortion method to numerically replace all
interface nodes with fixed supports by applying virtual forces. Because the resulting substructure is an
independent entity, any global SHM method could be used on the substructure to identify damage; this
paper specifically used virtual strain distortions. Virtual strain distortions, or additionally introduced
strains, model stiffness changes in the system. The calculated response of the substructure under the
virtual distortion and the measured response were then compared to construct the objective function.
The method was validated using a numerical model of a frame-truss and a physical cantilever beam
measuring roughly 136 cm long.
Yun and Lee[29] offered two methods for the estimation of element damage. The first method was
a direct estimation of damage parameters using measured time histories of the excitation and the response. Instead of identifying the systems parametric matrices, this method used an auto-regressive
and moving average with stochastic input (ARMAX) model to process input data. The second proposed method was an indirect method using estimated stiffness matrices. A sequential prediction
error method was used to estimate unknown damage-related parameters, which had been found to be
superior in identification than the extended Kalman Filtering techniques. The methods were validated
using numerical models of a multistory building and a truss bridge.
Xie and Mita[27] proposed a method that expanded on similar methods again using an ARMAX
model. This method modeled a story as a single degree of freedom substructure. Then using forward
difference method, the discrete form of the equation of motion was formed using the substructure
and an adjacent intact story. Two ARMAX models were formed in each substructure after which the
Kolmogorov-Smirnov (K-S) statistic test was used to evaluate the difference between the intact story
and the ARMAX model residuals. The method was verified using a numerical model of a 10-story
shear structure and a physical 5-story shear structure. This method was restricted to shear structures
only.
Weng et al.[25] suggested an inverse method that found the substructural dynamic flexibility matrices from global modal data. Then the eigenparameters of the flexibility matrices were compared
6

between states to detect damage. The method was verified using a physical model of a portal frame
and the 600-meter tall Guangzhou New TV Tower in China.
Li and Law[14] put forth a method that used moving vehicular loads with known locations. Using
an analytical finite element model of the substructure, Markov parameters were calculated for two sets
of sensors using the wavelet transform. In addition, dynamic response data was collected for each
set of sensors. A reconstructed second-set response was calculated using the transmissibility matrix
calculated by the two Markov matrices. The objective function was then defined as the difference
between the reconstructed second-set response and the measured second-set response. This method
did not require time-histories of the moving loads or knowledge of the interface forces. A numerical
box-section girder bridge deck model was used to verify the method.
Yun and Bahng[4] suggested using a backpropagation neural network to estimate stiffness parameters. Neural networks mimic the neurological structure of the human brain and, through training,
learn to solve problems through pattern recognition[2] . First, natural frequencies and mode shapes
were used as input patterns. Then the Latin hypercube sampling and the component mode synthesis
methods trained the neural networks to identify patterns and effectively identify changes in stiffness
parameters. This process used a two-stage identification system where first a damage index method
was employed to select areas that were most likely damaged then secondly, the neural network was
used to estimate the damage. The neural network was used on substructures with internal DOF only
which avoided numerical problems such as divergence or converging to local minima. The method
was verified on numerical models of a truss and a frame structure.
Yang and Huang[28] put forth a new method that involved sequential nonlinear least-square estimation with unknown inputs and unknown outputs and the classical substructure approach from Koh et
al[11] . This method required only a limited number of response measurements and did not require any
external excitation measurements. The method was verified using a 41 DOF numerical truss model.
Sjovall and Abrahamsson[19] proposed a method to estimate the response of a substructure by
calculating interface forces acting between a coupled system. Using measured data, models of the
coupled system and the subsystem were established. Using these models, the behavior due to multiple
different load cases of the coupled system was simulated and the interface forces were calculated
which in turn allowed the calculation of the unknown subsystems frequency response function (FRF).
The FRF was then either validated using the unknown subsystems real data or by reassembling the
individual subsystems responses and comparing them to real data of the coupled system. This method
7

was verified using two numerical models and one physical plane frame structure. Other coupling
methods include one by Van der Valk and Rixen[24] who, in the time domain so to include possible
analysis of numerical nonlinear models, used impulse response functions to calculate time responses
of the coupled system and another by Law et al.[13] who calculated coupling forces, formulated in the
state space, between substructures under support excitation. Damage was then detected using dynamic
sensitivity analysis. Both methods were validated using numerical models.
In addition to methods mentioned above, methods involving wavelets, fuzzy logic, support vector
machine, linear discriminant analysis, clustering algorithms, and Bayesian classifiers have been put
forth[2] .

3
3.1

Methodology
State Space Analysis

Vibration of a system can be described using the second order differential equation of motion shown
below.

M ẍ + C ẋ + Kx = f e (t )

(1)

where M, C, K are the mass, damping, and stiffness matrices, respectively, f e (t ) is the external forcing
at time t, and x, ẋ, ẍ are the displacements, velocities, and accelerations of the system, respectively.
Working with second-order differential equations can prove quite difficult, so instead the system may
be represented by a first-order state-space model. The state-space model has the form as shown below
and facilitates a variety of identification strategies, including Kalman filtering.
Continuous

Discrete

dv
= Av + Bu
dt

v(k + 1) = Av(k) + Bu(k)

y = Cv + Du

y(k) = Cv(k) + Du(k)

(2)

where v is the state vector, u is the input vector, and y is the output vector. State-space matrices A, B,
C, and D express the system dynamics: A is the state-transition matrix that describes how the states
change in time apart from external inputs; B is the input matrix that describes how inputs change the
states; C is the measurement matrix, which translates states to measured outputs; and D is the output
influence matrix which describes how external inputs affect the measured outputs. In the discrete time
representation, the vectors v(k), u(k), and y(k) are the state, input, and output vectors for the kth
8

time step. For applications in structural dynamics and SHM, the states v contain displacements and
velocities of all DOFs in the structure, input u is the forcing, and output y is the measurements (traditionally accelerations). The required equations of motion for the substructural monitoring strategy
proposed herein and their conversion to state space are documented after discussion of identification
of dynamic systems using state space models and Kalman filtering.

