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Abstract

It is well-known that spatial and temporal variations in power density within
a processor core creates thermal hot spots where the temperatures can exceed
100 ◦C. Such temperatures can degrade device reliability and adversely affect
processor performance. This problem is expected to become even more acute
in the coming years because average power densities are expected to double
in the next decade. As a result, estimating the worst-case peak temperature
for a given processor workload is an important problem.

This report presents an algorithm to estimate the worst-case peak tem-
perature for a given real-time workload in a multi-core system. The challenge
is to find the worst-case arrival pattern for the given real-time workload that
results in the maximum peak temperature when the tasks are executed using
a work-conserving scheduler. The proposed algorithm improves a solution
from literature by relaxing some of its restrictive assumptions. In the cases
where the assumptions are satisfied, the estimates from the proposed algo-
rithm and the scheme from literature are the same. In all other cases, the
estimates from the proposed algorithm are much less conservative and hence,
more accurately estimate the achievable worst-case temperature.

Keywords- real-time systems; multi-core systems; multiple task set; worst-
case peak temperature; thermal analysis
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Chapter 1

Introduction

Until recently, thermal management was not a major issue in processor de-
sign and use. However, it has become a major issue in recent years because
on-chip power densities have increased considerably with technology scaling.
In fact, on-chip power densities are expected to double in the next decade.
As density increases, spatio-temporal variations in power consumption cre-
ate unacceptable temperature hot spots within the processor cores. Since
higher temperatures cause more device failures, increased leakage currents,
and lower performance, managing the run time thermal profile of a processor
has become a major challenge.

A large number of recent papers have proposed thermal management
schemes for both non-real-time and real-time applications [1][2][3][4][5]. Many
of these schemes rely on Dynamic Voltage and Frequency Scaling (DVFS) to
keep the processor temperatures below pre-determined thresholds. In reac-
tive schemes such as those in [6][7] the tasks in the application are scheduled
at a high speed until the processor temperature exceeds a specified threshold.
Once the processor temperature exceeds the threshold, the speed is lowered
and thereby cooling the processor. Since real-time applications often need
design time guarantees of schedulability, Wang et al. [6][7] derive schedula-
bility bounds to determine whether a given periodic task set can be feasibly
executed without violating the processor’s temperature constraints. Proac-
tive schemes [8][9][10], on the other hand, strive to look ahead into the future
when scheduling the tasks. Based on the projected temperatures into the fu-
ture, processor speeds are dynamically adjusted well before the processor gets
too hot. Once again schedulability tests are derived to determine whether
a task set can be executed within the thermal constraints of the processor.
The key assumption in most of these papers that derive schedulability tests
is that all the tasks are perfectly periodic. In fact, some of these papers [6][7]
make an even stronger assumption that all tasks have the same period.
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Some recent papers have considered aperiodic tasks [11]. They do not
provide design time guarantees. Recent papers that consider periodic tasks
with possible jitter in the arrival process are [12][13][14]. In [12], Rai et al.
propose a method to calculate the worst-case peak temperature of single-core
processor system at design time for periodic tasks with jitter. The basic idea
is to identify the worst-case arrival pattern of real-time tasks which will result
in highest processor temperature. This method is extended in [13] to multi-
core processor systems. Since exact analysis is very difficult, the scheme in
[13] is modified to compute an upper bound on the worst-case peak tempera-
ture at much lower computational complexity [14]. However, a key limitation
of the analyses in [12][13][14] is that they assume that maximum jitter must
satisfy certain integrality constraint. If this assumption is not satisfied, then
one must model the task arrival process using a more conservative bound for
maximum jitter which satisfies the assumption. However, when one chooses
such a conservative bound, the corresponding estimate of the worst-case peak
temperature is also conservative.

One of the main contributions of this work is that it relaxes this integrality
requirement. In particular, it is shown that this extended analysis results
in provably tighter estimates of the worst-case processor temperatures than
the ones in [13][14]. Numerical evaluations show that the difference in the
estimates may be as large as 6-7 ◦C, which is substantial when dealing with
temperature close to processor tolerance limits. We also extend and evaluate
our scheme for a real time application with multiple periodic tasks in each
core. This is in contrast to [13][14] where the evaluations are based on a
single task on each core. Our approach for extending to the multiple task
scenario is based on the idea in [15]. However, the idea in [15] is tailored to
estimate the worst-case peak temperature.

