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ERRATA (detected up to June 1971) 

In a report of this scope, it was not possible to avoid errors; and the writer will 
be grateful if readers point out further errors or suggest improvements. A sur
prising slip, in a work on internal waves, is the misquotation of Kranss (1966) 
on p. 107 Pt. L This should read: Krauss, W. 1966. In.erne Velin.Born-
traeger, Berlin. 248 pp.  

Errors and improvements are noted below, with underlining to indicate action.  

Page; Typographic line no. (i.e. not including equations lines) 
18, bottom-li, replace 0.Z by 2 19, 11, replace c Tby Cm= 1 
19, eqn. 1 omit iY. 20, 14, replace 'is by 'are' 
22, eqn. [6] -ower the eqn. no.[ 6] so that it lies opposite 'and' 
24, 2, replace 'designates' by 'denotes' 
24, 3rd line below eqn.[ 17], replace '[ 34]', by '[ 34] and [ 36]' 
25, 4, replace 50 by 45. 25, 12, replace (+v) by (. u) 
26, eqn.24, replace cm by cm=l 
27, last line, omit the second nx, i.e. to read Xh/sin 8 
29, bottom-6, re--place 'at' by 'a' 
31, 3, replace 'a smaller but negative x-shift' by 'an x-shift, now negative and' 
33, 3-4, replace 2nd half of line 3 and the whole of line 4 by 'Rv is 0.058 and 

0.197,with Table 1 values of f and cm and Xy/XX -2, in Lakes Michigan 
and Ontario, respectively. In the' 

33, 6, replace 'less than 1%' by '0.0069 and 0.027 in Lakes Michigan and Ontario, 
respectively.' 

37, 3, replace 'which can occur on' by 'in the case of' 
44, 9, replace ky by kY2 46, 9, replace Nmax2 by Nmax 
47, bottom-12, replace 'to' by 'against' 
50,11, replac 2 by 1.7 
53, 7-8, replace 2nd half of line 7 and whole of line 8 by 'Cm= 1 tends to increase 

during the season of stratification, and may exceptionally reach 0. 6m/sec 
in' 

95, bottom-i, replace 'large' by 'large standing' 
99, 11, replace 'side' by 'shore' 107, 8, replace 'on' by 'for' 

Figure nos.: 
47-51, 53-57: The indicated axes are not consistent throughout. Following 

Chap. 3 convention, the z axis is directed vertically downwards, the x 
axis is directed normal to and originates at one channel or basin side, 
and +y axis is directed 900 counterclockwise from +x. Therefore, 
the y axes in figs. 47 -49 and 55-56 should be labelled -y; and x and y 
are to be transposed at the top of fig. 51.  

58: the line for n =2 should be less steeply sloped, to intersect the (w/f)2 = 10 
1lne at (s7f)2 = 9/, = 2.25 (i.e. not 3, as drawn).  

92, legend, line 3, delete 'Brunt-VRIsMn' diagram; line 5, 'gradient'.
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Preface and Acknowledgements

The main purpose of this report is to paint, against a background 
of simple (linear) theory and in the light of fragmentary experimental 
findings, a picture of large-scale oscillatory motion during the season 
of stratification in basins similar in size to Lakes Michigan and Ontario.  
Steady or relatively steady motions, including thermally driven currents, 
receive only brief treatment here, for example in discussion of the 
"thermal bar" in chapter 1 and of nearshore current patterns in chapter 
4. Such "steady" motions cannot of course be neglected--particular at 
certain times of the year -- and there must exist a long-term pattern of 
mean circulation; but there is little experimental evidence as yet to 
support a view of Lake circulation as a system of persistent gyres, 
and still less evidence to determine how they should be drawn. The ob
served picture, the outlines of which we examine here is much more 
one of wind-forced thermocline displacement with coastal upwelling 
followed by increased activity of long internal gravitational waves. This 
picture will be brought into clearer focus by the forthcoming (1972) 
IFYGL* experiment; and it is as an introduction for planners and analysts 
of that experiment that this report is designed.  

The treatment is based on two principal assumptions: first, 
that the-main generator of motion is the stress applied by the wind at 
the water surface; and second, that water temperature is a property 
sufficiently conservative to permit the ensuing motions, "steady" or 
oscillatory, to be followed by thermometric surveys extending over inter 
vals of days or weeks. Emphasis is on those motions which displace 
large water masses on a Lake -wide scale. Therefore the time and dis
tance scales used here are generally inappropriate for the treatment of 
surface gravity waves, small-scale turbulence, convection, and other 
small-scale thermo-haline circulations. Frictional forces are also only 
considered in a general way. Because more evidence has been collected 
and more interpretation attempted for Lake Michigan motions, these 
form the main subject for the new treatment in this report, but always 
with Lake Ontario applications in mind and supported by evidence from 
that Lake where available.  

*International Field Year on the Great Lakes (part of the 

Canadian/United States participation in the International Hydrological 
Decade Program).
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The report first describes, in chapter 1, the broad changes in 
temperature structure over a typical annual cycle in both Lakes and then 
treats in some detail (chapter 2) the phenomenon of coastal upwelling.  
This is a recurring and conspicuous feature of motion during that part 
of the year when the Lakes are stratified. Chapter 3 is a largely descrip
tive approach to the theory of long internal waves, with treatment based 
partly on new conclusions arising from Johnson and Mortimer's (1971) 
study, to be reported elsewhere in greater detail. The principal equa
tions are presented, but the language is essentially non-mathematical; 
and the purpose of the chapter is to assist the general reader and 
IFYGL analysts in the interpretation of field observations.  

The lines along which interpretation has been attempted or may 
be possible, in terms of chapter 3 theory, are set out in chapter 4, 
mainly using Lake Michigan examples. But, after allowance for basin 
orientation, the results also apply to Lake Ontario. The analytical 
steps are followed in a detail which may sometimes verge on verbosity, 
but with the deliberate intent of pointing out possible paths to IFYGL 
analysts.  

To make the presentation compact, a great deal of the infor
mation in this report is communicated in the form of diagrams, to which 
frequent reference has to be made. They are, therefore, bound 
separately from the text.  

I have not attempted to draw up a complete list of published 
papers and data reports relating to observations of temperature and 
current structure in Lakes Michigan and Ontario. Some data sources 
are listed at the end of chapter 1; and the following four reports are 
recommended for further reading, as they contain not only substantial 
assemblages of data, but also interpretations: Church (1942, 1945); 
Mortimer (1968); Sweers (1969), U. S. Dept. Interior (1967).  

The main bathymetric features of the two basins are illustrated 
in figures 1 and 2. More detailed charts can be obtained from the 
Canadian Hydrographic Service, 601 Booth Street, Ottawa, and the 
National Oceanic and Atmospheric Administration, U.S. Lake Survey, 
630 Federal Building, Detroit, Michigan 48826.  

Without the collaboration of Dr. Michael A. Johnson, already 
acknowledged on the title page, and planned to bear fruit in a later 
publication (Johnson and Mortimer 1971), I could not have written 
chapter 3 in its present form. Particular acknowledgement is also 
due to Mr. Stanley Bolsenga, U. S. Coordinator of IFYGL and to the 
U. S. Army Engineers for patience in awaiting this final report under 
Contract No. DACW 35-68-C -0072, and to Miss Marian Pierce and
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Mr. Ratko Ristic, of the Center staff, for their painstaking skill in the 
preparation of manuscript drafts and figures. Gratitude must also be 
expressed to the Power Authority of the State of New York for permis 
sion to use figures 89 and 90, and to the Office of Naval Research for 
support under Contract Nonr -1202 (22), which enabled the chapter 4 
observations to be made from Lake Michigan anchor stations and rail
road ferries in 1963. Further unpublished data for Lake Michigan were 
kindly placed at my disposal by Dr. James Verber of the Great Lakes 
and Illinois River Basins Project of the (present title) Federal Water 
Quality Administration, U. S. Department of the Interior. Unpublished 
Lake Ontario data, including records from waterworks intakes, were 
also supplied by the following: Dr. D. V. Anderson; Dr. G. K. Rodgers 
and Mr. William Simpson of the University of Toronto's Great Lakes 
Institute; Dr. Donald Casey of the FWQA's Rochester Office; and the 
Canada Centre for Inland Waters, Burlington. For this assistance, 
and also for that from waterworks superintendents too numerous to list, 
my grateful thanks are here recorded.

Milwaukee, January 1971 Co Ho M.



CHAPTER I

The Annual Temperature Cycle in Lake Michigan 
and Lake Ontario 

Winter Cooling 

By the end of November, in both Lakes, the autumn cooling 
and mixing processes have nearly completed the breakdown of summer 
stratification, see figure 3 for Lake Michigan (Church's 1942 bathy
thermograph observations on the railroad ferry, Milwaukee-Muskegon) 
and figure 4 for Lake Ontario (Anderson's 1967 bathythermograph 
observations from R. V. "Porte Dauphine"). Noble's (1966) analysis 
of two years of temperature records, obtained at various stations and 
depths in Lake Michigan by the Federal Water Pollution Control 
Administration (see U. S. Department of Interior 1967), showed that, 
when surface waters have cooled to approximately 10°C, mixing is 
complete down to 30 m. With further cooling, the depth of mixing 
increases until the whole water column is mixed, at a temperature of 
4-5°C. Although horizontal temperature differences persist near 
shore (figs. 5 and 6a for Lake Michigan and fig. 7a for Lake Ontario), 
vertical mixing of the open water is completed during December. The 
precise date of this "overturn" varies from year to year, depending 
on the incidence of storms.  

The main offshore water mass continues to be well mixed 
during the winter. It attains an isothermal condition at the tempera
ture of maximum density (4°C) during January (figs. 6b and 8), and the 
higher rate of cooling near shore sets up horizontal temperature 
gradients which persist throughout the winter. Where ice is formed 
near shore, an inverse temperature stratification is established.  
During late fall and early winter, mixing of cold inshore water with 
warmer offshore water may lead to the convective (thermal bar) 
regime described in the next section. By the end of March (figs. 6c, 
b, d, and 9), the whole water mass has cooled down to below 4°C, 
the coldest waters remaining near the shores. The few observations 
available during this season suggest that offshore waters are well 
mixed right to the bottom (U. S. Dept. Interior 1967); and the mean 
minimum water temperature varies from year to year, according 
to the severity and windiness of the winter (compare, for example, 
the two winters in the later fig. 19a).
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Spring 'Warming and the Thermal Bar 

In April, the warming phase begins with a temperature rise 
in shallow littoral regions (note the 3 isotherm appearing around the 
shores in fig. 7b). The water just offshore from the shallow littoral 
remains the coldest in the basin, i.e., colder than the offshore deep 
and onshore littoral water masses, as illustrated for the two lakes in 
figure 10.  

Progressive warming during May and early June, proceeding 
most rapidly near the shore, leads to a convective regime, commonly 
referred to as the thermal bar, which temporarily impedes free ex
change between offshore unstratified water (at less than 4°C) and 
warmer often stratified water inshore. The "bar" is marked by 
abrupt horizontal temperature gradients (fig. 11).  

The mechanism of the thermal bar and its significance for 
nearshore circulation in the Great Lakes is still a matter for investi
gation and debate. One explanation of the Lake Ontario and Michigan 
examples, illustrated in figure 11(c) and (d), goes back to the concept 
of F. A. Forel (1895), whose original figure (for a winter thermal 
bar) is reproduced in figure 11(a). As a consequence of the peculiar 
temperature/density relationships of water, most conspicuous near 
the temperature of maximum density, 4 ° C, mixing of two water masses, 
one at a temperature of 2C and the other at 6C, say, produces a 
mixture which is denser than either component water mass. In Lac 
L6man, Forel postulated that mixing takes place in winter between 
littoral water and offshore water, respectively colder and warmer 
than 4°C. In the mixing zone, a denser water mass is thus created, 
which then sinks, thereby setting up a convergence.  

Tikhomirov (1963) invoked a convergent circulation of this 
type to explain his findings in Lake Ladoga (the largest lake in 
Europe), not only in the winter as described by Forel but also, and 
more conspicuously, during the early phases of spring warming 
(fig. 1 ib). Based on his detailed studies in Lake Ontario, Rodgers 
(1966) independently drew attention to the probable importance of the 
thermal bar phenomenon in all large temperate lakes. He showed 
that bars are more strongly developed in spring than in winter and 
described the way in which they develop and move offshore, as the 
spring warming proceeds (fig. lic). During its advance into the 
deeper water, the thermal bar maintains an extremely sharp front, 
often clearly visible as a color difference between the two water 
masses or on infrared aerial photographs (for example fig. 35 in 
Huang 1969, in that case for Lake Michigan).



While Forel's convergence theory may be valid for Lac Leman 
and temperate lakes of similar size, it still remains to be determined 
how important the convergence mechanism is in the Great Lakes. The 
vertical velocities in duang's (1969) model thermal bar are very small 
compared with those of shore -parallel currents which that model also 
predicts, when the effects of earth rotation are introduced. Such 
currents must develop (see Csanady's 1970 treatment) when inshore 
water warms, expands, starts to move offshore, and is then deflected 
to the right by Coriolis force. Shearing and mixing between a shore
parallel warm current and the cold offshore water mass may produce 
one convergence at the boundary, and this may account for the sharp 
discontinuities and accumulation of floating material observed there.  
However, such discontinuities could also be a consequence of the den
sity difference maintained between a "stationary" offshore water mass 
and a shore -parallel current. While the debate concerning mechanisms 
will continue, perhaps with contributions from the IFYGL experiment, 
the important influence of the thermal bar on spring circulation patterns 
and on waste dispersal in the Great Lakes has been amply demonstrated.  

Church's (1945) pictures of temperature distribution in the 
Milwaukee-Muskegon cross-section during May and early June of 1942 
point to the probable existence of thermal bars in Lake Michigan also.  
The warming phase started very close to the shore (16 April, fig. 12), 
moved progressively out into deeper water (18 May, fig. 13) until 
thermal stratification had become established completely across the 
section on 9 June (fig. 14). Two days earlier and ninety miles to the 
north (on the Manitowoc to Frankfort section, fig. 15), the temperature 
of the mid-Lake water mass (practically isothermal from top to 
bottom) was still as low as 4. 5°C. This latitudinal difference in the 
date of establishment of complete cross -Lake stratification, illustrated 
in figure 11(d), is probably a recurring feature of the annual tempera
ture cycle in Lake Michigan, because of its large north-south extent.  
Such latitudinal differences are apparently not found in Lake Ontario 
(fig. 11c ).  

Summer Stratification 

By the end of June, thermal stratification has become generally 
established over the whole basin and, at this season, the rate of heat 
input is at a maximum. While heat gains continue to exceed losses in 
surface waters until the end of August, the formation of a thermocline 
in June largely prevents heat transfer to the layers below. Estimates 
of mean net heat input into Lake Ontario during three summers 
(Sweers 1969) and for the Milwaukee -Muskegon section of Lake Michigan 
for one summer (adapted from Church 1947) are compared in figure 16.  
The orders of magnitude and the trends (transition from positive to 
negative at the end of August) of the estimates are similar in both
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Lakes, although it should be noted that the one section of Lake Michigan 
is not necessarily representative of the whole basin.  

The transport of heat, into and out of various parts of the basin 
is largely determined by the properties of the thermocline and by the 
influence of wind stress on the water surface coupled with the effects of 
the earth's rotation. For example, the predominant westerly component 
of the wind over western Lake Ontario (fig. 17) combines with the Coriolis 
force to produce the mean summer distribution of isotherms shown in 
figure 18a and b, and a thermocline which is tilted downward toward 
the southeast, illustrated in figure 18c. Similar persistent thermocline 
slopes are illustrated by Anderson (1967).  

Figure 18 describes a four-months mean distribution of tem
perature. When the summer and autumn thermocline structure is 
examined against time -scales of days and hours, a great variability in 
isotherm topography is seen, characterized by irregular occurrences 
of nearshore upwelling (associated with wind) and by a persistent off 
shore "waviness" of the thermocline interface (Mortimer 1963, 1968).  
Treatment of these phenomena is deferred until later chapters.  

