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SIGNIFICANCE AND EXPLANATION

In the solution of very large systems of linear algebraic equations one is
frequently led to consider “iterative methods™. In these methods one chooses a
first guess, say UO, and then successively computes other guesses Ul, U2,---
The basic questions about such a method are (i) Does the method work? That is,
assuming I can keep up the procedure, does Uk get near to the true answer U?
(ii) How expensive is the method? That is, assuming I can estimate the cost per
iteration, how many iterations are required to decrease the initial error
U -U by some fixed "small" faétor, say 6. Both of these questions are

answered by obtaining information on a quantity o which is associlated with the

iterative method. This report discusses some wavs of obtaining good asymptotic

estimates for p in an important class of problems associated with second order

elliptic partial differential equations.

The responsibility foxr the wording and views expressed in this descriptive summary
lies with MRC, and not with the authors of this report.



ON BLOCK RELAXATION TECHNIOQUES*

D. Boley(l), B. L. Buzbee(z)

“and S. V. Parter(g)

1. Introduction

Some 15-20 years ago there was a great interest in iterative methods for elliptic
difference equations - see [13]1, [14], [15], (71, [9]1, [10]. More recently
there has been a greater emphasis on direct methods for these sparse matrices - see [5],
{61, [111, [12].

However, with the advent of "vector machines” and "parallel processors" we have found
it necessary to return to a consideration of certain iterative methods.

The CRAY-1 computer can perform up to 250 million floating point operations per second
[2]. Algorithms that execute with high arithmetic efficiency on this computer must "fit the
architecture"” of it and be carefully programmed in assembly language. Thus in using this
computer, we seek computational modules that can be implemented efficiently and that can be
used in solving diverse problems. The solution of banded positive definite linear systems
is such a module, and the Cholesky decomposition algorithm for it can be implemented on the
CRAY-1 such that its éxecution proceeds at the rate of about 106 million floating point opera-
tions per second. Since the vector registers of the CRAY-1 can hold at most 64 numbers, im-
plementation of banded Cholesky is simplified if vector lengths do not exceed 64. Block
Relaxation techniques for solving elliptic difference approximations require the solution of
banded positive definite linear systems. These facts led us to investigate the convergence
rate of block successive over-relaxation for the model problem using p x p blocks (prefera-

bly p < 64).

*Will also appear as MRC Technical Summary Report #1860
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In [ 9] one of us developed a fairly general theory for obtaining such estimates
on the rates of convergence of iterative methods for elliptic difference equations.
However, partly because of the generality of +hat work (variable coefficients, general
domains, etc.) it is by no means a transparent discussion. On the other hand, in the
case of the model problem it is relatively easy to develop this general approach. This
'is partly due to the strong estimates of [1] and [8].

In section 2 we describe the model problem and iterative methods for its solution.
In section 3 we develop the general theory (for this special case). 1In section 4 we
obtain the rates of convergence estimates for the p X p block method mentioned earlier.
In section 5 we apply the theory to the multi-line methods (these methods have been
studied earlier [ 9], [101).

Finally, because it is worthwhile for the practical worker to have available many
methods for getting information on rates of convergence (some work here - others there),
in section 6 we return to multi-line methods. Using a completely different technique

we obtain upper bounds (unfortunately: not sharp bounds) on the rates of convergence.



2. The Model Problem

Let

2.1) f2

(311

{(x,y);: 0 <x,¥y <1} .

Let P be a fixed integer and set

h=pil‘
Consider the set of interior mesh points
2.2) Q(h) = {(Xk,yj) = (kh,jh)}, 1 <k,3<P
as well as the boundary mesh points
2.3) a(h) = {(xk,yj); (k=0 or P+1) or (3 =0 or P+ 1}
Let U = {ukj} be a vector defined on the set of all grid points: Q(h) Y 3Q(h) that is,
ukj is the value of U at (xk,yj). We call U a "grid vector". 1In differing

circumstances we will choose different orderings of the components of U.
As usual, we define the discrete Laplace operator by

.+ . L. 2u L+ :
ST = 5 Ye,ser - Yk T Yk,

n’ n’

] uk+l,j - 2u

. U 1 k,3 P .
2.4a) (B,0) 5 < ki<

Note: While U is defined on the entire mesh region, AhU is defined only on Q(h),

the interior. Also,we define the difference operators

Yk,3 ~ "k-1,3
2.4b) ‘ VUl 5= & =, 1<j<P, 1l<ks<P+1,
u P ¢ .
_ _k,J k,j-1 .
2.4¢) V.01 5 - . 1<3j<P+1l, 1<k2P.