The rest of this report is organized as follows- The system model is pre-
sented in chapter II. The proposed thermal analysis for a single task case is
described in chapter III. The proofs of theorems in chapter III are included in
the Appendix. An extension to the multiple task case is proposed in chapter
IV. Results of an empirical evaluation of the proposed analysis are discussed
in chapter V. The report concludes with chapter VI.
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Chapter 2

System Model

This chapter describes the computational and thermal model for single and
multiple tasks for real-time application on multi-core system. The system
model is taken from [13].

Notation: Bold characters represent vectors and matrices and non-bold
represent scalar. For example T denotes a vector whose k-th element is
denoted as Tk.

2.1 Computational Model

The computational model is based on real-time calculus. Let us assume
that task instances with a total workload of Rl(s, t) time arrives in the time
interval [s, t) at processor core l. The arrival curve αl upper bounds the
cumulative workload, i.e.,

Rl(s, t) ≤ αl(t− s) ∀s < t (2.1)

with αl(0) = 0. Period Jitter Delay (PJD) model for each task can be
described with following parameters- a constant workload of ∆A

l time units,
period pl, jitter jl and a minimum arrival time dl. Figure 2.1a shows a typical
arrival curve. The task scheduler is assumed to be work-conserving i.e., a
processor core is ‘active’ when there are instances in the queue. Time spent
by core l to process an incoming workload of Rl(s, t) time units, is denoted
by the accumulated computing time Ql(s, t). Ql(t−∆, t) is upper bounded
by γl(∆) for all intervals of length ∆ < t:

Ql(t−∆, t) ≤ γl(∆) = inf
0≤λ≤∆

(∆− λ) + αl(λ) (2.2)

Ql(s, t) is monotonically increasing and has either slope 1 or 0 for fixed s with
s < t. When the slope is 1 or 0 means the core is in ‘active’ mode (executing
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Figure 2.1: Computational Model
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task instances) or ‘idle’ mode correspondingly. The processing mode can be
expressed by the mode function:

Sl(t) =
dQl(s, t)

d t
∈ {0, 1} (2.3)

Length of the first increasing interval is represented by burst bl, the length
of every other active interval is ∆A

l and every idle interval is ∆I
l . If the

jitter jl is an integral multiple of ∆I
l (considering minimum arrival time dl

is not greater than workload ∆A
l ), then all the non-increasing intervals are

of the same length. A task satisfying the assumption that its jitter is an
integral multiple of idle interval ∆I

l is referred to as constrained task in this
report. Otherwise, the task is said to be an unconstrained task. Figure 2.1b
illustrates a typical arrival curve and its corresponding upper bound on the
accumulated computing time for constrained task. Figure 2.1c illustrates the
general case of unconstrained task, where jitter is not an integral multiple
of ∆I

l , in such case length of the first idle interval is ∆I1
l and every other

idle interval is ∆I
l . If the encountered task is unconstrained (as in Figure

2.1c), a tight upper bound for it can be approximated to slightly conserva-
tive upper bound by increasing the jitter to make it integral multiple of ∆I

l ,
thus transform it to constrained task (as in Figure 2.1b). This approach is
taken in [13]. However it leads to a conservative estimate of the worst-case
temperature. Figure 2.1d displays two unconstrained tasks set of different
period, min-delay, jitter and workload, there is a curve which shows summa-
tion of the two arrival curves. Their corresponding arrival curve (αTl (∆)) is
also shown, bl denotes the burst for the arrival curve.