Autumnal Cooling 

At the end of August, both Lakes have achieved maximum heat 
storage (fig. 19), which for the Milwaukee -Muskegon section of Lake 
Michigan was approximately 46 and 55 kilocal/cml above the winter 
minimum for 1942 and 1943, respectively (Church 1947). The total heat 
content in that section and its rate of change over those two years are 
illustrated in figure 19a; and comparable estimates are given in 
figure 19b for the Lake-mean and for different regions of Lake Ontario 
for the summer of 1966. In the Ontario case, the heat content was com
puted not from winter minimum, but from 4 ° C. The 1942 values for 
Lake Michigan (Milwaukee -Muskegon section) also calculated from a 
base of 4°C, are indicated by crosses; and, although they cannot be 
taken as representative of the whole basin, the crosses show a similar 
trend to that of the eastern half of Lake Ontario. The difference between 
the two halves of Lake Ontario (and the extremes representing the 
Toronto and Oswego regions) are the consequence of the persistent 
thermocline slope described above (fig. 18).  

Changes in the mean vertical distribution of heat during the 
summer and during the autumn cooling period are illustrated, for Lake 
Ontario, in figure 20, which shows a progressive deepening of the mean 
thermocline level. Similar mean temperature profiles are not available 
from Lake Michigan, but Church's (1945) pictures for the Milwaukee -
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Muskegon cross-sections show a progressive deepening of the thermo
cline (fig. 21 for 25 September) leading to the distribution illustrated in 
the unpublished figure 22 (reproduced here by Church's kind permission), 
which shows a thermocline at about 55 m depth on 7 November 1942.  
The transition between that distribution and the one shown in figure 3, 
for 29 November of the previous year, is easy to visualize; and the 
annual cycle is thus completed.  

References to Other Data Sources 

Before considering the dynamics of the summer thermocline 
and the dominant influence of upwelling and internal waves on tempera
ture distribution, it may be helpful to list substantial sources of tem
perature data (other than those already quoted), some of which include 
observations during the winter regime, not further discussed here.  
The list, not exhaustive, is as follows: 

(a) Lake Ontario 

Data reports of the Great Lakes Institute, University of 
Toronto, in particular: Rodgers (1961); also Canada Oceanographic 
Data Centre (1969), 1966 Cruise Reports, Canada Centre for Inland 
vVaters; also Irbe 1969; and Richards, Irbe and Massey 1969.  

A report on the physics, chemistry and biology of Lake Ontario 
is being prepared by the U. S. Dept. Interior, Federal Water Quality 
Administration, Lake Ontario Basin Office, Rochester, N. Y. This 
will present observations on temperature and currents from 17 stations 
over a 14 month period, from August 1964 to November 1965, as well 
as surface temperatures measured on a number of cruises. Some of 
the temperature records obtained during the course of the FWQA 
surveys are discussed later in this report.  

(b) Lake Michigan (in chronological order) 

Ayers, et al 1958; Van Oosten 1960; Beeton and Moffett 1964; 
Ayers 1965; Noble 1966; Ayers and Chandler 1967; Noble and 
Michaelis 1968; Noble and Ewing 1968.  

A further report on Lake Michigan temperature data for 1954
1955 was being prepared by J. W. Moffett before his death. This will 
probably appear as a U. S. Fish and Wildlife Service Special Scientific 
Report under joint authorship* Data is also stored at Ann Arbor in 
the form of ships' thermograph records and bathythermograph slides, 
taken routinely by R. V. "Cisco" and other vessels.  

*Carr, Moffett, and Gannon (1971 ?).
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The Great Lakes Data Center at the Lake Survey Center (NOAA, 
National Ocean Survey, U.S. Department of Commerce, 630 Federal 
Building, Detroit Michigan 48226; formerly U. S. Lake Survey, Army 
Corps of Engineers) and the Canada Oceanographic Data Center section 
at the Canada Centre for Inland Waters at Burlington, Ontario, are and 
will increasingly become repositories for physical and other data from 
the Great Lakes region.



CHAPTER II

Upwelling of Coastal Waters and the Generation 
of Long Internal Waves 

Introduction 

Upwelling, or forcing of a water mass to or toward the surface 
from a lower equilibrium level, occurs to some degree in all lakes at 
all seasons, but becomes most conspicuous during seasons of stratifi
cation, when cold sub-thermocline layers are forced to the lake sur
face. In a small lake, the motions associated with upwelling may take 
the form illustrated in figure 23. The wind stress and the associated 
water movements depress the thermocline to below equilibrium level 
at the downwind end of the basin, where strong circulating currents 
exert a shear, which steepens the thermocline density gradient in that 
region (fig. 23c). At the upwind end of the basin, the thermocline 
gradient is much less pronounced and, if the wind stress is great 
enough or the basin long enough, the thermocline may intersect the 
water surface (fig. 23b and c). An example of upwelling, in a lake of 
7 km length over which a wind of Beaufort force 7 to 8 had been blowing 
for 12 hrs, is illustrated in figure 23 d.  

It is easy to see that, if the thermocline tilt is roughly pro
portional to the magnitude of the wind stress which produced it, up
welling of sub-thermocline layers to the surface will occur more 
frequently as basin size is increased. Also, in large basins, the 
upwelling motions are strongly modified by the Coriolis force arising 
from the earth's rotation. The picture for Lakes Ontario and Michigan 
may be visualized by imposing a rightward Coriolis deflection on the 
currents illustrated in figure 23, so that the thermocline becomes 
depressed and steepened to the right of the wind direction, and the 
upwelling sub -thermocline water appears at the surface to the left of 
that direction. In Lake Ontario, with prevailing winds from the west, 
it is therefore not surprising that upwelling is common along the 
northwestern shore (for example, fig. 24a and b), or that the thermo
cline generally lies deeper (fig. 18c) and is also steeper (fig. 24c) 
in the southeastern part of the basin.

7
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Upwelling in Lake Michigan 

In Lake Michigan, by contrast, the greatest upwelling response 
is found either along the eastern or western shores, associated respec
tively with southerly or northerly winds. Figure 25b (from Church 1945) 
shows an example of relatively weak upwelling along the western shore 
from Sheboygan to Kewaunee in early July, 1942, following an interval 
of light winds. On the Kewaunee -Frankfort section at that time (fig. 25a) 
the isotherms were correspondingly depressed (downwelling) on the 
eastern shore; and, incidentally, the thermocline topography across 
the whole section suggests the presence of large internal waves.  

A moderate upwelling, this time on the eastern shore and 
associated with northerly winds, is illustrated in figure 26 for the 
Milwaukee -Muskegon section of 14 June 1942. More typical summer 
pictures are those for 19 July in figure 27 (western upwelling) and for 
22 August (fig. 28), after strong winds had thoroughly mixed the upper 
layer and imposed a cross -Lake slope on the thermocline. On the 
latter date, the 8C isotherm was at the surface on the western shore 
but lay at 40 m depth on the eastern side. The wave-like thermocline 
topography, so conspicuous in later figures, was not "resolved" in 
figure 28, probably because only 18 bathythermograph casts were made 
across that section.  

Extensive information on the frequency and extent of coastal 
upwelling in Lake Michigan, and to a lesser degree in Lake Ontario, 
is provided by the temperature records at the intakes of those munici
pal water filtration plants which pump raw water from the Lake, 
typically from a depth of 8-15 m below the Lake surface and 1-2 km 
offshore. If the intake temperatures on opposite sides of the Lake are 
compared, large, irregular fluctuations are apparent, which are often 
out of phase between one side of the Lake and the other. As we shall 
see, this behaviour is a result of motion in the whole of the basin, 
involving an upwelling on one shore (producing low intake temperatures) 
and a downwelling on the other shore (producing high intake tempera
tures). For example, figure 29 (for July-October 1942), the year of 
Church's study, makes this clear by comparing daily mean wind esti
mates at Milwaukee, Wis., with intake temperatures at pairs of 
stations, one on the west shore and one on the east shore, at approxi
mately the same latitude. Included among these pairs are Milwaukee, 
Wis., and Muskegon, Mich. ; and these afford an illuminating compari
son between Church's diagrams for the temperature distribution across 
that section of the Lake.  

The wind data, presented in figure 29 for Milwaukee, Wis., 
and obtained as monthly tabulations from the U.S. Weather Bureau,



are given as daily mean speeds and the speed of the fastest mile for 
the day, both plotted on a linear scale starting at 5 mph. The relation 
of winds at Milwaukee (a land station) to wind stress on the water is 
examined later. A plot of wind speed squared would have given 
a better picture of wind stress, but as only a general indication of the 
main storms is needed for the present purpose, a linear speed scale 
suffices. Black bars above the line represent the prevalent wind direc 
tion S to W; black bars below the line represent winds from the quadrant 
N to E; and shaded bars above and below the line represent winds from 
the quadrants 'W to N and E to S, respectively. Directions, for the 
fastest mile and the prevalent direction for the day, are indicated by 
a number code. Starting from 0 for a N wind and proceeding clockwise, 
the numbers 1-15 refer to quarter quadrants. For example, 
4, 8, and 12 refer to wind directions from E, S, and W, respectively.  

Also plotted in figure 29 are Lake water temperatures (daily 
in most cases, but 6 hourly readings and 6 hourly means for Racine 
and Milwaukee, respectively) at the intakes of eight municipal filtra
tion plants. The records are presented for pairs of stations, one on 
the west shore and one on the east shore, at approximately the same 
latitude. 'While the temperatures at the southernmost pair (Chicago 
and Michigan City) ran a generally similar course, temperature at the 
other three station pairs commonly followed a pattern in which a 
period of high temperature at one member of the pair was accompanied 
by low temperature at the other, with several rapid reversals apparently 
correlated with wind change.  

During the first twenty days of July, figure 29 shows variable 
winds, mainly in the S-W sector; the occasional northerly winds were 
light and did not outlast a day. The average wind stress during this 
interval, combined with the Coriolis force, transported surface warm 
water toward the eastern shore and caused the moderate upwelling for 
a considerable distance along the western shore illustrated in figure 
2 5b. The interval of predominantly S -W wind, which ended on 20 July, 
was followed by two days of northerly wind, to which the Lake appears 
to be particularly sensitive. Interpreted as the result of the northerly 
wind on 21-22 July is the fall of temperature at Muskegon, the slight 
rise at Milwaukee, and the relaxation (fig. 30, 26 July) of the earlier 
(fig. 27) strong western upwelling and eastern downwelling. By 
2 August (fig. 31) the picture had changed to one of moderate eastern 
upwelling and westward downwelling.  

Three later days of northerly winds (9-11 August) were correlated 
with a reversal of temperatures at Milwaukee and Muskegon intakes and 
followed by the corresponding upward tilt of the isotherms on the eastern 
shore on 15 August (fig. 32). This tilt was rapidly reversed by the
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strong S-W winds which started on 14 August and persisted with only 
minor interruptions until 27 August. As a result, the Milwaukee and 
Muskegon intake temperatures reversed again on 17 August and achieved 
their maximum difference on the day (22 August) of strongest wind, of 
conspicuous western upwelling and eastern downwelling, and the cross
lake tilt of the thermocline illustrated in figure 28. The western up
welling apparently persisted until the end of the month (fig. 29).  

During the second half of July (figs. 27, 30 and 31) the mean 
level and the gradient of the thermocline showed little change. But the 
strong S-W winds starting on 14 August increased the gradient and 
depressed the mean level (figs. 32 and 28).  

Further reversals of the intake temperatures were correlated 
with N-E winds on 2, 3 September and S-W winds which started on 
11 September.  

The year 1942 (fig. 29) is of particular interest because com
parison is possible between the intake temperatures and Church's (1945) 
observations of temperature structure on a number of Lake Michigan 
cross-sections, mainly the section from Milwaukee to Muskegon, illus
trated in several figures in this report. Superimposed on the figure 29 
records for the Milwaukee and Muskegon intakes are temperature esti
mates, extracted from Church's cross-sections, for the two near-shore 
points coinciding in distance and depth with the position of the respective 
intakes. The correspondence between these estimates and temperatures 
at the respective intakes is very close. This must be attributed to 
Church's routine practice of making a bathythermograph cast approxi
mately one mile off each breakwater, which is the order of intake exten 
sion into the Lake.  

Correlations, similar to those illustrated in figure 29, between 
the wind regime and the upwelling and downwelling motions which 
influence water intake temperatures, can be seen in the intake records 
for all years which the writer of this report has examined (1942 -1963).  
In the later years, records from more intakes are available; and 1955 
has been chosen (in fig. 33) as an example of a particularly strong 
eastern upwelling, which fortunately happened to coincide with Lake 
wide temperature surveys carried out on a "quasi-synoptic" basis by 
Ayers et al. (1958), the results of which are illustrated in figures 34 
to 36. As in figure 29, the intake temperature records are presented 
for pairs of stations lying at approximately the same latitude, one on 
the western and one on the eastern shore. Wind data are presented, in 
the form already described for figure 29, for the land station Milwaukee, 
Wis.
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A reversal from S-W winds to strong E winds on 7 August led 
to a sharp reversal of intake temperatures at all four pairs of stations, 
indicating strong upwelling on the eastern shore and downwelling on the 
western shore. These events occurred just before the 9 August survey, 
already mentioned. Figure 34, for example, makes it clear that the 
exceptionally strong upwelling extended along the whole eastern shore.  
Further N-E winds on 11 and 12 August maintained the extreme tem
perature differences between members of each pair of intakes, except 
in the case of Chicago-Michigan City. Subsequent temperature changes 
at the eastern intakes, to which the linking vertical dotted lines in 
figure 33 (and 29) refer, will be discussed in chapter 4 in connection 
with possible internal wave models.  

At Milwaukee and Racine, for example, there was a rise of 
8VC in 12 hrs, and an even greater rate of fall of temperature (11C 
in 6 hrs) at intakes on the eastern shore. As figure 33 is based on 
6-hourly means, the actual temperature changes must have been more 
rapid than the figure indicates.  

A more detailed comparison between wind observations and 
water intake temperatures was possible for Lake Michigan in 1963 
(fig. 37) when, with the help of various municipal water plant operators, 
hourly temperatures were measured and compared with hourly wind 
readings at a number of land stations, two of which (Milwaukee, Wis.  
and Grand Rapids, Mich., land anemometers at standard height 10 m) 
are illustrated in the figure. Also illustrated are wind observations 
at an open-Lake buoy station (U. S. Dept. Interior 1967, station 18, 
43008' N, 87°24.5" W, approximately 7 km north of the Milwaukee
Muskegon section, anemometer 3 m above the water surface), for which 
the maximum and minimum speeds for each two-hourly interval are 
plotted.  

Figure 37 attempts to portray the magnitude and timing of 
the main wind stresses on the Lake. Therefore only wind speeds above 
9 knots are included and these are plotted on a scale of (speed)', with 
indication of the principal directions only. The directions and timing 
of the wind impulses show reasonably good agreement between all 
stations; and this suggests that the principal storms affect the whole 
of the Lake, at least over the Milwaukee -Muskegon section. However, 
the wind speeds recorded at station 18 are considerably higher than at 
the land stations. This is a real difference, although it is considerably 
exaggerated in the figure by the use of the (speed) scale and the 
inclusion of maximum speeds for each two -hour interval, at station 18.  
Speeds plotted for the land stations are hourly spot readings, and maxima 
are therefore usually missed.
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As in 1955 (fig. 33), the greatest temperature variability 
and the greatest rates of rise and fall were found at the eastern 
intakes (Ludington, Muskegon,and South Haven) where rates of fall 
of 4. 5°C per hour were not uncommon, with smaller rates of rise.  
But at the corresponding western intakes from Waukegan north
wards, the rates of both rise and fall were consistently less than 
on the eastern shore, values of 1.7°C per hour being typical.  
There was least temperature variance at the southern end of the 
basin (Chicago and Michigan City, not illustrated).  