3.2

Kalman Filter

Kalman filtering is an optimal estimation algorithm for linear systems. It is used to estimate a system
state when it cannot be measured directly. By combining a mathematical model of the system with real
measurements of the system output (though not necessarily measurements of the system states that
are being estimated), the filter converges to the real values of the desired states.
The main equations of the filter are shown below
Kalman Filter:
vk = Avk−1 + Buk−1 + wk

(3)

yk = Cvk + Duk + mk

(4)

where vk is the state vector, yk is the output, wk is process noise, mk is measurement noise, and uk
is the input. The process and measurement noise are often assumed to be Gaussian with zero mean
and covariances of Σw and Σm , respectively. All variables mentioned are taken at the current time step
k. vk−1 and uk−1 are the state vector and input, respectively, from the previous time step k − 1. Finally,
A, B, C, and D are discrete state space matrices that describe, respectively, the state transition from
time step k − 1 to time step k, the influence of the input on the state, the outputs that are measured,
and the influence of the input on the measurements. In the common SHM situation where the inputs
(i.e., forcing) are unknown, the Kalman filter equations reduce to
Kalman Filter:
vk = Avk−1 + wk

(5)

yk = Cvk + mk

(6)

where the unknown inputs are assumed to be white noise contained within the process noise wk
and measurement noise mk .
The Kalman filter consists of prediction and correction steps repeated at each time interval. The
prediction step uses the system process model to calculate a predicted state estimate. In addition,
the error covariance is calculated which is a measure of the uncertainty in the estimated state. The
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uncertainty comes from any process noise and the propagation of the uncertain estimated state from
the last time step[23] . The correction step updates the predicted state estimates and error covariance
using available real measurements that may contain noise. After, the new corrected values are used to
predict estimates at the next time step and the algorithm repeats itself.
The Kalman filter determines how heavily the measurement and the predicted estimate contribute
to the calculation of the corrected estimate. If the measurement noise is small, the measurement is
trusted more and contributes to the calculation of the corrected estimate more. In the opposite case,
where the error in the predicted estimate is small, the predicted estimate is trusted more and the
computation of the corrected estimate mostly comes from this predicted estimate[23] .
State-space forms of the dynamic system can be derived and the Kalman filter equations can be used
to find estimations of the states. The filter combines the measurement (yk ) and the state prediction (v̂k )
to find the optimal estimate of the states. A simple diagram of the Kalman Filtering process, shown in
Figure 1, explains how the input (uk ) causes an output (yk ) for the real system but is also used in model
calculations to estimate the same output (ŷk ). The real and measured outputs are compared, and the
Kalman gain factor (G) is used to correct the estimated state vector (v̂k ). The gain factor weighs the
reliability of the measurement and the state estimate, and chooses the more reliable one to weigh more
heavily in future calculations. It is important to note that in the state prediction equation, the process
noise (wk ) is omitted. This is because in the prediction equation, the noise is included within the state
error covariance matrix described by the Σk variable and explained below.
uk

Real System

yk

Model
v̂k = Avk−1 + Buk

ŷk

ŷk = Cvk + Duk
v̂k
G
Figure 1: Diagram for Kalman Filter23

The two-step process that is repeated for each time step is generalized below in Figure 2. Using
initial estimates of the state vector and state error covariance matrix, the predicted state vector (v̂k )
and error covariance matrix (Σ̂k ) are calculated. This state error covariance matrix represents the level
10

of confidence that the predicted state vector is correct. Then these two values are inputted into the
correction equations to calculate the corrected state vector (vk ) and covariance matrix (Σk ). Again, G
is the gain factor and weighs the reliability of the state estimate and the measurements. The Σw and
Σm terms describe the covariance of the process and measurement noise, respectively. The λ term is a
forgetting factor; it must be greater than or equal to one, and effectively adds additional uncertainty
to the corrected state estimate to help prevent the filter from converging to an incorrect solution (i.e., a
local minimum).

Correction

Prediction
v̂k = Avk−1 + Buk−1

Gk = Σ̂k C T (C Σ̂k C T + Σm )−1

Σ̂k = AΣk−1 A T + Σw

vk = v̂k + Gk (yk − C v̂k − Duk )
Σk = λ( I − Gk C )Σ̂k

Figure 2: Prediction and Correction Loop Process Equations

3.3

Extended Kalman Filter

The Kalman Filter is used for linear systems only. This is because the Kalman Filter uses a linear statespace model and assumes a Gaussian distribution for the estimation of states. This may not be accurate
if a system is nonlinear and, as a result, the filter may not be able to converge. The Extended Kalman
Filter (EKF) allows for estimation of nonlinear systems by linearizing the system model around the
mean of the current state estimate. At each time interval, the linearization is performed locally and the
resulting Jacobian matrices are used in the prediction and correction steps. Discrete forms of the statespace model are used as opposed to continuous forms; the EKF doesn’t work on continuous models
since the system is not differentiable and Jacobian matrices don’t exist[23] . Because of the use of locally
linear systems, the EKF is not optimal if used for a system that is highly nonlinear[23] .
The main EKF equations for a general nonlinear system are shown below in Figure 3 where
f (vk−1 , uk−1 ) is the state transition function and e(vk ) is the measurement function. Similar to before, vk is the state vector, yk is the calculated output, wk is process noise, mk is measurement noise,
and uk is the input all at the current time step k. vk−1 and uk−1 are the state vector and input from the
previous time step k-1.
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Extended Kalman Filter:
vk = f (vk−1 , uk−1 ) + wk

(7)

yk = e(vk ) + mk

(8)

Functions f (vk−1 , uk−1 ) and e(vk ) may be nonlinear, and if so may be linearized. Doing so allows
the regular Kalman Filter equations to be used. Therefore, the first step is to linearize any nonlinear
functions.

f(v)
f (v̂) + f 0 (v)(v − v̂)

System
vk = f (vk−1 , uk−1 ) + wk
yk = e(vk ) + mk
Jacobians
∂f
| k −1
∂v
∂e
E=
|k
∂v
Linearized System
F=

v

∆vk ≈ F∆vk−1 + wk
∆yk ≈ E∆vk + mk

v̂

Figure 3: Nonlinear Transformation[23]

As shown in Figure 3, when a Gaussian distribution for state estimates undergoes a linear state
transition function, the distribution will remain Gaussian. The same is true for the measurement
function. For nonlinear functions, the functions are linearized around the mean of the state estimates
using the Jacobian matrices. It should be noted the similarity between the Linearized System equations
in Figure 3 and Equations 3 and 4. The Jacobian matrices F and E become the new state-transition
matrix (A) and measurement matrix (C) and, once discretized, can be substituted into the equations
shown in Figure 2.