2.2 Thermal Model

The assumed thermal model of the multi-core processor is also taken from
[13]. The model describes the temperature evolution by means of an equiva-
lent RC circuit taken from [13]. The n-dimensional temperature vector T(t)
at time t is given by a set of first-order differential equations:

C.
dT(t)

d t
= (P(t) + K.Tamb)− (G + K).T(t) (2.4)

with n is the number of nodes of the RC circuit, C, G, K, and P repre-
sents the thermal capacitance matrix, thermal conductance matrix, thermal
ground conductance matrix and power dissipation vector respectively and
Tamb = T amb.[1, ..., 1]′ represents the ambient temperature vector. T0 de-
notes the initial temperature and the system is assumed to start at time

9



t = 0. G is a non-positive matrix with zero diagonal elements and K is a
non-negative diagonal matrix.

A linear dependency of power dissipation on temperature [4] is assumed
due to leakage power. Processing components have two processing modes,
namely ‘active’ and ‘idle’. If component is in ‘active’ processing mode at
time t, the mode function Sl(t) defined by (2.3) is 1 and otherwise, 0. The
leakage power is assumed to be independent of its processing mode, and thus
can characterize the power dissipation as:

P(t) = φ.T(t) +ψ(t) (2.5)

where

Pl(t) =

{
P a
l = φll.Tl(t) + ψal ifSl(t) = 1

P i
l = φll.Tl(t) + ψil ifSl(t) = 0

(2.6)

where φ is a diagonal matrix with constant coefficients, and ψ a vector. Thus
from above equations the state-space representation of the thermal model can
be expressed as:

dT(t)

d t
= A.T(t) + B.u(t) (2.7)

where the input vector u(t) = ψ(t) + K.Tamb , A = −C−1.(G + K − φ) ,
and B = C−1. Input ul of node l can be associated with the workload of the
corresponding component:

ul(t) = ual .Sl(t) + uil.(1− Sl(t)) (2.8)

where ual = ψal + Kll.T
amb and uil = ψil + Kll.T

amb i.e., input of node l at
time t is ual (or uil) if the corresponding component is in ‘active’ (or ‘idle’)
processing mode at time t, that is, Sl(t) = 1 (or Sl(t) = 0). This is true
assuming that there is a constant power leakage in case of active mode as
well as idle mode. Since the thermal system is linear and time-invariant, the
temperature of node k is :

Tk(t) = T init
k (t) +

n∑
l=1

Tk,l(t) (2.9)

Tinit(t) = eA.t.T0 and Tk,l(t) is the convolution of input ul and Hkl, i.e.,
impulse response between nodes l and k:

Tk,l(t) =

t∫
0

Hkl(ξ).ul(t− ξ) d ξ. (2.10)
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The class of impulse responses can be defined by considering the duality of
thermal network and grounded capacitor RC circuit, which is relevant for
analysing the thermal characteristics of multi-core systems. As shown in
Figure 2.2 [13], it can be assumed that Hkl(t) is a non-negative unimodal
function that has its maximum at time tHkl

max = 0 if k = l, or at time tHkl
max > 0

if k 6= l. This describes that the temperature rises with power on the node
that produces power without a delay and on a neighbour of the node that
produces power only after a delay. In the following analysis, we assume that
every impulse response belongs to the described class.

2.3 Problem Statement

The rest of this report addresses the question of determining the worst-case
peak temperature of a multi-core real-time system. The problem statement
can be formulated as follows:

For a given work-conserving computing model (2.2), power model (2.5),
the distributed thermal model (2.4), and a bound on workload α, the goal is
to find the worst-case peak temperature T ∗S of the system for all computing
demands R that follows α.
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Chapter 3

Thermal Analysis for Single
Unconstrained Task

Existing algorithms for worst-case peak temperature estimation considers
constrained tasks, [13] presents algorithm for exactly calculating worst pos-
sible peak temperature and [14] presents faster but approximate version of
the same algorithm. Both these algorithm can only accommodate single task
and that too constraint by assuming length of every idle interval as constant
∆I
l . We introduce an algorithm which accurately estimates the worst-case

peak temperature for tasks not constrained in this fashion. This chapter
provides a non-conservative approach for unconstrained task, which can be
then simplified to get conservative faster approach.

