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NUMERICAL SIMULATION OF THE 

WIND-DRIVEN MOTIONS IN A TWO-LAYERED LAKE 

by 

PING KUEI WU 

ABSTRACT 

To gain insight into the nature of wind-driven motions in large 

stratified lakes, linear numerical models of time-dependent, wind-driven 

motions in a two-layered Lake Ontario were considered. Factors included 

were the rotation of the earth, topography of the lake, wind stress, inter

facial friction and bottom friction. Before considering the case of Lake 

Ontario, some simpler models were examined to gain an understanding of 

the effects of variable depths and two-dimensional configuration. The 

following models were treated: pair (1), a one-dimensional (infinitely long) 

channel and a two-dimensional rectangular basin, both of uniform depth; 

pair (2), a one-dimensional channel and a two-dimensional basin, both of 

variable depth in the cross-channel direction only; and (3), a two

dimensional basin of rectangular plan, but with dimensions and depths fitted 

to Lake Ontario contours as described in connection with figure 1. These 

models predict lake circulation, free surface topography, thermocline 

topography, and coastal jets generated by the wind stress. Various forms 

of model wind stress were applied, and all the models were run for 96 hrs 

in each case.  

For the model pairs (1) and (2) the wind stress was applied 

along the axis of the channel or basin. For the one-dimensional channel 
members of each pair, the amplitudes of "thermocline" (interface) displace 

ment were up to 40%o less than for the two-dimensional basins. In general 

the latter models also predict stronger coastal jets than do the one-dimensional 

channel models.
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To reduce the predictive equations of a two-layer system to the 

simpler form of an equivalent one-layer system, it is assumed that the total 

two-layer transport is zero when vertically integrated through both layers.  

When results from two-layered models run with and without this assumption 

were compared, it was found that "thermocline" displacements showed good 

agreement, whereas coastal jet magnitudes did not.  

The calculations with real lake topography, model (3), were 

performed using different types of wind stresses. For a uniform westerly 

wind applied at the free surface, the thermocline exhibited an upwelling feature 

on the north shore and west shore, and sinking on the other two shores. A 

baroclinic coastal jet developed along the north and south shores, with the jet 

along the south shore being stronger. The circulation in the upper layer indicated 

an eastward transport along the north and south shores with a general north to 

south Ekman-type drift in central parts of the basin. The lower layer circulation 

was rather complicated but in general there was a predominant westward trans

port over most of the basin. Experiments with a westerly wind having fractional 

periods of Ti (inertial period) were also performed. These indicated that mass 

transport and thermocline displacement characteristics depend strongly on the 

periodic properties of the applied wind stress. The effects of interfacial and 

bottom stresses on the transport fields were also investigated for different 

values of the friction parameter.
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CHAPTER 1.  

INTRODUCTION 

Lake Ontario is one of the Laurentian Great Lakes in North America, 

and is located partly in the United States and partly in Canada. The lake is 

an enclosed, shallow sea with approximate mean dimensions of 260 km in 

length, 60 km in width, and 88 m in depth; the maximum depth is about 244 m 

near the southeast side. The ratio of length to width is approximately 4.5; 

therefore, the lake sometimes is treated as a long channel neglecting the end 

effects (Csanady 1973, Bennett 1973). In the northeastern corner is the 

St. Lawrence River which is the outflow stream from the lake to the Atlantic 

Ocean, and in the southwest side, there is the Niagara River which is a main 

outflow stream from Lake Erie to Lake Ontario (figure 1).  
From late fall through winter and early spring, the water in the lake 

is essentially homogeneous. Starting from late spring, under the influence 

of a higher rate of solar heating on the surface waters and mixing in the 

surface layers, the near-homogeneous condition of the lake is destroyed and 

stratification is slowly developed. During summer the lake is essentially 

stratified. For theoretical purposes, the lake stratification may be represented 

by two homogeneous layers of water, each having a different density separated 

by a sharp interface, which is commonly referred to as the thermocline. The 
upper layer of less dense water is usually rather shallow compared to the 

total depth of the lake, except perhaps near the boundaries where the lower 

layer may be absent. The average depth of the upper layer over most of the 

lake is approximately 15 m.

a-1-
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Figure 1., Lake Ontario topography and rectangular model.
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When stratification sets in, the lake dynamics become more com

plicated than in the case of a homogeneous lake. In the homogeneous case, 

the lake exhibits only one class of modes of oscillation; namely, the external 

modes. On the other hand, a stratified lake can exhibit modes of oscillation 

that can be classified as external (or barotropic) and internal (or baroclinic) 

modes. In the case of a continuously stratified lake, there will be an infinite 

set of internal modes in the vertical. In general, if the stratification is 

discretised into n distinct layers, one obtains a spectrum of (n-1) internal 

modes of oscillation. Hence, when the stratification is idealised by two dis

tinct homogeneous layers in the vertical, the infinite spectrum of internal 

modes in the vertical is reduced to simply one.  

In a barotropic mode, the lake essentially behaves as if it is a homo

geneous water body. The currents are uniformly distributed with depth 

(ignoring aspects of internal friction in the fluid). Water level fluctuation is 

a maximum at the free surface. The fluctuation of the interface is in phase 

with that of the free surface. Periods associated with water level fluctuation 

are typically those of the free barotropic modes of the lake. In the baroclinic 

mode, the periods are much longer due to effect of reduced gravity. The 

interface (or thermocline) exhibits rather large amplitudes. The free surface 

is disturbed only very slightly with a phase opposite that of the thermocline.  

Currents in the upper and lower layers are directed opposite to one another.  

When a stratified lake is subjected to forcing, the resulting response may be 

classified as being primarily barotropic or baroclinic depending upon the

-3 -



partitioning of the energy between these two modes (Veronis 1956, Veronis 

and Stommel 1956). This depends on the space and time scales of the 

external forcing function. When the forcing is of long time and space scales, 

the lake response is dominantly baroclinic. The thermocline tends to rise 

towards the surface on the left side of the lake (looking downwind) producing 

upwelling under the influence of Ekman-type dynamics. The thermocline 

also rises towards the surface of the upwind side of the lake. A downwelling 

is observed on the remaining two sides of the lake.  

The purpose of the present investigation is to study the response of 

a two-layered Lake Ontario to arbitrary wind stress applied at the free 

surface. Actual details of circulation in each of the two layers are compli

cated for a real lake by topographic features as well as the shape of the lake 

and earth's rotation. In an effort to understand the behavior of the real lake, 

the problem is approached through a sequence of simpler problems. The 

simplest problem to consider is, of course, an infinitely long channel of flat 

bottom. This problem is considered by Csanady (1973) for the case of an 

instantaneously imposed uniform wind stress. The infinitely long channel is 

then closed off to investigate the effects of end boundaries (hence, the effects 

of two -dimensionality) on the thermocline oscillations. Next an infinitely long 

channel with variable depth in the transverse direction was considered. This 

problem is essentially the same as that considered by Bennett (1973). Now 

one can obtain insight into the effect of variable depth. The end boundaries 

are again closed off to examine their influence on the channel solution.  

Finally, the two-layer problem with Lake Ontario topography was considered.

-4-



Here the shape of the lake was approximated by a best fitting rectangle in 

order to eliminate the complication of an irregular shape. (The numerical 

program, however, is capable of incorporating the latter feature if required.) 

The response of the model with real topography was studied under different 

wind stress conditions as well as different interfacial and bottom stress 

conditions.  

