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Abstract: 

 

Many teachers of AP Calculus find themselves facing a dilemma at the end of the school year.  

The AP Exam, the event for which their students have spent the year preparing, is completed, but 

the school year is not.  In our district, students typically have two more weeks of school after the 

AP Exam before graduation.  I’ve spent several years searching for a meaningful and engaging 

Calculus topic for students to study during this time.  For this paper, I developed a set of lessons 

that would introduce students to some of the power series concepts studied in a Calculus II 

course, to some discrete math concepts, and finally, to the topic of generating functions.  The 

students in my Advanced Placement Calculus class completed these lessons in the time between 

the AP test and graduation.    Their knowledge was assessed before the lessons began and after 

they finished their study of these topics.  They were also given a survey to evaluate their interest 

in the topic and their self-assessed level of understanding.  Based on the end of unit assessment, 

the surveys completed by the students, and my observation of the level of student engagement 

during the lessons, I felt this was a topic of study that held the interest of the students, would be 

adaptable to take more or less time depending on the schedule at the end of the year, and seemed 

to be a good introduction to some advanced math concepts.  It is definitely a series of lessons 

that I would enjoy teaching again. 
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I.  Introduction 

It has long been pondered by teachers of AP Calculus, and I'm sure by teachers of other AP 

subjects as well, what to do with your bright, but exhausted, students in the weeks between the 

AP Exam and the end of the school year.  I am always torn between letting the students finish the 

year at a leisurely pace and trying to get through more terrific Calculus content.  After a few 

years of experiencing this professional indecisiveness, I decided to do some research into what 

others do to fill this time in a meaningful way.  I wasn't surprised to find that there were many, 

many teachers out there who felt as I did.  I was, however, surprised that there seemed to be a 

shortage of ideas that required students to learn new Calculus material. 

 

In the early part of the twentieth century, the gap between secondary and higher education 

widened.  After World War II, the Ford Foundation created a Fund for Education.   This fund 

sponsored two studies that searched for ways to bridge the gap between secondary and higher 

education.  It was as a result of these studies that the Advanced Placement (AP) program was 

born.  A pilot program, offering coursework in 11 subjects, ran in 1952.  In 1955, the College 

Board was invited to take over the development of the program and the administration of the 

tests. 

 

The goal of the Advanced Placement program is to allow motivated students to study advanced 

coursework and, through obtaining a passing score on a national exam, earn college credit for a 

course, or courses, completed in high school.  In order for a high school course to be certified by 

the College Board, the course syllabus must be submitted for review and approved.  It is 
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possible, however, for students to take an AP test without participating in a College Board 

approved course. 

 

The Advanced Placement Program has grown dramatically since its inception in 1952.  In 2012, 

there were 34 tests offered and, according to the 9th Annual AP Report to the Nation, “954,070 

graduates, or 32.4 percent of them, took at least one of the tests.” (2013 DeSantis ) 

 

Students who study AP Calculus have the choice between two possible tests.  They may either 

take the Calculus AB test, which would allow them to earn college credit for Calculus I, or they 

may take the Calculus BC test to earn college credit for Calculus I and II.  According to the 

College Board, 266,994 students took the AP Calculus AB test in 2012.  Of the students that took 

the AB Calculus test, approximately 59% earned a 3, 4, or 5, the scores that typically allow the 

student to earn college credit. 

 

Stanley-Boyd High School has offered Calculus to our high school students since the 1991-92 

school year.  In 2006 we went through the course audit process to have our course recognized as 

an AP course by the College Board.  Our course is taken by approximately 20-25% of our senior 

class each year.  The number of students who choose to take the AP exam varies each year.  Last 

year we had 18 students in the AP Calculus class.  We had 12 students take the exam.  Ten of 

these students obtained passing scores and were able to receive credit for Calculus I.  While the 

number of students taking the test varies, the pass rate obtained last year is pretty typical for the 

students from our district over the last 7 years.   
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The Advanced Placement exams are given over a two week period at the beginning of May.  The 

Calculus exam is always given on Wednesday morning during the first week of testing.  This 

year, the test date was May 8th.  The date of this test presents a problem for those of us who teach 

AP Calculus.  While our students who take the AP Exam feel like they’ve just completed the 

culminating activity for the course, they often still have several weeks of school remaining.  The 

seniors in our district, for example, still have two weeks of school left after the test but before the 

end of the year.  This leaves many teachers searching for meaningful activities that students can 

do after the test and before graduation.  Making the last few weeks of school meaningful has 

been of great concern for me as a teacher of AP Calculus. 

 

When I first began my search for ideas of content to teach after the AP exam, I turned to the 

discussion board in the AP Teacher Community for AP Calculus.  There were actually several 

discussions devoted to this topic on this site.   The ideas that were posted seem to fit one of a few 

common themes.  The teachers who posted ideas to this discussion board either have students 

complete a fun, summary activity of a topic already covered during the year, have them watch 

math movies, have them explore a non-calculus, and possibly even non-math, topic, or have 

them study an additional calculus topic. (Sorensen et al., 2013).   I would like to describe some 

of the projects of each of these types that I’ve found.   

 

Many teachers who have posted ideas online let their students choose a fun project that 

summarizes an area of content that was already studied during the year.  For example, teachers 

have their students create a video on a calculus topic, write a book that could be used to review 

calculus topics with next year’s students, write problems that model AP Free Response 
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Problems, create flash cards to help the next year's class study for the AP Exam, write problems 

that help Pre-Calculus students prepare for Calculus, or write songs about a calculus topic.   

 

Another common theme was to have a few weeks of "Calculus Theater."  During this time, 

students would watch movies that prominently feature mathematics.  Students in these classes 

spend several days watching movies like Stand and Deliver and A Beautiful Mind. 

 

Another idea for the weeks after the AP Exam was to study math related topics.  Many math 

teachers who posted on the discussion forum agreed that these weeks provided a great 

opportunity to let students explore areas of interest or to expose them to branches of mathematics 

outside of the realm of Calculus.  Some suggestions brought up in this discussion included 

having students explore how check bits in electronically sent data work, learn a little about 

computer programming, create applets to help elementary school students study mathematics, 

complete a financial planning project, or study another discipline of mathematics like probability 

or number theory.  (Tucker et al., 2013) 

 

In his article, "Attracting Mathematicians in High School:  What Can Be Taught After the AP 

Calculus Exam?", Ryan Gantner (2010, p 1-2) describes the time after the AP Exam as 

"mathematical free time."  He suggests studying mathematics outside of the world of calculus, 

but with a link to calculus.  He offers that a study of probability, particularly an introduction to 

probability density functions, has a natural connection to calculus as students could use their 

knowledge of integrals with the probability density functions.  He also suggests that students 

could study the Normal density function.  This could lead students to the interesting idea that     
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e-x^2 has no explicit antiderivative and could support the need for numerical integration 

techniques. 

 

A final idea, one that is least discussed on these message boards, is to just continue studying 

calculus.  If teachers have two weeks to a month left of school after the AP Exam, they could 

very easily cover an additional calculus topic.  Some topics that are not a part of the Calculus AB 

recommended curriculum are methods of integration other than substitution, improper integrals, 

and power series.  A study of one or more of these topics could easily be completed in the last 

weeks of school.  

 

Before discussing my feelings on these curricular ideas, I would like to explain that my research 

into this topic was not done all at once, but was done in a very need-based way.  I tried 

something with my students after the AP exam, found my idea lacking in some way, modified it, 

again found it lacking, researched other options, experimented again, researched again, etc.  As I 

critique each of the ideas presented in the above sections, I would like to do so based on my 

experience with each. 