3.4

Substructural Identification using Extended Kalman Filtering

The Extended Kalman Filter estimates unknown system states from measurement data. In developing
a substructural monitoring system, the unknown feature of interest is specifically the stiffness of the
monitored substructure. To this end, the system dynamics is modeled using a nonlinear state-space
12

formulation where the substructural stiffness is a system state that is allowed to vary in time. The
Extended Kalman Filter is then used to estimate the unknown stiffness.
This section starts off with steps to calculate the equations of motion for both the global structure
and the local substructure in modal coordinates. The response of the substructure can be calculated
as the combined behavior of a restrained Fixed-Fixed substructure and the motion at the interfaces
of an unrestrained substructure. Therefore, the two responses are calculated and then transformed
back to global and local responses. These equations of motions are then linearized and used to formulate the state transition and measurement equations for the state space analysis. The section finishes
with a description on how the state vector is updated by discretizing the model, calculating the noise
parameters, and calculating the prediction and updating filtering equations.
3.4.1

Global Equation of Motion

Consider first a global linear dynamic system with modal frequencies (wg ), damping (γg ), massnormalized mode shapes (Ψ g ), and N degrees of freedom (DOFs). The equation of motion is

Mg ẍ g + Cg ẋ g + K g x g = Le f e

(9)

where M,C, and K are the mass, damping, and stiffness matrices, respectively, f e is the excitation at
each time step, and Le is the force distribution matrix.
The mode shapes (Ψ) are calculated as the eigenvectors of M −1 K to convert the equation of motion
to modal coordinates. Converting the system to modal coordinates helps ensure the algorithm remains
stable by discarding states corresponding to frequencies higher than half the sample rate of data collection. These frequencies will not be stable after linearization and when converting the model from
a continuous form to a discrete form. The equation of motion formulated in modal coordinates a g is
then

Mg Ψ g ä g + Cg Ψ g ȧ g + K g Ψ g a g = Le f e
Ψ Tg Mg Ψ g ä g

+

Ψ Tg Cg Ψ g ȧ g

+ ΨTg K g Ψ g a g
Ig ä g + 2γg ωg ȧ g + ω2g a g

=
=

Ψ Tg Le f e
Ψ Tg Le f e

(10)
(11)
(12)

where x g = Ψ g a g , γg is the unknown damping ratio, and ωg are the natural frequencies. For
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simplicity, the damping matrix (Cg ) is assumed to be diagonalized by the mode shapes Ψ g . After
rearrangement, the global modal acceleration is

ä g = −ω2g a g − 2γg ωg ȧ g + Ψ Tg Le f e

3.4.2

(13)

Substructural Equation of Motion

Now consider the substructure as an isolated section of the global system. Instead of identifying
internal forces at the interface, assume the substructure is subject to ”ground motion” at the interfaces
of an unrestrained substructure removed from the global system. The total motion of the substructure
is a combination of the unrestrained substructure with known acceleration at the interfaces and the
substructure with fixed supports. The total motion can be described as

x = x f + µxu

(14)

ẋ = ẋ f + µ ẋu

(15)

ẍ = ẍ f + µ ẍu

(16)

where xu is the interface motion for the unrestrained system and x f is the relative motion of the fixedfixed system which has zero displacement and rotation at the interfaces. µ is the constraint modes
which represent the static displaced shape of the fixed-fixed substructure for a unit displacement
individually applied at each interface DOF.
The unrestrained substructure’s equation of motion can furthermore be divided into interior (subscript i) and interface/boundary (subscript b) portions.

 Mii

Mbi





















Mib   ẍi   Cii Cib   ẋi   Kii Kib   xi 
 Li Fi 

  = 
 +
 +
Fb
ẋb
Kbi Kbb
xb
ẍb
Cbi Cbb
Mbb

(17)

where Fb is the internal force at the interface. To convert from xi and xb to x f and xu ,










 xi 
 I µ  x f 
 =
 
xb
0 I
xu
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(18)

Therefore the equation of motion becomes
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Mbi

 Mii

Mbi

























Mib   I µ  ẍ f   Cii Cib   I µ  ẋ f   Kii Kib   I µ  x f 
 Li Fi 

 +

 +

  = 
 (19)
Mbb
0 I
ẍu
Cbi Cbb
0 I
ẋu
Kbi Kbb
0 I
xu
Fb




















Mii µ + Mib   ẍ f   Cii Cii µ + Cib   ẋ f   Kii Kii µ + Kib   x f 
 Li Fi 
 +
 +
  = 
 (20)
Mbi µ + Mbb
ẍu
Cbi Cbi µ + Cbb
ẋu
Kbi Kbi µ + Kbb
xu
Fb

It should be noted that for static systems,

Kii xi + Kib xb = 0
xi = −Kii−1 Kib xb

(21)
(22)

Each column in µ is the values of xi when xb is 1 at one DOF and zero elsewhere, therefore
µ = −Kii−1 Kib I = −Kii−1 Kib

(23)

Plugging equation 23 into the stiffness matrix top right value from equation 20 gives
Kii µ + Kib = −Kii Kii−1 Kib + Kib = −Kib + Kib = 0

(24)

The first row of matrix equation 20 then becomes

Mii ẍ f + ( Mii µ + Mib ) ẍu + Cii ẋ f + (Cii µ + Cib ) ẋu + Kii x f = Li Fi

(25)

For lightly damped structures, (Cii µ + Cib ) ẋu is very small and may be ignored. Making this assumption returns the equation for a structure subjected to ”ground motion” at each of the interfaces.