Typical observations in Lake Ontario (Mortimer 1971) indicate 

that internal waves generated in response to wind stress will excite the first, 

third, or fifth internal mode in the transverse direction in the central parts 

of the basin along with Kelvin-type waves that propagate in the longitudinal 

direction. The extent of excitation of these modes not only depends on the 

particular wind stress but also on the geometrical shape and the topography 

of lake bottom. Mortimer calculated that celerity of internal Kelvin waves 

in Lake Ontario appears to range from 30 cm/sec to 60 cm/sec during the 

early summer stratification to the autumn. Observations have also been 

made on the currents produced in the lake during the summer to autumn 

period (Csanady 1972). Csanady found that the coastal currents on the 

north shore within 15 km of the shore region reach values as high as 20 cm/sec, 

whereas in the interior the flow is approximately 5 cm/sec. Other observations 

(Scott et al. 1971) showed that the currents off the south shore also exhibit 

such a maximum near the shore region and their magnitude decreases towards 

the interior of the lake. This maximum current in the coastal region is now 

referred to as the "coastal jet"?.
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In order to examine qualitatively the behavior of a stratified two 

layer lake to a wind stress, Csanady (1967, 1968a, 1968b, 1971, 1972, 1973) 

considered several simplified problems. These investigations may be 

reviewed as extensions of the previous works of Rossby (1937, 1938), Charney 

(1955) and Veronis (1956) on the behavior of two-layer systems. Rossby 

discussed the adjustment of an initially unbalanced current to geostrophic 

balance in a two-layer unbounded ocean. Charney developed Rossby's 

problem, and showed that in the immediate vicinity of coasts, large defor 

mations of interface were found to occur, and that coastal jets parallel to the 

boundaries are developed within a distance of the order of one internal radius 

of deformation R (R -- C2/f, where C2 is speed of long internal gravity waves 

and f is the Coriolis force). Veronis further discussed the problems of 

geostrophic and non-geostrophic flow in the oceanic currents and in particular 

examined the response of the barotropic (or external) modes and the baro

clinic (or internal) modes. Both Charney and Veronis reduced the equations 

of a two-layer ocean to that of an equivalent single-layer ocean to facilitate 

the mathematical analysis. Csanady (1967, 1968a, 1968b, 1972) applied such a 

reduced system of equations to a stratified two-layer circular basin with con

stant depth and considered non-geostrophic and geostrophic responses of the 

lake to a constant wind stress. He found that strong thermocline movements 

similar to internal "Kelvin waves"' are exhibited along the shore zone, 

"Poincare waves?? in the central region of the basin, and strong baroclinic 

coastal currents or coastal jets within 5 km along the shore zone. The same 

results were found by Csanady (1972) for a basin with sloping shores.

-6-



In 1973, Csanady applied the equivalent system of equations to a rectilinear 

channel and found essentially the same results as in previous investigations.  

Bennett (1973) discussed in more detail the properties of lake response using 

a two-layer model in an infinitely long channel. In all the investigations 

mentioned above, the effects of end boundaries were ignored. It will be shown 

later that the end effects produce significant quantitative changes in the results.  

Even though the investigation of the behavior of real lakes by the 

simple models described above are useful to explain certain dynamical 

features, one cannot apply these models to real lakes directly to obtain quan

titative information. The complicated problems of real lakes have been 

developed using numerical methods. Linearized numerical models are usually 

utilized in the solution of real lakes. Platzman (1958) successfully utilized 

finite difference integration in space and time to predict the surge of Lake 

Michigan due to a propagating squall line. In this work, effects of the earth's 

rotation and bottom friction were ignored in view of the small time and space 

scales of the problem. Subsequently, Platzman (1963) applied numerical 

integration methods to predict the wind tide on Lake Erie with the inclusion 

of the earth's rotation. Platzman's (loc. cit.) work dealt with transient 

aspects of lake response. Rao and Murty (1970) studied the circulation of 

Lake Ontario from a steady-state consideration. Simons (1972) has developed 

a numerical model of Lake Ontario using four fixed levels in the vertical 

along the same lines as a conventional multi -level meteorological prediction 

model. Kizlauskas and Katz (1972), carried out calculations for time dependent 

wind-driven circulations in a two-layer Lake Michigan. The important factors

-7-



considered in their studies are the geometrical shape of lake, topography of 

lake bottom, Coriolis force, interfacial and bottom stresses.  

The present study will present the results of numerical integration on 

a two-layered Lake Ontario. Before the investigation of the behavior on the 

stratified two-layered Lake Ontario, several simpler models are first 

considered as mentioned earlier in order to understand the studies on the 

more complicated real lake. Models such as the one-dimensional channel 

and the two-dimensional rectangular basin with flat bottom, and the one

dimensional channel and two-dimensional rectangular basin with variable 

transverse depth only, and two-dimensional rectangular basin with Lake 

Ontario topography, will be discussed step-by-step. The factors considered 

in this study are the rotation of the earth, the topography of the lake, the 

wind stress, interfacial and bottom stresses.  

In Chapter 2, the unsteady-state linear hydrodynamic equations 

in two layers are utilized to prepare for the evolution of the numerical 

method. In Chapter 3 the Single-Richardson-Lattice Scheme is used to 

express the hydrodynamic equations of the previous section, and input 

parameters are also introduced in this section. The results of simpler models 

are presented in Chapter 4, and the results of Lake Ontario are presented 

Chapter 5. Finally, Chapter 6 discusses the results of all the models.

-8-



CHAPTER 2.  

LINEAR NUMERICAL MODEL 

Basic assumptions of a general two-layered model 

For the Great Lakes, the horizontal velocity (U) observed generally 

is about 10 cm/sec, the Coriolis parameter (f) is of order 10 sec-1 

(f = 2 w sin $, where wis angular velocity of rotation of the earth, and $ is 

the latitude), the length scale (L) is of order 200 km, depth scale is of the 

2 
order 50 m and the gravitational acceleration is 980 cm/sec 2 . The ratio of 

the convective acceleration to the local acceleration in the equations of 

motion is of the order U/(L/T) (where T is time scale) and is small enough 

for the convective terms to be ignored. This implies that linear equations 

will be satisfactory for studying the large-scale dynamics. Also the ratio 

of Coriolis force to the local acceleration shows that the Coriolis force will 

become important as the time scale increases. Coriolis parameter may be 

taken as a constant in view of the relatively small north-south extent of the 

lakes as compared to earth's radius. The horizontal length scales are long 

enough to permit the validity of shallow water -- or quasi-static-approximation.  

Further, lateral friction is ignored since the primary interest is on lake-wide 

motions rather than in nearshore processes.  

Density variation with depth in the lake is approximated by two 

discrete layers. In each layer the density is a constant.  