The basic problem is: Given grid vectors F and G, find a grid vector U such

that
2.5a) AhU =F, in Q(h) ,
2.5b) U =G, on ah) .

After an ordering of the points (xk,yj) is determined we let A be the matrix
. 2 : .
representation of -h Ah; symbolically, we write

2.6) A~ -h"A .



As we have already remarked Ah maps vectors with P2 + 4P components into
. 2 . . 2 2 .
vectors with P components. The matrix A actually 1s a square P by P matrix.
The known boundary values, G, are put on the right-hand-side. In this way the
difference equations (2.5a), (2.5b) take the form
2.7) AV = F
where the =~ over F is meant to indicate both the result of ordering the components
2 ‘e . .
of ~-h“F and the necessary modifications of F required by the G terms. In any case,

every vector V with P2 components may be thought of as a grid vector which also

satisfies
2.8) V=0 on 32(h) .

An iterative method for the solution of (2.7) is determined by a "splitting"

2.9a) A=M--N.

Equation (2.7) is then

2.9b) MV = NV + F .

, . . 0 . 1 .2 k

After choosing a first guess V , one obtains V',V yeetV ;... from
-+ ~

2.10) MVk L. NVk + F .

Let
2.11) - p =max{|A]; det(OM - N) = 0} .

It is well known that the iterates Vk converge to the unique solution V of (2.7)
. . . 0
if and only if (independently of V)

2.12) p <1 .

The problem studied in this report is: £find the asymptotic behaviour of p as h > 0.

Remark: Of course, for every X which is a generalized eigenvalue, (i.e. det{(MM - N) =
there is a vector U ¥ 0 such that

2.13) AMU = NU .



3. A General Approach

We make some assumptions about the splitting (2.9a).

*

A.l) M=M and is positive definite
A.2) p = max (N, )
<0 {Mx,x)
where
- oTo - >
{(x,y) = XYy T xkjykj
* * * ]
Note: Since A=A , M =M then N =N ; and, as is well-known [ 4] the generalized
eigenvalues are all real and
b = max 1, x|
= e .
<0 {(Mx,x)

Thus, the force of the assumption (A.2) is that max\kl occurs for a positive eigen-

value A = p.
A.3) There is a positive constant NO, independent of h, such that
< .
lwll, < w,
Here

‘INILD = Sup{l(NU)kj‘; |u <1} .

3]
Finally we come to the main new concept.
A.4) There are positive constants 4, K, independent of h, such that: if U is

a grid vector satisfying

(1) U=0 on 92()
and
(ii) v ul + lvyul <B

for some constant B, then

3.1) ‘ (NU,U) = q{U,u) + E
where
3.1a) |E| < xB/N . |

Remark: As one might imagine, the determination of ¢ and the verification of (A.4)
is the important technical aspect of this analysis when applied to any particular case.

However, as we shall see in sections 4 and 5, it is not too difficult.

-5



Lemma 3.1: Suppose the splitting (2.%a) satisfies (A.1) and (A.2). Then the method
is convergent. That is;

3.2) p<1.

Proof: Let U be the eigenvector associated with p. Then (NU,U) > 0. Since
M=A+N and A 1is positive definite, we have

_ {yu,u) {NU,U) .
P = Tau,uy  (au,u) + (nNU,U)

0 < 1.

The basic result of this section is

Theorem 3.1: Suppose the splitting (2.9a) satisfies the conditions (A.l1), (A.2), (A.3)

and (A.4). Then

3.3) p =1~ gﬂ~-h2 + O(h3) .
q

Proof: Let U be the grid vector

3.4) u, , = (sin kwh) (sin jmh) .

kJ
Then U satisfies conditions (i), (ii) of (A.4). In particular, because of (i) we
may speak of (NU,U) and (U,U). The constant B of (ii) is 2w. The following

facts are well known (see [13] particularly page 202).