Mii ẍ f + Cii ẋ f + Kii x f = Li Fi − ( Mii µ + Mib ) ẍu

(26)

The left-hand side of equation 26 represents the response of the fixed substructure while the right-hand
side represents the external load. It is noted that Mii , Cii , and Kii are the mass, damping, and stiffness
matrices for the fixed substructure.
Now, the unrestrained and fixed substructure responses must be converted to global (subscript g)
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and local (subscript i) responses. Global modes are used to model the motion of the interface DOFs
(ẍu ).
ẍu = αb Ψ g ä g

(27)

ẍu = αb Ψ g [−ω2g a g − 2γg ωg ȧ g + Ψ Tg LF ]

(28)

where αb is a boolean matrix to select interface DOFs.
Fixed substructure modes will be used to model x f . The modal frequencies ωi , damping ratios γi ,
and mode shapes (Ψi ) are calculated from the eigenvalues and eigenvectors of the fixed substructure
matrices Mii −1 Kii . Plugging in equation 28 into the equation of motion, defining x f = Ψi ai , and introducing a stiffness uncertainty factor Φ to model damage in the substructure as a change in stiffness,
equation 26 becomes
Mii Ψi äi + Cii Ψi ȧi + ΦKii Ψi ai = Li Fi − ( Mii µ + Mib ) ẍu

(29)

Premultiply by ΨiT
I äi + 2γi ωi ȧi + Φωi2 ai = ΨiT Li Fi − ΨiT ( Mii µ + Mib ) ẍu

(30)

Substitute in ẍu (Equation 28)
äi + 2γi ωi ȧi + Φωi2 ai = ΨiT Li Fi − ΨiT ( Mii µ + Mib )αb Ψ g (−ω2g a g − 2γg ωg ȧ g + Ψ Tg LF )

(31)

Solving for äi
äi = −Φωi2 ai − 2γi ωi ȧi + ΨiT ( Mii µ + Mib )αb Ψ g ω2g a g +
2ΨiT ( Mii µ + Mib )αb Ψ g γg ωg ȧ g + ΨiT Li Fi − ΨiT ( Mii µ + Mib )αb Ψ g Ψ Tg LF

(32)

To simplify equations, the following variables are defined
Fmi = ΨiT Li Fi

(33)

Fmg = Ψ Tg LF

(34)

Z = ΨiT ( Mii µ + Mib )αb Ψ g

(35)

where Fmi is the substructure modal loading and Fmg is the global modal loading. Therefore
äi = −Φωi2 ai − 2γi ωi ȧi + Zω2g a g + 2Zγg ωg ȧ g + Fmi − ZFmg
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(36)

3.4.3

State Space Formulation: State Transition Equation

For the substructual SHM strategy proposed herein, the state vector is defined as
v(t ) = [ a Tg , ȧ Tg , aiT , ȧiT , Φ, ωgT ] T

(37)

The stiffness of the substructure will be modified for SHM purposes by changing Φ and the global
modes will be changed by changing ωg . It is assumed that γg , Ψ g , µ, ωi , γi , and Ψi are constant. The
nonlinear continuous state-space form of the equation of motion is given by
d
v(t ) = r (t ) + Bci f mi + Bcg Fmg + wk
dt

(38)

where the vector r(t) and the input distribution matrices Bci and Bcg are defined as




 


0
 0 
 


0
 I 
 


 


 


0
 0 



Bci = 
  Bcg = 

I
− Z 
 


 


0
 0 
 


 


0
0

ȧ






−ω2g a g − 2γg ωg ȧ g






ȧi



r (t ) = 


 Zω2g a g + 2Zγg ωg ȧ g − Φω2 ai − 2γi ωi ȧi 
i






0




0

(39)

This nonlinear state-space form is linearized by linearizing the vector r(t).

v̇(t ) = Ac v(t ) + Bci Fmi + Bcg Fmg + hc + wk

(40)

where



 0

 − ω2

g


 0
∂r
|k = 
Ac =

∂v
 Zω2g


 0


0

I

0

0

0

−2γg ωg

0

0

0

0

0

I

0

2Zγg ωg

−Φωi2

−2γi ωi

−ωi2 ai

0

0

0

0

0

0

0

0
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0


−2ωg a g − 2γg ȧ g 



0



2Z (ωg a g + γg ȧ g )



0


0

(41)

hc = r |k − Ac vk

(42)

The |k signifies evaluation at time step k. Therefore, Ac and hc must be evaluated anew at each time
step.
3.4.4

State Space Formulation: Measurement Equation

Measurements on the interface equal
yb = αbm Ψ g ä g

yb = −αbm Ψ g ω2g

(43)


−2αbm Ψ g γg ωg 0 0 0 0 v + [αbm Ψ g ] Fmg

(44)

where αbm is a boolean to select measured interface DOF. Measurements in the substructure equal

yi = ẍ f + µ ẍbm

(45)

= Ψi äi + µ ẍbm

(46)

Plugging in Equation 27
yi = αi (Ψi äi + µαbm Ψ g ä g )

yi = αi (Ψi Z − µαbm Ψ g )ω2g 2αi (Ψi Z − µαbm Ψ g )γg ωg

(47)


−αi Ψi Φωi2 −2αi Ψi γi ωi v

+ [αi Ψi ] Fmi + [−αi (Ψi Z − µαbm Ψ g )] Fmg

(48)

Define Q = αi (Ψi Z − µαbm Ψ g )