In the framework of the assumptions stated above, the equations of 

motion and the vertically integrated continuity equations (Proudman 1953) 

are:•

-9-



61l g -1 )P1 

-1 fv- - g a-7+ ( 7 2 ) +p a z v -- ) 

6 -1v) 
Y 1[21 

6 t7 
[3] 

au 2 _ + -1 b 6u2 t-f2 -g ((77 + t2)+P2 Z 

2 [4] 

a v2 fu -1 a av 2 
6 2  6 t (+fu2 - -g - +27 p2 '( Z ) 

6 2 .[ (x ,L y)u 2 ] -  y [D 2 (xI, y) v2 ][6] 

where subscripts 111" and "2" denote the upper layer and lower layer, respec

tively, x is positive to the east, y is positive to the north, z is positive upward, 

v is kinematic eddy viscosity, g is gravitational acceleration, f is Coriolis 

parameter, t is time, ui and v. (i =1 or 2) are the velocity in x- and y-direction, 

respectively, D. is the equilibrium depth of each layer, Pi is the density.  
(- Pl/P2) is the ratio of the upper layer density to that of lower lyr 

7 - 1 2 (see figure 2), where / represents the fluctuation of the free surface.
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Figure 2. Two-layer model of Lake Ontario.



The volume transport form of the equations of motion and continuity for a 

two-layer model 

Velocities (u, v) in the above statements are functions of the hori

zontal coordinates x and y, time (t) and depth (z). In an attempt to simplify 

the equations, vertical integrals of the velocity- or transport-mass are 

introduced in the momentum equations as follows: 

D 

M1 "5Uldz, N 1 -"v I dz 

-D1  -D 1 11 
-D 1 'MD 1 

2 2 N2  2 dz 

"(D+D 2)+D 2) 

Using these definitions, the momentum and mass equations may be cast 

into the form given below: 

-1 

at fS -gD +(77+2 ) +p (1r sx Ix [7] 

1
-+fM 1 = -gD1 -y (7+ 772) +p (rsy -Ty) [8] 

bt/ I, Y_ 1 
t x y[9]
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M2 - -gD 2 cy x 77+?72) + P2 t2 

ft 2 fM gD 2 (x9 y) (T1 t+72) +p 
y 2

-1 
( ix- orBx) 

-1 

( " y - y

2  bM2  6N 2 
bt ax b y 

where,' 
S 

is bottom stress.

is wind stress, T

[12] 

is interfacial stress, and o.  B

Ir is an external parameter, which can be prescribed either 

hypothetically or from actual data in an attempt to solve the equations.  

S and r depend upon the mass transports in the upper layer as well I B 

as the lower layer and the characteristics of lake bottom.  

The equations mentioned above cannot be solved without prescribing 

the boundary and initial conditions. The approximate boundary conditions 

for lakes are that the normal component of the mass transport vanishes on 

the shoreline; i.e.  

IM.-l n 0, i lor2 I [13] 

Here IM is the mass transport vector, and in is a unit vector normal to the 

shoreline. In the above statement, effects of inflow and outflow stream 

are ignored.

- 13 -
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In the actual computation, initial values for Mi ., Ni and 17i are 

needed. Usually, the lake is initially assumed to be at rest, that is when 

t aO, M.-N. = 0 (i-lor 2).  

Under the simple condition of flat bottom, the two-layer equations 

described above can be reduced to an equivalent one-layer system given 

below (Csanady 1973): 

aM1f . 6 DiD 2 772 D2 1S -g D+ 2+ f 
bt 1 D I+D 2  bx D 1 +D 2  sx [14] 

N1 D1 "D2 a 772 D 2 
t + flg2 - - g 1 2 b + D1 +2 f sy [15] 

2 2 M1  N1 +-a- 
[16] 

in which (= (02 - 1)/ is a small proportionate density difference.  
P2 

The above set of equivalent equations can be shown to be valid for 

a variable depth case if the problem is reduced to a one-dimensional case by 

setting either -x or - y 0.
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CHAPTER 3.  

NUMERICAL SCHEME 

Description of numerical scheme 

The governing equations (7 to 12), subjected to appropriate boundary 

and initial conditions, cannot be solved from analytical considerations alone 

since the coefficients in the equations are arbitrary functions of x, y, and t.  

Hence, it is necessary to resort to numerical methods of integration by dis

cretising the set of continuous equations over some chosen space-time finite 

difference grid. Several types of finite difference integration schemes are 

available for the solution of the equations (7 to 12). In the context of the 

lake studies, several finite difference schemes are investigated by Platzman 

(1958, 1963, 1972), Sielicki (1968), Simons (1973). For our purpose here, 

the single Richardson lattice proposed by Platzman (1972) has been selected 

in view of its simplicity.  

Let x-i &s,y j As, and t = n. t where i,jn are integers 0, 1, 

2,... Then on the grid shown in figure 3, M, N, and tj are defined at 

points such that for: 

M (i, j)" iodd j even 

N (i, j) : i even j odd 

?7 (i, j): i even j even 

Using this arrangement of variables, the discretised version of the governing 

equations may be written as follows:

-15 -
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In order to calculate Ml(i, j) [or M2 (i, j)] from Equation (17) [or Equation 

(20)] at the nth time-step, the Coriolis term f At Nln-I(i, j) [or f A t N2 

(i, j)] is not available at the point (i, j) since N is defined at different (i, ) 

points as indicated earlier. The necessary value of N (i, j) at an M (i, j) 

point is obtained by a weighted average from the surrounding points 

according to the following method: 

Ni ____[q(i, j) + q(i-1, j-I)] N'(i-1, j-l) 

( i i) 8q(i, j) 

+ [ q(i, j) + q(i +1, j-l)] Nn-il(i+l, j-l) + [q(i, j)+ q(i-1, j+1)] 

n-i41 i-1 j 1 
x N -(i-l, j+l) + [q(i, j) + q (i+l, j+l)] Nn - (i+l, j+l) J 

Here q(i, j) - f/D (i, j).  

n-i 

Similarly, the Coriolis force term f At M 1  (i, j) (or f A t 

M2 nl(i, j) at an N(i, j) point canbefoundby 

Mn-(i,j) 8q(i, j) (ij)+ q(i-l, j-l)] Mn-l(i-l, j-l) 

+[q(i, j) + q(i+l, j-l)] Mn(i+l, j-l) + [q(i, j).+ q(i-l, j+1)] 

x Mn'l(i-l, j+l) + [q(i,j) + q(i+l, j+l)] Mn-l(i+l, j+1) 

For computational stability it is required that 

At 2as [23] 

in which D is the maximum depth of the lake (Platzman 1958).  
max
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Input parameters 

The primary input functions considered in this study are wind 

stress, interfacial stress and bottom stress, the details of which will be 

described separately in the following: 

(i) Wind stress: There is no specific theoretical formula 

to estimate the wind stress acting on the water surface, but empirical 

formulas obtained from observations have been applied in the numerical 

solutions. Such an equation (Welander1961) is: 

w"CPaWa IWaf 
[24] 

where 7w is wind shear stress, c is constant with the value around 3.2 x 

106 (Welander 1961) if the unit of wind stress is in C. G.S., a is density 

of air, W is the wind speed measured at anemometer height. The constant a 

c seems to depend on the speed of wind (Sverdrup et al., 1942) 

(ii) Interfacial stress: The shear stress between the upper 

and lower layer is difficult to estimate. An empirical formula suggested 

by Neumann and Pierson (1966) is: 

Ir Az Bz 
rA

[25] 

where A is a coefficient of eddy viscosity.  

(iii) The bottom shear stress: The factors that influence the 

bottom shear stress again are complicated and depend on topography of the 

lake, the roughnms of the bottom, and the details of the flow field. In order 

to be able to solve the prediction equations, the bottom stress has to be

parameterised in terms of the flow fields. This is accomplished, for 
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example, by a formula proposed by Hansen (1956). His empirical formula 

is: 

B -- kp w juf u, [26] 

where k is coefficient of bottom stress with the value around 0. 0025 

(Proudman 1953), and Pw is the density of water.  