To accurately find the worst-case peak temperature for such tasks, we
must first find a possible schedule for the given situation. We have to find the
number of instances of the task that must occur as burst to maximize the core
temperature(s). For an unconstrained task, keeping everything else constant,
increasing jitter from zero results in a sharp transition in the number of
instances of the task that can occur in a burst, each time jitter crosses the
mark of integral multiple of ∆I

l .
So to counter such sudden jump we consider two possibilities, worst of

the two will result in worst-case temperature, further we’ll show in results

time t[sec]

H
k
l(
τ
−
t)

,
S
l(
t) ts

tl τtr

pl

∆
A
l ∆

I
l

bl −∆
A
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Figure 3.1: Illustration of Algorithm 1 (taken from [13])
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Input: bl,∆
I
l ,∆

I1
l ,∆

A
l , pl = ∆I

l + ∆A
l , t̃

Hkj
max, τ,Hkl

Output: Q̊
{k}
l (0,∆)

1: S
{k1}
l = 0

2: for all t(r) ∈ [t̃
Hkj
max, t̃

Hkj
max + bl −∆A

l ] do
3: for all ts ∈ [0,∆I1

l ] do

4: S
{k1}
l = maximize area(ts, t(r),∆I

l −∆I1
l , S

{k1}
l )

5: end for
6: end for
7: S

{k2}
l = 0

8: for all t(r) ∈ [t̃
Hkj
max, t̃

Hkj
max + bl] do

9: for all ts ∈ (∆I1
l ,∆

I
l ] do

10: S
{k2}
l = maximize area(ts, t(r),−∆I1

l , S
{k2}
l )

11: end for
12: end for
13: S

{k}
l = max(S

{k1}
l , S

{k2}
l )

14: Q̊
{k}
l (0,∆) =

∆∫
0

S
{k}
l (ξ) d ξ for all 0 ≤ ∆ ≤ τ

Algorithm 1: Calculation of the critical accumulated computing time

function Q̊
{k}

(0,∆) for an unconstrained task for all 0 ≤ ∆ ≤ τ , Appendix
A contains subroutine maximize area and Appendix B gives the proof for
the algorithm
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that worst of the two is continuous with respect to jitter change. The two
different possible bursts size are considered which encompasses t̃Hkl

max: burst 1
bl1 = bl −∆A

l (as considered by [13]) and burst 2 bl2 = bl. We use two such
different burst for temperature estimation. The corresponding temperatures
caused by the bursts are considered as T̊ ∗bl1k (τ) and T̊ ∗bl2k (τ). Maximum of
the two is taken as worst case temperature. We can then prove the following
theorem. This theorem is an extension of the Theorem 5 in [13] to deal
with unconstrained tasks. Following theorem provides a method to calculate
the critical accumulated computing time Q̊

{k}
l (0,∆) for a constrained task

leading to worst-case peak temperature T̊ ∗k (τ) of node k.

Theorem 1. Suppose that the accumulated computing time Q̊
{k}

(0,∆) for
all 0 ≤ ∆ ≤ τ is constructed by Algorithm 1 leads to temperature T̊ ∗k (τ)
at time τ . When the scheduler is work-conserving, T̊ ∗k (τ) is an achievable
upper bound on the highest possible value of temperature Tk(τ) at time
τ . Furthermore , T̊ ∗k (τ) ≥ T̊ ∗k (t) ≥ Tk(t) for all 0 ≤ t ≤ τ with same initial
temperature vector T0 ≤ (T∞)i, where (T∞)i is the steady-state temperature
vector if all nodes are in ‘idle’ mode.