2
3.5) h2<U,U) -1 L-Jiwi

h2(AU,U) 2

3.6) > = 4(1 - cosmh) = 212h[1 - f; (mh) 2 + o) .
n“{u,n»

i

For all V which are zero on 989(h) and V # 0,

2
-h (Ahv,v) 1 hz(Av,gl

2

3.7)
hz(v,v) h h2<v,v)

> 2’ - 5 m? ¢ o) .

Since M = A + N

(nu,ud _ 52<NU,U)
e ~{Mu,u?

hz(AU,U) + hz(NU,U)
Applying (A.4) we have

h2<NU,U) q[h2<U,U)] + th .



And, using (3.5) we have

h2(No,u) = [q + o(h)][h2<U,U>] .

Thus
o > 5 1
1+ h (AU,U;
[g + O(h)][h"<U,U?]
Using (3.6) we obtain
2.2
3.8) 0> 1 - 2ﬂqh N O(h3) )

In order to obtain the reverse inequality we require some basic estimates of [ 1]

and [ 8]. These are

Lemma 3.2: Let V be a grid vector which is zero on 3Q(h). Then
1 2 1/2
. .= + .
3.9) Ivkjl <7 e v vl

Proof: See lemma 8, page 304 of [81].
Lemma 3.3: Let V be a grid vector which is zero on 3R (h). Then

3.10a) v v < max|a V| ,
3.10b) lVyV! i_maxlAhVI .

Proof: This result is contained in Theorem 5, page 488 of [1].
For convenience of notation, for every grid vector V, restricted to the interior
Q(h), we write

3.11) Hng - 2w, ynt? .

Returning to the proof of the theorem, let U be the eigenvector associated

with p and normalized so that

[
‘_.J

3.12) ﬂ H‘”lg

Then

pMU

NU

pAU (1L - pINU .

]

p(M - N)U



That is

3.13a) —AhU = UNU
where

2
3.13b) p = (1 - p)/ph” .

From lemma 3.1 and (3.8) we see that

3.14a) 0<wu
and
2
. 2m
3.14b) lim sup u < — .
. h~0 !

Moreover, the theorem will be proven if we show that

2ﬂ2
= —— 4+ 0O(h) .
s g9

We write (3.13a) as

-A U

=
1l
R

where, if h 1is small enough

Applying lemma 3.2 we see that

Thus

2
4n 1
lwkjl <5 Yola A+ m Nl =N, .

Applying lemma 3.3 we have (ii) of (A.4) with B = 2N Hence, using (A.4) we have

2"

h2<NU,U> q[h2<U,U>] + b .

Or, making use of (3.12)

it

3.15) hz(NU,U) [g + o(h)][h2<U,U)] .

From (3.13a) we have



uh2<NU,U>

It

2
- )
h (AhU,U

i

uig + 0(h)1[h?W,u))
Hence, from (3.7)
2r? [ + O(hz)] < ulg + o1 .

Thus, combining this result with (3.14b), the theorem is proven.



4. pXxXp Blocks
Let p be a fixed integer and assume that
4.1) P =DpQ .
Of course, as P +® (i.e. h->0) Q >« and vice-versa.
The interior grid vector is arranged into sub grid vectors {Urs} of p2 entrees
as follows

4.2) u =1

;1< < ,s <0 .
rs = U (r-1)pto, (s-1) ptu l<oms<pl, 1<rsc<0

Within U, the Urs are ordered as follows

4.3) u={U -+~ U __, «-~ U, ., """ U Q}T .

1179217 777 Yo P27 Ua2r 02 10 0

That is; we start at the bottom row of p X p blocks and count off from left to right;
then to the next (second) row of p X p blocks - again from left to right, etc. Within
each block (Urs) the subgrid vector is ordered in the same manner. To be specific,
let G(r,s,u), ¥ = 1,2,...,p be the p vector of grid values associated with the

u h horizontal line within the (r,s) block. That is
[u i
(r-1)p+1, (s-1)ptu

Ur-1)p+2, (s-1)ptu

-
.