Rectangular models of Lake Ontario 

The rectangular model (see figure 1) chosen for Lake Ontario has 

dimensions of 264.16 km in length and 60.96 km in width. The ratio of 

length to width is about 4.3. The depth of upper layer is taken as 15 m from 

the mean value of observations in the summer season.  

In general, the temperature of upper layer will range from 15 °C 

to 21"C (depth 1 m), and that of lower layer will range from 40 C (or less) to 

100C (depth 30 m) (Mortimer 1971). Therefore, the ratio of density of the 

upper layer to the lower layer is about 0.9985. The latitude of the rectangular 

basin ranges approximately from N43 0 19' to N43 0531, and the Coriolis parameter 
-4 -1 

used is 1. 006 x 10 sec , and the inertia period is 17.3 hours.  

The whole rectangular basin is discretized into 624 square compart

ments approximately 5.08 km x 5.08 km; that is, the length and width occupy 52 

and 12 grid-spaces respectively. In view of Equation (23), the time-interval 

( t) is chosen as 60 seconds for the stability of the scheme in this study.  

This chosen basin represents a best rectangular fit to the real lake.  

Those parts of the rectangular basin that fall outside the real lake are assigned 

a total depth of 31.09 m (or 17 fathoms) -- that is, 15 m for the upper layer 

and 16.09 m for the lower layer. This value has been chosen to take account
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of the volume of water in the lake that is not covered by the rectangle.  

Also the depths of the lake were smoothed before these values were used 

in the computations..  

CHAPTER 4.  

RESULTS OF SIMPLIFIED MODELS 

Numerical methods mentioned in the second section are applied to 

different types of models. Before considering the case of Lake Ontario, 

several models are examined to gain an understanding of the effects of 

variable depth and two-dimensional configuration. The simpler cases, 

specifically, are: (1) one-dimensional channel and two-dimensional rectangular 

basin with flat bottom, (2) one-dimensional channel and two-dimensional 

rectangular basin with variable depths in transverse direction only. These 

two cases will be considered without the effects of interfacial and bottom 

friction. All the models have been calculated over a 96 hour period for given 

theoretical wind stresses. Results from these models will be presented and 

discussed separately in the following: 

Case 1. One-dimensional Channel and Two-dimensional Rectang

ular Basin with Flat Bottom 

These models have a flat bottom with average depth corresponding to 

that of Lake Ontario. Depth of upper layer is taken as 15 m, the depth of 

lower layer is 83.36 m. An instantaneously applied uniform wind impulse 

acts on the water surface along the longitudinal axis of the lake.  

In an attempt to understand the possible truncation error or round-off 

created by the numerical method, results of numerical solution and Csanady' s
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analytical solution for the case of a uniform depth channel are compared. Here 

we consider the theoretical equivalent system (Equations 14-16) in a steady

state one-dimensional condition, and compare it to the numerical solution 

using six n-points and seven transport points between the north and south 

boundaries. The agreement between analytical and numerical solutions is 

very good; for example, the difference in the transverse component of the mass 

transport in the numerical and the theoretical solution range from 0.3% to 

4.4% as shown in Table 1. It is also clear that the truncation error decreases 

away from the boundaries.  

Table 1. Solution of steady-state one-dimensional equivalent system. Here 
-1 0.27x1C-4m2 2 p 'r= mx1 i/sec .* 

Theoretical Solution Numerical Solution Error 
(N1 ) in m 2 /sec (N1 ) in m 2 /sec (%) 

South shore 0 0 0 
-0.206 -0.197 4.4 
-0.225 -0.223 1.0 

Mid-section -0.227 -0.226 0.3 
-0.225 -0.223 1.0 
-0.206 -0.197 4.4 

North shore 0 0 0 -1 -42 
*In all computations presented here, p 42 -0.27 x 10 m 2/sec 

For the unsteady-state one-dimensional case, the analytical solution 

of the equivalent system and the numrical solution differ from each other by 

2.3% to 0.7% when the transverse mass transports at t * 96 hours are compared 

(Table 3). (Results given in Table 2 and Table 3 correspond to the same wind 

stress value as in Table 1. Table 3 shows the displacement of the thermocline
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predicted from analytic and numerical solutions. From a qualitative point 

of view, the agreement is good. The agreement in the magnitude of dis

placement is good near the shore zones where the deviation of the thermo

cline from its equilibrium position is at a maximum. In the center of the 

channel where the thermocline is passing through nodal points, the agree

ment appears rather poor. However, the thermocline has a tri-nodal 

configuration at 96 hrs and comparison is being made at points wbe re the 

displacement is close to zero.  

Table 2. Solution of unsteady-state one-dimensional equivalent system 

(at t - 96 hrs).  

Theoretical Solution Numerical olution Error 
(N1 ) in m 2 /sec (N1 ) in mh/sec) (%) 

South Shore 0 0 0 
-0.311 -0.320 -2.3 
-0.334 -0.339 -1.5 

Mid-section -0.327 -0.325 +0.7 
-0.334 -0.339 -1.5 
-0.312 -0.320 -2.3 

North Shore 0 0 0 

From an examination of Tables 1, 2, and 3, it is clear that the 

numerical model with six ??-points and seven transport points produce the 

features of the analytic solution very well. In addition, where the thermocline 

has maximum deviations the quantitative agreement is also very good.
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Table 3. Solution of unsteady-state one-dimensional equivalent system 

(at t -n96 hrs).  

Theoretical Solution Numerical Solution 
072) in meters (t72) in meters 

South Side -5.769 -5.830 
-0.565 -0.585 
0.004 0.000 
-0.004 -0.000 
0.565 0.585 

North Side 5.769 5.830 

Theoretical and numerical solutions of the unsteady-state one

dimensional rectangular basin have shown that upwelling features of the 

thermocline occur on the north shore, and sinking on the south shore. The 

excited internal mode will have one, three, or five nodes across the basin.  

Next, a comparison is made of the thermocline oscillation and 

transports in the upper layer as predicted by equations (17-22) and the 

equivalent system (14-16), using a two-dimensional rectangular basin of 

uniform depth, me find that the results of the solution are quite close to each 

other. The difference between them will decrease as time increases. In the 

first few hours, the difference decreases from 25% to 5%, until at t = 96 hrs, 

the difference will be less than 1%. This shows that the assumption that 

mass transports summed over both layers will nearly vanish in the baroclinic 

mode for the cas e of uniform depth is accurate after the initial period of 

adjustment.
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The results of calculation on a two-dimensional rectangular 

basin indicate that upwelling features of the thermocline are exhibited on 

the north and west shores, and sinking on the other two shores. Figures 4 

and 5 show the configuration of the thermocline at time t = 56 hrs, and 

t =96 hrs, respectively; upwelling along the north and west shores and 

sinking along the south and east shores is apparent from these diagrams.  

The profile of the thermocline resembles very much the configuration that 

one would obtain by a superposition of two Kelvin waves propagating in opposite 

directions along the north and south shores. Here, however, since the end 

boundaries to the east and west have been closed, a spectrum of Poincare 

waves will be generated to satisfy the boundary conditions (as well as initial 

condition). The modification produced by Poincar " waves in the profile that 

would be generated by superposition of two Kelvin waves alone, can be seen 

by examining figures 4 and 5 along any northo.south cross-section. The 

thermocline exhibits an oscillatory behavior in the north-south direction 

with a certain number of zero crossings (or nodal lines). The effect of 

Poincare waves as exhibited by the extent of transverse oscillation increases 

as we approach the east or west boundaries.  