Proof: See Appendix B for formal details. Similar to the algorithm in [13]
the proposed Algorithm 1 also calculates the critical accumulated computing
time Q̊

{k}
l (0,∆) by maximizing the area under the curve by altering both the

position of the burst and the gap between burst and first successive active
interval. This is illustrated in Figure 3.1. The sum of the gaps between the
burst and active interval either side in case of constrained Algorithm is fixed
to ∆I

l , whereas for unconstrained Algorithm it is ∆I1
l and ∆I1

l +∆I
l for bursts

bl1 and bl2 respectively. In case of bl2 the minimum distance between the
burst and active interval on either side is ∆I1

l .
The relation between four different bounds calculated on the maximum

temperature for unconstrained task is as follows:

T̆ ∗k (τ) ≥ T̂ ∗k (τ) ≥ T ∗k (τ) ≥ T̊ ∗k (τ) (3.1)

where T̆ ∗k (τ), T̂ ∗k (τ) and T ∗k (τ) are the worst-case peak temperatures calcu-
lated by Theorem 4,2 and 1 of [14] respectively, when an unconstrained task is
made a constrained one by changing the jitter as mentioned in [13]. In other
words, the peak temperature using our algorithm is the least conservative.

14



Chapter 4

Extension to Multiple
Unconstrained Task

This chapter presents an algorithm for multiple unconstrained tasks on each
core of the processor. The method used in previous chapter for finding an
achievable bound to peak temperature is extended here to find an upper
bound to the peak temperature.

It can be seen from Figure 2.1d that there is a single burst bl that comes
from the sum of the arrival curves of the individual tasks. The worst case
burst which can encompass t̃

Hkj
max is thus bl, but the next active period can be

minimum ∆I1
l distance away from the burst bl and the next active period can

be of maximum computation time ∆A
lT

=
nT∑
i=1

∆A
li

i.e., sum of computation time

of all the tasks, where nT is the number of tasks and ∆A
li

is the computation
time for task i. Taking an upper bound to it, we consider that maximum
computation time can occur adjacent to burst bl (considering ∆I1

l = 0). So

the final burst which can encompass t̃
Hkj
max is b

′

l = bl + ∆A
lT

. Now processing
component of each task should be separated from this burst (both sides of
burst) with at least their corresponding idle time.

Further, the maximum utilization for a processor for the given set of

tasks is δT =
∆A

lT

∆A
lT

+∆I
lT

, where ∆I
lT

=
nT∑
i=1

∆I
li

i.e., sum of idle time of all

the tasks (period minus corresponding computational load). Now we get an
upper bound for peak temperature for multiple tasks where we can vary the

position of burst bl + ∆A
lT

around t̃
Hkj
max and run the processing component

with constant slope at all other instances as δT . Since the impulse response

is monotonically non-increasing on either side of t̃
Hkj
max, a constant slope of δT

on both sides will give a small upper-bound (proof for that is intuitive and
given in [14]). Suppose maximum temperature bound thus obtained by this
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theorem is T̆ ∗mk (τ), which is upper bound to temperature Tmk (τ) on processor
k at time τ due to multiple tasks on multi processor system. We are skipping
formal proof (can be followed from [14]) and statement for this theorem.
Instead putting the next theorem (similar to [14]) and the main result of this
chapter, which is a further more conservative but faster approach as-

Theorem 2. Suppose at time instant t, T̂ ∗mk,l (τ) is the incremental tem-

perature (upper bound) of node k due to task executed at node l and T̂ ∗mk (τ)
is the absolute temperature (upper bound) of node k for a set of workload
functions R(s; t) that are bounded by the set of summed arrival curves α,
(arrival curve obtained after summing the multiple tasks on each processor).
When the scheduler is work-conserving, then the temperature:

T̂ ∗mk (τ) = T init
n (τ) +

n∑
l=1

T̂ ∗mk,l (τ) (4.1)

with:

T̂ ∗mk,l (τ) = (uil + δT .(u
a
l − uil)).

τ∫
0

Hkl(t− ξ) d ξ

+(ual − uil).(1− δT ).