General conclusions for Lake Michigan are that there is 
upwelling either on the eastern or the western shore for most of 
the summer; the durations of the western upwelling are longer be
cause the prevalent winds are from the S-W quadrant. There is 
also a high negative correlation between temperatures at cross
Lake station pairs, and the temperature of any one station and 
time is generally clearly dependent on the wind stress field averaged 
over the preceeding day or two. The system is particularly sen
sitive to winds veering from S-SW to N-NE and blowing strongly 
from the latter direction for one or two days-a common feature of 
the passage of summer storm fronts. Temperature variability at 
the intakes is greatest at stations in the middle reaches of the Lake 
and least at Chicago. Also, the rates of temperature rise and fall 
are highest on the eastern shore, where the highest maximum 
temperatures are attained (and maintained for longer periods), for 
example reaching a 1963 maximum of 24"C at Muskegon and Michigan 
City. Somewhat higher temperatures were reached at those intakes 
during 1965 (fig. 33).  

The timing and direction of upwelling motions varies 
greatly from year to year, but is closely associated with wind acti
vity and with Lake -wide motions, demonstrated by comparison of 
the Milwaukee and Muskegon intake temperatures in figure 37 and 
the cross -Lake temperature structure illustrated for the Milwaukee 
Muskegon section in figures 45, 46, and later figures considered 
in chapter 4. Examination of those figures confirms that the 
offshore extent of coastal upwelling is normally 10 to 20 km in 
summer. Later in the year, as the winter mixing stage is approached, 
the extent of upwelling must be greater. This has been demonstrated 
by Noble and Wilkerson (1970), whose airborne surveys of surface 
temperatures (figs. 38 and 39) showed a remarkable eastern up
welling which, in 1966, extended to mid -Lake at the latitude of Two 
Rivers, Wis. The authors interpret this as a seasonally recurring 

"proessmore significant than simple, irregularly occurring, 
wind-generated upwelling"?. But, in view of the frequency (and 
irregularity) of upwelling demonstrated in previous figures, the
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causal relationship is more likely to be with an irregularly fluctuating 
wind field rather than with a regularly repeated seasonal current 
pattern.  

Upwelling in Lake Ontario 

Lake Ontario is not as well supplied with municipal water in
takes as is Lake Michigan, but the coverage is more uniform. The 
intake temperature records confirm that, as in Lake Michigan, coastal 
upwelling is common during summer and autumn, particularly along the 
northwestern shoreline, including the Toronto region (fig. 40). This is 
not surprising in view of the dominant influence of the prevailing wester
ly winds (compare figs. 17, 18, and 24). Upwelling along the southern 
shore, associated with easterly winds, is less frequent and less pro
longed (see the record for Rochester, N.Y. in fig. 41) than in the Toronto 
region, but can nevertheless be occasionally extensive (fig. 42). The 
out-of-phase behaviour, commonly seen in temperature oscillations at 
intakes on opposite sides of Lake Michigan, is also found when the 
records from Cobourg, Ont. and Rochester, N.Y. are compared (fig.  
41). These are stations which lie approximately north and south of 
the central point of the basin. Upwelling at the eastern end (Kingston, 
Ont. fig. 41) is apparently less frequent, but when it occurs, the 
temperatures at Kingston are often, but not always, out-of-phase with 
those at Hamilton, Ont. at the opposite extremity of the basin.  

The correlation between upwelling events and the wind (re
presented by daily means and fastest hourly reading for the day at 
Toronto) are illustrated in more detail for the summer months of two 
years in figure 43. Although not as many intake temperature records are 
available as for Lake Michigan, their correlation with wind suggests 
that the relationship between wind stress and coastal upwelling is similar 
in the two basins. To conform with the W-E orientation of the Ontario 
basin and of the main wind stress, the convention for the wind diagrams 
in figure 43 differs from that adopted for Lake Michigan in figures 29 
and 33. For Ontario, black bars above the line include all daily mean 
directions from the (prevailing) sector SW-NW; black bars below the line in
dicate winds from the sector NE -SE; and shaded bars above and below the 
line indicate winds from the sectors SSE -SSW and NNW -NNE, respec 
tively. The speed scale is linear and starts from zero. The directions 
(as in the Lake Michigan figures also) are indicated by a number code, 
0 to 15, representing quarter quadrants proceeding clockwise from 0 
at N, as set out in the legend of the figure.  

The following conclusions may be drawn from figure 43: there 
are long intervals of low temperature, presumably associated with
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upwelling, at Toronto; inverse correlation between the temperatures at 
Hamilton and Kingston intakes occurs only rarely; the intervals of low 
temperature and therefore presumably of upwelling are shorter at 
Rochester than at Toronto and invariably follow two or more days of 
wind from the NE -SE sector (black bars below the line). The extent along 
shore and offshore of coastal upwelling in Lake Ontario (although examples 
are given in figures 24 and 42) is less well documented than for Lake 
Michigan, a deficiency which will be made good by the surveys of the 
Canada Centre for Inland Waters and by measurements made during 
the IFYGL.  

The Generation of Long Internal Waves 

The mechanisms by which internal waves are generated in the 
Great Lakes are not clearly understood, and their further exploration is 
one of the objectives of the IFYGL program. Various generating mech
anisms are possible (one of which was proposed by Saylor 1970); but, in 
general, the application of stress to the water surface by wind storms 
is the most important forcing agent, a conclusion borne out by observa
tions to date. Upwelling of the thermocline (and downwelling on the oppo
site shore) represents a deviation from equilibrium brought about by 
wind stress (interacting with the Coriolis force in large basins); and, 
when the stress is removed, internal waves are set in motion and contri
bute to the dissipation of energy.  

Extensive evidence of internal waves in small stratified lakes 
led Mortimer (1952, 1953) to conclude that internal waves generally 
increase in amplitude after wind storms and that the most common 
response of a lake to the wind stress impulse takes' the form of oscillations 
with substantial contributions from the lowest odd-numbered internal 
(and surface) free modes of that particular basin, with the first mode 
(the uninodal seiche) usually dominant. A glance at figure 23 makes it 
clear why the odd-numbered modes should be favored; the relative 
contribution of the first, third, or fifth internal mode, to the response 
to a particular wind stress, presumably depends on the particular shape 
of the distorted thermocline surface left after the wind disturbance has 
passed, and also on the duration and periodic content of the wind impulse.  
A relation exists between the magnitudes of the Fourier components of 
the initial thermocline isplacement from equilibrium and the proportional 
contributions of each free internal mode to succeeding resonant response.  

In basins of fairly regular, elongated shape and with thermocline 
displacement of the kind illustrated in figure 23, it is perhaps not sur 
prising to find (for example in fig. 44) that the main resonant response 
of "small"? stratified lakes to impulsive wind stresses takes is dominated
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by the uninodal internal seiche, the period of which is principally 
governed by the length of the basin. Figure 44 presents temperature 
oscillations, near thermocline depth on a common time scale, for three 
basins ranging in length from 7 to 74 km and also shows the incidence 
of wind impulses. In each case, the temperature oscillations, produced 
by internal waves, increased in amplitude as a result of the wind distur 
bance, and decreased later under the influence of friction. There was 
a strongly marked periodicity in the temperature fluctuations in each 
lake, which closely corresponds to the ("Merian") period calculated 
for a uninodal internal seiche in a rectangular model adjusted to the 
dimensions of that lake. Frequency spectra of the temperature oscil
lations are also shown, at the bottom of figure 44, for the smallest and 
largest of the three basins. The highest spectral ordinates are grouped 
in each case near the corresponding Merian period, although it may be 
noted that later more precise calculations gave a period of about 3.3 
days for the first internal mode in Lac Leman, perhaps represented 
by the single isolated peak at that frequency in the spectrum. The 
group of spectral peaks near four days' period may therefore represent 
meteorological forcing.  

With the resonant behaviour just described for small lakes in 
mind, it is reasonable to expect that the principal responses of Lake 
Michigan and Lake Ontario to impulsive wind stresses will also contain 
large contributions from the lowest, odd-numbered, free internal 
modes, with proportionality of the modal contributions determined by 
the particular shape of the thermocline surface, as displaced by the 
wind stress, and on the duration and periodic content (i. e., the Fourier 
spectrum) of the wind impulse. In small basins, the frequencies of 
the lower free internal modes (internal standing waves or seiches) are 
relatively widely spaced across the frequency spectrum, at intervals 
determined by vertical distribution of density and by basin dimensions.  
In basins of Great Lakes dimensions, as will be shown in the next 
chapter (see eq. 19 and fig. 52), the frequencies of the standing wave 
equivalents of the lower free internal modes all lie in a relatively 
restricted frequency region, which extends from the local inertial 
frequency to a few per cent above this. In Lakes of this size, variation 
in basin dimensions has little effect on the frequencies of the lower 
modes. A representative inertial frequency for the central regions of 
Lake Michigan and Lake Ontario corresponds to a period of 17.5 hrs; 
and we should therefore expect all of the lower internal modes (i. e., 
with the longest internal wavelengths) to "resonate", after a distur
bance, at a period a little less than 17. 5 hrs. Such resonance is there
fore to be expected if the "distortion" of the thermoc line plane brought 
about by wind stress contains long "wavelengths", or if the duration of 
the wind impulse is close to half or one and one -half times the inertial 
period, i.e., approximately 8 or 24 hrs, or if the wind reverses in
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direction, after blowing for roughly 8 hrs, and then blows in the opposite 
direction for the same interval.  

The motions which have been observed in Lake Michigan are 
described in chapter 4. Here it will suffice to demonstrate significant 
increases in the amplitudes of internal waves at near-inertial frequen
cies, after major wind storms have displaced the thermocline surface 
from its equilibrium position. The upper portions (a and c) of figure 45 
show variations in vertical temperature distribution at 2 hourly intervals 
at a mid-Lake anchor station (position given later) during two episodes 
(a) 30-31 July 1963 and (c) 3-5 August 1963. Inspection of the wind dia
gram in figure 37 confirms that episodes (a) and (c) relate to intervals 
before and after a short burst of strong SE wind on 2 August. The 
observations at the anchor station during episode (a), shown in figure 
45a, are consistent with an internal wave of small amplitude and appro
ximately 16 hrs period. In episode (c) the wave pattern at the anchor 
station (fig. 45) was more complex; it was of considerably larger ampli
tude and was again repeated approximately every 16 hrs (the vertical 
rulings in the figure are at 8 hr intervals). Also shown in the figure are 
representative pictures of the temperature distribution in the Milwaukee 
Muskegon section (the mid-Lake anchor station lay some 12 km north 
of that section, for details see chapter 4) for (b) 30 July and (d) 3 August.  
Because (b) and (d) do not represent instantaneous pictures-the vessel 
took about one-third of an inertial period to cross the Lake-amplitudes 
of internal waves cannot be inferred from them with the precision which 
is possible in (a) and (c). It is clear however that, after the wind storm, 
the mean level of the thermocline had been pushed a little deeper and an 
E-W slope had appeared, not present before; wave amplitude had increased.  

The two major wind storms later in August (12 -13 and 16-17 
Aug.) produced more striking changes in the cross -sectional distribu 
tion of temperature (fig. 46), but unfortunately no anchor station mea
surements, comparable to those reported in figure 45, were made at 
that time. An extract from the wind record is presented in figure 46a 
and it will be observed that the cross -sections illustrated in figure 46 b, 
c, and d are for days (11, 15 and 19 Aug., respectively) before and after 
a storm. Both storms show the wind veering from south to north or 
northeast (an impulse to which Lake Michigan appears to be particularly 
sensitive, Mortimer 1963). The first storm was the most severe; but the duration of the strongest northerly wind was about 18 hrs, and this 
may have been less effective in evoking near -inertial resonance than were 
the shorter impulses of the second storm, in which strong southerly 
winds blew for about 8 hrs, followed by N-NE winds blowing for about 
the same interval.  

Comparison of (b) and (c) in figure 46 shows the response to the 
first storm as a deepening of the thermocline and perhaps an increase in 
internal wave amplitude, whereas comparison between (c) and (d) shows
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further deepening of the thermocline and a spectacular increase in 
internal wave amplitude, with strong upwelling on the eastern shore, 
balanced by downwelling on the western shore. The offshore extent of 
these upwelling and downwelling regions, some 20 km, may be related 
to the properties of the internal boundary waves, which represent 
another free response of a stratified Great Lake to an impulsive wind 
stress, and which are described as Kelvin-type waves in the next chapter.



CHAPTER III

Theory of Long Internal Waves in Channels and Basins 
in which Rotation Effects are Important 

This chapter was prepared in collaboration with Dr. M. A. Johnson, 
National Institute of Oceanography, Wormley, Surrey, England* 

Introduction 

Whereas surface waves attain their maximum amplitudes at 
the water surface, the maximum amplitudes of internal waves are 
found below the surface, usually in the thermocline layers in the lakes 
we are considering. The (model) channels and basins we shall treat 
in this section are of Great Lakes dimensions (horizontally of order 
100 km, uniform depth of order 100 m) and rectangular in form; and 
the waves of interest are of wavelength greater than 10 km and there
fore much greater than water depth.  

For surface waves in a homogeneous fluid, and in the absence 
of rotation, a simplified equation, 

w2/k 2 = (g/k) tanh kh- c2, 

defines a unique frequency, ,w, for any given wavenumber, k. In that 
equation, h is water depth, g is the acceleration of gravity, and c is 
the velocity of wave progress, sometimes called wave speed, phase 
speed, or celerity. In general, c depends on k, and the waves are 
dispersive. For "short" waves (wavelength less than 0.2 h) the relation 
approaches w ( 2 /k1 = g/k [ i. e., c 2 a 1/k] ; while for "long" waves (wave 
lengths of more than about 20 h) it approaches the non-dispersive form 
W2 /k 2 = gh. In a stratified fluid, on the other hand, the w to k rela
tion is not single-valued.  

Summer conditions in Lake Michigan and Lake Ontario appro
ximate to a two -layered model, in which the potential density of the 
upper layer (-) differs from that of the lower layer (Z) by a small 

*This chapter and earlier drafts benefited substantially from Johnson's 
revisions and contributions; and extensive use has been made of results 
from a forthcoming report in this series (Johnson and Mortimer 1971).  
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quantity (P2 - F 1)/ /', of order 10 - 3 . In this particular case, first con
sidered by Stokes (see Lamb 1932, Art. 231), there are essentially two 
degrees of freedom (somewhat analogous to the motion of the double 
pendulum) corresponding to two w to k relations, which for long waves 
are: 

W 2/k 2  g(h±h 2h)= gh; and w 2 /k 2  gh 1 hp- Ip)/ 2 (h + h 2 ), 

in which h1 and h 2 are the thicknesses of the upper and lower layers, 
respectively, and h = (h +h 2 ). In the absence of rotation, the first w 
to k relation corresponds to the speed or celerity, co, of a long surface 
wave, while the second relation corresponds to a much smaller celerity, 
c m,of a long internal wave, with maximum amplitude at the interface 
between the layers. (The suffix o, or m=o, refers to surface waves; the 
suffix m- introduced later- refers to internal waves.) The gravitational 
force in the internal wave is reduced by the factor (P - T1)/P, and, 
if the energy content of the surface wave is of the same order as that of 
the internal wave, the amplitude of the latter is much greater. If more 
interfaces are introduced into the model, the number of degrees of free
dom and the number of w to k relations increases correspondingly; and 
it is easy to see that a continuous vertical density gradient implies an 
infinite number of such relations.  

