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Introduction
String Theory predicts that the universe has
several extra dimensions, which have the
structure of Calabi-Yau varieties; the universes
defined by these varieties are conjectured to
occur in physically indistinguishable pairs.
The mathematical field of mirror symmetry
seeks to understand the geometric correspon-
dences between paired Calabi-Yau varieties.
The polar duality transformation takes a

polytope with integer lattice points to its po-
lar dual.
Let ∆ be a lattice polytope which contains~0.

The polar polytope ∆◦ is the polytope given
by:

{(m1, . . . , mk) :(n1, . . . , nk) · (m1, . . . , mk) ≥ −1
∀ (n1, . . . , nk) ∈ ∆}

A lattice polytope is defined to be reflexive if
its polar dual is also a lattice polytope.

Figure 1: 2D reflexive simplex (left) and its dual

Reflexive polytopes can be used to describe
Calabi-Yau hypersurfaces, so by studying re-
flexive polytopes we may gain important in-
sight into the nature of hidden dimensions in
space. Reflexive polytopes have been classi-
fied in 2D, 3D, and 4D, with 16, 4 319, and
473 800 776 classes of equivalent polytopes
respectively. A top generalizes the idea of
slicing a reflexive polytope. A top is a lattice
polytope ∆ such that one of its defining in-
equalities is of the form:

(n1, . . . , nk) · (0, . . . , 0, 1) ≥ 0
and the rest are of the form:

(n1, . . . , nk) · (mj1, . . . , mjk) ≥ −1,
where (mj1, . . . , mjk) is a point in the lattice.
The points of a top with the last coordinate of

0 are a reflexive polytope that is one dimen-
sion less than the top.
The polar duality transformation can also be

applied to tops and the structure changes to
that of a dual top, with one facet infinitely
extended.

Figure 2: 2D top (left) and associated dual top

From Reflexive Poly-
topes to Dual Tops
Bouchard and Skarke classified families of
3D tops by relating them to 2D reflexive poly-
topes. To generate these tops, a reflexive 2D
polytope was chosen as a base and points
were defined beneath it to form a dual top.We
require that the dual tops be convex, so we
must constrain the points beneath the poly-
tope accordingly. By generating dual tops
in this fashion, we can extend into higher
dimensions. The classification of reflexive
polytopes yields a finite number of equiva-
lence classes. In contrast, the classification
of tops yields infinite families of equivalence
classes. We construct 4D tops as follows:

Constructing a
4 – Dimensional Top

• Choose reflexive polytope base for dual top
• Fix a lattice triangulation of this polytope
• Construct a 4-dimensional top with trian-

gulated boundary. We choose the fourth co-
ordinate for each lattice point of base while
satisfying the convexity condition (Four of
these are fixed up to overall change of coor-
dinates)

• Our construction shows that we can use lat-
tice triangulations to construct and create
tops with a given reflexive polytope as its
base.

In [Detal14] we construct infinite families of
tops and explore their implications.

Dynkin Diagrams

Figure 3: Extended Dynkin Diagrams

Dynkin diagrams are used in various areas
such as Lie theory and the classification of
semisimple Lie algebras as well as finite re-
flection groups.

Exceptional Tops
The Standard Simplex is the simplest case.
The Bouchard and Skarke classification of 3D
tops with the dual top boundary polytope
shown in Figure 1 includes two infinite fam-
ilies, An and Cn, plus an exceptional top cor-
responding to the Dynkin diagram E6.

Figure 4: 3D Top corresponding to Dynkin Dia-
gram E6 (left) and its Dynkin Diagram

The standard simplex in 3-dimensions is
seen in Figure 5. It again has one exceptional
with many infinite families.

Figure 5: Simplex (left) and its dual

Looking at 2-dimensional triangles as reflex-
ive boundaries, we were able to reconstruct
the process for classification used in [BS03].
These classifications depict tops in terms of

their duals. We discovered here that there is
more than one exceptional case.

Figure 6: 3D Dual Top corresponding to Dynkin
Diagram E8,(left) and its Dynkin Diagram

Our next step was to analyze other excep-
tional tops. Initially expecting a similarity
between the processes of classifying 3D tops
and 4D tops, we began with the 3D polytope
85 by constructing a dual from its top hav-
ing base/boundary points. We looked at the
number of facet points and noticed we had
two different cases. In one case we got 28
facet points and in the other 58.

Figure 7: Polytope 85

From this result we learned that the classifi-
cation would be more difficult than with the
standard simplex. Our next step is to expand
the methods used by Bouchard and Skarke to
4-dimensions.
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