t̃
Hkj
max+bl+∆A

lT∫
t̃
Hkj
max−bl−∆A

lT

Hkl(t− ξ) d ξ

(4.2)

and δT =
∆A

lT

∆A
lT

+∆I
lT

is an upper bound on the highest temperature of node k

at time τ i.e., T̂ ∗mk (τ) ≥ Tmk (τ). Furthermore , T̂ ∗mk,l (τ) ≥ T̂ ∗mk,l (t) ≥ Tk(t) for

all 0 ≤ t ≤ τ with same initial temperature vector T0 ≤ (T∞)i, where (T∞)i

is the steady-state temperature vector if all nodes are in ‘idle’ mode.
Proof: Instead of varying the burst bl + ∆A

lT
around the peak of impulse

response t̃
Hkj
max, we are simply summing up all the possibilities of burst to

find the new upper bound. Thus for the time period t̃
Hkj
max + bl + ∆A

lT
to

t̃
Hkj
max− bl−∆A

lT
in places where the processing component should have been 1

at some place and δ at other places to calculate T̆ ∗mk (τ), now we are assuming
it to be 1 always to find T̂ ∗mk (τ) for faster computation, keeping the rest as
same. Thus, T̂ ∗mk (τ) ≥ T̆ ∗mk (τ). Since T̆ ∗mk (τ) ≥ Tk(τ) is already known,
which proves T̂ ∗mk (τ) ≥ Tk(τ). Proof for second part of Theorem 2 is similar
to that of Theorem 1.

16



Chapter 5

Results

First, the results for the unconstrained task are compared to that from the
algorithms in [13][14]. Then, the results for multiple unconstrained tasks are
shown. The algorithms are implemented in MATLAB and the temperature
estimates come from the results of algorithm on applying HotSpot [16] .

We took a multi-core system with 9 processors in a 3X3 design (as shown
in figure 5.1) and maximized temperature on processor 1 due to different
tasks on processor 1 and other processors. The temperature on each core was
calculated using HotSpot [16], different thermal parameters used in HotSpot
are shown in Table 5.1.

5.1 Unconstrained single task

On processor 1 and 2 (see figure 5.1) a task with period=50 ms, min delay=1
ms and workload=2 ms is modeled. The jitter for the task is varied from 0
to 200 ms and τ is set to 1000 ms, i.e., time where maximum temperature is

Figure 5.1: Design of 3X3 multi processor used for analysis
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Table 5.1: HotSpot Thermal Parameters

Parameter Value

chip thickness in meters 0.00015

silicon thermal conductivity in W/(m-K) 100.0

silicon specific heat in J/(m3-K) 1.75e6

temperature threshold for DTM (kelvin) 354.95

convection capacitance in J/K 140.4

convection resistance in K/W 0.1

heatsink side in meters 0.06

heatsink thickness in meters 0.0069

heatsink thermal conductivity in W/(m-K) 400.0

heatsink specific heat in J/(m3-K) 3.55e6

ambient temperature in kelvin 333.15

initial temperature in kelvin 333.15

calculated. Note, here we took min delay not more than workload. A function
for impulse response Hkl is obtained from HotSpot [16] as shown in Figure
2.2. Average power delivered when in active state is taken to be 100W/cm2

and 10W/cm2 in idle state. Unconstrained tasks for Theorem 1, 2 and 4 of
[14] can be transformed to constrained task by increasing the jitter to make
it integral multiple of idle period ∆I

l (period-work load) leading to a over-
approximation of the worst-case temperature. Figure 5.2a shows temperature
on core 1 due to tasks on core 1 & 2 (since superposition principle works
here, effect of each can be considered independent) calculated from Theorem
1, Theorem 2 & Theorem 4 from [14] and compared to algorithm described
here. Figure 5.2a proves the equation (3.1) presented for the unconstrained
task. It can be seen there is an overestimation of around 5 ◦C by algorithms
defined in [13][14] for this case. The maximum temperature difference occurs
when jitter is just above zero and T ∗k (τ), T̊ ∗k (τ) coincide only when jitter is
integral multiple of idle time ∆I

l .
Figure 5.2b shows curves for two bounds that were considered in Theorem

2 i.e., T̊ ∗bl1k (τ) and T̊ ∗bl2k (τ) for bl1 and bl2 cases of bursts respectively. Upper

bound of both the curves forms the curve for T̊ ∗k (τ), it can be seen that the
change in T̊ ∗k (τ) is continuous as opposed to T ∗k (τ), this happens because
two different cases of bursts are considered instead. Note that T̊ ∗bl2k (τ) is not
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tiple tasks