The more general case, including the effects of rotation and 
applicable to a continuous increase with depth of wave -averaged (poten 
tial) density j7, was treated by Fjeldstad (1933). From his treatment 
but using a different notation - a simplified equation in terms of the 
vertical velocity component, w, may be derived as follows (an identical 
equation holds for the wave elevation, 0): 

b2 w 2 w _(wC
2O-f 2 ) b ( )=[1] 

7x * y 2 (N _2w2 )W-  Z Z = O[1 

in which Ox and Oy are the horizontal axes, Oz the vertical axis, 
directed downwards, w the wave frequency, f the Coriolis parameter or 
inertial frequency (equal to twice the angular velocity of the earth's 
rotation times the sine of the latitude), and N is the Brunt-VaisaIl!I fre 
quency defined by: 

N 2 - 47[2] 

in which compressibility has been neglected (see Eckart 1960). Equation 
[ 2] defines a stability parameter, N, which is the frequency of oscilla
tion of a parcel of fluid displaced vertically from its position of equili
brium in a vertical density gradient and reacting to buoyancy and
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gravitational forces only. It is evident from illustrations of temperature 
distribution in the Lakes, given earlier, that N varies considerably with 
depth and that its maximum (Nmax) coincides with the steepest density 
gradient in the thermocline. It will be shown later that, on certain 
assumptions, Nmax represents a theoretical high frequency limit for 
internal waves; and observations suggest that this limit is not exceeded 
in Lake Michigan. In late summer, for example, the periods of short 
internal waves in the thermocline are about 2-4 min, not much greater 
than 21r/Nmax. These waves are described in the following chapter.  

In the present chapter, principally concerned with models of 
long internal waves, the following simplifying assumptions are made.  
The effects of friction and of currents and non-linear effects are neg
lected (all more important near shore than offshore); the depth of the 
basin and the equilibrium level of the thermocline (density profile) is 
assumed constant; and the latitudinal variation of f (important in basins 
larger than the Great Lakes) is neglected. With these simplifying 
assumptions (not unrealistic for discussion of general principles) and 
with the given boundary conditions - pressure uniform at the free surface, 
w = 0 at the solid bed, and zero velocity component normal to any lateral 
boundary - eq. [ 1] determines the character of the wave motion. A use 
ful consequence of the assumption, that water depth and equilibrium 
(wave-averaged) thermocline depth are everywhere the same, is that 
separation of variables is possible in eq. [ 1]. Thus the vertical velocity 
component, w in eq. [ 1], is proportional to the product of a horizontally
dependent part W(x, y) and a vertically-dependent part w(z). The follow
ing independent expressions for the horizontal and vertical dependence 
of wave amplitude and water motion, in terms of W(x, y) and w(z), are 
respectively: 

b2W +62w2_ ( 2 -f:)W = 0 
2  y 2  + [3] y2 Cm 

and 

d 2 w(z) dpT dw(z) P(N 2 - W) w(z)_ 

dz + dz dz + c-0 [4] 

in which 1/cnu is the separation constant, with Cm as the already-defined 
internal wave celerity in the absence of rotation. These equations correspond to eqs.[ 124.3] and [124.4] given by Krauss (1966). The quantity 
(1/Cns) in [ 3] and [4] corresponds to Krauss' separation constant v, 
when that is positive; if V is negative, (-1/Cm s ) should replace v, and 
be substituted for ( + 1/Cna) in [ 3] and [ 4]. The actual celerity with 
rotation, w/kh(see below), is greater than c ru by a factor F equal to 
(1 - f /v2) - -2, which will be used later.
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Solutions to eqs. [ 3] and [ 4], and to equations later derived from 
them, are subject to the boundary conditions stated above and also in 
eqs. [34] and either [35] or [36]. It is convenient to treat the horizontal 
dependence first.  

Horizontal Dependence 

For a long plane wave with horizontal variation conforming to 
the general expression exp (ikx + ik y) -in which k and kv are the wave
numbers in the x and y directions, regpectively (kx and ky everywhere 
constant, under the uniform -depth asvumption) -we may define a "hor
zontal wavenumber", kh = (kx2 + ky2) . It then follows from eq. [3] 
that the quantity cmis related to the wavenumbers as follows: 

(wh2 xf 2 )/c2 k + [5] 

With the exception of the special limiting case of w = f (motion 
in the "inertial circle") not further considered here, eq. [ 5] requires 
either than kh2 >0 and w >f, or that %) < 0 and w< f; also for internal 
waves that N > w, as discussed later. Wave solutions of [ 5] are not 
otherwise possible except for the further special case, of limited prac
tical importance, mentioned but not treated later, requiring N < w <f, 
and (-1/cn2) to replace ( + 1/cn{) in eqs.[3] and [ 4].  

Also, the signs of kx' and 2 respectively determine whether 
the horizontal dependence of wave eIevation and water motion shall be 
sinusoidal or exponential in the x and y directions; a positive sign corres 
ponds to sinusoidal and a negative sign to exponential dependence. The 
time-periodic (wave) solutions of eq. [ 5] therefore fall into two frequency 
ranges ( > f for kh2 > 0; and < f for kh < 0), and the solutions also fall 
into three principal wave -types, determined by the boundary conditions 
and by the sign combinations of kx and ky2 , as summarized in table 4 
at the end of this chapter.  

We adopt the usual nomenclature for wave solutions in rotating 
rectangular models, with Kelvin and Poincare' waves (Thomson, Lord 
Kelvin 1879; Poincar6 1910) as principal wave types. Following Mortimer 
(1963), the third wave -type is named Sverdrup wave (Sverdrup 1926).  
Individual Sverdrup waves form solutions appropriate to a boundless 
rotating ocean of uniform depth; and particular combinations of them 
yield solutions or solution components appropriate to straight rotating 
channels of rectangular cross section of constant depth and width, with 
or without transverse barriers (see tables 3 and 4), and with dimensions 
of'Oreat Lakes" order. For brevity, it will be convenient to refer to 
Sverdrup, Kelvin, and Poincar waves by the letters S, K, and P.
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It is convenient to state the equations of motion and continuity 
for long surface waves in the form used by Sverdrup (1926), as follows: 

u fv=-g , [6] 

and 

t + fu = -g C 

with the equation of continuity: 

-h 6u h6v 7] 

in which u and v are the fluid velocity components along the x and y axes, 
respectively, and C represents the elevation of the water surface above 
equilibrium level, z =0. Solutions of [6] and [7] are also subject to 
the boundary condition of zero flow normal to all boundaries.  

The internal wave equivalents of eqs. [6] and [7] may be 
written: 

2 C_ 

V + f C 2z [8] 

at+ fu=Cm y z 

and 
)U bv 2 C 

x + v " bz 0 [9] 

in which cmrepresents the internal wave celerity in the absence of rota
tion (m is a vertical mode number) and represents not surface eleva
tion alone, but upward vertical displacement from equilibrium level at 
any depth. In the special case of two homogeneous layers of thickness 
h 1 (upper) and h2 (lower), let i represent the vertical displacement 
at the interface between the layers. Then, using the surface boundary condition [ 34], the vertical displacement at any depth, z, in the upper 
and lower layers is given by I = iz/h 1 and = i (h-z)/h2 
respectively.
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The Sverdrup (S) Wave

In an unbounded region, for example an oceanic region remote 
from shore (Sverdrup's "unlimited rotating disc"), eqs. [ 6] and [7] 
reduce, for surface waves, progressing parallel to Ox, so that 
kh= kx =k, to:

[10]s = I sjj sin (wot - kx) 

-fv +yCo 
u +cos (t -kx) 

6v +fu =0

and

[11] 

[12]

in which 1 s represents the time modulus (i. e., maximum amplitude 
over time) of *; . As there is no variation in the y direction, v/ by 
is zero. Equations [ 11] and [ 12] yield expressions for the horizontal 
fluid velocity components of a surface progressive S wave: 

U= c s 1-f2//a )- sin ( wt -kx)

[13]

and s is given by eq. [ 10]. As defined earlier, cO is 
i. e., the surface wave (phase) speed without rotation.  
pointed out (1926), the wave speed with rotation, cr, is 

1 
cr= /k =(gh) 2 (1 -f 2 / W 2 ) '' = co F

I 

equal to (gh)2 , 
As Sverdrup 

given by:

[14]

in which F is the factor (1 -f ,/ ) " , introduced earlier, which tends 
to unity as f tends to zero. Equations [ 10] and [ 13] may therefore be 
rewritten in the form used by Sverdrup, as follows, for the horizontal 
velocity components:

u = gf' !!{ l(w2 Tf- sin (wt-kx) 

f gw 2 
v=. wCr[s Wl m f2) cos(wt-kx)

[15]

and elevation:

V = WC o W)-2CSSW
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4 r - s (1)C(WtkX) [16] 

Equations equivalent to [ 10] and [ 13] can be derived-for internal 
S waves in terms of the internal wave celerity, Cm, where m designates 
the vertical mode number. For the special case of two layers of thickness 
h, (upper) and h2, (lower),and of respective densities P. and P, only the 
first vertical mode can be generated; and 

cmtl=gh(h 2 (P 2 p 1 )/P-2 (hI+h 2 ).  

Equations defining the components of horizontal transport in the two-layer 
model are: 

u2 h 2 = -uh = cm=1 fi} (1 -f/w2) sin (wt - kx) 

and fcM2/SW } [17] 

v2 2 W II'il (1 -f 2 /w 2 ) cos(&,t -kx) 

in which1 is the time modulus of interface elevation. Vertical dis 
placements (C , and 2) from equilibrium at other wave -averaged depths, 
z, in the upper and lower layer- and usingthe boundary condition [ 34] 
are respectively given by: 

c= 11ill z/h, sin (&it -kx) 

and } [18] 

2= 11ij (h-z)/h 2 sin (w t - kx) 

The S wave, defined by eqs. [10] and [ 13] or [ 17] and [ 18], is 
illustrated in figure 47. Compared with a long plane wave, progressing in 
the + x direction in a non -rotating fluid at celerity cO equal to (gh) T, the 
S wave shows some similarities (wave crests of uniform height along the 
y axis; forward fluid velocity, u, maximum under the wave crest) and 
some differences (celerity increased by factor F, eq. [14]; fluid velocity 
component not zero along the y axis).  

Eq. [ 14] combined with eq. [5] defines a frequency/wavenumber 
relation, or wavelength/period relation, which in the general case (letting 
c represent either the surface wave celerityb Co, or the internal wave 
celerity, Cm, both in the absence of rotation) becomes: 

Cr = W/kh= Xh/P= w//(kxe +ky/) 2 = cF [19] 

in which cr is the celerity with rotation, F is the factor (1 - f 2/W2)- , 
and P is t~ie wave period. For the surface wave case, c is equal to Co, 
i. e., (gh) ; in the internal wave case C0 is replaced by the much smaller
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quantity, Cm, the magnitude of which depends on the particular vertical 
distribution of density and on the (internal wave) vertical mode number, 
m, involved. For example, in the two -layer model, to which eq. [ 17] 
refers, cm=1 is equal to ghIh 2 (p2 - P1)/P 2 (h + h .), of order 50 
cm/sec in a summer model of Lake Michigan or Lake Ontario. With 

Xh of order Lake dimensions and with f also fixed, the corresponding 
eq. [ 19] periods are only a little less than the local inertial period; and 
it follows that the factor F is very large and the celerity is much in
creased by rotation.  

The expressions for the horizontal velocity components, eqs.  
[13], demonstrate that the (-v) component (90 clockwise from the direc 
tion of wave travel) lags one-quarter cycle behind the (+v) component, 
and that the amplitude ratio, 11 ull/11 vil is equal to w /f. It is also evi
dent from eqs. [13] that the amplitudes of 11 uli and ii vil are proportional 
to (1 -f 2/W)- , i.e., to the factor F, and to the wave amplitude, 
11s II. If, with Sverdrup (1926), we compare an S wave with its non
rotating progressive counterpart and assume that they have equal total 
energy content, eqs. [13] show that, if F increases, 11 C C1 must decrease, 
and that the ratio of potential energy to kinetic energy, averaged over 
a wave period, must decrease until, at the limit w =f, the energy is 
entirely in kinetic form. At that limit, which constitutes a low-frequency 
limit for S waves, the current ellipse has become transformed into a 
circle; and motion is in an inertial circle with an angular frequency f 
and a radius 11 ull/f. Approximations to such motion are common in off
shore oceanic regions (Webster 1968). In nearshore regions, or in 
closed basins, individual S wave solutions are ruled out because of the 
boundary conditions; but, as we shall see, combinations of S waves are 
possible. These will be described later.  

The Kelvin (K) Wave 

First, howeve., we shall consider a wave solution which satisfies 
(which the S wave does not) the boundary conditions at the shores of the 
rotating channel model. In that case, and taking the x axis normal to the 
channel sides, eqs. [ 6] and [7] are satisfied, for a surface wave travel
ling along the channel in the -y direction, by: 

S= 11os, 0oI exp (-fx/c0 )sin(wt+ky) [20] 

in which II Cs5 ol is the (maximum) amplitude which occurs at that channel 
side, x= 0, which lies to the right of the (-y) direction of progress of the 
wave. The horizontal component of fluid velocity, u, normal to the channel 
side is everywhere zero. Substitution of [20] and u =0 in [6] and [7] 
yields:
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v = (g/c) s, exp (-fx/cO) sin (wt +ky) 

u = 0 [21] 
and 

[1 

CO = (gh) L 

It follows that the celerity is not influenced by rotation.  

This wave solution, first given by Thomson (Lord Kelvin 1879), 
is imposed by the presence of a boundary, at which the normal fluid 
velocity component (u) must be zero. To meet the condition u everywhere 
zero, the Coriolis force is at all times 'alanced by the gravity component 
on the exponential wave slope in the x direction (eq.[20]). The exponen
tial factor is also contained in the first equation in [ 21], and this means 
that the horizontal velocity component, v everywhere parallel to the 
channel side, also decreases exponentially away from the channel side, 
x = 0 (see figure 48). As the celerity, c, of the K wave is not influenced 
by rotation, the lower frequency limit, f, which applies (eqs. [ 14] or 
[19]) to the S wave, is not imposed.  

Internal K wave solutions can also be derived. For example, in 
the two -layer case, an equivalent of eq. [21] yields transport in the two 
layers as: 

v.,hi = -v2 h2 = cm=1I i, oI exp (-fx/cm= 1 ) sin (wt+ ky) [22] 

in which cm=l is the (two-layered, first vertical mode only) wave celer
ity, as before; and Cil 0[ is the interface amplitude modulus at the 
channel side, x= 0. The corresponding vertical displacements from equi
librium at other depths, z, in the upper and lower layers are given, 
respectively, by: 

1= 11(i,oll (z)/h 1 exp (-fx/cm=i) sin ( wt +ky) 

and [23] 

S= II i,oII (h-z)/h . exp (-fx/c m=l ) sin (wt +ky) 

For a given channel width, b, the ratio of the amplitudes of the K 

wave on opposite sides of the channel is given by: 

rs= exp (f b/c 0 ) 

for a surface wave and

ri= exp (f b/cm) [ 24]
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for an internal wave, these ratios being independent of wave frequency.  
Values of rs and ri, representative for Lake Michigan and Lake Ontario, 
are assembled in table 1, derived by substituting the following numeri
cal values in eq.[24]: surface wave celerity, co = 30 m sec - (equiva
lent to 92 m depth); internal wave celerity, cm=1 = 0.45 m sec-; and 
f = 10 -4 sec -1 (equivalent to lat. 430 17 0).  

Table 1 demonstrates that Lakes Michigan and Ontario behave as 
wide channels for internal K waves, which have little influence beyond 
20 km offshore (fig. 48) and as narrow channels for surface K waves 
(fig. 49).  

TABLE 1. Ratios of Kelvin wave amplitudes on opposite sides of a 
rotating (f 10-4sec "1) channel. Ratios r s and r. correspond to 
surface and internal Kelvin waves, respectively (see eqs. [ 24]) 

Channel width, r. ri 
b, km (co = 30 m sec- 1 ) (cm=1 =0.45 m sec 1 ) 

1 .998 .800 

10 .967 .108 

100 .716 4 x 10 '10 

1000 .037

Poincar6 (P) Waves 

Returning to the consideration of S waves, it is evident from eq.  
[13], for example, that these cannot exist singly in a bounded channel, 
except as an approximation far from the sides, when the channel is. very 
wide.  