2
2
yi = Qωg 2Qγg ωg −αi Ψi Φωi −2αi Ψi γi ωi 0 0 v + [αi Ψi ] Fmi + [− Q] Fmg

(49)
(50)

where αi is a boolean to select measured substructure DOFs. Putting it all together






2
−αbm Ψ g ωg

−2αbm Ψ g γg ωg
yb 
y =  = 
QΦω2g
2Qγg ωg
yi




 0 
αbm Ψ g 
+
 Fmi + 
 Fmg
αi Ψi
−Q
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0

0

−αi Ψi Φωi2

−2αi Ψi γi ωi

0 0
v
0 0

(51)

The measurement equations may be written in a nonlinear state-space form given by

y = s(t ) + Di f mi + Dg Fmg + mk

(52)

where the vector s(t) and the output distribution matrices Di and Dg are defined as


s(t ) = 

−αbm Ψ g (ω2g a g



+ 2γg ωg ȧ g )

Qω2g a g + 2Qγg ωg ȧ g − αi ΦΨi ωi2 ai − 2αi Ψi γi ωi ȧi












αbm Ψ g 
Dg = 

−Q

 0 
Di = 

αi Ψ

(53)

(54)

The Jacobian of the measurement equation, defined as C, is required for implementation of the
Extended Kalman Filter:

C=

2
−αbm Ψ g ωg

∂s
|k = 
∂v

Qω2g

−αbm Ψ g γg ωg
2Qγg ωg



0

0

0

−αi ΦΨi ωi2 −2αi Ψi γi ωi −αi Ψi ωi2 ai

−2αbm Ψ g (ωg a g + γg ȧ g )

2Q(ωg a g + γg ȧ g )
(55)

3.4.5

Implementation of Extended Kalman Filter

The state vector is updated using the Extended Kalman Filter algorithm. Because the output measurements are known, the state vector at the next time step is predicted first then corrected. The subscripts
given to estimated state v and estimated state error covariance matrix Σ are a|b, which indicates prediction at time step a corrected using measurements at time step b. The continuous linearized state
space model from the previous two sections must first be converted to a discrete model as shown
below:
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vk|k−1 = Ad,k−1 vk−1|k−1 + Bdi,k−1 f mi,k−1 + Bdg,k−1 f mg,k−1 + hd,k−1 + wk−1

(56)

Ad,k−1 = exp( Ac ∆t )

(57)

1
Bdi,k−1 = A−
c ( Ad,k−1 − I ) Bci

(58)

1
Bdg,k−1 = A−
c ( Ad,k−1 − I ) Bcg
1
hd,k−1 = A−
c ( Ad,k−1 − I ) hc

(59)

where

(60)

This equation is used in the prediction step of the Extended Kalman Filter to estimate the state
vector in the next time step. Unless the global and substructural forces are measured, the terms in
Equation 56 are unknown and must be modeled as noise parameters. In cases where the forcing is not
measured, as is assumed for the remainder of this discussion, the total process noise becomes

wtotal,k−1 = Bdi,k−1 f mi,k−1 + Bdg,k−1 f mg,k−1 + wk−1

(61)

Assume that the loading is provided by ambient excitation and can be approximated as white noise
with covariance matrices Σi for the substructural modal forcing and Σ g for the global modal forcing.
Any inherent process noise is defined by covariance Σw , any inherent measurement noise is defined
by covariance Σm , and the inherent process and measurement noises are assumed to be uncorrelated.
The total process noise covariance matrix Qtotal , the total measurement noise covariance matrix Rtotal ,
and the total process-measurement cross-covariance matrix Stotal are calculated as
T
T
Qtotal = Bdi,k−1 Σi Bdi,k
−1 + Bdg,k−1 Σ g Bdg,k−1 + Σw

(62)

Rtotal = Di Σi DiT + Dg Σ g DgT + Σm

(63)

Stotal = Bdi,k−1 Σi DiT + Bdg,k−1 Σ g DgT

(64)

Under circumstances of unknown loading, the prediction equations of the EKF for state v and
covariance Σ from time step k-1 to k are as follows:

vk|k−1 = Ad,k−1 vk−1|k−1 + hd,k−1

(65)

T
T
Σk|k−1 = H Ad,k−1 Σk−1|k−1 Ad,k
−1 H + Qtotal

(66)

where H is a forgetting factor equal to 21/Ns . Ns is a the ”half-life” of the predict-correct looping
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process. The EKF updates values based on every piece of information it has received up to the current
time step. The forgetting factor tells the EKF to fade out previous calculations and measurements. This
helps prevent the EKF from converging to an incorrect value.
The correction of the state vector and state error covariance matrix are more complicated because
of the correlation between the process and measurement noise. In the case of unknown forcing, the
measurement prediction yk|k−1 is given by s(t ), defined in Equation 64, evaluated using the predicted
state vk|k−1 . However, for purposes of updating the state covariance, the residual ∆y between the actual
known measurement yk at time step k and the measurement prediction yk|k−1 must be linearized using
the Jacobian C as follows:
∆y = yk − yk|k−1 ≈ yk − Cvk|k−1 = C (vk − vk|k−1 ) + m

(67)

The prediction error (∆v ) between the actual unknown state vk and the state prediction vk|k−1 is
given by
∆v = vk − vk|k−1

(68)

The Kalman gain G is defined as the product of the cross-covariance Σvy between the state prediction error and measurement residual and the inverse of the measurement residual covariance ∆y . The
measurement residual covariance ∆y is defined as
Σy = E[∆y ∆yT ] = E[(yk − yk|k−1 )(yk − yk|k−1 ) T ]

(69)

Σy = E[(C (vk − vk|k−1 ) + m)(C (vk − vk|k−1 ) + m) T ]

(70)

Σy = E[(C (vk − vk|k−1 )(vk − vk|k−1 ) T C T ) + C (vk − vk|k−1 )m T

+ m(vk − vk|k−1 )T C T + mmT ]
T
Σy = CΣk|k−1 C T + CStotal + Stotal
C T + Rtotal

(71)
(72)