 

The first year I taught AP Calculus, I had the students complete one more calculus topic after the 

AP test.  We delved into a study of power series that was worthy of any college Calculus 2 

course.  The problem was, the kids were tired after a month of intensive AP review.  During our 

study of series, they worked hard during class time, asked good questions, and even did some of 

their homework, but their work was not up to the standard they had set during the year, and was 

definitely not up to the standard they needed to master the concept of power series.  
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My first attempt to improve the last two weeks of school was to choose a different topic.  I 

thought that perhaps series were too abstract and required too many new connections to be made.  

So, the next year, we studied improper integrals.  This was still a new topic.  It required students 

to think about integration, a topic they had mastered, in a new way.  Students were able to have 

some philosophical discussions regarding objects with infinite length, but finite area and objects 

with infinite surface area, but finite volume.  I felt that this idea was a better fit for students at 

this time of the year.   The students were more engaged, and I felt they ended up mastering the 

material.  I would have used this idea again, but our district’s high school schedule changed and 

we found ourselves with both extra time and extra days for calculus so the topic became a part of 

our regular curriculum. 

 

So I continued searching.  I was looking for something that was content rich, but didn’t require 

as much homework as our study of series did.  I decided to try one of the extra activities 

suggested on the College Board discussion forum.   I had students build review games for future 

years calculus students.  The games could be of their own design, but students had to provide me 

with a list of what they felt the major concepts studied in the course were and then come up with 

questions and solutions to review each topic they chose.  While it was fun to see the students 

work creatively with their review, I felt they lost a little interest in the process as they had just 

spent the last month reviewing for the AP test.   

 

Now in search of something that allowed students to be creative, yet still study calculus, I had 

my classes write and film a “movie” that prominently featured calculus.  I thought this activity 
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gave students the opportunity to be fun and creative, but didn’t require the extreme amounts of 

review like the game project did the year before.  As with the games, the students had fun with 

this project.  Their movie was entertaining, and their plot required the hero to save the day on 

more than one occasion by using calculus.  They put considerable time into making the movie 

contain realistic applications of calculus, but I felt that they spent much less time on math than I 

wanted during these two weeks.  In fact, after watching my students complete these extra, fun 

activities, and looking at the activities other teachers had their students complete, including the 

songs and flashcards mentioned earlier, I felt that the lack of time spent on content was a basic 

problem with these activities.  While the activities were fun and engaging, the students spent 

more time on the other facets of the activity than they did with the math. 

 

I briefly considered the idea of watching a math movie during this time.  I quickly ruled this out, 

however.  While I like math movies as much as the next person, I've often wondered why we 

would use class time to do something that students could do in their own homes without a 

teacher present.  It wasn't until I was conducting my research for this paper that a potential 

motive for showing movies became clear.  One of the teachers who posted this idea explained 

that they have many students who take other AP exams during the two week testing period.  If 

they try to cover new content, they are missing many members of their class on several different 

days due to testing.  In fact, some teachers posted that they let their calculus students spend time 

with their other AP teachers so they can prepare for their other exams.  I realized that schools 

that offer many AP classes have an added battle to fight in the weeks following an AP exam 

given early in the exam schedule.  The teachers of early exams not only have to keep students 
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engaged and learning, they have to do it when several of their students might miss several days 

to take other AP tests.  

 

I gave a lot of thought to what to try next.  I was intrigued by the idea of studying a non-calculus, 

math topic.  I liked the wide range of possibilities available and I liked the flexibility to follow 

the interests of any particular class.  However, I felt that, by abandoning the study of Calculus, I 

wasn’t being quite fair to my class.  There is so much left in the world of Calculus we haven’t 

studied that I felt I should be able to find something that was both exciting and meaningful.   

 

What I really wanted was to provide students with a chance to look at new calculus content in a 

relaxed way.  On average, about one third of our students who take the AP Exam move on to 

take a College Calculus 2 course.  I wanted lessons that would meet the needs of these students 

and still prove interesting to those who don't plan to take any more math courses after Calculus.  

I wanted to present my students with a question that they wanted to answer, but couldn't answer 

with their existing math knowledge.  I wanted their curiosity about this question to provide the 

motivation that many seniors are lacking in May. 

 

II.   Justification for the Development of this Project 

   

I have always felt that it is important for students to understand the connections between the 

mathematical topics we study and the "real world."  While I love math for math's sake, I know 

that many of them don't share this love when they enter my classroom.  They want to know how 

the things we are learning apply to their lives.  We spend a lot of time looking at math through 
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the lens of other disciplines.  The musical scale, the growth of investments, moving objects, 

creating their course schedules, and many other every day things find their way into our 

mathematical discussions.  These types of discussions and activities are the ones that grab the 

attention of even the most reluctant math students. 

 

After teaching for a few years, I began to feel that, in addition to these interdisciplinary 

connections, I should also find ways to connect the branch of mathematics students are currently 

studying to other areas of mathematics.  I really want my students to see that mathematics is a 

body of interconnected ideas rather than a segmented study of random facts and formulas.  I 

want them to build and recognize these connections. 

 

In 2010, the Mathematics Association of America's Committee on the Undergraduate Program in 

Mathematics (CUPM) was charged with making recommendations to guide mathematics 

departments in designing curricula for their undergraduate students.  They came up with a list of 

possible recommendations and concerns.  Included in their recommendations were the ideas that 

all students should achieve mastery of a rich and diverse set of mathematical ideas, be able to 

think analytically and critically and to formulate problems, solve these problems, and interpret 

their solutions.  They should have experience applying knowledge from one branch of 

mathematics to another and should also have experience applying knowledge from mathematics 

to other disciplines.  They also recommended that students practice translating problems from 

other disciplines into mathematics and then expressing the solution in language understandable 

to those with relatively little mathematical training.  (The Committee on the Undergraduate 

Program in Mathematics, 2001) 
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These recommendations seemed to reinforce many of the things I've long believed.  Now, not 

only do I want to help kids make connections between disciplines and learn to think analytically, 

but as a teacher preparing students for an undergraduate study of mathematics, I feel an 

obligation to find ways to address at least some of these recommendations in my classroom.  

Armed with the belief that students should learn to apply math to their lives and with the 

recommendations of the MAA's Committee on the Undergraduate Program in Mathematics, I 

found myself searching for ideas on how I could bring these ideas into my classroom on a daily 

basis.  While the curricular guidelines set forth by our school district somewhat limit the amount 

of mathematical freedom I have within my classes to do this, I've found it possible to meet many 

of these recommendations within the confines of our curriculum.  I was really excited by the 

mathematical "free time" after the AP Calculus test, as it could be a time truly open to 

mathematical exploration.   

After taking a Discrete Mathematics course at the University of Wisconsin - River Falls, I was 

particularly intrigued with the connection between counting outcomes, power series, and the use 

of generating functions to find a desired number of outcomes.  I thought this would make a 

perfect topic of study for my students after the AP exam.  By studying generating functions, 

students would be exposed to both a new calculus topic and to a discrete mathematics topic.  