However, particular pairs of S waves can be combined to satisfy 
the boundary conditions at the sides of a channel of given width b, if the 
following relationships hold: the component waves of the pair are of 
equal amplitude, wavelength (Xh), and frequency ( w , restricted to par 
ticular values defined below); the directions of progression of the com
ponent waves form positive and negative angles, +90 and -9 respectively, 
with the axis of the channel, as illustrated in figure 50; Xh, b, and 
0 are so related that the combined waveform is (i) standing across the 
channel with a set of possible wavelengths, Xx, restricted to the values 
of 2b/nx equal to Xh/nx sin 9 (where nx is an integer defining the number
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of nodal lines, which are parallel to the channel sides), and (ii) progres 
sive along the channel with a wavelength, Xy, equal to Xh/cOS .  

The characteristics of this combination- to which we give the 
name "progressive Poincar6 wave", as a particular sub-type of a more 
general class treated by PoincarA (1910) - are made clear in figures 50, 

51 and 53(a). In the former figure, the thin lines intersecting at points 
A to I represent the wavecrests of two S wave -trains of equal amplitude 
wavelength, and frequency. The line DA bisects the angle (20) formed 
by the directions of travel of the two wave-trains; and the y axis is taken 
parallel to DA. The spacing between successive wavecrests is Xh (the 
S wavelength, DB", and DC", for example); and it is evident from the 
figure that the resultant P wave has a cellular form with wavelengths 
in the x and y directions given, respectively, by: 

X x =  h/sin e[ 

Xy = Xh/cos e 

with the corresponding wavenumbers related in eq. [ 5]. The wave is 
standing in the x direction (with y-parallel nodal lines at intervals of 
Xx/2) and progressive in the y direction, with a celerity which is (1/cos e) 
times that 'of the component S waves.  

Other properties of the combination are conveniently illustrated 
by an actual construction, figure 51, in which the S wave amplitudes of 
elevation and velocity vectors are combined at X h/12 intervals to pro
duce the resultant P wave elevations and velocity vectors (heavy arrows).  
For this particular case, an w /f ratio of 3/2 was chosen.+ In a region 

tThis also defines the u/v amplitude ratio as 3/2; and, as a 
basis for the geometrical construction, it may be noted that the rela
tive magnitudes and directions of the S component velocity vectors at 
intervals of Xh/12 were derived (with appropriate attention to sign) 
from the corresponding ellipse, as follows: 

Angle between vector Equivalent 
Phase direction and direc- steps of Relative Relative 
angle tion of wave progress of Xh/12 elevation vector length 

00 00 0 1.00 3* 
390 30 °  1 .87 2.62 
70 °  60 °  2 .50 2.15 
90 °  90 °  3 0 2* 

*Under wave crest 
**Zero elevation
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of a channel where the inertial period is 18 hrs; this ratio corresponds 
to a waveperiod of 12 hrs, which is considerably less than those ob
served for dominant long internal waves of near -inertial period in Lakes 
Michigan and Ontario. The ratio was chosen, however, to demonstrate 
more clearly some properties of the progressive P wave. For example, 
figure 51 demonstrates that, in the velocity vector field of the progres
sive P wave, of which the figure illustrates a small region, there exists 
a series of y-parallel lines equally spaced at intervals of Xx/2, normal * 

to which the velocity component is zero. It is possible, therefore, 
without disturbing the wave, to place boundaries along any two such lines 

to form a channel of width equal to any positive integral number, nx, of 

the X x/2 spacing units. In any given channel of width b, the values of 

the cross-channel wavelengths and wavenumbers are therefore restricted 
to members of the respective series: 

Xx= 2b/nx126] 

kx = nx/b 

where n also defines the numoer of y-parallel nodal lines (transverse 
nodality3 in the channel.  

It follows that, in order to meet the boundary conditions at the 
channel sides, the magnitudes of -h'b (and therefore Xx), and e must 
be interdependent. Eqs. [25] and [26] restrict Xh values given by 
2b(sin )/nx; and re-arrangement of eq. [ 5] leads to the result that the 
wave frequencies, w, are also restricted to values given by: 

c m2 nx 
w(2 = f+ (bsinS) [27] 

A more convenient form of eq.[ 27] may also be derived from 
eqs. [ 5] and [ 26] in the form: 

w2 = f% +cm (k y f + k 2)f2+ cm 2 k x 2 (1+r 2 ) 

f%+ (1 + r 2)(cmfrnx/b) 2  [28] 

in which r is the ratiokv/k or X /.. For any particular case, in which 
the values of cm, nx n are speciied, ¢ sa iiu hnr 
reduced to zero, i.e., when X_ becomes infinite. This corresponds to 
sin 8 equal to one in eq. [ 27] i. e., S equal to 27/2) and represents the 
combination of two Sverdrup waves travelling in opposite ( +x) direc 
tions to form a standing wave across the channel, with wavecrests of 
uniform height along the channel (y) axis. This is the "standing Sverdrup 
wave?? sub-type described by Mortimer (1963). The lowest frequency 

*A and B in fig. 51; "sides" in fig. 50.
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limit defined by eq. [ 28] therefore corresponds to a standing Sverdrup 
wave of transverse nodality one (nx = 1); and eq.[ 28] may be written 
cvI - f '+s 2 , where s ( =cmkx = cmv /b) is the frequency of a uninodal 
transverse seiche in the channel inThe absence of rotation.  

If sin 9 is taken to the other limit (zero for 0 equals zero) in 
eq. [ 27] the last term and w become large compared with f; the influence 
of rotation therefore becomes progressively less important; and the 
solutions become indistinguishable from those for progressive waves 
traveling along the channel (y) axis in the absence of rotation.  

Restated in terms of wave period, P, and wavelength Xx, eq.  
[28] becomes 

1 1 c 2  + 1 )cmnx)2 (1 +r )  [29] 
T2 Pi 2 x i 2b 

in which Pi is the inertial period, and as before r is Xx/Xy and Xx 

is restricted to values of 2b/nx. Eq. [29] is used to plot, in figure 52, 
the wave periods corresponding to values of cm, b, and Xx represen
tative of Lakes Michigan and Ontario, and for the following values of r: 
0 (standing wave), 0. 5, 1, 2 (progressive P waves). The inertial period, 
Pi' is an upper limit at 17.5 hrs; and the wave periods, corresponding 
to Wavelengths ( x) greater than 60 kin, fall within the range 90% to 
99% Pi The longest possible period in the figure 52 example (nx =1, 
r = 0 for Lake Michigan) is only about 1% less than Pi. For this reason, 
long internal waves in the Great Lakes are often referred to as "near
inertial" waves.  

Figures 51 and 53(a) also illustrate another property of the pro
gressive P wave, namely that the cross -channel waveform is "shifted"
upward in fig. 51, i. e. , to the right of wave direction for this uninodal 
case of waves traveling toward the left of the figure -so that the node is 
displaced from the mid-channel line, and the line of maximum elevation 
is displaced from the shoreline. This shift is the result of the phase 
change which occurs when the component S waves are reflected at the 
channel sides. In the general case, the x-shift, AC, of the elevation 
pattern is given (as a distance) by: 

AC = + b arta X y = ± n---- arctan( 9 

n~Tarctan (4w cot e) [30]
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The positive sign indicates a shift to the right when looking in the direc 
tion of wave progress. The pattern of the y-component of fluid velocity, 
v, also undergoes a smaller but negative x-shift, given by: 

_ b 41Tr22c 2  b 2_T______in_2_ AV ) = n(f4Cm - b arctan ( c ) v =  nx 7TA) Xx Xy  n x7rtan (A) h2 

-b~arctanT 2Cm 2  cot) [31] 
nx 

At one limit, f = 0, the expressions [ 30] and [ 31], for 6 and Av 
respectively, reduce to zero and (-b/2nx , as a distance), corresponding 
to a set (nx = 1,2 . . . n) of transverse seiches in the absence of 
rotation*. At the other limit, 9= ii/2, A and AV both reduce to zero, 
corresponding to a set (n = 1,2 . . . n) Sf standing S waves, for which 
(see eq.[ 25]): Xh is equafto Xx (confined to values of 2b/nx); the sides 
coincide with antinodes; Xy is infinite; and the along-channel wavecrests 
form parallel "corrugations with crest height unchanged along the y 
axis. If 9 is progressively decreased below the above limit, f /2, these 
wavecrests become undulatory with the passage of the progressive P 
wave (to left in fig. 51); the along-channel wavelength (y) decreases 
and the wave frequency (w, eq.[ 28]) increases; while the cross-channel 
standing wave pattern is maintained unchanged with X x equal to 2b/nx.  
In the "infinitely long" channel model, i.e., in a long channel in which 
the influence of boundary conditions at the channel ends can be ignored 
in the region of interest, the progressive P wave solution illustrated in 
fig. 53(a) may be combined with two K waves, one trapped to each channel 
side. A qualitative impression of such a combination is given, for a wide 
channel, and for a portion only of the K wavelength, in figure 53(b).  
The cellular topography (representing water surface or thermocline inter
face) progresses along the channel. Within the nearshore strip of K wave 
influence, the current vectors are predominantly shore-parallel. Else
where, offshore, the clockwise rotating current vectors of the P wave 
dominate the picture.  

Standing Poincare Waves 

As shown in the previous section and subject to the eq. [ 28] con

dition w > f 2 + (nxCmr/b)2, progressive P waves represent free wave 

• i. e., with antinodal lines at x = 0 and qb/n x and nodal lines at 
x = (2q-1)b/n x , where q represents all positive integers from one to 
nx, inclusive.
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solutions in the infinite channel model. So also do pairs of progressive 
P waves of equal amplitude and frequency, traveling in opposing (+ y) 
directions along the channel, to form a cellular standing wave pattern 
along as well as across the channel, with respective cell dimensions 
Xx/2 and XY/2. Because the progressive P wave components travel in 
opposing directions along the channel, the cross -channel asymmetries 
of elevation and of the y-component of fluid velocity, defined in eqs. [30] 
and [ 31], cancel out when the progressive P waves combine to form 
the standing P wave. Cross -channel asymmetry or symmetry are there 
fore useful diagnostic characters, for the progressive and standing sub
types respectively, in the interpretation of observations (see chapter IV).  

For the standing P wave, the well-known results for non-rotating 
models might suggest that a pair of transverse barriers could be placed 
across the rotating channel, spaced ny Xy/2 apart to form a closed rec
tangular basin of length 2 and width b, and that standing P waves could 
represent complete solutions for such a basin, provided that their cell 
lengths and widths were respectively restricted to values of 1/ny and 
b/n , where ny and nx are positive independent integers defining longitu
dinal and transverse nodality, respectively. For any specified values of 
nvand nx, such a standing P wave pattern could be envisaged as made up 
of single cell units (see fig. 54) appropriately combined (for example, a 
3x3 cell array in figs. 55 and 56).  

But, as explained in the following section, a standing P wave is 
not alone a complete solution for the rotating rectangular basin (contribu
tions from K waves and associated "exponential" P waves are required), 
although for internal waves of very long wavelength the approximation to 
a complete solution is close. With transverse (standing) wavelength of 
2b/nx, the standing P wave exactly satisfies the boundary conditions at 
the y-parallel basin sides, but does not exactly satisfy the boundary con
ditions at the basin ends, even at frequencies corresponding to basin 
eigensolutions. As a consequence, the longitudinal standing P wavelengths 
are not in general exactly 2t2/ny, and the longitudinal velocity component, 
v, does not fall exactly to zero along the transverse boundaries of the 
cell, except at the center point of the boundary. However, in cases of 
low nodality and long internal wavelength (comparable to Great Lakes 
dimensions), i.e., at frequencies closely approaching f, the v component 
becomes very small at the transverse cell boundaries, and the boundary 
conditions at the basin ends can be met to a very close approximation by 
a standing P wave pattern of cell length /ny 

The ratio, Rv, of maximum v component along the transverse 
cell boundary to the maximum v component elsewhere in the cell is given 
by:
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R nxny7 2 cm2 f42Cm232] 
fwb f W x Xy 

while, as already noted, the velocity component, u, normal to the basin 
sides is always zero. For the particular model, illustrated in figures 
55 and 56 (3x3 cell array, Xy/Xx =2), Rv is 0.065 if values of f and cm 
are taken to correspond to summer conditions in Lake Michigan. In the 
uninodal case, and with the corresponding value of w therefore much 
closer to f, Rv is an order of magnitude smaller, i.e., less than 1%.  

Combined with shore -trapped K waves, the standing P wave is 
therefore a close approximation to a free internal wave solution for a 
stratified rotating rectangular model of dimensions comparable to Lakes 
Ontario or Michigan -or for any basin with one or more eigenfrequencies 
close to f. This was the combination proposed by Mortimer (1963) as a 
model for internal waves and associated currents in Lake Michigan, the 
character of which was largely unknown at that time; and further develop
ment of this and related models will be presented in a forthcoming report 
(Johnson and Mortimer 1971). Since 1963, more extensive field obser
vations have been made, with which the theory can be compared (U.S.  
Dept. Interior 1967; Mortimer 1968).  

The standing P pattern, for any specified longitudinal and 
transverse nodality, can be envisaged as an assemblage of unit cells.  
Each unit cell (fig. 54) contains five nodal points, one at each corner 
and one in the center. Flow is maximal at the cell center; and, at near
inertial frequencies, the current vectors in each cell are nearly parallel 
at any particular time (except in restricted regions, where their magni
tudes are small); and they execute one clockwise revolution per wave 
cycle. The elevation topography and corresponding current distribu
tion in such a unit cell are illustrated in figure 54 at quarter -cycle inter 
vals. The elevation topography may be taken, as in the other figures, 
to represent either a water surface, or a "thermocline" interface in a 
two -layer model, in which case the currents shown in the figure are 
those for the lower layer. The upper layer currents, not shown, are 
exactly reversed in direction.  

Figures 55 and 56 respectively represent a standing P wave 
pattern, made up of a 3x3 array of unit cells (in a basin of =2b), at 
the beginning of a wave cycle and one -quarter cycle later. The current 
distributions are also shown; and the inset at bottom left of figure 56 
shows the elliptical envelopes of the current vectors in one cell. With 
the signs of surface displacements and the current directions reversed, 
figures 55 and 56 respectively represent the conditions at one-hall and 
three-quarters of the wave cycle. Further details are shown in fig. 80.
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Exponential Poincar6 Waves and the 
Complete Basin Solution 

It has been shown (van Dantzig and Lauwerier 1960; Lauwerier 
1960) that long surface K and P waves can be linearly combined to pro
vide the exact (and only) solutions to satisfy all boundary conditions in a 
rotating straight channel of rectangular cross-section and with one or 
two transverse barriers (i.e., gulf or basin model). These results can 
be applied to internal waves of any particular vertical mode. The solu
tion for any free frequency in this model (y axis parallel to the basin sides) 
is provided by a unique linear combination of a pair of K waves traveling 
in opposite ( + y) directions and a set of P waves (one wave for each 
transverse nodality, n) for each transverse boundary. Each member 
of the P wave set exhi5its standing wave behavior across the channel, 
i.e., in the x direction. In the y direction and as determined by state
ment [133], the amplitude pattern of an individual P wave is either a 
standing (sinusoidal) one, or an exponential decrease of amplitude with 
increasing distance from the transverse barrier concerned. The 
exponential P wave component of the complete solution is illustrated in 
figure 57.  

For any individual P wave of frequency, W (corresponding, 

for example, to an eigenfrequency of a basin model), the amplitude 
variation in the y direction is sinusoidal if: 

w 2 > f 2+ (CmnxrA/b)2 

and exponential if:}33] 

w2 <f2 + (cmnxff/b)2 

As previously defined, cm is the wave phase speed (or celerit in the 
absence of rotation; and the expression (cmnx r /b) defines the frequencies 
of a set of transverse seiches in the gulf or basin (width b) in the absence 
of rotation.  