The final step in the derivation of Equation 72 employs an assumption that the covariance between the state prediction error and the measurement noise is equal to the process-measurement crosscovariance, or in other words, the state prediction error is equivalent to the process noise.
The cross-covariance (Σvy ) between the state prediction error and measurement residual is defined
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as
Σvy = E[∆v ∆yT ] = E[(vk − vk|k−1 )(yk − yk|k−1 ) T ]

(73)

Σvy = E[(vk − vk|k−1 )(C (vk − vk|k−1 ) + m) T ]

(74)

Σvy = E[(vk − vk|k−1 )((vk − vk|k−1 ) T C T + ((vk − vk|k−1 )m T ]

(75)

Σvy = Σk|k−1 C T + Stotal

(76)

Therefore, the Kalman gain (G) is
1
T
T
T
T
−1
G = Σvy Σ−
y = ( Σk|k−1 C + Stotal )(CΣk|k−1 C + CStotal + Stotal C + R total )

(77)

Using Equation 77, the state correction equation of the EKF becomes

vk|k = vk|k−1 + G (yk − yk|k−1 )

(78)

Note that, in the above equation, the measurement prediction yk|k−1 is not the linearized prediction
Cvk|k−1 but rather the nonlinear prediction s(t ) evaluated using predicted state vk|k−1
The covariance correction equation of the EKF becomes
Σk|k = E[(vk − vk|k )(vk − vk|k ) T ]

(79)

Σk|k = E[(vk − vk|k−1 − G (yk − Cvk|k−1 ))

(vk − vk|k−1 − G (yk − Cvk|k−1 ))T ]

(80)

Σk|k = E[(vk − vk|k−1 − G (Cvk + m − Cvk|k−1 ))

(vk − vk|k−1 − G (Cvk + m − Cvk|k−1 ))T ]

(81)

Σk|k = E[(( I − GC )(vk − vk|k−1 ) − Gm)

(( I − GC )(vk − vk|k−1 ) − Gm)T ]

(82)

Σk|k = E[( I − GC )(vk − vk|k−1 )(vk − vk|k−1 ) T ( I − GC ) T − ( I − GC )

(vk − vk|k−1 )mT G T − Gm(vk − vk|k−1 )T ( I − GC )T + GmmT G T ]
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(83)

T
Σk|k =( I − GC )Σk|k−1 ( I − GC ) T − ( I − GC )Stotal G T − GStotal
( I − GC )T

+ GRtotal G T

(84)

The process is repeated using the new state vector, covariance matrix, and Φ value. With this
predicting and correcting loop, the Φ will converge to a certain value in time. Detecting damage is
as simple as calculating a significant change in this value. By taking the square root of the state error
covariance matrix, the standard deviation of the stiffness value may be calculated, which can then be
used to find a 95% confidence interval.
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3.5

Methodology Step-by-Step Summary

1. Estimate global modal properties
(a) Calculate the global eigenvectors and eigenvalues either by defining global mass and stiffness matrices, if known, or directly from measured response
2. Define initial guess for substructure
(a) Estimate initial values for the interior matrices Mii , Cii , Kii and boundary/interface matrices
Mib and Kib for the unrestrained substructure
(b) Calculate the constraint modes µ (Eq. 23), Z (Eq. 35), Q (Eq. 49) and local eigenvectors/eigenvalues from Mii−1 Kii
3. Define parameters for EKF
(a) Define initial states and covariance, fading factor (H = 21/Ns ), measurement noise, process
noise, local forcing noise, and boundary/interface forcing noise
4. EKF Prediction
(a) Build nonlinear r (t ) vector (Eq. 39)
(b) Build continuous state-space matrices Ac (Eq. 41), Bci (Eq. 39), Bcg (Eq. 39), and h (Eq. 42)
(c) Discretize matrices in above step (Eq. 57 to 60)
(d) Compute total process noise (Eq. 62) and update the state vector (Eq. 65) and state error
covariance (Eq. 66)
5. EKF Correction
(a) Build nonlinear s(t ) vector (Eq. 53) and compute measurement prediction yk|k−1 = s(t )
(b) Build Jacobian C matrix (Eq. 55), Di and Db matrices (Eq. 54)
(c) Compute total measurement noise (Eq. 63), total process-measurement covariance (Eq. 64),
and the Kalman gain (Eq. 77)
(d) Correct the state vector (Eq. 78) and state error covariance (Eq. 84)
6. Return to Step 4 for next time step
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4

Results

As explained in the introduction, the objective of this paper was to provide a method that minimizes
the need for interface measurements but leverages interface measurements if available, avoids the
requirement of measuring forces, identifies directly the stiffness of the structure as the damage-relevant
feature for SHM, and operates efficiently and in near real-time. To meet these objectives, four tests were
performed on spring-mass systems including
1. All DOFs, including boundaries and interior, are measured
2. All boundaries are measured, but not all interior DOFs are measured
3. Some boundaries are measured and some interior DOFs are measured
4. No boundaries are measured and some interior DOFs are measured
If all of the above cases work, then the first objective will be proven because the method can work
without or without interface measurements. All the cases will have unknown forcing as well, thus
proving objective two. To prove the method can identify stiffness in near real-time, damage will be
simulated by decreasing the stiffness of the substructure halfway through the testing data.