They would be presented with a problem that they would like to solve (namely, how many ways 

could they choose a dozen doughnuts from our local bakery given some restrictions on the 

number of doughnuts of certain types they could purchase) but couldn't solve with the 

mathematics they already know.  They would also gain some experience with power series, one 

of the more difficult topics for our past graduates who move on to Calculus II at the university 

level. 
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After reading the guidelines from the Mathematics Association of America, I was further 

convinced that this project would benefit my students.  While completing this project, students 

would be building connections between Calculus and Discrete Mathematics.  They would also be 

meeting the Modeling standard from the Common Core State Standards for Mathematics, as I 

plan to have the students go through the modeling cycle with these problems.  They would be 

given a problem, formulate a model, compute a solution, interpret their solution, validate their 

solutions, repeat as many times as necessary, and then report their results to our High School 

Principal and our office crew.  (National Governors Association Center for Best Practices, 

Council of Chief State School Officers, 2010)  

  

As I searched for resources on generating functions that might help me design this project for my 

students, I found that what I wanted to do is different from things that have been previously done 

in that my curriculum links counting theory to power series to generating functions at a high 

school level.  There are many activities available online that discuss counting theory at the high 

school level and many that discuss power series at a high school calculus level.  There are 

textbooks that discuss these topics together, but at a very advanced level.  I also found a few 

websites that link these topics, again at a more advanced level than that of my high school 

Calculus students.  I could not find anything that linked these topics in a way that was written 

using the vocabulary and mathematical understanding of high school students. 
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III. Design of the Curriculum Development Project 

 

When I started creating this curriculum project, I had several ideas in mind for what I wanted 

these lessons to look like.  I wanted to create a series of lessons that could be completed in class 

with minimal homework required.  My AP-Calculus students work very hard to prepare for the 

AP test and, while I wanted to keep challenging them, I didn’t want to give them a lot of work to 

do outside of class.  I also wanted to create a series of lessons that gave students something 

different to do every few days.  I know that seniors struggle with their attention spans in the last 

few weeks of school, so I didn’t want them to feel that they were bogged down in any one 

subject for too long.  Finally, I wanted the lessons to be structured in a way that would lead 

students to discover the connection between these topics through a guided discussion.  I didn’t 

want them to have to sit and listen to lectures late in the school year. 

 

I decided to structure our nine days after the AP Exam as follows: 

 

I.  Sequences and Series:  3 days 

 A.  Arithmetic and Geometric Sequences and Series 

 B.  Finding the sum of an infinite geometric series 

 C.  Finding the interval of convergence for an infinite geometric series 

 D.  Finding a formula to represent the sum of a finite geometric series. 

 E.  Using the derivatives or integrals of a power series to find function to  

       represent the series. 

 F.  Using the derivatives or integrals of a function to find a power series to  

       represent the function. 
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II.   A Review of Counting Outcomes:  1 day 

 A.  Permutations 

 B.  Combinations 

III.   Combinations of Multisets:  2 days 

 A.  Building Fruit Baskets 

 B.  Finding the number of non-negative integer solutions to an equation 

 C.  Building Bit Strings 

IV.   The Binomial Theorem:  1 day 

 A.  Pascal’s Triangle  

 B.  Relating Pascal’s Triangle to the Combination of Multisets 

V.  Generating Functions:  3 days 

 A.  How do they work? 

 B.  How to interpret limits on the number of items you are choosing. 

 

Please see Appendix A for a copy of the lessons that the students received. 

 

I decided to start with sequences and series, a topic from my students' mathematical past that 

doesn't really look like calculus to them, but connects to calculus rather quickly in these lessons.   

Under our current, but changing, curriculum, students in our district have very limited exposure 

to arithmetic and geometric sequences and series.  They study arithmetic sequences briefly in 

Algebra 1 as an introduction to linear functions.  They study geometric sequences briefly in 

Algebra 2 as an introduction to exponential functions.  It isn’t until Pre-Calculus that they start 

working with series and expressing a sum using sigma notation.  Students spend quite a bit of 

time working with this in Pre-Calculus and they are quite good at both expressing a series using 

sigma notation and interpreting sigma notation to write an expanded series by the time they get 

to Calculus. 
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Students completing these lessons will spend a day studying the familiar concepts about series 

before moving into unfamiliar territory.  They will spend the majority of the second day working 

with series from a calculus perspective.  They will find a power series representation of a 

function and express a power series in terms of a function.  They will expand on their prior 

knowledge that the formula for the sum of a geometric series, 	  , only works if |r| < 1, 

to find the interval of convergence for a power series. 

 

During the last day of the lessons on series, students will work with series that are not geometric 

series; however, by taking the derivative or the integral of these functions, they can find a 

function to represent such series.  I hope that this will provide the groundwork that allows 

students to continue on to a successful study of generating functions in this unit, and to a 

successful study of power series in a future Calculus II course. 

 

After this brief work with series, I planned for students to switch gears completely and study 

counting outcomes.  One of my hopes with these lessons is to keep students’ attention by 

changing topics, perhaps before they've mastered an idea, and then bringing all of the ideas 

together at the end.  I believed that the change of pace will keep even the most unmotivated 

senior working, and that their desire to see how these seemingly different topics are related will 

keep them interested. 

 

Permutations and combinations are also something these students have previously studied.  

When they enter our Calculus course, they can define the terms, although they are often unsure 
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as to which definition goes with which term.  They also know the formulas for calculating a 

number of arrangements of objects where order matters and where order doesn't matter, but 

again, they often have trouble remembering which goes with which.  This day of the lessons was 

designed to help them review permutations and combinations and recognize which is needed in a 

given situation. 

 

I planned to close this day with a strategy that they probably haven't seen before.  The lesson 

ends with a few problems like this, "how many ways can you rearrange the letters in Packers so 

that no two vowels are together."  Based on their prior knowledge, I believed they would count 

the total possible outcomes and subtract the ones where the vowels are together.  For this 

problem, this is a reasonable proposition as the number of vowels is small so there are only two 

options for the vowels, they are either together or they aren’t.  We will then discuss the method 

of counting the ways to arrange the consonants and then choosing two of the spaces between the 

consonants to place the vowels.  This is an easier method of solving a more complicated version 

of this problem. 

 

After completing this review of counting theory, I planned to introduce the idea of a multiset.  

Students have not yet worked with counting possible outcomes when they can choose more than 

one of something.  I planned to start the lessons by having them make a list of the possible fruit 

baskets of varying sizes that they could create using different types of fruit.  For example, how 

many ways could they create a fruit basket containing four items if they can choose to put apples, 

pears, or bananas in the fruit basket?  They could choose to put in all apples, or 2 apples and one 
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pear and one banana, or 3 bananas and one pear, etc.  This problem requires them to come up 

with a way to organize their list to make sure they've counted all of the possible outcomes.   

 

They will then try making different size fruit baskets using a different number of available fruits.  

I hope that they will try to find a pattern to represent these situations rather than think they will 

always need to make a list.  Once they've started looking for a pattern, I will pose a new 

problem:  How many possible non-negative integer solutions are there to the equation x1 + x2 + 

x3 +... xk = n?  I will give them the situations that mirror the fruit basket problems in an effort to 

guide them to the fact that these problems are really related. 

 

After they have recognized that there is, in fact, a connection between these two types of 

problems, we will look at the possible number of bit strings of given length with a given number 

of 1's.  They will be asked to find the number of bit strings that represent similar problems to the 

fruit basket and non-negative integer solutions problems.  This also connects to our problem of 

how to arrange the letters in the word “Packers” so that the vowels aren’t together.  The 

expectation is that, if they write out the similar problems of each type, they will recognize the 

connection and we can work together as a class to come up with a formula to calculate the 

number of outcomes for any situation of this type. 

 

After they have realized the connection between the ideas in the previous section, I plan to 

change topics yet again.   We will briefly study the Binomial Theorem.  Students in our district 

begin expanding binomials in Algebra 1.  By the time they reach calculus, they are very 

proficient at expanding expressions like (x + y)6, although it takes quite a bit of time.  Those 
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calculus students who also participate on our Math Team are familiar with the shortcut of using 

Pascal's Triangle to expand expressions like this, but they haven't studied why this works.  

 

My goals for the students during these lessons are that they can develop a deeper understanding 

of the Binomial Theorem using their knowledge of sigma notation and that they can link this 

theorem to the counting numbers and to Pascal's Triangle.  This study will end with the question, 

"If I listed 100 letters using only x's and y's, how many of these lists could be made using exactly 

72 x's and how could I find this number by expanding (x + y)100?"  The need to create ordered 

lists (as we did when studying multisets and now again with the Binomial Theorem) will lead to 

the idea of generating functions. 

 

The big idea of this entire unit is to count a desired number of outcomes using an appropriate 

generating function.  The students have no prior experience with generating functions, but by 

studying power series and counting theory, they have developed all of the tools they will need to 

build a meaningful understanding of this concept.  We will spend the last few days of this unit 

studying generating functions. 