The first part of statement [33] follows from eq. [27]. As 
sin 0 cannot have a value greater than unity, the lower frequency limit 
for a progressive P wave, of particular nodality nx, is equal to 

[f + (Cmnx /b) ]I and, as already pointed out, this is the frequency 

of the standing S wave (e = ir /2) of that particular transverse nodality, 
nx. For a given value of n , the transition between sinusoidal and 
exponential P waves in statement [ 33] therefore takes the form of a 
standing S wave with that value of nx, with horizontal y-parallel wave
crests, and with a frequency given by w2 = f 2 + (s nx)2, where 
s = (Cm r/t), i.e., the frequency of a uninodal transverse seiche in
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the absence of rotation. To, illustrate the [ 33] relationships, the ex
pression w' = f I+ (s nx)2, rewritten as (w/f)2 = 1 + (s/f)2 nx, is 
plotted for values of (w/f) and (s/f) in the range 0 to 3, and for nx = 1-5, 
10, and c in figure 58. For any given n x line, the area lying to the left 
of that line is the domain of exponential P waves for that nodality.  

Without going into this matter more deeply in the present 
report, we must conclude that the complete solution for any free fre
quency (eigenfrequency) of the basin is a combination of K and P waves 
of that frequency, and also that (in a basin or gulf) neither wave-type 
can exist independently of the other - a consequence of the presence of 
transverse boundaries, at which neither the K nor the P components alone 
can meet the boundary conditions. This problem was first treated by 
Taylor (1920) for the semi-infinite gulf (single transverse boundary) 
case. Taylor showed that perfect reflection, at the transverse boundary, 
of an incident K wave of frequency w is only possible in combination with 
an infinite set of exponential P waves of the same frequency, one wave 
for each possible value of n . It follows from statement [ 33] that this 
condition for perfect reflecon can only be met if c2 < f 2 + (Cm7T/b)2 , 

i.e., with n. equal to one. It is therefore met (on the assumptions 
made in the models, such as neglect of friction) for all wave frequencies, 
w, below or equal to f, and also for those not exceeding f by more than 
an amount determined by the magnitude of cml/b ( =s in figure 58).  

In a semi-infinite gulf, w can take any value, but in a closed 
basin w is confined to the discrete set of basin eigenfrequencies. For 
any particular model basin and given value of (s/f), K wave reflection 
may be perfect for some but imperfect for other eigenfrequencies, 
since these depend not only on the value of (s/f) but also on basin di
mensions.  

For example, if we specify two levels of (s/f)2 at 0. 5 and 5 
(broken horizontal lines in fig. 58) and two frequencies corresponding 
to (w/f): =2 and (w/f)2 = 10 (broken vertical lines in the figure), perfect 
K wave reflection at the frequency corresponding to (w/f) =2 is possible 
in a model basin for which (s/f)' = 5 (intersect A), because A lies to the 
left of all nx lines, and all members of the corresponding P wave set 
are therefore of the exponential sub -type. But a K wave of the same 
frequency would not be perfectly reflected in a model basin for which 
(s/f)2 = 0. 5 (intersect B), because the uninodal member of the corres 
ponding P wave set is oscillatory (B lies to the right of line nx = 1).  
At the higher frequency corresponding to (w/f)2 - 10, perfect K wave 
reflection is not possible at either chosen level of (s/f)2, i.e., corres
ponding to intercepts C or D, because one or more (respectively one 
and four) members of the P wave sets are of the oscillatory sub-type.
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If we confine our attention to a specified range of basin eigen
frequencies.corresponding for example to the range AC in figure 58 
(w >/rf < /10f), we may define a "narrow" and "wide" basin or gulf 
as one in which all K waves, with frequencies falling within that range, 
would be respectively perfectly or imperfectly reflected. These defini
tions are in agreement with those for narrow and wide channels based 
on the rate of exponential decrease of K wave amplitude across the channel 
(i.e., along the x axis, see table 1). The ratio of the K wave amplitudes 
on opposite sides of the channel is given, by eq.[ 24], as ri = exp (-f/bcm) 
which is exp (-7Tf/s) in terms of the scale adopted for figure 58. Values 
ofr i for s/f= 0.5, 1, 2, and3 are entered in the figure. By those 
definitions - "narrow" for r i > 0.35, "wide" for r i < . 012 -Kelvin 
waves corresponding to basin eigenfrequencies within the range AC in 
figure 58 would all be perfectly reflected in narrow basins, while none 
would be perfectly reflected in wide basins. As already pointed out 
(table 1), Lakes Michigan and Ontario behave as narrow basins for long 
surface K waves and as wide basins for long internal K waves.  

To summarize: complete solutions, satisfying all boundary 
conditions in a given basin model, are only possible at particular basin 
eigenfrequencies and as a combination of a K wave pair and two sets of 
P waves, one set associated with each transverse boundary. Each set 
is made up of P waves of all possible transverse nodalities (nx one to 
infinity), all of the eigenfrequency concerned. In "narrow" basins, the 
whole set consists of exponential P waves, trapped at the transverse 
boundary concerned and with amplitudes decreasing exponentially away 
from it (see table 4, notes 7, 10 and 13). This is the sub-type of P waves 
usually considered in the theory of tides. In "wide" basins, it follows 
from statement [33] that some members of the P wave set for which 
nx <b Fw - f2)/ Tcm show sinusoidal y-dependence and, in the basin 
case, take the form of standing P waves, examples of which are illus 
trated in figures 54 to 56.  

As already pointed out, internal standing P waves approximate 
closely to complete solutions in "wide" basin models representative of 
summer conditions in Lakes Michigan and Ontario. In "offshore" regions 
of such models, the additional components of the complete basin solution 
(K waves and sets of exponential P waves of nx > b (wl - f 2 )/7 CmT ) 
therefore contribute only small "corrections" to the approximate solu
tion represented by the principal standing P wave component.  

Limitations of the Present Models 

A serious deficiency of uniform -depth models obviously appears 
when they are used to interpret motions in nearshore regions of actual 
basins, where the water depth is not (and the wave -averaged thermoc line
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is often not) uniform. In such regions, other than K types of "trapped" 
internal and surface waves, not considered in this report, may be im
portant; for example, the edge waves which can occur on uniform 
slopes. But in Lakes Michigan and Ontario, such waves will generally 
be of small amplitude outside the nearshore strip of sloping bottom.  
In the offshore, deeper regions, it can be shown that the effects of 
factors neglected in this report - for example, depth non -uniformity, 
friction, currents and non-linear effects (see Johnson and Mortimer 
1971) - generally produce small modifications, appearing as slow 
damping in time and slight distortions of the wave patterns predicted by 
the models discussed here.  

Vertical Dependence 

The foregoing treatment, applicable both to surface waves 
and to internal waves associated with widely different values of c has 
been confined to channel and basin models of uniform depth. We 'gave 
shown that, in such models, the horizontal dependence is determined by 
solutions of two-dimensional eigenvalue problems defined by eq. [ 3] and 
the boundary conditions of zero normal velocity component. The vertical 
dependence is also governed by solutions of an eigenvalue problem, in 
this case one -dimensional and defined by eq. [4] with the boundary con 
ditions: 

w(z) = 0at z = h [34] 
and 

dw(z) w(z) 0 at z=0[35] 
dz +gcm 2

For internal waves, a simpler condition: 

w(z) = 0 at z =0 [36] 

may be substituted for [ 35] with little error, because the magnitude 
of (g/c n) for internal waves is much greater than (g/co0 1) for surface 
waves rm = 0).  

As already noted, the phase speed or celerity of the internal 
wave with rotation is dependent on the Coriolis parameter, f; and cm 
is the non -rotational celerity corresponding to f = 0. The subscript m 
denotes the vertical mode number, as explained later.  

Eq. [ 4] may be simplified by omission of the second term, as 
that term is much smaller in magnitude than the first. Then, using eq.  
[5], eq.[4] may be rewritten
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d2 w(z) (N 2 -wC2 ) 2WW dz2 =-(cOf 2kh 

- (N2 - w2 ) w (z)/cm2 [37] 

It has been shown (for example by Krauss 1966, eq. 127.9) that internal 
waves can only exist if the ratio 

RN = kh2 (N2 - W2)/(W2 -f ) [38] 

is either (a) positive at all depths, or (b) positive over one or more depth 
intervals, negative elsewhere, but with the following integral positive: 

kh2  h 

(w 2 -f2 ) J w ) P(z) w 2 (z) dz > 0 [391 

Alternatives (a) and (b) are defined, respectively, as "proper" and 
"improper" internal waves in the terminology used by Krauss (1966). In 
alternative (b) the wave amplitude decreases exponentially away from the 
depth intervals over which RN is positive. If RN is negative at all depths, 
internal wave solutions are excluded; and w(z) exhibits a continuous ex
ponential decrease from surface to bottom, corresponding to a surface 
gravity wave. For such waves, boundary condition [ 35] and not [ 36] 
must be used.  

If the ratio RN is positive throughout the whole of the water 
column - or positive in portions, with the integral [39] also positive 
solutions to eq. [ 37] meet the boundary conditions [34] and [35] or [ 36], 
but only for certain ,'eigenvalues" of 1/Cm2 = kh' ( w2 - f 2). These 
yield eigensolutions which represent internal gravity waves with 
1, 2, 3 . . . m maxima of vertical velocity component, w(z) (and of 
vertical displacement C) at 1, 2, 3, . . . m intermediate ievels in the 
water column. There are, therefore: 0, 1, 2 . . . (m-i) correspond
ing zeros of wm(z) (or zeros of C), excluding the zero at the bed, and 
at the surface if [36] is used; and'1, 2, 3, . . . mzeros of dw(z)/dz, 
which coincide with zeros of horizontal component of velocity (or dis 
placement), as illustrated in figure 59.  

Eqs. [ 4] and [ 37] are linear approximations, and it is possible 
to represent any particular vertical distribution of w(z) by combining 
the contributions, w.. (z), of a number of vertical modes, m, in appro
priate proportions. 1Yn many limnological (in contrast to most oceanic) 
examples, there is a single well-defined thermocline, and only the 
first vertical mode (m = 1) is important. This is generally the case in 
offshore regions of Lakes Michigan and Ontario during summer, and 
therefore only the first vertical mode is considered in the examples
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treated in this report. Internal waves with appreciable components of 
the second vertical mode (m = 2) have been reported in a nearshore 
region of Lake Huron (Hale 1969) and in smaller lakes where this mode 
is favored by topography (for example, fig. 15 in Mortimer 1953). Other 
wise, higher vertical modes are not conspicuous and, compared to the 
first mode, they are subject to a higher rate of damping after the genera
ting disturbance has ceased.  

For any given density profile, there corresponds, for each 
internal gravity wave mode expressed by w (z), a particular value of 
cm, i.e., the phase speed or celerity of that particular wave mode in 
the absence of rotation. The value of cm is determined by the form of 
the vertical density gradient, and cm decreases with increase in vertical 
mode number, m. If the wave frequency, w, is not small compared with 
N (defined by eq.[ 2]), cm also decreases with increase of w. Specifi
cation of a set of cm values -as eigenvalues to yield solutions of eq.[ 4] 
and [ 37] for any particular density profile - is also a specification of a 
set of frequency/wavenumber (w to kh) relations, in accordance with 
eq.[ 5].  

As already noted, internal wave modes can only exist if the 
ratio RN in [ 38] is positive over all depths, or positive over restricted 
depth intervals but with integral [ 39] positive. In this report, treat
ment is confined to the condition RN positive at all depths, and it follows 
that the separation constant (1/Cm2 in eqs. [ 3] and [4]) is also always 
positive ("proper" internal waves in the Krauss 1966 sense). The con
dition RN positive is satisfied by the sign combinations set out in 
table 2.  

TABLE 2. Sign combinations of the terms in ratio RN [ 38] which make 
that ratio positive.  

kh 2 /(W2 -f 2 ) 

= v of Krauss It follows 
Case kh2  (N 2 _ w2) (w2 _ f 2 ) (1966 § 125) that: 

1 + + + + N >w>f 

2 - + - + N>w<f 

3 + -- N < w<f 

4 - - + - N < w>f 

Of the four possible cases in table 2, only the first two are of practical
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importance in Lakes Michigan and Ontario. Our later treatment is there 
fore confined to these two. Case 4 can be shown not to correspond to real 
wave solutions; i.e., K waves are not possible in this case, since they 
require kh2 (w2 -f 2) > 0; and exponential P waves can only exist in 
association with K waves (see note 10 of table 4). In case 3, N is less 
than 1, and the corresponding vertical density gradient (eq. [ 2] ) is there 
fore extremely small, corresponding to that of quasi-homogeneous water 
columns, which may be found in the Lakes at certain times during winter 
mixing or in layers below the thermocline in summer. Under these cir 
cumstances, internal waves would be "improper" (sense of Krauss 1966) 
when, as in general, RN is not positive throughout the whole water col
umn. Their celerities would be extremely small, and the water motion 
would be almost indistinguishable from currents and eddies produced in 
other ways.  

Tabular Summary of Individual Free Wave 
Solutions and Their Frequency Limits 

The individual free wave solutions corresponding to cases 1 
and 2 in table 2 are determined: (i) in their vertical dependence, by 
eq. [ 4] and the boundary conditions [34] and dither [35] or [36]; and 
(ii) in their horizontal dependence, by eq. [ 3] and the boundary conditions 
stated in the heading of table 3 and corresponding to the uniform-depth 
rotating models set out in that table. As previously pointed out, the 
condition of uniform depth (of the bed and of the wave-averaged vertical 
density gradient) conveniently permits the vertical and horizontal 
dependencies to be treated independently in this chapter; and, in con
clusion, the results of these treatments are summarized in tables 3 and 
4, with extensive explanatory notes.
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TABLE 3. Uniform -depth rotating models considered in this chapter 
and in table 4.* 

Reference numbers 
used in table 4 Model Boundaries

Infinite t ocean No boundaries

Semi-infinite oceant Single straight boundary 
parallel to Oy 

No transverse boundaries 
(infinite channel) 

Straight channels One transverse boundary 
of constant width b parallel to Ox)(semi

parallel to Oy infinite "gulf' 

Two transverse boundaries 
parallel to Ox (rectan
gular basin)

*The free wave solutionsfor each model are set out in table 4 with 

descriptive summaries in the final Note [ 15]. The solutions are deter 
mined by eq. [ 3 ] and by boundary conditions which require zero water 
velocity component normal to all solid boundaries and uniformity of 
pressure at the free surface, and by eq. [ 4] with boundary conditions 
[34] and either [35] or [36].  

The terms "infinite" and "semi-infinite" may be defined in the 
usual way, or may be taken to apply to model regions, whose boundaries 
are sufficiently far removed for the boundary conditions on them to 
have negligible influence on the waves being considered.

I 

II

III 

IV 

V



TABLE 4. Characteristics, existence conditions, and frequency limits of individual free wave solutions (case, 

table 2) in the table 3 models, subject to conditions set out in the heading for that table. The following abbrevi 

are used to indicate the form of amplitude dependence in the x and y directions: pr progressive oscillatory; s 

oscillatory; ho horizontal crests (i.e., no amplitude change along the wavecrestY; -ex exponential decrease in 

with increasing distance from the boundary concerned. Explanatory notes, which follow, are indicated by squa 

bracketed numbers.  

