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1. “FINGERPRINTS” OF SHAPES

Generalizing the work of Ebenfelt, Khavinson, and Shapiro, we seek to find a means of classifying

shapes in the complex plane by using “fingerprints” of shapes. These fingerprints are constructed

to have useful properties, in that shapes will have the same fingerprint even when they are scaled

in size or translated. Such a property is useful in applications such as computer imaging, where

often images are zoomed or taken from a different angle, but we would like to be able to identify

the shapes within the image in a consistent manner.

We begin by representing shapes as the lemniscate of a rational function.

Definition. A lemniscate, Γ, of a rational function, R, is defined as

Γ = {z ∈ C : |R(z)|= 1}.

We further define the interior and exterior of the lemniscate,Ω− and Ω+, respectively, as

Ω− = {z ∈ C : |R(z)|< 1}, Ω+ = {z ∈ C : |R(z)|> 1}.

A lemniscate is called a proper lemniscate if Ω− is connected and simply connected.

The Riemann Mapping Theorem gives the existence of biholomorphic mappings Φ− : D → Ω−

and Φ+ : Dc → Ω+, where D is the unit disc. These both extend continuously to the unit circle, T.

We then define the fingerprint as

k : T→ T, k := Φ−1
+ ◦Φ−.

2. FINDING THE FINGERPRINT

Definition. An mth degree Blaschke product is a product of the form

B(z) = eiθ
m

∏
1

z−a j

1−a jz

Blaschke products have many advantages, including being analytic in the unit disc, as well

as having their zeroes and poles easily identified (a1, . . . ,am and a −1
1 , . . . ,a −1

m , respectively).

Moreover, it can be shown that shapes which are related by scaling or translation are in an

equivalance class defined by Möbius transformations, which factor nicely out of Blaschke

products.

Furthermore, the following is a result proven in [2]

Theorem. The fingerprint for a given nth degree polynomial function P(z) is the nth root of a

Blaschke product, i.e. k = n
√

B(z), where B is a particular Blaschke product determined by P(z).

This is actually a special case of the fingerprint of a rational function, which is a diffeomorphism

k : T→ T satisfying

B1 ◦ k = B2

where B1 and B2 are Blaschke products. In the polynomial case, B1(z) = zm, and the simplification

follows.

3. RIEMANN-HURWITZ

We initially want to find some way to determine whether the lemniscate which corresponds to a

function is proper. In the polynomial case, it has been shown[2] that this is a simple matter of

determining the location of the critical points of the function.

Theorem. If P is an nth degree polynomial, then the corresponding lemniscate is proper iff there

are n−1 critical points in Ω−

This is a result of a formulation of the Riemann-Hurwitz formula[3], which states:

Theorem. Let Di be some component of Ω−, let ζi be the number of zeroes of P in Di, χi the

number of critical points in Di and νi−1 the number of boundary components of Di, then

χi = ζi+νi−1.

It is natural, therefore, to attempt to use the Riemann-Hurwitz formula to find criteria for proper-

ness in the rational case. However, we have shown that this approach is insufficient, and can only

give the following statement:

Theorem. If R is a rational function whose numerator is an mth degree polynomial and the corre-

sponding lemniscate is proper, then there are m−1 critcal points inside Ω−

This weaker result is due to the existence of poles, which polynomials of course do not have.

4. CURRENT PROBLEM

We are currently exploring a question analogous to [2]

Question. Is every diffeomorphism k : T→ T which satisfies B1◦k = B2 the fingerprint of a ratio-

nal function?

This is again more difficult to show than the polynomial case, but we have found a mapping which

maps a rational lemniscate into a polynomial lemniscate, allowing us to use results from [2].

Our specific mapping is of the form

Rt(z) =
f (z)

g(tz)
, t ∈ [0,1].

Note that when t = 1, R1(z) = R(z) and when t = 0, R0(z) is a polynomial whose lemniscate can

then be mapped to the unit disc and our results follow as in [2].

However, it remains to be proven that the mapping preserves connectedness of the lemniscate, i.e.

that the lemniscate associated with Rt(z) is proper ∀t ∈ [0,1].

5. FIGURES

We originally tried several different definitions of Rt, which gave results as seen below, which do

not preserve connectdness across all values of t ∈ [0,1]
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With Rt as defined in the previous slide, our examples have exhibited connectedness in every case.

We seek to find a proof that this holds in general.

6. FUTURE RESEARCH

There are some outstanding issues with our current research that need to be analyzed further, and

steps that can be taken to extend our research.

We have yet to identify sufficient criteria for identifying whether a rational function’s as-

sociated lemniscate is proper. The earlier result regarding critical points may in fact be sufficient,

if we succeed in showing that the mapping between lemniscates preserves connectedness, but this

also remains to be shown.

The application of our results will require a method for approximating shapes in images

by lemniscates. This will require further application of analysis techniques, but this will allow for

indexing of shapes by fingerprints associated with the approximations. An issue to consider in

such an endeavor is whether fingerprints of two different approximations of the same shape will

be sufficiently “close”.
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