 

On the pre-test I gave the students at the beginning of the unit, they were posed this question: 

 

You and your friends are going to order bagels from Panera.  Panera has 14 types of bagels to 
choose from and you want to order a baker's dozen (13) bagels.   You need to make sure you 
have at least one cinnamon raisin bagel, no more than 4 chocolate chip bagels, an even number 
of banana nut bagels, and an odd number of pumpernickel bagels.  Write a generating function to 
determine the number of possible combinations of bagels you could buy and explain how to use 
it to find these combinations. 
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I hoped that they would quickly realize that a systematic list would be a very difficult way to 

solve this problem and that they would be intrigued enough to want to find a better way.  If the 

students put together the knowledge they've gained in this series of lessons and use technology, 

they can now answer this question.  We will also try to answer several similar questions using 

generating functions.  Our final activity will be to walk to our local bakery, count the number of 

each type of doughnuts available, and calculate how many possible doughnut combinations our 

class could buy. 

 

 

IV. Results 

 

The thirteen students in my AP Calculus class were the subjects in this study.  Of these thirteen 

students, nine of them had just taken the AP Exam.  Twelve of the students were seniors and one 

was a junior.  The class was made up of nine females and four males. The students had nine, 65-

minute class periods before graduation to complete this project and take the test at the end of the 

unit. 

 

All of the students in the class were given a test before completing these lessons and then again 

after completing these lessons to assess their knowledge of power series and generating 

functions.  They were also allowed to work in small groups on two quizzes that addressed 

counting outcomes, combinations of multi-sets, and the theory behind why generating functions 

work.  After the final exam, they were asked to complete a survey about their feelings about the 

project.  The test and quizzes and survey are included in Appendix B.  In this section, I will 
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discuss the student’s progress on series, combinations of multisets, and generating functions.  I 

will also share my overall impressions of how well the students met the goals for this project and 

share some of the students’ thoughts on the project. 

 

Of the topics covered by these lessons, sequences and series were the topic with which I thought 

students would be the most familiar.  Their performance on the pretest did not reflect the level of 

knowledge I thought they should have at this point.  They were given the following questions on 

their pre and post-tests: 

For each of the series given below: 
 a)  Find the next 3 terms in the series. 
 b)  Determine whether the series converges or diverges.  If it converges, find the   
 value to which it converges. 
 c)  Express the series using sigma notation. 
  i)  4 + 7 + 10 + 13 + … 
  ii)  5 + 5/2 + 5/4 + 5/8 + ... 
  iii)  40 - 10 + 5/2 - 5/8 +... 
  iv)  x + x3+ x5 + x7 + ... 
 

On the pre-test, they were able to find the next terms in all of the series, but could not represent 

the series using sigma notation.  I thought they would be able to do this.  They also were unable 

to tell whether the series converged or diverged or to state the interval of convergence, but as 

these weren't concepts they'd seen before, I didn't expect them to be able to answer these 

questions at this point. 

 

Students did much better on these questions on the post-test.  Three of the students got all three 

questions correct for parts i-iv.  Eight of the students also did everything correctly, except that 

they didn’t justify their answer for whether the series x + x3 + x5 +…converges or diverges by 

stating its interval of convergence.  This might have been because I did not explicitly ask them to 
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do so.  This makes it hard to tell if it was something they knew how to do or not.  I will definitely 

rewrite this question if we do this unit again.  The remaining two students also did very well.  

They didn’t state the interval of convergence and they had minor errors in the sigma notation for 

one of the series.  They did have the rest of the section correct. 

 

Another section of the test asked students to find a power series that could be represented by a 

given function. These were the three questions they were asked: 

 

Write the power series that can be expressed with the functions given below. 

a)   

 

b)   

 

c)  
	
 

 
 

The first two questions were examples of ones I thought all of the students should be able to 

answer successfully after completing these lessons.  The third was one I felt was pretty difficult 

for the students to answer based on what we covered in class.  I merely wanted to see how they 

would apply their knowledge, but didn’t really expect any of them to get this question right.  

While some students wrote something down on the pre-test, they obviously had no idea how to 

answer these questions.  The majority of the class just left these questions blank.   

 

On the final test, the students did very well on this section.  Everyone answered the first two 

questions correctly.  This was what I expected.  I was very pleasantly surprised, however, by 

their performance on the third question.  Six of the students had this question completely right, 

four were on the right track, but had a slight error in either their initial term or their subsequent 
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terms, and the other three answered incorrectly.  I thought it was interesting that, of those that 

had the answer correct or close to correct, they expressed the power series in different ways. 

 

As we began our study of power series, I realized that I hadn't asked them any questions on the 

pre/post-test that required them to use a derivative or integral to find a power series 

representation of a function.  To remedy this, I gave them the following question on one of the 

quizzes: 

 

Write a power series that can be described by this function: 

1
1

 

 

The students were very successful in solving this problem.  Ten of them solved the problem by 

integrating the given function and using this new function to lead to the power series.  The other 

group of three began by expanding the binomial and using the 2x + x2 as the ratio between terms.  

This would have worked fine, but I think they thought they should be using a derivative or an 

integral to solve this.  They didn't actually use 2x + x2 as the ratio, but used the derivative of this 

instead.  This led them to an incorrect answer. 

 

Another fault of my assessments for this unit was that students weren’t given any questions that 

asked them to count the possible combinations of a multiset.  This was definitely an oversight on 

my part as we spent two class days looking at examples of this and then “discovering” the 

formula for counting these outcomes, 1 .  Although our exploration of combinations 

of multisets was most valuable because it gave us another type of counting for which to verify 
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that generating functions work, it maybe should have been assessed more in its own right.  I 

decided to add this question to one of their quizzes: 

 

You are going to go to a bakery and choose a dozen doughnuts to bring home for an after school 
snack.  If the bakery has 20 types of doughnuts (and at least 12 of each of these types) how many 
possible dozen doughnut combinations could you choose? 
 

Every student successfully answered this question on the quiz. 

 

The ultimate goal of these lessons was for students to use generating functions to count 

outcomes.  Generating functions were the concept that tied together our work with series and 

counting theory.  These were the questions the students were asked on the pre/post-tests: 

 

You and your friends are going to order bagels from Panera.  Panera has 14 types of bagels to 
choose from and you want to order a baker's dozen (13) bagels.   You need to make sure you 
have at least one cinnamon raisin bagel, no more than 4 chocolate chip bagels, an even number 
of banana nut bagels, and an odd number of pumpernickel bagels.  Write a generating function to 
determine the number of possible combinations of bagels you could buy and explain how to use 
it to find these combinations. 
 
 
You are going to ride the rides at Ringelspiel.  This year, they are selling tickets to ride the rides.  
The Zipper costs 4 tickets, the Tempest costs 3 tickets, the Tilt-a Whirl costs 2 tickets, and the 
little cars cost 1 ticket.  You want to ride each ride at least once, know you shouldn't ride the 
Tilt-a Whirl more than 5 times,  and, even though you love the little cars, you will only ride them 
with a small child so you don't look anything less than tough.  Write a generating function to 
determine the number of possible ride combinations and explain how to use it to find the number 
of ride combinations you could ride if you bought 40 tickets. 
 

 

I was not surprised when about half of the students did not write down anything in their attempt 

to solve these questions on the pre-test.  Those that wrote down an attempt at a solution, did not 

come close to anything that would have led to a correct answer.   
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On the post-test, students did fairly well with these questions. The majority of them got the bagel 

question correct.  A few didn’t account for the fact that not all of the types of bagels had 

restrictions and didn’t include these types of bagels in their solution, but did correctly accounted 

for the restrictions that were given.  Students had a tougher time with the ticket problem.  Even 

though I thought they had done several problems like this, including finding how many ways you 

could make a dollar using any types of change, they really struggled with this.  While many were 

on the right track, only one student had the problem almost completely correct. 