From figures 4 and 5, it is possible to estimate the speed of 

propagation of the internal Kelvin waves. This has been found to be approxi

mately 22.3 cm/sec. The latter value represents a speed that is about one

half of the speed with which an internal Kelvin wave should propagate in a 

channel as given from the formula C2 = g D 1 D2.  
p D + D2* This feature, that 

the Kelvin wave in an enclosed basin propagates with a speed approximately
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Figure 4. Thermocline profile generated by westerly uniform wind in a flat-bottomed lake (at 50th hr).
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half the theoretical value, is in agreement with Mortimer's (1972) conclusion 

from an analysis of data on Lake Michigan and Lake Ontario. This retardation 

in the speed of propagation of the internal Kelvin waves may be due to the 

opposing action of Coriolis and pressure gradient forces. For example, let 

us consider the south shore. On the south shore, the pressure gradient in 

the lower layer is directed from west to east since the thermocline rises 

upwards on the western boundary. This pressure gradient would have made 

the internal Kelvin wave propagate towards east along the southern boundary.  

But with the wind blowing from west to east, the north-south transport in the 

upper layer is directed towards the south. Coriolis force associated with it 

tends to act towards the west. This opposing action of the Coriolis force 

associated with latitudinal transport, prevents the Kelvin wave along the 

south shore from propagating towards the east for some time until the 

pressure gradient exceeds the necessary critical value. After that the 

Kelvin wave does start proceeding eastward but at a slower rate than the 

theoretical value in view of the continuing opposing (or breaking) effect of 

the Coriolis force associated with transverse component of volume trans 

port in the upper layer.  

Figure 6 shows the profiles of the free surface and the interface 

in the north-south direction at three points along the longitudinal axis at hr 96.  
It is seen that the fluctuation of the free surface is much smaller than that of 

the interface in magnitude and opposite in phase indicating that the response 

of the system is mostly baroclinic. Figure 6 also shows that near the eastern 

and western ends of the basin the transverse oscillation (or essentially the
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Poincare wave) indicates a binodal structure; whereas along the middle tran

sect, the transverse oscillation has a five-nodal structure at hr 96. The 

effect of end boundaries is clear from this diagram.  

Figure 7 shows the transports in the upper and lower layers at 

time t z 96 hrs. The baroclinic nature of the response of the basin is again 

evident since the transports in the upper layer are directed opposite to those 

in the lower layer. The strong development of a baroclinic coastal jet as 

predicted from Charney's (1955) theory is obvious. The jet is directed towards 

the east along the north and south boundaries in the upper layer (in the 

direction of wind stress) and a return flow exists in the lower layer. There 

is a general north to south Ekman-type drift in the central part of the basin 

(fig. 7) in the upper layer. Existence of such baroclinic coastal jets in the 

Great Lakes has been established from the observations of Csanady (1972) 

and Scott et al. (1971).  

Figure 8a shows a comparison of the results in terms of 

thermocline displacement between one-dimensional channel and two-dimen

sional channel basins in mid-channel, at time t = 50 hrs and t = 96 hrs. It is 

seen that the one-dimensional case underestimates the displacement as much 

as 50% compared to the two-dimensional case. Figures 8band 8e show the 

mass transports of upper layer at time t - 50 hrs and t = 96 hrs. These are 

again underestimated by the one -dimensional case as much as 40% for 

M-component, and 60% for N-component at points where the maxima for 

these occur. Figures 9, 10, and 11 show a comparison of the results between 

one- and two-dimensional cases at a point located in the middle of the southern
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boundary as a function of time. These again indicate that in a one-dimensional 

basin, the amplitude of thermocline displacement and the mass transports of the 

upper layer may be underestimated by about 40% to 50% as compared to those 

in a two-dimensional basin. The cause of these differences may be mainly 

due to the end effects.  

Figure 12 exhibits the fluctuation of interface as a function of 

time at two given points in the basin. The point near the north shore of mid

channel shows that the amplitude will keep increasing with time. Super

imposed on this monotonic increase of thermocline displacement is an 

oscillation with a period of 18 hrs. The point near the southeast corner 

shows that the amplitude will keep increasing linearly with a very weak 

oscillation superimposed on it during the 96 hrs of time -integration.  

Case 2. One-dimensional Channel and Two-dimensional 

Rectangular Basin with Variable Depth in Transverse Direction Only.  

In this model the depth is allowed to vary only in the transverse 

direction. The depth profile used is shown in figure 13. This profile is 

generated by determining the average depth in Lake Ontario in the east-west 

direction as a function of latitude y. Depth of the upper layer is taken as 

15 m. An instantaneously imposed uniform westerly wind stress acts on the 

water surface.  

The numerical solution of the one-dimensional case (based on 

the equivalent system of equations) shows that upwelling of the thermocline 

exists on the north shore, and sinking on the south shore. The internal mode 

is excited with one, three, or five nodes across the basin.
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The results of a two-dimensional model calculated by the 

predictive equations (17 through 22) indicate that upwelling features of the 

thermocline occur on the north and west shores, and sinking on the other 

two shores as shown in figure 14. This result, is qualitatively the same as 

the two-dimensional case with uniform depth which has been discussed earlier.  

The behavior of the height field of the free surface is opposite to that of the 

thermocline (figure 16). The latter once again exhibits the possibility of 

having an even number of nodal lines in the transverse direction close to the 

east (or west) boundary.  

Figure 16 shows the transport in the upper and lower layers at 

time t a 96 hrs. The response of the basin is essentially baroclinic, but the 

mass transports in the upper layer are no longer opposite in direction to those 

in the lower layer as shown in figure 6 for the uniform depth case. The coastal 

jet in the upper layer is directed toward the east along the north and south 

shores (in the direction of wind stress) and a return flow exists in the lower 

layer not only along the north and south boundaries but also in the central 

parts of the basin. The baroclinic coastal jet along the south shore appears 

to be stronger than that along the north shore.  

A comparison is made of the thermocline oscillation and mass 

transports in the upper layer as calculated by equations (17-22) and the 

equivalent system (14-16) using a two-dimensional rectangular basin'with 

variable depth in the transverse direction only. The results are close to each 

other at the north and south shores as shDwn in figure 17, for thermocline
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Figure 15. Free surface (left panel) and thermocline (right panel) profiles in a rectangular basin with depth 
varying in the transverse direction only under the influence of uniform westerly wind stress 
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displacement as a function of time. Figure 19 shows a comparison of thermo

cline displacement between these two cases at time t = 50 hrs and t = 96 hrs.  

It is again seen that the solution of the equivalent system is close to that of 

the original equations near the boundaries. Figures 20 and 21 show the mass 

transports of upper layer at time t - 50 hrs and t = 96 hrs. These are under

estimated by the equivalent system by about 18% for M-component, and 16% 

for N-component, respectively, as compared to the case using the original 

equations. Figures 18a and 18b show a comparison of the results between the 

equivalent system and those obtained using equabions 17 to 22, in terms of 

transports at a point as a function of time. These indicate that in the equiva

lent system, the mass transports may be underestimated by about 15% to 30%.  

It is apparent that the basic assumption of the equivalent system is satisfactory 

for thermocline oscillations, particularly near the boundaries.  