4.4) Glr,s,u) = - ’
U (r-1)p+o, (s-1) p+u

u
| TP, (s-1)ptu

then
13(r,s,l)—
4.5) " u_ = Glr,s, )|
LG (IISIP)_

The discrete Poisson equation (2.5a), (2.5b) takes the form

. - - AU - U - B.U =F
4.8) TUrs A—lUr-l.s Al r+l,s B—l r,s-1 Bl r,s+l rs

-10-



2

2 , . g
where T, A—l' Al, B—l' Bl are p X p matrices. Each is block tridiagonal of

"pseudo order" p and each block is a p * p matrix. Specifically

T

[-T ,R ,~I ] "block tridiagonal"
P p r

R
b

If EaB is the p X p matrix with "1" in the (a,B) position and zero elsewhere, then

[

[-1,4,-1] tridiagonal .

4.7a) A_l

i

]

diagonal[Elp,Elp,...,Elp ’

4.7b) A diagonal[Ep JE . B )

1" pl pl

Notice that

The matrix B is the "block" E while B is the "block" E .. That is
-1 1p 1 pl

4.8) B . = b B, =

We rewrite (4.6) as
4.9) MU = NU + F

where M = diagonallT,T,...,T] and N is made up of A __,A ,B_..B. .

11 11

We see at a glance that M is positive definite and (A.1l) ig.satisfied. Further-

more, we are dealing with a "block" five point star, that is, the equations have the
same block structure as the original problem. Therefore, our splitting has "block
property A". Thus, we have the basic result, if A is an eigenvalue of

det{AM - N} = 0, so is -A (see [14], [15]). Therefore (A.2) is satisfied.

Now, N only includes the coefficients in Ah which relate points in the (r,s)
block with neighboring points in the four blocks (r +1,s), (r-1,s), (r,s+1), {(xr,s-1).

We see that each row of N not corresponding to a corner point of the (r,s) block

has at most one "1" and all other entrees are "0". The rows corresponding to corners
lead to exactly two "1"'s. Thus
4.20) A Inll, =2

and (A.3) is satisfied with N = 2.

-11-



Finally we turn our attention to the determination of g and the verification

of (A.4).
Lemma 4.1: Suppose U isagrid vector which satisfies (i), (ii) of (A.4). Then
4
4.11a) {Nu,u) =—§(U,U> + E
where
2
16B
.. El < — .
4.11b) el < —
That is, (A.4) is satisfied with
4.12a) g9 2
- a - —
P
and
2
4.12b) K = 16B .
Proof: We have
T
4.13) (NU,U) = ) U__(NU)_ -
rs ‘rs
r,s
Consider a term
T T T T T
.14 U ( =U + U~ + +
4.14) rS(NJ)rS rsA—lUr~l,s UrSAlUr+l,s UrsB-lUr,s-l UrsBlUr,s+l

It is easy to see that

p
T
.15) A .U =
4-1 Urs -1 r-1l,s uzl u(r—l)p,(s-—l)p+u u(r—~l)p+1,(s-—l)p+u

Fix 0, 1 <0 < p. We use (ii) to write

F = .
b = Yr-1)p, (s=L)ptu | T(r-1)p+l, (s-1)ptu

= [ + UhBl] [u + OhB ]

Y (r-1)pto, (s-1) p+u (r-1)p+o, (s-1)p+u 2
where
lg.] <B, 3 =1,2.
J
Thus
2 2
= + +
Fu [u(r—l)p+c,(s—l)p+u] - 2elh szh
where

il

leg] < ©B)2, 3§ =1,2 .

-12-



Therefore, we may replace Fu by the averageover ¢, 1 < 0 < p. Thus

ul A U —§F-—£§§[u 1° + &
rs -1 r~1,s u=1 u P u=l .y (xr-1)p+o, (s—-1) ptu 1
where
2
lEll < 2(pB) “h(1 + h)

Each of the other terms in the right-hand-side of (4.14) may be treated in a similar
manner. We obtain

T 4 UT
rs rs P ¥s rs 2

o
g
I
{
+
i

where

16 (pB) °h .

[A

Finally, using (4.13) we see that

(u,Nu) = =(U,U) + E

RS

where

£ < 168 %% < (1680 T -

Corollary: 1If one considers the p X p block Jacobi iterative method described by

(4.6)-(4.9) then
2
T
p=1 - [—é— p]h2 +omd) .
Proof: Apply Theorem 3.l.
We close this section with a consideration of the successive over-relaxation
iterative method based on this splitting.