 

After they completed the final exam, but before they knew their results on the test, students 

completed a survey that asked them to give their opinions of these lessons.  Overall, the students 

said they enjoyed this topic.  While they seemed stressed at times in class, especially when we 

moved on before they felt they'd mastered a topic, they all commented that they felt that things 

came together by the end of the unit.  Most felt that they would have liked to have spent a little 

more time with generating functions when there were restrictions on the numbers of some types 

of objects that could be chosen.  This comment did not surprise me as I also thought another day 

on this topic would have been nice.   

 

V. Reflection 

 

As I was completing my MSE coursework, I found myself searching for something that could be 

a topic for this research paper.  While I really enjoyed all of the courses and learned a lot in all of 

them, I had a hard time finding a topic that fit into the classes I teach.  For example, I knew that a 

brief study of a non-Euclidean geometry or a set of lessons that had students use the Geogebra 
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software would be great for this curriculum project if I taught Geometry.  Lessons that used 

Excel or the graphing calculator to explore a Statistics topic would be great if I taught Statistics.  

I actually used work completed in the Probability course to create a set of practice plans for our 

school’s math team, which I advise, but the work didn’t really fit into the school’s curriculum for 

my Algebra 2 course.  It wasn’t until the study of Generating Functions that I found something 

that could fit naturally into a class that I teach and fill a need that I had in that class. 

 

Once I had decided on a topic for the curriculum study, I needed to find extra resources to help 

with the project.  It was during this time that I became reacquainted with the AP Calculus 

discussion forums on the College Board website.  While I didn’t find a lot of material to help 

with these lessons, I did find a lot of ideas to help in my AP Calculus class.  I also got into the 

habit of perusing this site looking for ideas.  The ideas I found there were extremely valuable to 

my Calculus class and were professionally invigorating. 

 

While completing my research for this paper, I found myself reading several math texts that were 

written for students beyond the calculus level.  To be completely honest, it has been a long time 

since I have read a mathematical text that was written at the upper limits of my level of 

mathematical understanding, interpreted it, and used the material that I learned.  It was very 

gratifying to find that I could still do this.   

 

Once I had completed my research, I needed to come up with a way to teach this material to 

students.  I wanted the unit to be rigorous, but still fit the mindset of seniors during their last 

weeks of school.  I believe the way the lessons were set up did this and took the students through 
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all of the levels of Bloom’s Taxonomy – knowledge, comprehension, application, analysis, 

evaluation, and synthesis.   

 

At the beginning of this unit, students had to demonstrate knowledge and comprehension of 

series and then apply this knowledge to analyze power series.  They also had to demonstrate 

knowledge and comprehension of permutations and combinations.  Then they needed to analyze 

and apply these ideas to count possible outcomes.  In the combination of multisets section of the 

lessons, they were asked to make connections between several examples to synthesize a formula 

of their own.  Finally, at the end of this study, they were asked to connect the topics studied at 

the beginning of the lessons to count the number of possible combinations of doughnuts our 

group could buy from a bakery.  They needed to synthesize their knowledge of the different 

topics to come up with a way to do this and then evaluate their results.  

  

Overall, I was happy with this project.  I thought the students stayed engaged, were interested in 

the material, and developed a pretty solid understanding of how and why generating functions 

work.  There were, however, a few things that I would change.  These changes fall into one of 

two categories.  There are things I would change if I had the same amount of time for students to 

complete the lessons and things I would change if we had either more or less time to complete 

the lessons. 

 

Based on the students’ post-tests and surveys, it seems that they needed to spend more time 

working on problems involving generating functions when the number of items chosen was even, 

or odd, or a multiple of some other number.  Although we did examples like this, our work 
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clearly wasn’t enough for them to feel they’d mastered the material.  I believe it would be easy 

for them to achieve mastery if we had one more day in which to study this material.   

 

If we had one more day between the AP test and the end of the school year, I would do things 

much as I did this year, but I would use part of the extra day to allow the students to work in 

small groups on a variety of generating function problems.  I would come up with several 

questions that involved the use of generating functions to count the number of possible outcomes 

when there are restrictions on the number of items chosen.  For example, I would let them 

explain to each other how to calculate the number of ways to make change for a dollar and then 

change the problem to find the number of ways to make change for a dollar if you had to have at 

least one quarter, an odd number of nickels, and an even number of dimes.  By working with 

variations of this problem, I think they would feel more comfortable with the idea of generating 

functions. 

 

I would use the other part of the extra day to have the students work together on a review of the 

other topics we’d studied in this unit.  We didn’t take a day to review this year, and while the 

students did very well on their tests, I would feel better knowing they had one more day to 

discuss these topics before the test.  I am not so concerned about this review improving their 

performance on the assessment, as I thought they did well, but I would like them to finish the 

unit with some good discussions about interval of convergence and power series in general. 

 

If we had less time between the AP exam and the end of the school year, it would be a little bit 

more difficult to make changes to these lessons.  Unfortunately for the students, the two areas 
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where I can see to most easily cut minutes from the lessons were the two things they said they 

liked the best on the surveys they completed at the end of the unit.  One of the students’ favorite 

activities, and the place where I would first try to save time, was making the systematic lists of 

ways to make fruit baskets of different sizes given different types of fruit to choose from.  This 

year, I had the students work with a partner to do this counting.  It took quite a bit of time, but 

the students came up with good ways to make systematic lists.  Their methods of list making 

were easily modified to count the number of non-negative integer solutions to equations of the 

form x1 + x2 + x3 = n.  If necessary, we could complete this activity as a whole class discussion.  

I could guide them in how to make a systematic list while letting them do the work.  This would 

speed things up considerably.  I also think I would do this if we had the same amount of time to 

complete the lessons as we did this year, as saving time here would give us more time to work 

with generating functions. 

 

The next way to save time would be to cut out our field trip to the bakery.  This year, we spent an 

entire class period walking to our local bakery, counting the types of doughnuts for sale and the 

number of each that were available to purchase.  We then bought doughnuts and walked back to 

school.  We used the data gathered at the bakery to calculate the number of possible ways to 

order the number of doughnuts we did.  Then, after performing our calculations and eating our 

doughnuts, the students met with our principal and office staff, gave them doughnuts, and 

explained how they calculated the number of possible boxes of doughnuts that could have been 

purchased.   
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While this day was not very content rich, it did give the students the chance to apply their 

knowledge in a real-life setting and present their knowledge to others.  I really believe that 

applying your math knowledge and explaining math to others in ways that make sense to them 

are two essential skills all mathematicians should possess.  I would be very hesitant to cut this 

activity for that reason.  I could find ways to modify the activity so that it took less time.  We 

spent about 30 minutes walking to the bakery and back.  We could save time by taking a bus to 

the bakery and back.   I could also arrange for the students to do their presentation to our office 

staff during their resource time at the end of the school day instead of during class time.  This 

might give us extra time to work with more examples of generating functions. 

 

Overall, I thought this set of lessons was pretty successful.  I felt that my three main goals for 

this project - to keep the students studying calculus after the AP Exam, to help students see 

connections between different branches of mathematics, and to keep seniors motivated to 

continue learning in their last weeks of school – were met.   These lessons started with a pretty 

intense study of power series, a topic that makes up about half of the material studied in a typical 

Calculus II course.  Although they did not spend the entire two weeks studying strictly Calculus 

material, I do feel that they formed a solid understanding of finding a power series representation 

of a function and the concept of the interval of convergence.  My hope is that this will help them 

approach these concepts confidently if they take a college Calculus II course.  The students in 

this class really enjoyed our discussions about continuous and discrete functions.  They liked that 

the power series information at the beginning of the unit eventually tied to a way to count 

possible outcomes in a given situation.   I also felt that students were engaged in discussions, 

worked together on discovering formulas and connections between the topics, and seemed 
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interested in the concepts being studied.  They were definitely motivated to keep working hard 

until the end of the year, even on days when you could tell that they were counting the days until 

graduation. 