defined when jitter is integral multiple of ∆I
l , at those instance T̊ ∗k (τ) is equal

to T̊ ∗bl1k (τ). Hkl for chosen processor setting is such that T̊ ∗k (τ) follows the

curve T̊ ∗bl2k (τ) except when jitter is integral multiple of ∆I
l , but this is not

necessary the case always as we show in Appendix B.
Figure 5.3a shows the difference in the peak temperatures calculated by

proposed algorithm (T̊ ∗k (τ)) and previous algorithm (T ∗k (τ)) with respect to
work load, which is varied from 1 ms to period and jitter, which is varied from
1 ms to (period-workload), while keeping period as 50 ms and τ as 1000 ms.
It can be seen from the figure that maximum temperature difference is more
than 6 degrees for workload of 1 ms and jitter 1 ms. The difference is not
consistent even if we fix any two out of period, jitter and workload. Figure
5.3b shows difference in peak temperature calculated by the two methods for
processor 1 due to the same task set on processor 3 (see figure 5.1) . It can be
seen that the maximum difference in the peak temperature is not achieved
for this case at low work load, but somewhere in the middle. Thus there
can be several local maxima or varying slopes (when multiple processors are
assigned tasks) for the temperature difference curve, which highly depends
on the impulse response. Thus previous methods gives an upper bound to
peak temperature which can differ from actually achievable temperature by
more than 6 degrees for considered case (depending on PJD model). The
proposed methods instead gives an achievable bound.

5.2 Unconstrained multiple tasks

Figure 5.4 shows the increase in peak temperature of a core for multiple
tasks on each core of multi-core system (all 9 cores). Here two tasks with pe-
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riod=50 ms, jitter=50 ms, min delay=1 ms, workload=1 ms and period=20
ms, jitter=50 ms, min delay=1 ms, workload=1 ms are considered. Tem-
perature is then maximized for different time points τ , shown in figure 5.4.
The upper bound to the temperature is calculated using Theorem 2 (T̆ ∗mk (τ))
and also by varying position of the burst (T̂ ∗mk (τ)). Since there is no need
to vary burst position to calculate the temperature bound in Theorem 2,
T̆ ∗mk (τ) gives a higher upper bound to the worst case peak temperature, but
is much faster.
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Chapter 6

Conclusion

In this report, I presented an algorithm to calculate the maximum tempera-
ture of a real-time application for unconstrained task with non-deterministic
workload running on a multi-core system. The considered thermal model is
able to address various thermal effects like temperature-dependent leakage
power and heat exchange between neighboring cores to accurately model the
thermal behavior of multi-core systems. In order to handle a broad range of
uncertainties, task arrivals are modeled as periodic event streams with jitter
and delay. An empirical evaluation shows that a considerable improvement
(over 6 ◦C) in peak temperature estimation is achieved using the proposed
algorithms as compared to algorithms in literature.
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Chapter 7

Appendix

7.1 Subroutine maximize area

Input: ts, t(r), d, S
{k}
l

Output: S
{k}
l

1: t(l) = t(r) − bl + ∆A
l

2: Sl(t) =

{
1 t ∈ [t(r) − bl + ∆A

l , t
(r))

0 otherwise

3: for i = 1 to
⌈
τ−t(r)
pl

⌉
do

4: Sl(t) = Sl(t) + vl(t, t
s + t(r) + (i− 1).pl)

5: end for
6: for i = 1 to

⌈
t(l)

pl

⌉
do

7: Sl(t) = Sl(t) + vl(t, t
s + t(l) + d− i.pl)

8: end for

9: Υ =
t∫

0

Sl(ξ).Hkl(t− ξ) d ξ

10: if Υ > Υ∗ then
11: Υ∗ = Υ∗, S

{k}
l = Sl

12: end if
Algorithm 2: Calculating and maximizing area under the curve for im-
pulse response and task set [13]

Subroutine is shown in Algorithm 2, where function vl is defined as-

vl(t, t
s) =

{
1 0 ≤ ts ≤ t ≤ min(ts + ∆A

l , τ)

0 otherwise
(7.1)
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Figure 7.1: Different impulse response can result in two different cases of
burst to be considered

7.2 Proof for Algorithm 1

First we prove that the two cases used in algorithm 1 are at-least needed for
an unconstrained task. Then we prove by contradiction that only these two
cases are needed to find the worst case scenario which results in maximum
temperature.