Let a parameter ® be chosen. Then the successive over relaxation method based

on (4.6) is given by

(—l-—l)uk + F .
W rs rs

1 k+1 k+1 k+1 k k
— = U + U + AU + B_.U
w TUr,s A--l r-1i,s B—l r,s-1 1 r+l,s 1l r,s+l

Because the basic splitting satisfies block property & the number p(w) which is
the related spectral radius satisfies the equation (see [15])
2 22
(pw) +w-1"=wppl) .

Thus, having determined p, we know p (w) .

-13-—~



5. p Line Method: I

Again, let p be a fixed integer and assume that (4.1) holds.
The interior grid vector is arranged into subgrid vectors {Uj} of pP entrees
as follows

5.1) u, = 1{

. . : l<og <P 1 < < .
5 uc,(3‘l)p+u < < P, < H ~_P}

. . . . .t . .
That is, Uj consists of the values associated with the 3Jj h block of p 1lines.

We now have

5.2) U = {Ul,Uz

T
¢1+++,0 .
ol

Within each Uj the ordering is the same. That is, let G(j,y) be the P vector
\ . th . . Ciy s . .th .
associated with the yp horizontal line within the j block of p horizontal

lines, i.e.

-
Y1, (5-1)ptu

Y2, (5-1) ptu

G(jlu) = ¥4
u .
o, (J-1)p+u

-
.
o

P, (3-1) p+u|
then

G (3,1)]
G(3,2)

3 .

G(3.p) |

The discrete Poisson equation (2.5a), (2.5b) now takes the form

~

T
. - = RU, ., + oy FFL
5.3) U RUS ) R Usi FJ

where T and R are pP by pP matrices. In fact, T is block tridiagonal with

5.4a) T = [-IP'TP'_IP]p TP°= [—ll4r“l]P

and

-14-



5.4b) ) R = )

This decomposition is used to make the splitting

5.5) " A=M-N

where
5.6a) . M = diagonal (T)
T
5.6b) N = [RIOIR ] -
*

It is immediately clear that M

i

M and is positive definite since each T 1is
positive definite. Once more, this splitting satisfies block property A (see [9],
[10]). Thus (A.l) and (A.2) are satisfied. From the structure of N we see that
(A.3) is satisfied with NO = 2.

Once more we seek to determine an appropriate g and verify (A.4).

Lemma 5.1: Suppose U is a grid vector which satisfies (i) and (ii) of (A.4). Then

5.7a) (NU,U) = %(U,U) + E
where
5.7b) |e| < s8%p .

That is, (A.4) is satisfied with

5.8a) q = 2/p
and
2
5.8b) K =8Bp .
Proof: We have
T
5.9) (nU,u? = % U, (NU), .
j=1 J J
Consider a term
T T T T
5.10 U, (NU)., = U.RU, + U, R U, -
) J J j Il j 3t
Now
P
RU, = . . .. -
U3 j-1 0__2__1 u0,(:1-—1)p+l ucr,(J*l)p

-15~-



Pix u, 1 <u < p. Then

[ 1 1 =1 1T e.]

u . u . u . + € u . -+
o, (j-1)ptl o,{(j-1p o, (3-1)p+u 1 g, (j-1)p+u 2

where
lejl < Bph .

Therefore, averaging once more, we have

p P
T 1 2 2.2
UIRU, . ==Y )} [u . 1% + 4hp“B°]| .
- — + -
3L P 2 o1 g, (p-1) j+u
Thus, as in section 4
2
(U,NU) = =(U,U) + E
P
where
|E| 5_8B2p .

Corollary: If we consider the p line iterative method described by (5.3)-(5.6b),
then
p=1-prn’+om) .
Proof: Apply theorem 3.1.
Remark: A careful look at this section shows that K = 8B2ph and hence we easily

obtain

p =1 - pwzh2 + O(h4) .