 

As for me, I have definitely grown professionally from doing this project.  Not only do I now 

have a content-rich set of lessons for students to complete after the AP Exam, but I feel that I 

learned a lot and found many great resources during the process of writing these lessons.   

 

I thought the entire MSE program was very professionally satisfying.  I enjoyed the time spent 

researching a topic and creating a series of lessons that could help my students.  I really enjoyed 

the time spent talking, working, and problem solving with the other math teachers in the 

program.  Finally, I enjoyed the challenging coursework and finding ways to connect it to what I 

do with students every day.  While I love teaching math, it was very exciting to be learning math 

again! 
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Appendix A 

Sequences and Series 
A sequence is a list of numbers in a particular order.  Figure out the next three numbers in the 
sequences given below and explain how you found them. 
 

1)  2, 6, 10, 14, ____, ____, ____ 

 
2)  5, -2, -9, -16, ____, ____, ____ 

 
 

3) 2, 4, 8, 16, ____, ____, ____ 

 
4)  5, 10, 20, 40, ____, ____, _____ 

 
 

5)  1, ½, ¼, 1/8, ____, ____, _____ 

 
6)   15, 5, 5/3, 5/9, ____, ____, ____ 

 
 
An infinite series ⋯ ⋯  is the sum of an infinite number of terms of a 
sequence.  You can find the partial sums of the series as follows: 

	  
 

 
⋯  

If the sequence of the partial sums has a limit S as n→ ∞, we say the series converges to that 
value.  If the limit does not exist, the series diverges. 
 
Do the series given in problem 1 converge or diverge?  If they converge, try to approximate the 
value to which they converge. 

1)       2) 

 
3)       4) 

 
 
      5)       6) 
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Arithmetic Series: 
 
Geometric Series: 
 
How to find the sum of an infinite geometric series: 
 
The series converges if |r|< 1 
The series diverges if |r|> 1 
Apply this formula to these geometric series.  Do they converge or diverge?  If they converge, 
state the value to which they converge. 

7)  2 + 8 + 32 + 128 + … 
 

8)  4 – 2 + 1 – ½ + … 
 

9)  10 + 1 + 0.1 + 0.01 + 0.001 + … 
 

10) 7 – 7/3 + 7/9 – 7/27 + … 

 
Using Series Notation 
Let’s review series notation and use it to describe the given series. 
2 + 4 + 8 + 16 + …  =  
 
5 + 10 + 20 + 40 + … =  
 
1 + ½ + ¼ + 1/8 + … = 
Write the first 4 terms of the series.  Tell if the series converges or diverges.  If it converges, find 
the sum. 

3
1
2

∞

 

 

1
2
3

∞

 

 
Write the series notation for the series below.  Find the sum if they converge, otherwise say the 
series diverges. 

3)  1 – ½ + ¼ - 1/8 + … 

 
 

4)  ⋯  

 
Make up a geometric series and write it in series notation. 
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Power Series 
1) Look at the polynomial with infinite degree f(x) = 1 + x + x2 + x3 + x4 + … 

(a polynomial with infinite degree is called a power series) 
This power series is really an infinite geometric series. 

a)  What is the first term?  What is the ratio between terms? 
 

b)  What is the sum of this infinite geometric series?  Does this work for all values of x?  
Why or why not? 

 
 
When we are within the interval of convergence, we can say that the series represents the 
function 1/(1 - x). 

c)  Graph 1/(1 – x). 
 

d)  Graph the partial sums of the infinite geometric series.  (y = 1 + x, y = 1 + x + x2, y = 1 + 
x + x2 + x3, etc) 
 

e)  Now look at these graphs in the interval of convergence (from -1 < x < 1).  Discuss what 
you see. 

 
 
 

2) Look at the power series f(x) = 1 – x + x2 – x3 + x4 - … 
a)  What function is represented by this infinite series?  (Hint:  find the sum of the 

geometric series.) 

 
 

b)  What is the interval of convergence? 

 
A power series centered at x = 0 is of the form: 

⋯ ⋯

∞

 

 
A power series centered at x = a is of the form: 

⋯ ⋯

∞

 

 
3)  Discuss these, come up with an example of each. 
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A power series either converges for all x, converges on a finite interval with the same center as 
the series, or converges only at the center itself. 

4)  Find a power series to represent the following functions.  State the interval of 
convergence. 

a)   

 

b)   

 
 

c)   

 
 

d)  		 :		 	 	 	 	  

Now that we’ve reviewed some of our sequence and series knowledge and learned a little about 
power series, let’s bring in a little calculus.   

5)  Find a power series to represent  

 
 
 
 
 

6)  Find a power series to represent ln(1 + x) 

 
 
 
 
 

7)  Find a power series to represent tan-1x 

 
 
 
 
 
 
 
 
 
(Finney, Demana, Waits, & Kennedy, 2003) 
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8)  What function is represented by the power series 
a)  x3 + x6 + x9 + … 

 
 
 

b)  3 + 3x5 + 3x10 + 3x15 + … 

 
 
 

c)  x4 + x6 + x8 + … 

 
 
 

d)  1 	
! ! !

⋯
!

⋯ 

 
 
 
 
 

e)  What do you think the interval of convergence is for part d?  How can you tell? 

 
 
 
Writing Finite Geometric Series Using Power Series 
Can you factor 1 – x2? 
 
 
What about 1 – x3? 
 
 
What about 1 – x6? 
 
 
What function can be represented by the finite power series (or polynomial)  
1 + x + x2? 
 
 
What function can be represented by the polynomial 1 + x + x2 + x3 + x4 + x5 + x6? 
 
Let’s remember this little trick to use next week.   
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In the words of Monty Python…And now for something completely different… 
Counting Outcomes 

1) Ice cream cones can be ordered in three flavors – chocolate, vanilla, or strawberry.  They 
can be on two different kinds of cones – a waffle cone or a regular cone.  They can be 
ordered in three different sizes- small, medium, and large.  How many different ice cream 
cones could be ordered? 

 
 
 

2)  a)  How many 4 digit numbers can be made? 

 
 
b)  How many odd 4-digit numbers can be made? 
 
 
c)  How many odd 4-digit numbers with distinct digits can be made? 
 
 
 
 
 

3)  How many 5-digit numbers can be constructed using the digits, 1,1,1,3,8? 

 
 

 
Permutations 
 

4) a)  You are feeling generous and decide to give away $100 to one of 3 people whose names 
are placed in a drawing?  How many ways could you choose a winner? 
 
 
b)  Instead of giving away $100 to one winner, you decide to give $70 to the first person drawn 
and $30 to the second.  How many ways could the winners be determined? 
 
 
 
c)  Instead of giving the $100 away as described above, you decide to give $60 to the first person 
drawn, $30 to the second person drawn, and $10 to the third person drawn.  How many ways 
could the winners be determined? 
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What we’ve just determined is the number of r permutations of n elements.  In each problem we 
had 3 elements in our set.  In part a, we found the ways to choose one winner, or the 1-
permutations (the order our names were drawn was important).  In part b, we found the 
permutations that chose 2 of the 3 elements, the 2-permutations.  (again, order was important).  
In part c, we found the permutations that chose 3 of the 3 elements, the permutations. 
We can write this as P(n, r).  When the number of possibilities gets too large to list, we can 
calculate the number of outcomes as follows: 

, 	
!

!
 

 
4)   a)  A sliding tile game has 8 numbered squares (and one empty space so the tiles have 
somewhere to slide).  How many possible arrangements of the squares are there? 
 
 
 
b)  How many ways could 8 #’s be arranged in a 5 x 5 grid? 
 
 
 
 
4)   How many ways could you arrange the letters in the word “Packers” so that none of the 
vowels are together? 
 