It can be seen from figure 2.1c that the burst is always an integral multiple
of work load i.e., burst bl = k ∗∆A

l , where k ≥ 0. Burst containing the peak
of impulse response (check [13] to see why burst should contain the peak of
impulse response) can be of length al = i ∗∆A

l , where 0 ≤ i ≤ k.
Let us consider jitter is not an integral multiple of ∆I

l (that is task is
not constrained) i.e., excluding the boundary condition for simplicity (which
was proved in [13]). Suppose the gap between the burst and nearest active
interval is m and n on left and right side respectively (figure 7.1a). For worst
case temperature we have to maximize Area Under Curve (AUC) of impulse

27



response and the active interval [13]. Thus m+n = max(0,∆I1
l +(i−k+1)∗

∆I
l ) & max(0,∆I1

l +(i−k)∗∆I
l ) ≤ m,n ≤ max(0,min(∆I

l ,∆
I1
l +(i−k+1)∗∆I

l ))
for worst case and to satisfy the arrival curve (can be deduced easily).

Now consider a case period=200 ms, min delay=50 ms, work load=100
ms and jitter=250 ms, in such case burst bl = 300 ms (k = 3) and ∆I1

l = 50
ms, ∆I

l = 100 ms & ∆A
l = 100 ms. For this case consider 1st part of figure

7.1a as the impulse response. Then among all the possibilities i = k = 3 i.e.,
al = 300 ms will give maximum AUC, m+n = ∆I1

l +∆I
l & ∆I1

l ≤ m,n ≤ ∆I
l ,

m = n = 75 ms gives maximum area and accordingly the task set are plotted
in 2nd part of the figure. Similarly in figure 7.1b, 1st part gives the impulse
response for which i = k − 1 = 2 i.e., al = 200 ms will give maximum AUC,
m + n = ∆I1

l & 0 ≤ m,n ≤ ∆I1
l , further m = n = 25 ms gives maximum

area.
Thus, we have proved here that according to different impulse response

we need at-least the two cases i = k & i = k − 1. Now we’ll prove that
we need only these two cases. In other words if we decrease i further i.e.,
i ≤ k − 2 then we’ll get AUC less than what we got for i = k or i = k − 1.

To maximize area for i ≤ k − 2 we’ll get m = n = 0, thus the total
burst length (including the neighboring active interval region) will become
(i + 2) ∗ ∆I

l . So for i = k − 2 burst length will become equal to burst for
i = k, but this time the gap between the burst and the next active interval
will be ∆I

l which is more than that of i = k (where the gap was m & n), thus
the area will be lesser for i = k− 2. Similarly we can prove for i = k− 3 and
this thus holds for any i ≤ k − 2.

Hence proved that there are two and only two cases (presented above)
which are needed to find worst case peak temperature for an unconstrained
task.

Proof for T̊ ∗k (τ) ≥ T̊ ∗k (t) ≥ Tk(t) for all 0 ≤ t ≤ τ (with given conditions
satisfied) [13]- Since

• Hkl(t) ≥ 0 ∀t, k, l, and

• Temperature caused by any active process is ≥ temperature of a system
that operates in ‘idle’ mode for the same time period (follows from
equations (2.8),(2.9),(2.10)).

• Temperature at time zero T(0) = T0 ≤ (T∞)i.

• T̊ ∗k (τ) gives maximum temperature at any instant τ .

If follows from above that: T̊ ∗k (τ) ≥ T̊ ∗k (t) for all 0 ≤ t ≤ τ . Since T̊ ∗k (t) ≥
Tk(t) from first part of the theorem, thus it proves T̊ ∗k (τ) ≥ T̊ ∗k (t) ≥ Tk(t) for
all 0 ≤ t ≤ τ .
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