-16-



6. p-line Method II
In this section we approach the p-line method of section 5 with another method of
analysis. The results obtained are weaker, but the approach may well have applications
in cases where the analysis of section 3 does not apply.
Lemma 6.1: Let un(x) denote the Chebychev polynomial of the second kind of order n,
i.e., uo(x) = 1, ul(x)==2x and un+l(x) = 2xun(x) - u (x).

n—-1
If x> 1, then

6.1a) u (x) >u (x) + 1, n>1
n — n-1 —
6.1b) un(x) >n+ 1, n>1
and
d d
Jdce — > + -
6.1c) ax un(x) > 3% un*l(x) 2n

Proof: Apply induction.
Corollary: ué(x) >2, n>1 and x > 1.
Lemma 6.2: Let B = [-—1,28,-—1]m where S and I are n X n. Let

U.(S) = u,(s) ,
J( ) uj( )

that is, Uj(S) is an n X n matrix obtained by evaluating uj, the Chebychev

polynomial, at S. If Um(S) is nonsingular, then

-1 .
U (S)Uj_l(S)Um_i(S), 3=

A
s
~

6.2) B,. = -1
U _“(s)u, . (s)u__.(s), i
m i-1 m-7) -

A
e
.

Proof: See Theorem 1 of [3].

The quantity of interest, 0, 1is the spectral radius of M—lN. Since

iy = (7 YR,0,7 'R
(see section 5) we may apply Lemma 6.2 to obtain T_l and hence M—lN. We find that
-1
M "N = [D,0,E]

where

-17-



. . .
U
p p-1
-1
Uu U
\ p p-2
6.33) D= . ’
-1
L UP % N
m 1 -
Up U0
-1
Up Ul
603b) E = . 2
-1
U
p p-l N
and
6.3c) U, =U (—l— 7))
.3c 3 3G T -
If O denotes the unitary matrix which diagonalizes TP (and hence
-1 1 l -1
Q U.(E'TP)Q = Uj(E'Q TPQ)
6.4a) J
= diag{uj(lr)}, r=1,2,...,P ,
and
-1 -1 -1,1 -1
QU (E'TP)Q = Up (E'Q TPQ)
6.4b) P 1
= diag{up (Ar)}, r=1,2,:..,P ,
where
6.4c¢) Ar = 2 - cos(rmh) > 1
is the r'th eigenvalue of %-TP.
Let
0 = diag{9,0,...,0}
we see that
am]l =1 A -1 -1
6.5) Q "M NQ = [Q "DQ,0,Q EQI .

Thus, applying the Gershgorin circle theorem

-18~
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6.6) p<B = max lu (A )M () +u,_ (A1} .
—p ., P T p3ir -1 r
1%3%p
Lemma 6.3: If x > 1, then
. . > ., x) + . . ] = ‘e .
6.7) u, (x) + up-l(x) _.uj_l(x) up_j(X) j=1,2, /P

Proof: For x >1 and 1 > 2, from the basic recursion formula and (6.1lb) we have

(%) .

u,(x) -u, L (x) >u, X)) - u

i-2
Thus, if n > m > 0 we have
w (x) —u o (x) > (x) -u L, x)
or
6.8) un(x) + um_l(x) 3~um(x) + un_l(x) .

Of course (6.7) is true for j =1 and j = p. Assume that (6.7) is true for a

value of j =0, 1 <0 <p - 2. Then

6.9) uo(x) + up_l(x) 3_u0_l(X) + up-o(X) .

We may assume o0 < p - 0. Then applying (6.8) with n=p -0 and m=0¢ we find

up_c(x) + 1 (x)

o-1 %) Z¥p gy ) F )

That is

up_o(x) +u_ (%) z_uj(X) (x) .

+
o-1 Yo~ (§+1)

Substitution of this result into (6.9) gives (6.7) for the larger value of
lemma is proven.

Theorem 6.1: With BP defined by (6.6) we have

6.10) oty < B, =1- 55’ n® + omd .

Proof: From Lemma 6.3 we see that

up_l(kr)
P A up(kr)

where the Ar are given by (6.4c). It is not difficult to see that

1 +u _l(A)

B () = -
A
P up( )

-19=-
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is a monotone non-decreasing function of A for A > 1. Thus

1l +nu (2 - cosmh)
B = p-1 .

u (2 - costh)
P P

Expansion of ép(x) about A = 1 yields (6.10).

Final Remark: Since it is better to slightly overestimate the relaxation parameter in

successive overrelaxation than to underestimate it, it might appear that the estimate

of this section is preferable to that of section 5 for coarse meshs. However, numerical

experiments contradict this idea.
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