 
 
In this problem, it might be convenient to think of the ordering a little differently.  First, we can 
consider how many ways to arrange the consonants.  You could imagine a space between each 
consonant, before the first consonant, and after the last one in which one of the vowels could be 
placed.  If we then choose a spot for each vowel, we could determine the total numbers of 
arrangements in which no two vowels are together. 
So, there are 5! ways to arrange the consonants.  Then there are 6 spaces in which to place the 2 
vowels.  We have 6 choices for the ‘a’ and then there are only 5 places left for the ‘e’.  Or we 
have P(6, 2) ways to place the vowels. 
 
 
7)  How many ways are there to order the 26 letters of the alphabet so no two vowels occur 
consecutively? 
 
 
 
 
 
8)  You have 9 chairs lined up in a row.  You need to seat 6 boys and 3 girls in these chairs so 
that no two girls sit next to each other.  How many possible ways could this be done? 
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Combinations 
In all of the examples we looked at in the last lesson, we cared about the order of the chosen 
objects.  That is what a permutation is, an ordered arrangement of objects. 
It isn’t hard to imagine a situation where we don’t really care about the order of chosen objects.  
When you are choosing 5 members of the student council to serve on a committee, when you are 
choosing 3 desserts from a buffet to put on your plate, when you are selecting 2 bags of chips out 
of all possible choices to purchase during a buy one get one free sale you don’t care what order 
you choose the items, you only care that they are in your final group. 
The mathematical term for this is a combination of items. 
Let’s try to determine how to calculate the number of combinations. 
1)  The dessert plate at a diner has chocolate chip, molasses, oatmeal raisin, and sugar cookies.  
You are going to eat two different kinds of cookies.  How many possible combinations of 
cookies could you choose? 
 
 
 
 
 
b)  What if you decide to splurge and have 3 different kinds of cookies? 
 
 
 
 
 
 
2)  Of the 5 basketball players on the floor, how many ways could you choose 2 to serve as 
captains? 
 
 
 
 
Can you use the three previous examples to derive the formula for calculating the number of r-
combinations of n elements? 
 
 
 
 3)  a)  There are 25 students in a physics class.  A group of 5 students is to be selected to speak 
to the 4th grade students.  Any of the students is just as likely to be chosen as any other and there 
is no significance to the order in which members are selected.  How many groups of 5 students 
could be chosen? 
 
 
b)   From the same physics class, 2 groups of 5 students are to be chosen.  How many ways could 
these groups be selected? 
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c)  The same physics class is to be divided into 5 groups of 5 students.  How many groupings can 
be made? 
 
 
 
 
Permutations and Combinations of Multisets 
 A set can be defined as a collection of distinct objects.  For example: 
{2, 56, 100} 
{1, 3, 5, 7, …2n+1…} 
A multiset is a generalization of a set in which objects are allowed to occur more than once. 
Let's think about a delicious multiset.  If we are taking a trip to the IGA bakery to select a box of 
12 doughnuts, all of the doughnuts in the bakery window are like a multiset.  If they IGA has 
apple fritters, and cake doughnuts with chocolate frosting, and cinnamon rolls, and cream-filled 
long johns, all of the doughnuts of each of these types are in the set.  There is more than likely 
more than one of each type of doughnut. 
So, when we buy our box of 12 doughnuts, we could buy all apple fritters, 11 apple fritters and 
one cream-filled long john, 8 apple fritters, 2 long johns, 1 cake doughnut, and one cinnamon 
roll, etc, etc, etc.  As you are hopefully starting to realize, there is a pretty long list of possible 
outcomes. 
Now let’s create some fruit baskets.   

1) How many ways can you choose 4 pieces of fruit if we could choose apples, bananas, and 
oranges to put in our fruit basket?  

 
 
 
 
 
 
 
 

2)  How many ways can you create a fruit basket using apples, oranges, bananas, and pears 
if you want to include 4 pieces of fruit? 

 
 
 
 
 
 
 
 

3)  How many ways can you make a fruit basket using apples, oranges, bananas, and pears if 
you want to include 5 pieces of fruit? 
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As you can see, this gets pretty tough to count pretty quickly. 
 

4)  How many non-negative integer solutions are there to the equation 
 4? 

 
 
 
 
 
 
 

5) How many non-negative integer solutions are there to the equation 
 4? 

 
 
 
 
 
 
 

6) How many non-negative integer solutions are there to the equation 
 5? 

 
 
 
 
 

7)  A bit string is a string of numbers consisting of only zeroes and ones.  How many 6-digit 
bit strings can you create that contain exactly 2 ones? 

 
 
 
 

8) How many 7-digit bit strings can you create that contain exactly 3 ones? 

 
 
 
 

9)  How many 8-digit bit strings can you create that contain exactly 3 ones? 
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10)  Briefly discuss the similarities between the doughnut/fruit basket problems, the non-
negative integer solution problems, and the bit string problems.  Can you use these 
examples to find a general formula for solving problems like these? 
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The Binomial Coefficients as Counting Numbers and Pascal’s Triangle 
1)  Expand the following binomials: 
(x + y)2 
 
 
(x + y)3 
 
 
(x + y)4 
 
 
(x + y)5 
 
 
Now calculate the following combinations: 

a)  2
0
																		 2

1
																	 2

2
 

 
 

b)  3
0
																	 3

1
															 3

2
															 3

3
 

 
 

c)  4
0

              4
1
																		 4

2
																		 4

3
                  4

4
 

 
Now try this: 
You are going to choose 2 letters from an unlimited supply of x’s and y’s.  How many possible 
outcomes could you get? 
 
 
How many ways could you get 2 x’s?  2 y’s?  1 x and 1 y? 
 
 
Now you are going to choose 3 letters from an unlimited supply of x’s and y’s?  How many ways 
could you choose all x’s?  2 x’s and 1 y?  2 y’s and 1 x?  all y’s? 
 
 
 
 
Now you are going to choose 4 letters.  How many ways could you choose all x’s?  3 x’s and 1 
y?  2 x’s and 2 y’s?  1 x and 3 y’s?  all y’s? 
 
 
 
Use Pascal’s triangle to make a prediction about what would happen if you had to choose 5 
letters?  How does this relate to the coefficients in the expansion of (x + y)5? 
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The Binomial Theorem 
I think the binomial theorem sums up this last information nicely, don't you? 
Let n be a positive integer.  Then for all x and y,  

	 1 2 ⋯ 1 	  

 
 
 
What about (1 + x)n? 

1 	1 1 2 ⋯ 1 	  
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Generating Functions 
Let , , , … , , …be an infinite sequence of numbers. 
The Generating Function is defined to be the infinite series  
 g(x) = ⋯ ⋯ 
The coefficient of xn in g(x) is the nth term hn and thus xn acts as a place holder for hn. 
Here are some examples: 
If we have the infinite sequence 1, 1, 1, 1, ...  
  its generating function is g(x) = 1 + x + x2 + ...+ xn + ... 

  This is an infinite geometric series and its sum is  

If we have the infinite sequence 2, 4, 8, 16, ...  
  its generating function is g(x) = 2 + 4x + 8x2 + 16x3 + ...(2)(2x)n... 

  This is an infinite geometric series and its sum is  

 
What about a generating function for the binomial coefficients? 

The sequence is 0 , 1 , 2 , … ,  

The generating function is g(x) = 0 1 2 ⋯  

By the Binomial Theorem this is also equal to (1 + x)m. 
 
 
 
 
 
 
 
 
Let , , , . . .  be defined so = the number of non-negative integral solutions of 

. . . = n 
Hey!  We know a way to find that!  Go back and read that again.   

. 

. 

. 
I'm waiting.  Go back, read that again, and think about where we've seen that in the past week. 

. 

. 

. 
Now, how did we find the number of integral solutions to . . . = n? 
 
 

So, 	 	 1 . 