4.1

Model Description

This method was employed on a 50-DOF spring-mass numerical model as shown in Figure 4. The
substructure was chosen to be DOF 12 through 30 (i.e., interface DOFs were DOF 12 and DOF 30).
Data was created first using spring stiffnesses of 500 N/m. Then after 75000 data points, damage was
applied to the substructure by decreasing the spring stiffnesses inside the substructure by 10% for
another 75000 data points. Each mass was 1 kg, Rayleigh damping parameters of 0.001 s−1 for massproportional damping and 0.0001 s for stiffness-proportional damping were used, and the sample rate
was chosen to be 100 Hz.
To create data, DOF 10, 25, and 47 were affected by unknown Gaussian random loading lowpass filtered at 1 Hz. Using Newmark’s method (γ = 0.5 and β = 0.25 for implicit integration),
displacement, velocity, and acceleration time series were calculated for all DOFs. 10% of the RMS of
the noise-free acceleration signal was used for noise on the measurements. This is a large amount of
noise as between 1% and 5% is reasonable in the field. Finally, the fast fourier transform (FFT) of the
first 75000 data points of the displacement time history was taken to compute the initial estimate of
the global frequencies. It is important to note that though the sample rate is 100 Hz, the load was
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filtered down to 1 Hz so only 5 modes were left for the global structure. Minimizing the number of
global modes allows for easier convergence as each global mode adds an additional unknown in the
EKF. The dynamics of many real structures can be well-captured by 5 modes or fewer; if not filtered,
the computational data would have contained all 50 structural modes, which posed a challenge in
identification using the EKF.
k1

m1

k2

m2

k3

m3

k4

m4

k5

m5

k6

...

k46

m46

k47

m47

k48

m48

k49

m49

k50

m50

Figure 4: Spring mass Model used for Testing

4.2

Case One: All DOFs Measured

For the first case, all interface and internal substructure DOF were measured. Because in real-world
applications the stiffness is normally unknown, an initial global stiffness guess of 200 N/m was made
to show that the method can work without a correct initial guess. This stiffness was used to estimate
the mode shapes of the global structure (Ψ g ). The initial values of the global modal frequencies (ωg ),
were estimated by FFT as mentioned above. The damping ratio was chosen to be 1%, which differed
from the Rayleigh damping used to generate the data to test if the method required precisely known
damping. The initial guess for the local stiffness was 1000 N/m. Therefore, the stiffness parameter
should, prior to the imposition of damage, converge to 0.5 because the real global stiffness is 500 N/m.
To show the methods capability to detect changes in stiffness, the real stiffness value of the global
system was decreased by 10% halfway through the test. The half-life value for the fading factor was
taken as 2000 data points, or 20 s for a sample rate of 100 Hz. Results for this case are shown in Figures
5 through 7.
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Stiffness versus Time

2000

Estimated Stiffness
Lower Bound
Upper Bound
Actual Stiffness

1800

1600

Stiffness (N/m)

1400

1200

1000

800

600

400

200

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

Time(s)

Figure 5: Initial Results for Case One
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Figure 6: Complete Results for Case One
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Figure 7: Shift in Stiffness for Case One

As evident from Figure 5, the method approaches a stiffness value of 500 N/m within approximately 1 second. Before it converges, while the method is calibrating and the Kalman filter is learning
more about the data, the values start off at the input stiffness value of 1000 N/m, oscillates around 500
N/m, then levels out at 500 N/m. As shown in Figure 6, the filter provides a good estimate of the
stiffness for the first half of the data. The estimates oscillate around a value of 500 N/m until a change
in the real global stiffness occurs as shown in Figure 7.
In the second half of the data, when the stiffness value decreases by 10%, the estimated value
drops to about 465 N/m. This drop in measured stiffness begins immediately after the change proving
this method works in real-time. However, this change in the stiffness estimate is not as rapid as the
initial convergence to 500 N/m because the method must first ”unlearn” the stiffness estimate from
the first 750 s of data. This occurs at a rate controlled by the fading factor, which had a half-life of 20
s. Although, at times, the estimated stiffness bounds do not encompass the true stiffness value, the
general trend in the results show that this method is able to detect changes in stiffness and as a result
detect damage.
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4.3

Case Two: All Interface and Some Interior DOFs Measured

The system explained above was again tested for case two but in this case, only 5 of the 16 interior
DOFs had measured data: DOF 16, 17, 20, 22, and 26. The results of this case are shown in Figure 8
through 10.
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Figure 8: Initial Results for Case Two
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Figure 9: Complete Results for Case Two
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Figure 10: Shift in Stiffness for Case Two
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Again, shown in Figure 8, the method quickly converges to a stiffness value of 500 N/m, though
this time within 3 seconds which is twice as long as case one. As shown in Figure 9, the filter provides
a good estimate of the stiffness for the first half of the data with the real stiffness value within the
estimated bounds for the majority of the data points. Like case one, the estimates are stable around a
value of 500 N/m until a change in the real global stiffness occurs as shown in Figure 10.
During the later half of the data, the stiffness estimate drops to about 450 N/m but then increases
slightly more than case one until it drops back down to 450 N/m. With more data points, it seems
likely that the filter may level off at the correct lower stiffness value. This drop in measured stiffness
again occurs quickly (as driven by the fading factor with a half-life of 20 s) proving this method works
in near real-time. Again, although the estimated stiffness bounds do not encompass the true stiffness
value at all times, the general trend in the results show that this method is able to detect changes in
stiffness and as a result detect damage.

4.4

Case Three: Some Interface and Some Interior DOFs Measured

The same system from the previous two cases was tested but now only with 5 of the 16 internal DOFs
measured (DOF 16, 17, 20, 22, and 26) and only 1 of the 2 interface DOFs measured (DOF 12). The
results are shown in Figures 11 through 13.
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Figure 11: Initial Results for Case Three
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Figure 12: Complete Results for Case Three
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Figure 13: Shift in Stiffness for Case Three