Comparing the results in terms of thermocline displacement 

and the mass transports of upper layer between one-dimensional channel and 

two-dimensional basin in mid-channel, we find that in the one-dimensional 

channel, the thermocline displacement and the mass transports of upper layer 

may be underestimated by about 45% and 60%, respectively, as compared to 

that in the two4dimensional case. These results can be seen in figures 17 

through 21. The results of comparison show that effects of end boundaries are 

very significant and in general may not be neglected.  

I~fn a one-dimensional rotating channel, the normal modes will be 

the standing Sverdrup waves (Mortimer 1963), whose frequencies are given by 

a2 =a 0
2 +f o ° a is the frequency in the absence of rotation. In an elongated
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basin, some of the zero-rotation transverse modes tend to show a frequency 

behavior somewhat like those of Sverdrup waves. However, their structures 

will be quite different from standing Sverdrup waves. They will be Poincar6 

waves. The comparison of the results of one- and two-dimensional cases 

presented above indicates that this difference between a standing Sverdrup 

wave and a Poincar6 wave is important in producing significant quantitative 

differences in the results.
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CHAPTER 5.  

TWO-DIMENSIONAL RECTANGULAR BASIN 

WITH LAKE ONTARIO TOPOGRAPHY 

In this section we will focus attention on a basin having Lake 

Ontario's bottom topography. We will look at results for different wind 

stresses acting onithe surface. Some aspects of interfacial and bottom 

stresses will also be considered. In an attempt to describe the solutions in 

detail, we first present the results for the model without interfacial and 

bottom stresses and later on for the model including them.  

All results presented in this section are calculated by using 

the predictive equations 17 to 22, which are integrated over a period of 96 hrs.  

In all the cases considered here, the horizontal shape of the lake is represented 

by a closest-fitting rectangle; upper layer is taken to be 15 m deep.  

A. Models with various types of wind stresses only: Several 

models will be presented in this case.  

A. 1. Uniform westerly wind stress: An instantaneously imposed 

uniform westerly wind stress acts on the water surface for 96 hrs.  

The results of calculation indicate that the upwelling feature of 

the thermocline occurs on the north and west shores, and sinking on the other 

two shores as shown in figure 22. This result is qualitatively the same as the 

two-dimensional case with flat bottom which has been discussed before. The 

behavior of the height field of the free surface is again opposite to that of the 

thermocline near the boundaries. The amplitude of the free surface is very 

small as before. This behavior of the free surface is essentially the same in 

all the different calculations made here. Hence, we will no longer discuss
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any aspects of free surface behavior in the following sections. In figure 23, 

thermocline profiles in the transverse direction are shown at t - 96 hrs for 

three points on the longitudinal axis. Once again, it is seen that the internal 

oscillation has a bi-nodal structure at points close to the east and west boun

daries while the transect along the middle section exhibits a structure con

taining an odd number (five, in this case) of nodal points. Figure 27 shows 

the mass transports in the upper and lower layers at time t -96 hrs. The 

response of the basin is essentially baroclinic. It may be recalled that in the 

case of a uniform depth basin, the mass transports in upper and lower layers 

are equal in magnitude and opposite in direction to that M1 + M2 = 0 and 

N1 + N2 =0, along every transverse cross-section. In the real topography 

case, the latter conditions are not in general satisfied. The circulation 

pattern, particularly in the lower layer, is very complicated. The coastal 

jets in the upper layer are directed toward the east along the north and south 

shores (in the direction of wind stress) and a return flow exists in the lower 

layer toward the west along the north and south shores. The coastal jet on 

the south shore is stronger than on the north shore. The circulation patterns 

in the upper and lower layers are shown in figure 27, upper layer circulation 

indicates an eastward transport along the north and south shores with a general 

north-to-south Ekman drift in the central region of the basin. Lower layer 

circulation shows two big gyres, one located in the eastern and the other in the 

western part of the basin. The behavior of the lake in this case is strongly 

influenced by the topography of the bottom (figure 27).

- 55 -



Let us now consider the evolution, of circulation as a function of 

time. Figures 24, 25, and 26 show the circulation patterns in the upper and 

lower layers at t = 12, 36, and 48 hrs. At t = 12 hrs, the circulation in the 

upper layer indicates development of weak transports towards east along the 

north and south shores. At the same time, in the lower layer, a weak anti

cyclonic gyre develops in the eastern part of the basin. As time increases, the 

eastward transport along the north and south boundaries of the upper layer 

increases. Meanwhile, the circulation pattern in the lower layer has changed 

considerably. For example, at t - 36 hrs (figu!25), we see that a cyclonic 

gyre has developed in the eastern part of the basin. The anticyclonic gyre, 

that was present at t - 12 hrs, has become more diffuse and moved westward.  

At t = 48 hrs (fig. 26), the cyclonic gyre has intensified and the anticyclonic 

gyre has almost disappeared. From t = 36 hrs, the lower layer also exhibits 

a strong westward transport in the central part of the western basin. Conditions 

in the lower layer change only slowly afterwards. At t --96 hrs (fig. 27), the 

circulation patterns are as indicated above.  

The internal mode in the mid-channel exhibits one, three, or 

five nodes across the basin at different instants of time (fig. 23). (The numerical 

model cannot resolve structures containing more than five nodal points in the 

transverse direction). If one examines the oscillation of the interface as a 

function of time at given points in the basin (fig. 28), it qualitatively exhibits 

the behavior as in the case of the uniform depth rectangular basin discussed 

previously. That is, its amplitude keeps increasing during the 96 hrs for which 

the equations have been integrated. Superimposed on this monotonic increase 

of amplitude, is an oscillation with a period corresponding to the local inertia

period.  
56-
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A. 2. Periodic Wind: In'this case, the wind stress is imposed 

uniformly on the surface in a periodic fashion. The wind is turned on and off 

in fractions (a) of inertia period (T.) until t a 96 hrs when the integration is 

stopped.  

(i) Let us consider the case when a 1. That is, 

the westerly wind stress is turned on and off in intervals of one inertia 

period.  

For this case, the results indicate that upwelling features of the 

thermocline are exhibited on the west shore and north shore, and sinking on the 

other two shores whether the wind is blowing or not. A comparison of thermo

eline displacement of this case is about 49% and 56% less than that of case A. 1 

near the south shore and north shore, respectively.  

The internal mode in the mid-channel again exhibits odd numbers 

of (one, three, or five) nodes across the basin at different instants of time 

whether the wind is blowing or not.  

The oscillation of interface as a function of time at two given 

points is shown in figure 30. It shows that the amplitude will keep increasing 

during the 96 hrs of time integration. Superimposed on this monotonic increase 

of amplitude, is an oscillation with a period of about 34 hrs. Compared to 

uniform wind stress cases, the amplitude of thermocline displacement is 

reduced for wind stress applied periodically over intervals of one inertia 

period.  