Frequency limits of individual s 

Sign relations to s atisfy h w ~2/ Sig reatinsappropriate, statement [33 

Corres - Type of individual wave Amplitude which satisfy __ ___ ___ 

ponding solution (can be surface dependence along kh2 = kx! + ky for lower (sur- upper u 

table 3 or internal) described the directions: each wave solution: face and (surface (in 

models in the text x y kx 2  ky2 kh2  internal only) 

I Pr Sverdrup [2] [2] [2] + f ) 
III Pr Poincart [5] + + + 

IIn St Sverdrup [7] ho [6] 0 +e ) __+ 0- +[8] 

II, IV, V St Poincar [9] st st + + + 

< 6] none [12] f for 

IV-V ExPoincar6 [10] ex + fx 

I1,11 w <f - none[12] f for 

IV, V Kelvin [14] ex pr - _+_x_Y_ 

[15] w>f [11] +f none[3] N 

1x < ly _____

1 and 2, 
ations 
t standing 
amplitude 
tLre

olutions 
nd, where 

Lpper 
ternal 
)nly) [1] 

N [4] 

N [4] 

S [ 13] 

N [4] 

[4]

* = %/f 2 -+ (nxCmY/7T/b) 2, /-f 2 + (Cm7T//b) 2; *whichever is the lesser;
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Explanatory Notes for Table 4 

[ 1] These upper limits, for internal waves only, meet the additional 
condition that RN in [ 38] shall be positive throughout the water 
column.  

[2] In the infinite ocean model (Model I in Table 3) there is no restric
tion on the direction of progress of individual S waves (fig. 47).  
In the direction of progress, the horizontal dependence is pr (see 
Table 4 heading for abbreviations); and the (ho) wave crests lie 
normal to that direction. Therefore,hkXr and kyj are either both 
positive, or one is positive and the other zero.  

[3] As very high frequencies are approached, rotation effects become 
negligible, and the solutions become indistinguishable from surface 
waves in the absence of rotation. In nature, an upper frequency 
limit is set by capillary forces.  

[4] Where N is the upper limit, a more precise definition would be 
Nma x , the maximum value of N in the water column. It should be 
noted, however, that if w > Nmin, the condition (for "proper" 
internal waves) that RN in [ 38] be positive throughout the water 
column will no longer hold. "Improper" internal waves will in 
general occur, with [ 39] satisfied and with exponential decrease 
of amplitude away from the depth range or ranges with w < N.  

[5] The pr P wave solution may be written as: 

sin nxlrx r sin I (kv + wt) 
cos b cos y 

in which sin h indicates sin, cos, or any linear combination of cos J 
these (also in Notes 9, 10 and 14). As explained in the text, the 
Pr P solution (fig. 51) can be regarded as a combination of a pair 
of S waves of equal amplitude, traveling in directions which form 
an angle 29, and of equal frequencies limited to the values defined 
by eq. [ 27]. The value of 6 is confined to the rage 0 to 'a/2; and 
this imposes the lower frequency limit (see eq. [ 28]) defined in 
Note [8].  

[ 6] For all the P wave sub-types (and the special case, st S wave), 
positive values of 1 (indicating oscillatory dependence of wave 
amplitude in the x direction) are associated with a cross -channel 
standing wave pattern with n = 1, 2, .. . nx (transverse) nodes; 
and the transverse wavenumber, kx, is therefore limited to 
values of (nxlr /t).
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[7] The st S wave is the limiting case for the pr P wave sub -type as 
e approaches 7r/2 (see Note 5), i.e., as sin e approaches unity 
in eq. [ 27]. The st S wave frequencies are therefore defined by 

\onf 2 +kx 2 CM2 = /f 2 + (nxcmff/b) 

which is the frequency limit, discussed in the following two notes, 
and illustrated in figure 58. For values of w above and below 
this limit in models IV and V, the P waves of nodality nx are, 
respectively, oscillatory or exponential in the y-direction. The 
st S wave (k zero) represents, therefore, the transition between 
oscillatory or st) and ex P waves, for which ky is positive 
and negative, respectively.  

In model III (infinite channel), ex P wave solutions are excluded; 
and the frequencies of all possible (oscillatory) P waves of nodality 
nx must be greater than that of the st S wave, i.e., greater than 
V f 2 + (nxcm iT7)b , for the nodality concerned.  

[8] The st S wave frequency, defined in Note 7 and illustrated in figure 
58, represents a lower frequency limit for all oscillatory (pr or 
st) P waves, when n is specified. The limit is also determined 
by the value of(cm/b, which for surface waves (cm = cO) is con
siderably higher than for internal waves. When nx =1 the limit 
attains its minimum value, i.e., Vf 2 + (Cm/ b)2 ; and this state
ment is valid for the table 3 models III and IV (infinite channel 
and semi-infinite gulf). As explained in Note [ 15], solutions 
for model V (the basin) are restricted to basin eigenfrequencies 
and the corresponding low frequency limit in that case is the 
nearest basin eigenfrequency above \/f 2 + (Cmgr0/b) 2 

[9] The st P wave solution, which can be regarded as a combination of 
two pr P waves of equal amplitude and frequency traveling in 
opposing ( + y) directions along the channel, may be written: 

sin nx1rx sin(k yy sin W 
{ ,(cossl(y)jCOS( 

using the notation of Note [5]. In the table 3 models IMI and IV, 
the y-wavelengths (2_A /k ) can take any value; in model V they 
must conform to basin eigensolutions. Examples are illustrated 
in figures . 54 to 56. As explained in Note [ 15], the complete 
solutions for models IV and V are combinations of K and P waves, 
some of which may be of the st P sub-type as determined by 
criterion [ 33]. In model V, complete solutions can only exist at 
frequencies which represent basin eigenfrequencies. Therefore,
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if the basin length is A and n is the integer of longitudinal nodality, 

the y-wavelengths are not given exactly by 21/ny-as would be the 
case in a non-rotating basin-but in general only approximately so, 

as determined by eq. [ 5] with w equal to the eigenfrequency con
cerned.  

[10] Using the notation of Note [5] (and referring to Note [11] for a 
definition of ky) the ex P wave solution may be written: 

sin nxX+ nb x ( y sin wt 

lcosi b ep±yy, f cosi t 

For clarity in table 4, the ex P and the K solutions have been 
divided into two frequency domains (w < and > f, corresponding 
to kh2 - and + and Cases 2 and 1 of table 2); but there is no change 
of general wave properties in passing from one domain to the 
other. There is no lower frequency limit (but see note 12), and the 
upper frequency limits for surface and internal ex P waves are 
respectively those defined in Note [ 13].  

As pointed out in the text and in Note [ 15], ex P waves are 
not independent solutions. They exist only in combination with 
K waves and are always associated with a transverse boundary 
(see fig. 57) being therefore confined to models IV and V. In 
the latter (basin) model the free frequencies of the complete solu
tions are confined to particular basin eigenfrequencies.  

[11] If kX2 (or kv2) is negative, this indicates not oscillatory, but 
exponentiardependence of wave amplitude in the x (or y) direction.  
It is then convenient to use the notation: 

-kx 2 + kx 2 -(+ikx) 2 or -k y= + y' = (+iky) 2 

The connection with the oscillatory case can be seen from the 
identity: exp (+ ik y)= (cos kyy +i sin kyy). Thus if kv" is 

negative, ky is-im ginary, ky - (iky) is real, and the exponential 
term exp (+ikyy) becomes exp ( + y), The frequency-wave
number relation can be written in-the- alternative forms: 

w2  f 2 Cm 2 kh 2 =cm2 k+kyv )=ckm (k+k-2y=) 

[ 12] This statement (no lower frequency limit) requires qualification 
for table 3 model V. In that (basin) case, the free frequencies 
are confined to basin eigenfrequencies, and the low frequency 
limit is therefore the lowest basin eigenfrequency.
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[13] When nx is specified, this upper limit becomes 'f 2 + (nxc0 27 /b) 2 

for the surface wave case and V f 2 + (nxCmcri7/b)2 for the internal 
wave case in model IV (table 3). If nx is permitted to take any 
value, the upper frequency limit for surface waves can also take 
any value, subject to the qualifications of Note [ 3], and the upper 
limit for internal waves becomes Nmax, subject to the qualifica
tions of Note [ 4]. As nx tends to infinity and Xx tends to zero, 
cm tends to zero and (nxcm) remains finite so that Vr2 + (nxcm /b) 
tends to N 2 m . In any particular case, the form of the density 
profile determines cm as a function of Xx, and this determines how 
quickly the limit Nmax is approached as nx increases.  

As explained in Note [ 15], the free frequencies of model V are 
confined to basin eigenfrequencies. Therefore the upper frequency 
limits for that model must be defined as the nearest basin eigen
frequency below those limits (I f 2 + (nxcm7T/b) or Nmax) defined 
in the preceding paragraph.  

[14] The Kelvin wave solution may be written: 
{sin }(kyy + wt) exp (+ kxx) 
SCos --- " 

The notation of Note [ 5] is used; &x is defined in Note [11]; and 
the reasons for dividing, in table 4, this wave solution into two fre 
quency domains are discussed in Note [ 10]. However, the general 
wave properties (illustrated in fig. 48) are the same in both frequency 
domains and, as for ex P waves, there is no lower frequency limit, 
and the upper frequency limits for surface and internal K waves 
are, respectively, none (subject to the qualifications of Note [ 3]) 
and N (subject to the qualifications of Note [ 4]).  

[15] This note is designed as a summary to be read after study of 
table 4 and previous notes.  

The individual wave solutions listed in table 4,with the indicated 
frequency limits, represent complete and sufficient solutions for 
the table 3 models in a few cases only (pr S in I, K in II and III, 
st S, Pr P and st P in III, of which II is a limiting case with b 
infiniteT; otherwise the complete solutions, i.e., those which 
exactly satisfy the boundary conditions at all boundaries, are linear 
combinations of the individual solutions. In the basin model (V7 
there is the further restriction that the frequencies of the free 
solutions are confined to discrete basin eigenfrequencies. The 
solutions, individual or combined, relating to each model are 
set out below.
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I. Infinite ocean - pr S waves (fig. 47) or combinations of these, no 
restrictions on direction of wave travel. The application of the 
term "infinite" here and elsewhere includes application to model 
regions so far removed from boundaries (including open boundaries) 
that the associated boundary conditions can be ignored.  

II. Semi-infinite ocean, single infinitely long straight boundary - a K 
wave (fig. 48) trapped to travel along the boundary, with the 
boundary lying to the right (in the N hemisphere) of the direction 
of travel. S wave solutions and their combinations can only exist 
in approximate form at distances from the boundary so great that 
contributions to motion by K waves can be neglected. Also solu
tions for model I apply with b taken as infinite.  

II. Infinitely long channel - P waves (pr and/or st and including the 
special case of st S) and/or K waves trapped against, i.e., with 
amplitude decreasing away from, either channel side. The term 
"and/or" indicates that either or both of the individual solutions 
components are permitted free solutions. There is no restriction 
on the frequency or wavelength of the K waves; P waves of speci
fied transverse nodality, nx (example in fig. 51), can only exist 
as free solutions if their frequency is greater than that of the st S 
wave of the same nodality, namely 

ff+ (nxcm7r/b f (= 2ff+ nx2s 2 in fig. 58).  

IV. Semi-infinite glf (one transverse boundary). A consequence of 
the introduction of the transverse boundary is that the K and P solu
tion components are no longer independent solutions. The com
plete free solution for a given frequency, w, is a combination of 
two K waves of that frequency (one trapped against each gulf side) 
and an infinite set of P waves of the same frequency, each member 
corresponding to each possible value of n,. All those members 
of the P wave set for which w < /f"2+ (nxjmf/b)2 'are ex P 
waves trapped to the transverse boundary (fig. 57); any members, 
for which w > 'fT + (nxCmu/b) , are oscillatory. Only if all 
members of the P wave set are exponential can the transverse 
barrier act as a perfect reflector for an incident K wave.  

V. Closed basin (two transverse boundaries). The K and P wave com
ponents of the complete free solutions of model V are the same 
as in model IV; and the exponential or oscillatory character of 
the P waves is determined by the same frequency criterion [ 33].  
Model V differs from model IV, however, because two infinite sets 
of P waves are involved (one set associated with each transverse 
barrier) and also because the permitted free frequencies are 
confined to a set of basin eigenfrequencies. Subject to the frequency
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criterion [ 33], pr P (fig. 51) waves represent one of the possible 
initial responses of model V to a suddenly imposed generating 
force; but such waves would later be transformed, by reflection 
at the basin ends, into the more characteristic basin response
st P waves (figs. 56 and 80)-which becomes a dominant response 
in large basins.



CHAPTER IV

Interpretation of Observed Temperature 
Oscillations and Currents 

Introduction 

In this chapter we examine the evidence, from a variety of 
sources, of oscillatory motion during summer stratification in Lakes 
Michigan and Ontario. Our main concern will be with oscillations 
covering a range of periods from several hours to several days, i.e., 
long internal waves which form a large part of the response of stratified 
basins to the wind stress of storms. The interpretation will rely 
heavily on pictorial presentation and on examples from Lake Michigan, 
but all with direct application to Lake Ontario. This treatment will be 
elementary for some readers; but will I hope prove illuminating for 
others.  

While most of the energy resides in the long waves, substantial 
wave energy occasionally appears in Lake Michigan--and probably in all 
stratified lakes -- in the form of short internal waves with periods of a 
few minutes. These waves are briefly described; and possible relations 
to long internal waves are discussed.  

Clues to the presence and nature of long internal waves in 
Lake Michigan first emerged from a search through extensive records 
of lake water intake temperatures at municipal filtration plants (Mortimer 
1963). That search, begun in 1953, in fact provided the initial stimulus 
for the present study. In addition to the wind-related changes in tem
perature, associated with upwelling motions and described in chapter 2, 
periodic temperature fluctuations were occasionally seen when the 
thermocline remained at or near intake depth for several days. Examples 
from the Milwaukee and Sheboygan intakes are shown, respectively, in 
figures 60 and 61. Although the episodes are short, it can be seen that 
the fluctuations are periodic, and it is possible by inspection to assign 
an approximate period to each episode and, in some cases, to different 
portions of the episode. In the clearest examples, an estimate of period 
to the nearest 0. 5 hr is possible. The range of period in figures 60 and 
61 for Lake Michigan, and in figure 63 for Lake Ontario, was 14 to 17. 5 
hr; none exceeded the local inertial period. Conclusions to be drawn from 
variation in period at the intakes will be discussed later.

49
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On the eastern side of Lake Michigan, intake temperature 
records occasionally also provided evidence of a "temperature wave" 
proceeding slowly northward after strong upwelling along the eastern 
shore. Such northward progression is indicated by the dotted lines 
connecting the "mid-points" of the temperature rise after upwelling at 
eastern intakes in figures 29 and 33; and this progression might be 
associated with an internal shore-trapped wave, equivalent to an inter
nal Kelvin (K) wave in the rectangular model (fig. 48 and eqs.22 and 23 
chapter 3). This interpretation is supported by the fact that the speeds 
of the observed "temperature waves" are similar to the computed 
speeds of their Kelvin model equivalents (about 2 km/hr, Mortimer 
1963). However, there were no intakes in the northern half of Lake 
Michigan, and the extent of the wave's northward progress could not be 
followed. Progress of such a wave around the whole basin has not been 
observed; and similar waves have not been seen progressing southward 
along the-western shore. Basin topography, and the fact that a complete 
basin circuit (or wave cycle) cannot be completed before destruction 
by a new wind disturbance, may provide the explanation of the observed 
behavior. The nature of such boundary" waves, and the apparent con 
finement of their origin to the southeastern corner of the basin, require 
further analysis of measurements not limited to shore stations.  

Apart from the indications of isotherm undulation in a few of 
Church's (1945) figures -- for example figs. 14 and 21 in chapter 1--the 
first detailed evidence for the presence of long internal waves offshore 
was obtained on the transection Milwaukee to Grand Haven, 26 Septem 
ber 1962 (Mortimer 1963), illustrated in fig. 62(a). With the resolution 
provided by BT casts every mile, there emerged a picture of strongly 
undulating thermocline topography, apparently produced by internal 
waves of wavelengths extending over a wide range. The "aliasing" 
interaction (Blackman and Tukey 1958) between vessel progress (10 hr 
for the crossing) and wave phase is analyzed in detail in a later section.  
Arising from that analysis (fig. 74), the shape of a model thermocline-
as it would be produced by the longest internal wave components, and 
as it would be observed from the moving vessel--is appended, as (b), 
in fig. 62. The similarity in shape of the model thermocline and of its 
Lake counterpart justifies later. inferences concerning the wave com
ponents Which contributed to the' figure 62(a) picture.  