We could therefore find a generating function for this sequence as follows: 

 g(x) = 0 1
0

1 1
1

2 1
2

. . . 1  

 
We could also write this in series notation as  
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1
∞

 

The generating function for this is g(x) =  

 
 
Why is this true?  Let’s look at the example where k = 2.  Remember, this could mean that we 
have 2 types of doughnuts to choose from and we are going to choose n doughnuts. 
The sequence of numbers we are looking at is given below.  Find the value of each term. 

0 2 1
0

, 1 2 1
1

, 2 2 1
2

, 3 2 1
3

,… , 2 1 … 

Therefore our generating function is: 
 
 
What is another way to write this function?   
(Hint:  Look at the function 1 + x + x2 +…and use a little calculus.)  (Brualdi, 1992) 
 
 
How does this compare to our list of ways to choose 0 doughnuts, 1 doughnut, 2 doughnuts, etc 
if we have 2 types of doughnuts to choose from. 
 
 
What if we expand the infinite series that come from each term of the sum?  Does it match the 
generating function? 
 
 
 
What would you expect the function to look like if k=3?  (in other words, what if we have 3 
types of doughnuts to choose from?) 
 
 
 
So, how does this help us count outcomes? 
Let’s go back to our doughnut problem.   
A bakery has 3 types of doughnuts.  We are going to select a dozen to bring to calc class.  How 
many possible outcomes are there?   (Hint:  We already know how to do this!) 
 
 
 
Now, look at the generating function for this information. 

According to the information on the previous page, the generating function is . 

Let’s create a power series to describe this information.   
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If we want 12 doughnuts, we are looking for the coefficient h12.  This is the coefficient in front of 
the x12 term.   
 
 
 
 
 
 
 
 
 
We are going to make another trip to the bakery.  The bakery has 3 types of doughnuts.  We are 
going to buy 12 doughnuts, but this time we are going to place some restrictions on our order.  
We must have at least 2 of the apple fritters, an even number of chocolate frosted doughnuts, and 
no more than 3 glazed doughnuts. 
If we are going to do this, we need a way to express 

1) the limited amount of glazed doughnuts using a finite power series. 
 

We already know how to do this.  If 1 + x + x2 + … can be expressed as , then the 

finite power series 1 + x + x2 + x3 can be expressed as  

 
2)  the even number of chocolate frosted doughnuts. 

 
When we use the x terms as place holders that help us keep track of the coefficients of the 
polynomial, the x0 term is the one that keeps track of how many ways we can choose 0 
things.  The x1 term is the one that keeps track of how many ways we can choose 1 thing.  
The x2 term is the one that keeps track of how many ways we can choose 2 things, etc, 
etc, etc.   
 
If we only want an even number of doughnuts, we can only use the x0, x2, x4, etc terms.  
So, we are looking at the series 1 + x2 + x4 + x6 + …. 
 

This infinite power series can be expressed as . 

 
3)  The “at least 2” apple fritters.   

 
If the x0  term is ways to choose 0 of an object, we will want to exclude this term when 
we are considering apple fritters as we must choose at least 2.  We also want to exclude 
the x1 term as it tells us how many ways we could choose 1 of these.  We want our 
infinite series to start with the x2 term and include every power of x thereafter.  So, we 
are interested in the series x2 + x4 + x6 +... 
 

This infinite power series can be expressed as  
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When we multiply these three terms together we will get the generating function to fit our weird 
doughnut buying habits.   
 
Our generating function is: 

	
1

1
1

1
1

 

 
If we are interested in how many ways we can buy 12 doughnuts to fit these criteria, we would 
look at the coefficient in front of the x12 term. 
 
Let’s verify this by creating a chart of ways to buy 3 doughnuts to fit the criteria, 4 doughnuts to 
fit the criteria, 5 doughnuts to fit the criteria, and 6 doughnuts to fit the criteria.  Remember, 
showing that these specific examples work is not even close to a proof.  It just lends some 
credibility to our argument. 
 
 
 
 
 
 
 
 
 
 
 
How many ways can you make $1.00 using pennies, nickels, dimes, quarters, and 50 cent pieces? 
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Appendix B 

        
Pre-Test/Post-Test - Power Series and Generating Functions 
1)  For each of the series given below: 
 a)  Find the next 3 terms in the series. 
 b)  Determine whether the series converges or diverges.  If it converges, find the value to 
which it converges. 
 c)  Express the series using series notation. 
i)  4 + 7 + 10 + 13 + … 
 
ii)  5 + 5/2 + 5/4 + 5/8 + ... 
 
iii)  40 - 10 + 5/2 - 5/8 +... 
 
iv)  x + x3+ x5 + x7 + ... 
 
 
2)  Write the power series that can be expressed with the functions given below. 

a)   

 

b)   

 

c)  
	
 

 
 
3)  You and your friends are going to order bagels from Panera.  Panera has 14 types of bagels to 
choose from and you want to order a baker's dozen (13) bagels.   You need to make sure you 
have at least one cinnamon raisin bagel, no more than 4 chocolate chip bagels, an even number 
of banana nut bagels, and an odd number of pumpernickel bagels.  Write a generating function to 
determine the number of possible combinations of bagels you could buy and explain how to use 
it to find these combinations. 
 
 
4)  You are going to ride the rides at Ringelspiel.  This year, they are selling tickets to ride the 
rides.  The Zipper costs 4 tickets, the Tempest costs 3 tickets, the Tilt-a Whirl costs 2 tickets, and 
the little cars cost 1 ticket.  You want to ride each ride at least once, know you shouldn't ride the 
Tilt-a Whirl more than 5 times,  and, even though you love the little cars, you will only ride them 
with a small child so you don't look anything less than tough.  Write a generating function to 
determine the number of possible ride combinations and explain how to use it to find the number 
of ride combinations you could ride if you bought 40 tickets. 
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Team Quiz - Power Series 
 
1)  Given the series below, write each using sigma notation, state whether the series converges or 
diverges, and, if it converges, find the sum. 
 
a)  2 + 8 + 32 + 128 + ... 
 
 
 
 
b)  -6 + 3 - 3/2 + 3/4 - ... 
 
 
 
 
c)  x2 + x5 + x8 + x11 + ... 
 
 
 
 
 
2)  Write a power series that can be described by each function. 
 

a)   

 
 
 
 

b)  
	

 

 
 
 
 

c)   
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Team Quiz # 2 

1)  a)  Write the first 3 terms of the series. 

3
1
2

 

 

b)  Does it converge or diverge?  How do you know?  If it converges, find its sum. 

 

 

 

2)  You are going to go tot he bakery and choose a dozen doughnuts to bring home for an after 
school snack.  If the bakery has 20 types of doughnuts (and at least 12 of each of these types) 
how many possible dozen doughnuts could you choose? 

 

 

 

 

 

3)  Expand (x + y)7.  (please use Pascal's Triangle instead of doing this the "long way")  Justify 
why Pascal's Triangle works for this (If we're going to use it, we should be able to explain it, 
right?) 
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4)  On Friday, we discussed that  is the sum of 

1  

and can be used to represent the power series 

	 0 1
0

1 1
1

2 1
2

⋯ 1  

We did not prove this, but rather showed some work that seems to lead us to believe that it is 
true.  Justify that this seems to be true.  (you may use calculus, an organized list or possibilities, 
etc.)  
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Survey of Generating Functions Activity 

In the time since the AP test, we've studied several different topics that all led up to this idea of 
using generating functions to count outcomes.  Please take the time to answer these questions. 

1)  What did you like and what didn't you like about the material we've studied the past two 
weeks? 

 

 

 

2)  What went well for you and what didn't? 

 

 

 

3)  Did we spend too much time on anything?  Not enough time on anything? 

 

 

 

4)  Did you feel like the topics were connected by the end of the 9 days? 

 

 

 

5)  What could I do to improve this for next year?  Would it be better to do something different 
next year?  (for example, would it be better to go deeper into series of another Calculus 2 topic? 