The response of the basin is again essentially baroclinic. The 

coastal jets in the upper layer move eastward along the north and south shores 

whether the wind is blowing or not. A return flow exists in the lower layer
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along the north and south shores all the time (fig. 31). In general, the circu

lation in both layers is stronger during the time when the wind is acting. The 

upper layer circulation shows at the 96th hr, in addition to the eastward trans

port along the north and south shores, a general north to south Ekman drift 

in central parts of the basin during the time of blowing wind, but it will show 

more complicated structure in central regions of the basin 4ming the time of 

no wind stress. The lower layer circulation shows two gyres, a counterclock

wise gyre in the eastern part of the basin and a clockwise gyre in the western 

part of the basin as shown in figure 31 (at t = 96 hrs). The evolution of circu

lation in the lower layer at t = 12 hrs is the same as in figure 24. At t - 24 hrs 

when the wind stress is turned off, the circulation develops two gyres in the 

eastern part of the basin and a strong current westward in the interior of the 

western part of the basin. One of the gyres is cyclonic near the eastern 

boundary and the other is anticyclonic near the central basin. After t = 24 hrs, 

the cyclonic gyre on the eastern side becomes larger and larger. During that 

time, the anticyclonic gyre gradually disappears. At about t = 60 hrs in the 

western part of the basin, the strong westward current mentioned above 

becomes part of an anticyclonic gyre. These two gyres subsequently become 

more clear as can be seen from figure 31 at t - 96 hrs. Looking at the con

figurations of figures 27 and 31, we find that the lower layer circulations at 

time t = 96 hrs are close to each other qualitatively. Quantitatively, the 

uniform wind stress case produces larger transports than the periodic case.
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(ii) We next consider the case when the westerly wind stress is 

turned on and off in intervals of 5/8 inertia period.  

For this case, the results indicate that upwelling of thermocline 

exists on the north and west shores, and sinking on the other two shores when 

the wind stress is acting on the water surface. But upwelling of thermocline 

occurs occasionally on the south and east shores, and sinking on the other two 

shores when the wind stress is turned off, except in the central portion of the 

basin (figure 32). A comparison of thermocline displacement at time t - 96 hrs 

(fig. 32) between this case and case A. 1 shows that in mid-channel, the dis

placement will be about 43% and 37% less than case A. I at the south and north 

shores. Compared to the case where the wind stress is applied over intervals 

of one inertia period, the present case produces stronger excitation of the 

thermocline oscillation.  

The internal mode in mid-channel is excited with an odd number 

of nodes across the basin during the 96 hrs of time-integration whether the 

wind stress is acting or not. This physical characteristic is the same as in 

the previous cases discussed earlier.  

As shown in figure 33, the coastal jets in the upper layer are 

directed towards the east along the south and north shores. This feature is 

true whether the wind stress is acting or not. At the 96th hr, the lower layer 

shows a circulation pattern consisting of a cyclonic gyre in the eastern part 

and an anticyclonic gyre in the western part of the basin. So this feature also 

is the same qualitatively as in the previous case. However, in the present
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case of 5/8 inertia period for wind stress, the gyres take a longer time, 

approximately 60 hrs, to develop as compared to the previous case. The 

upper layer circulation shown in figure 33 indicates a general north to south 

Ekman drift in the central region of the basin during the time of blowing wind, 

but it may become more irregular and complicated, especially in the eastern 

part of the basin during the time of no wind.  

(iii) Consider now the case of a 1/2; that is, the westerly 

wind stress is turned on and off in intervals of 1/2 inertia period.  

Figure 34 shows the thermocline profiles in the transverse 

direction at the same points considered before at two different times, 

t = 52 hrs and t a 96 hrs. At t - 52 hrs, the wind stress has just been turned 

on and at t = 96 hrs, it has just been turned off. At 96 hrs, the upwelling 

and sinking picture is the same as before. The thermocline oscillation in 

mid-channel now indicates one node. At t f 52 hrs, there is upwelling all 

along the north shore and sinking all along the south shore. Thermocline 

oscillation in mid-channel has three nodes.  

A comparison of thermocline displacement at t'= 96 hrs between 

this case and case A. 1 shows that in mid-channel, the displacement will be 

about 48% and 5B% less than that in case A. 1 near the south and north 

shores respectively.  

The direction of mass transport in the upper layer is almost 

opposite to that in the lower layer (fig. 35) whether the wind stress is tunned 

on or off. Magnitudes of the mass transports in both layers are quite close 

to each other. This behavior is very much different from the previous cases.
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The coastal jets in the upper and lower layers are no longer present due to 

the fact that the mass transports in the central basin are stronger than those 

around the shores (fig. 35). The gyres that were present in the lower circu

lations of the previous cases are no longer present.  

(iv) Consider now the case of southerly wind stress with = 1/2; 

that is, the winds are now directed towards the north and are turned on and off 

in intervals of 1/2 inertia period.  

For this case, the results indicate that the thermocline oscillation 

in mid-channel is excited with one, two, three, four, or five nodes during the 

different instants of time (fig. 36) across the basin. It is clear that the 

internal modes across the basin can be excited not only with odd nodes but 

also with even nodes. There is a strong development of transports in the 

upper layer parallel to the coasts and directed almost east. Maximum flow 

velocity appears to occur in the middle of the channel rather than close to 

either the north or south boundary. The results also indicate the upwelling 

of thermocline will exist on the south shore, and sinking on the north shore 

during the time of blowing wind (fig. 36).  

(v) Consider the case of a= 3/8; that is, the westerly wind 

stress is turned on and off in intervals of 3/8 inertia period.  

The qualitative aspect of all the results here are approximately 

the same as those for non-periodic uniform wind stress, and wind stress 

applied over one inertia period and 5/8th's inertia period. Quantitatively, 

the thermocline oscillation on the north and south shores la about 47% and 

49% smaller than in case A. 1. The gyres in the lower layer circulation

appear to become distinct after t = 60 hrs.  
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A. 3. Rotating Uniform Wind over the Lake: The external 
-1.  

forcing function behaves as follows: p 1 r - cos (ft) and pT T a sin (t).  sx sy 
For this case, the results indicate that upwelling and down

welling always change position with the direction of wind stress, and the 

magnitude of thermocline displacement is small (of order 1/10 as compared 

to the previous cases). As shown in figure 37, when time t is 87 hrs and the 

direction of wind is nearly eastward, it can be seen that thermocline oscillation 

predominantly exhibits downwelling on the west shore, and upwelling on the 

east shore, and when time is at the 96th hr and the orientation of wind is 

nearly westward, the thermocline oscillation exhibits downwelling on the east 

shore and upwelling on the west shore, which is just opposite to the conditions 

at t = 87 hrs. The magnitude of thermocline oscillation reaches a maximum 

in the interior of the basin and not on the boundaries as can be seen from 

figure 37.  

The direction of mass transports in each layer keeps changing 

in response to the change of wind direction. For example, the mass trans

ports in the upper layer indicate that at time t = 12 hrs, the transports move 

eastward, at t z 24 hrs the transports move westward, and t a 72 hrs it moves 

again eastward, and the flow in the lower layer will be opposite in direction to 

hatlmafe upper layer as shown in figure 38. The circulation in the lower 

layer as shown in figure 38 shows that the direction of mass transports in the 

eastern part of the basin is more irregular than that in the western part of 

the basin. The coastal jets in the upper and lower layers no longer exist 

along the north and south as discussed earlier.
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B. Models with Various Interfacial Stress and Bottom Stress: 

All these cases, under the action of westerly uniform wind over the whole 

basin, will be presented separately in the following: 

B. 1. Model with Coefficient of Interfacial Stress 5.0 cm2/sec 

and Coefficient of Bottom Stress 0: 0025: The resi lts indicate that upwelling 

of thermocline is exhibited on the west and north shores, and downwelling 

on the other two shores, as shown in figure 39. A comparison of amplitude 

of thermocline in mid-channel to the case A. 1, shows that the amplitude 

of this case will be slightly less than that of case A. 1 at both the south and 

north shores (figure 39). Mid-channel thermocline oscillation exhibiti a 

single node. Figure 40 shows that the response of the basin is essentially 

baroclinic. The only difference between the present case and case A. 1 

appears to be a reduction in the magnitude of the mass transports in 

both layers and particularly along the boundary of the lake in the lower layer.  