As shown in Figure 11, the filter quickly converges to the true value within 1.5 s. The filter follows
the overall trend in stiffness for the first half of the data, shown in Figure 12, though the oscillations
about the true stiffness value are more pronounced than observed with cases one and two. During the
second half of the data, the true value falls outside the estimated bounds for the entire duration. There
is still a clear drop in stiffness which shows damage but the accuracy of the extent of damage is off.
In any case, like the two previous cases, the shift in estimated stiffness begins immediately with the
change in real stiffness, proving objective four, and shows a clear though underestimated decrease in
stiffness, proving objective three.
In addition to the regular results displayed above, Figures 14 to 17 and Figures 18 to 21 display
the methods ability to calculate estimated Velocities and Displacements. Figures 14 and 15 display the
comparison between the real and estimated displacements and the difference between the two, respectively, for the left interface DOF 30. Figures 16 and 17 do the same but with Velocity instead. The same
is done for internal DOF 20. As shown, the method estimates the general trend in velocity and displacement extremely well and estimates the actual values fairly well for both DOF. Any discrepancies
in actual values are likely due to the high percentage of noise introduced into the data. In the field,
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this noise would be half to a tenth of what is introduced in the tests.
Real and Estimated Displacement versus Time
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Figure 14: Real and Estimated Displacement versus Time for Left Interface DOF 30
Difference in Real and Estimated Displacement versus Time
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Figure 15: Difference between Real and Estimated Displacement versus Time for Left Interface DOF 30
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Real and Estimated Velocity versus Time
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Figure 16: Real and Estimated Velocities versus Time for Left Interface DOF 30
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Figure 17: Difference between Real and Estimated Velocities versus Time for Left Interface DOF 30
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Real and Estimated Displacement versus Time
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Figure 18: Real and Estimated Displacement versus Time for Internal DOF 20
Difference in Real and Estimated Displacement versus Time
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Figure 19: Difference between Real and Estimated Displacement versus Time for Internal DOF 20
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Real and Estimated Velocity versus Time
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Figure 20: Real and Estimated Velocities versus Time for Internal DOF 20
Difference in Real and Estimated Velocity versus Time
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Figure 21: Difference between Real and Estimated Velocities versus Time for Internal DOF 20
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4.5

Case Four: No Interface and Some Interior DOFs Measured

In case four, the same system was tested but only with 5 of the 16 internal DOFs measured (DOF 16,
17, 20, 22, and 26). None of the interface DOFs were measured. The results are shown in Figures 22
through 24.
Stiffness versus Time
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Figure 22: Initial Results for Case Four
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Stiffness versus Time
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Figure 23: Complete Results for Case Four

Stiffness versus Time
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Figure 24: Shift in Stiffness for Case Four
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Like in all other cases, the filter converges to the correct value within 4 s and stabilizes around that
value for the entire first half of the data with some oscillations. The magnitudes of the oscillations were
approximately ±20 N/m, which were larger than those from case three which typically were approximately ±10 N/m. In the second half of the data, there is a clear shift in stiffness, though it takes over
100 s to approach the new true stiffness. Like case three, the bounds do not often encompass the true
value. There is a false shift in stiffness upwards after approximately 1200 s. Without any boundary
measurements and limited internal measurements, the method may have challenges in correct identification of smaller levels of damage: the method clearly picks up the true change in stiffness, but
damage may be lost or misdiagnosed because of the other large oscillations and unexplainable jumps
in the stiffness estimate.

4.6

Discussion on Limitations of Method

Although successful, some challenges and limitations became apparent while researching. First, like
shown in test four, with a decrease in sensors, the results of the method may not be as accurate. As
a result, large oscillations in the data may trigger a false positive when detecting damage. A second
challenge is that because the load was filtered down to 1 Hz, the substructure must be chosen to have
at least one local mode with a frequency that is excited. If a substructure is chosen that is too small,
none of the modes will be lower than 1 Hz and the method will not work. Third is that although
forcing was applied inside and outside of the substructure to prove both may be used, uncorrelated
random loading at every DOF may not be captured very well by the modal loading assumption and
should be avoided.
Another limitation pertaining to loading is that impulse and sinusoidal loading may not be used
with this method as presented herein. For impulse loading, the stiffness of the substructure tends
to limit to zero. Under impulse loads, the total structural response is characterized by the global
frequencies of the structure. Therefore, because the local modes have nothing to do with the response
and because updating the local stiffness is independent from updating the global frequencies, the
local stiffness cannot be calculated. Eventually, the stiffness may become a negative number and the
method becomes unstable. Sinusoidal loading is similar in that, although the results start well, as
it reaches steady-state when the response is entirely characterized by the frequency of the applied
load the interfaces can no longer be well captured by global modal properties and again the method
becomes unstable. The problems with impulse and sinusoidal loading may not be pertinent though,
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as ambient health monitoring mostly uses random loading. Other substructural methods, such as the
one proposed by Koh and Shankar[12] , may be more successful given known sinusoidal loading.
Another limitation of the method was the inability to apply the method to a numerical beam model
and a full-scale pedestrian bridge. The reasons for this failure are unknown, but further research should
be done to improve the method so that it may be applied more consistently on a variety of structures.
Another limitation and point of further research for this method is the effect of temperature, loading
conditions, boundary conditions and etc on the method. Because these factors affect the behavior of
a structure, they may manifest as stiffness changes in this method, which has the potential to cause
false positives when detecting damage. Research should be done to understand the effects of these
factors on structures and incorporate that knowledge into the method so to avoid false alarms. Lastly,
although the EKF allows nonlinear systems, this method may not be applicable to highly nonlinear
systems due to the lack of local linearity.

5

Conclusion

The objective of this report was to propose a novel substructure health monitoring method that minimized the need for interface measurements, avoided forcing measurements, identified changes in
stiffness, and operated in real time. By using state-space analysis and Extended Kalman filtering,
substructural stiffness values were calculated and compared throughout time to detect damage. The
uniqueness of this method comes from the simulation of interface responses as interface ”ground
motions”. The substructure response is also calculated as the combined response of an unrestrained
system and a fixed-fixed system. Lastly, interface forcing requirements are avoided by regarding it as
noise and calculating the values for each time step.
According to the results for a 50-DOF spring-mass system, testing cases with both internal and
interface measurements, a mix of both, and internal DOF only, a clear general trend was apparent. Test
data was created where a 10% drop in stiffness occurred halfway through the duration. In all cases,
the method was able to converge to the correct value or a value close and show an instantaneous drop
in stiffness when the decrease was applied. Any discrepancies in the estimated and real values in the
second half of data are believed to diminish with time. Therefore this method would work well in
long-term monitoring of structures.
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