The effect of interfacial stress seems to become effective in producing the 

above described modifications after approximately t - 48 hrs. The coastal 

jets in the upper layer are directed toward the east along the north and south 

shores (in the direction of wind stress). The lower layer exhibits dock

wise and counterclockwise gyres in t he interior (away from the boundaries) 

as before. Figure 40 shows the usually north to south Ekman drift in central 

region of the basin.
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2 
B. 2. Model with Coefficient of Interfacial Stress 10.0 cm2/sec 

and Coefficient.of Bottom Stress 0.0025.  

Here the interfacial friction is increased while bbttom friction 

is unchanged compared to the previous case. The results indicate that the 

thermocline belfaves qualitatively the same way as before. A comparison of 

amplitude of thermocline in mid-channel to the case A. 1, shows that the ampli

tude in this case will be slightly reduced. Figure 41 shows the circulations 

in upper and lower layers. The transports of the lower layer wiiiipartly be in 

the same direction as that of tp.*i1eyebyer near the western part of the iorth 

and south-central shores, under the influence of interfacial and bottom stresses.  

This behavior starts at time t = 36 hrs and then becomes stronger with 

increasing time. It is clear that this behavior will become stronger by 

increasing the interfacial stress. The coastal jets in the upper layer in this 

case are weaker than that in case B. 1. The circulation in both layers will be 

similar to the configuration of the case A. I everywhere else.  

B. 3. Model with Coefficient of Interfacial Stress 50.0 cm2 /sec 

and Coefficient of Bottom Stress 0.0025.  

In this case the thermocline exhibits the same behavior as before 

but the amplitude of thermocline in mid-channel compared to the case A. 1 shows 

a reduction of about 30% near the boundaries. Figure 42 at time t 96 hrs 

indicates the mass transports of lower layer are the same direction as that of 

upper layer along all boundaries; eastward along the north and south shores 

and northward along east and west shores. Under the influence of this larger
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interfacial stress, the coastal jets along the north and south shores in the 

upper layer become weaker. The flow in the lower layer becomes stronger 

with time. The circulation in both layers is as shown in figure 42.  

The stronger the interfacial friction, the more the tendency 

is of the lower layer flow to go in the same direction as the upper layer near 

the boundaries. Such behavior also has been shown by Kizlauskas and Katz's 

(1972) paper. Also, a larger interfacial stress will effectively transfer 

more momentum from the upper layer, thereby reducing the transport field 

in the upper layer and increasing it in the lower layer.
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CHAPTER 6.  

SUMMARY AND CONCLUSIONS 

Numerical computations have been made for many cases on a 

two-dimensional rectangular basin of a two-layered Lake Ontario, based on 

a dynamical model that includes factors such as Coriolis parameter, wind 

stresses, interfacial and bottom stresses, and bottom configuration. Several 

types of wind stresses are applied on the free surface such as westerly, 

periodic wind and rotating wind. A brief summary of the results can be seen 

in the following list (Table- 4).  

From the results described in the last two sections, several 

conclusions can be drawn: 

(1) From the cases of uniform depth and non-uniform depth in 

transverse direction only, it shows that the amplitude of thermocline dis

placement and the mass transports of upper layer in the one-dimensional case 

may be underestimated by about 40% to 50% as compared to those in a two

dimensional case. The end effects are essential elements in influencing 

these differences.  

(2) The coastal jets exist when the westerly wind is blowing 

along the longitudinal channel, except when the wind is blowing with half 

inertia period. The coastal jets become weaker if the interfacial stress 

becomes stronger.  

(3) The thermocline exhibits upwelling on the west and north 

shores, and downwelling on the other two shores when the westerly wind is 

blowing along the longitudinal axis of the lake. Displacement of the interface

will be described by the increase of interfacial stress.  
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Table 4. A summary of some results from various cases of wind stress considered in the numerical integrati 

Lake Interfacial Bottom Maximum thermocline 
Types of Wind Bottom Stress(A ) Stress (K) displacement Coastal Jet Gyres in Lower LayE z 

Westerly flat 0. 0. 13.08 m, 96 hrs, Well developed No 
uniform Northwest corner 

variable West -arl0 12.31 m, 96 hrs, Well developed No uniform "rer 0 0. Northwest corner uniform direction 

Westerly real lake 0. 0. 10.95 m, 96 hrs, Well developed Yes 
uniform Northwest corner!4..  

Ti reallake 0. 0. 6.O0m, 91hrs, Well developed Yes 
westerly Northwest corner 

5/8 Ti real lake 0. 0. 5. 86 m, 96 hrs, Well developed Yes 
westerly Northwest corner 

1/2 Ti real lake 0. 0. 5.71 m, 96 hrs, No No 
westerly Northwest corner 

1/2 Ti reallake 0. 0. 3.89 m, 96 hrs, No No 
southerly Southeast shore (9, 1)* 

3/8 Ti real lake 0. 0. 5.40 m, 92 hrs, Well developed Yes 
westerly Northwest corner ** 

Rotating real lake 0. 0. 0.40 m, 96 hrs, No No 
Southwest corner 

Westerly reallake 5.0 0.0025 9.22m, 96 hrs, Well developed Yes 
uniform cm 2 /sec Northwest corner 

Westerly real lake 10.0 0.0025 7.93 m, 96 hrs, Developed Yes 
uniform cm 2 /sec Northwest corner 

Westerly real lake 50.0 0.0025 4. 62 m, 96 hrs, Developed Yes 
cm 2 /sec North shore mid

channel (27, 11)* 
*See figure 1. **The calculation is ended at the 92nd hr.

on.  

r

I 
00



(4) The upper layer circulation is generally simple. It has an 

eastward transport along the north and south shores with a north to south 

Ekman drift in the central parts of the basin. The lower layer circulation is 

more complicated and exhibits the formation of gyres around the basin. The 

formation of gyres is essentially dependent on the types of wind stress and the 

bottom configuration of the basin.  

(5) The addition of interfacial stress shows the mass transports 

in the upper and lower layers will be the same direction near the boundaries.  

As the interfacial stress is increased, the region over which the upper and 

lower layer circulations are in the same direction increases.  

(6) The internal mode in the mid-channel region is excited with 

one, three, or five nodes in the transverse direction, except in the cases of 

rotating wind and half inertia periodic southerly (or northerly) uniform wind, 

which will show the even nodes along the transverse section of mid-channel.  

(7) In this study, the geometric shape of Lake Ontario is ignored.  

Therefore, the circulation in the upper layer is quite simple. If the geometric 

shape is considered, the circulations in both layers will become predominant.  

Kizlauskas and Katz's (1972) results can be expressed as an example due to the 

consideration of the geometrical shape of the lake.  

From the preceding conclusions, it is obvious that most of the 

known features of Lake Ontario behavior are reptroduced in the numerical model.  

In this investigation, verification of the numerical results has not been made.  

The next step obviously is to use real data along With the actual shape of the 

lake for quantitative comparisons and possible modifications of the no del.
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