Clues of the kind provided by figures 60 to 62, and the fact 
that the thermoc line occupied a relatively thin layer, points to an 
interpretation based on long interfacial gravity waves in rotating, rec 
tangular, uniform -depth model channels and, basins, containing two 
homogeneous layers of different densities. This simple theory 
(Mortimer 1963 and expanded in chapter 3 in the present report) treats 
an arbitrary linear combination of (i) shore -bound Kelvin (K) waves of
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periods much greater than inertial, and (ii) standing Poincar6 (P) waves 
of periods only a little less than inertial.  

To test the theory further, a series of observations were made 
across the Milwaukee -Muskegon section of Lake Michigan during the 
season of summer stratification in 1963. These observations, assembled 
in Mortimer's (1968) data report, took the form of: (a) measurements 
of the vertical distribution of temperature and of current speed and 
direction at two -hourly intervals for several days (25 July - 5 August) 
at a mid -Lake anchor station (M2 , figs. 65 and 85); and (b) a detailed 
study of temperature distribution on cross -Lake transections, using a 
bathythermograph from railroad ferries on their scheduled runs between 
Milwaukee, 'Wis. and Muskegon, Mich. during six weeks ending 30 
August. With some unavoidable gaps, this 127 km section (fig. 65) was 
monitored on 80 consecutive crossings with bathythermograph casts 
roughly every 2 km. Throughout the period of the observations, the 
thermocline exhibited oscillations in depth, often quite large after wind 
disturbances and often combined with steep downward or upward tilts of 
the isotherms near shore, already described in chapter 2. Although a 
preliminary attempt was made to interpret some of the findings, 
Mortimer's (1968) report constitutes principally a source book of data, 
full analyses of which have yet to be made. Such analyses must include 
allowance for the interaction between vessel progress and wave phase, 
treated in a later section.  

It was proposed, in chapter 2, that the generation of long 
internal waves is a consequence of the wind-induced deflection of the 
thermocline surface from equilibrium and that, in any particular case, 
the partition of energy among possible wavelengths depends upon the 
shape of the deflected surface which that particular storm produced.  
If this view is accepted, then typical isotherm transections after 
storms (examples in figs. 45 and 46) suggest that the internal oscilla
tions, which follow, fall mainly into two categories: (a) shore -trapped 
waves, with some of the properties of K waves, in the nearshore 
regions of upwelling and downwelling*; and (b) transverse standing waves 
of the P type with a dominant cross -basin wavelength Xx = 2b, but often with substantial contributions from waves of Xx = 2b/3 and 
Xx = 2b/5, where b is the basin width. Values of Xx appropriate for 
Lakes Michigan and Ontario are entered in figure 52.  

*The 1963 observations were not designed to yield informa

tion on the very low frequency waves of category (a); and these are not 
further treated here.



Using the theory of chapter 3, the validity of the P model pro 
posed in the preceeding paragraph can be tested by posing the follow
ing questions, attempted answers to which form the main content of this 
chapter: 

1. Are the observed internal wave periods and wavelengths consis 
tent with eq. [2 9], and in particular consistent with the examples illus 
trated for a particular value of cm = 0.45 m/sec in figure 52 ? 

2. Does observed vertical distribution of speed and direction of 
wave-associated current indicate dominance of internal waves of a 
particular vertical mode number, as defined in figure 59 ? 

3. Are the observed phase relationships between thermocline ele
vation and direction of wave -associated current consistent with models 
of progressive (fig. 51) or standing P waves (figs. 54-56,80).  

4. Does the cross -Lake distribution of thermocline elevation or 
wave -associated current, including the positions of nodes if recognizable, 
show either (i) an asymmetry, consistent with eqs. [ 30] and [ 31] of 
chapter 3, which would disclose the presence of a progressive P wave, 
or (ii) an absence of asymmetry consistent with a standing P wave ? 

Attempts will be made in later sections of this chapter to use 
the 1963 findings to answer the above questions. We shall find that 
unambiguous answers cannot be given to every question; and this is not 
surprising in view of the fact that the experiment covered only two 
months of field work on one cross -section. But even when clear answers 
cannot be given, a methodology is introduced which may perhaps be 
profitably applied in the analysis of the IFYGL and future experiments.  

The chapter closes with a description of short internal waves, 
which have been found to contain a substantial part of the internal wave 
energy in Lake Michigan. The occurrence of such waves is also pre
dicted-for Lake Ontario, and the danger that they may contaminate 
spectra of long internal waves by aliasing is pointed out.  

Period/ftvelength Relations: 
Evidence from Fixed Stations 

The period/wavelength relations for the P waves of the chap
ter 3, eq. [29], model are illustrated for one value of cm (0.45 m/sec) 
and four values of Xx/Xy (0, 1/2, 1 and 2) in figure 52, in which the 
inertial period is set at 17. 5 hr, corresponding to latitude 4309 This 
inertial period is therefore representative for the Milwaukee region of
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Lake Michigan and is also close enough, for the purposes of this chapter, 
to a representative value for Lake Ontario (17.37 hr, say). The value 

of cm can however, vary considerably, depending on the form of the 

vertical density profile and on the vertical mode number. For internal 
waves of the first vertical mode, which we later confirm are dominant 
in Lake Michigan--and which will probably also be found to be dominant 
in Lake Ontario--the value of cm will range from 0.3 m/sec, during 
the early part of the season of stratification, to 0.6 m/sec, in the late 
autumn, when the thermocline is deep and sharply defined (Johnson and 

Mortimer 1971). For most of the summer, however, values of cm for 
internal waves of the first vertical mode are expected to remain within 
the limits 0.4 to 0.5 m/sec. The value here adopted (0.45 m/sec) 
may therefore be taken as generally representative; and figure 52 may 
be used to develop the argument in all later examples. Nevertheless, 
variation of cm must always be borne in mind and taken into account 
when period/wavelength relations must be defined with the greatest 
possible precision. The order of magnitude of the effect of variation 
in cm on the wavelength/period relation can be gauged in figure 52.  
For the case Xx/Xy zero, the first three curves, starting from th~e left, 
correspond respectively to cm values of 0.4 (broken line), 0.45, and 
0.5 m/sec.  

The use of figure 52 as a diagnostic tool for fitting model P 
waves to observations during a particular episode -- for example, the 
sporadic temperature fluctuations at Lake Michigan and Lake Ontario 
waterworks intakes illustrated in figures 60, 61 and 63, or the cross 
Lake transection of isotherm distribution in figure 62--encounters 
difficulties. The first difficulty, as already pointed out, is that the 
estimate of period, by eye, lacks precision.  

The second difficulty is that the estimate of wavelength,from 
such figures as 62, is also no easy matter, as we shall later see. The 
difficulty arises, partly because a mixture of wavelengths is present, 
and partly because the observing vessel requires several hours for the 
crossing. The latter problem is later analyzed in detail; but fortunately 
the evidence is clearly consistent with wave patterns which are standing 
in the cross-Lake direction and in which components of transverse 
nodality (nx) one, three and five predominate, although in varying pro 
portions at any one time. Based on figure 62 and later figures, we may 
take the mean thermocline width, b, in Lake Michigan to be 120 km for 
the purposes of this chapter. The values of transverse wavelength 
corresponding to nx = 1, 2 and 3 are therefore 240, 80 and 48 km. The 
model, to which figures 62(b) refers, contains components of each of 
these wavelengths; and shorter wavelengths can also be seen. For 
example, series A and B in figure 62 correspond to "wavelengths"? of 

approximately 12 and 3 kin, respectively.



54

The third difficulty, which figure 52 illustrates, is that the 
periods corresponding to the dominant long wavelengths all lie close to 
the inertial period; and the longer the wavelength the closer does the 
period approach the inertial period. For example, if the figure 52 
model (cm = 0.45 m/sec; Pi = 17.5 hr; and XX/Xy not > 2) applies at 
a particular time in Lake Michigan, then waves of transverse nodality 
three (nx = 3; Xx = 80 km) are restricted to the period range 14 to 16.5 
hr for oscillatory P waves, whereas the period range for uninodal os
cillatory waves (nx =1; Xx 

= 240 km) is much narrower, 16.9 to 17.4 hr.  

The period estimates provided by the Lake Michigan or Lake 
Ontario examples in figures 60, 61 and 63 cannot, alone, serve to dis
tinguish between oscillatory and exponential P waves, or to determine 
the Xx/Xk ratio. (The domain to the left of the X/Xy = 0 line in fig.  
52 corresponds to exponential P waves.) Informa ionon wavelength 
(specifically, the value of nx) is also needed.  

For example, the 17. 5 hr period attributed to the last episode 
but one in figure 60 cannot be valid for the figure 52 model on chapter 3 
theory, for it would require an infinite value of Xx, and we are dealing 
with a finite basin. But the error in the period estimate could, as 
already noted, be as much as -0.5 hr. If we assume that intake tem
perature during that episode was influenced by a single wave component 
(and not the more likely case of a mixture of components) then, if the 
period of that component were in fact 17.45 hr, the corresponding 
(fig. 52) wave model for nx = 1 (and for all values of nx) would be 
exponential. But if, for example, the period were 17.0 hr, the model 
P wave would be oscillatory for nx = 1 with a Xx/ y ratio close to 2; 
for nx = 2 it would be a standing Sverdrup wave (Xx/Xy = 0); and for 
nx > 3 it would be exponential. As another example, the 14 hr period 
attributed to a portion of the last episode in figure 60 could correspond 
(in the fig. 52 model) either to nx = 3 with X,/Xy between 1/2 and 1, or 
to an exponential P wave with nx =7. It is clear, therefore, that we 
must be able to determine nx, or to make a realistic estimate of its 
value, before further progress is possible with the interpretation of 
such figures as 60, 61 or 63.  

Before leaving these figures, however, we should note that 
some episodes (one in fig. 60, three in fig. 63) show an apparent increase in period during the episode. The rate of such an increase 
can be estimated with even less precision than can the mean period.  
Therefore, such increases are simply indicated by a division of the 
episode into two parts, to each of which a mean period is allocated by 
inspection; although the actual period change, always an increase, must 
have been gradual and not sudden as shown. If it can be shown, for 
example in the IFYGL experiment, that each storm generates internal



55

waves covering a range of nx values and that, after the storm, the rate 
of amplitude decay is greater the higher the value of nx , such period 
shifts would be explained. The hypothesis, that the component waves 
of lowest nodality and longest period persist longer than those of the 
higher nodality and shorter period, is supported by several later 
examples.  

Figure 63 presents, for the first time, records of temperature 
oscillations of near -inertial period at Lake Ontario water intakes. The 
phenomenon is therefore not confined to Lake Michigan. Records from 
opposite sides of the basin (Toronto and Rochester) are shown; but little 
can be deduced concerning their phase relationships because, when 
near -inertial waves were evident at one intake (i. e., the thermocline 
had welled up to near intake depth) the thermocline at the other station 
was considerably below intake depth, and the record showed uniformly 
high temperatures. However, the short sections at the beginning of 
the third and at the end of the fourth episodes suggest that the tempera 
ture "waves" may have been nearly in phase at the two stations.  

Examples of longer episodes of internal wave activity are to be 
found in the records of temperature and current obtained, at moored 
stations in Lake Michigan, by the U. S. Department of the Interior.  
Examples, with derived spectra, are illustrated in the Department's 
1967 report. One such episode is illustrated in figure 64 for five depths 
at station 9 (position shown in fig. 65) for the interval 22 August to 
6 September 1963, during which there were two not very severe storms.  
The temperature oscillations are confined to near -thermoc line depths; 
they are often fairly regular; and when this regularity appears at two 
or more depths, the oscillations are approximately in phase--evidence 
for a wave of the first vertical mode. Maximum amplitude of temperature 
fluctuation was found at 30 m depth and was greatest at the beginning of 
the record. The internal waves producing these large fluctuations were 
probably generated during the severe storm on 16-17 August, some 
effects of which are illustrated in later figures. Perhaps as a result 
of a minor storm from the NE on 24 August, the amplitude at 30 m was 
decreased, by a thermocline depth change, to a value which was there
after maintained for about a week, corresponding to a period of close 
to 17 hr. During the remainder of the record, the mean period is less 
clearly defined but lies closer to 15 hr. This period increase may have 
been the consequence of introduction of internal waves of higher nodality 
during the disturbance created by the storm which veered from S to NE 
between 2 and 4 September.  

It is possible that much of the amplitude variation in figures 60, 
61, 63 and 64 is the result of beat interactions between waves of differ 
ing periods, corresponding to values of nx = 1, 3 and 5, for example.
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But the periods differ so little, that the beat frequencies are too long 
to appear unambiguously repeated in any one episode. Beat phenomena 
will also influence the apparent period. For example a wave of 15 hr 
period would combine with a wave of 16 hr period and the same ampli
tude to produce "bursts" of what appear as 15. 5 hr waves, separated 
by intervals of small amplitude recurring every ten days. What is 
possibly a beat effect is seen in figure 79, and the matter is further 
discussed in connection with table 7, which lists beat periods-which may 
be anticipated (on the basis of the fig. 52 model) in Lakes Michigan 
and Ontario.  

The possibility that beats may occur adds to the difficulty in 
attributing an "observed" period to a particular value of nx in figure 52.  
The situation in nature is further complicated by the fact that the am
plitude contribution of a wave with particular nx values will also change 
with time. The change is usually one of decay under friction, and the 
rates of decay differ for waves of different nx value, producing the 
period increase noted in figure 61 and 63 examples. A clear picture 
is to be expected only in cases (examples discussed later) in which it 
can be shown that waves of a particular n value are predominant, or 
in which free oscillations have persisted Tong enough for friction to 
filter out all waves of nx > 1. For instance, the 17 hr period attri
buted in figure 63 to episodes in Lake Ontario, point unambiguously to 
uninodal waves.  

Why, it may be asked, cannot spectral analysis be applied to 
obtain a more precise estimate of all periodicities simultaneously 
present in a given record? Unfortunately, the length of available record 
is usually too short, as in figures 60, 61 and 63; but even when longer 
records are available as in figure 64, the crowding of the periods of the 
long waves into a narrow sub -inertial range, and the time variations 
which can occur in the value of cm, combine to produce a single broad 
peak of energy with a summit at a frequency which lies just below and 
sometimes indistinguishable from the inertial frequency. This renders 
individual wave -periods, corresponding to several values of n , 
generally indistinguishable. This conclusion is illustrated by'he spectra, 
in figure 66a (U. S. Dept. of Interior 1967) of temperature fluctuations 
at 22 m and 30 m depth at station 8 during August and September 1963, 
an interval which includes figure 64. In both the 22 m and 30 m spectra, there is a principal peak close to 16 hr period, with some indication of 
a minor "side -peak"t at approximately 14 hr period. These may 
respectively correspond with the 17 and 15 hr estimates in figure 64.  
There is also a smaller but significant peak or group of peaks centered 
between 8 and 9 hr period, to which reference will be made later.
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Further spectra have been computed (U. S. Dept. Interior 
1967 and Malone 1968) from the records of current obtained at the Lake 
Michigan stations and using the Blackman and Tukey(1958) procedure.  
For example, spectra for the N-S velocity component at station 20 are 
presented in figure 66(b), the upper pair for 15 m and 90 m depth dur
ing the early period of stratification in 1964, and the lower spectrum 
for 10 m depth during the previous winter, when the lake was unstrati
fied. The absence in the lower spectrum of the large near -inertial 
peak and of the smaller peak at close to half inertial period is strong 
evidence that these peaks are the product of internal wave motion, not 
present during the unstratified season.  

It can also be seen that the summits of the principal peaks in 
the summer velocity spectra in figure 66(b) lie closer to the inertial 
period than do the corresponding summits of the peaks in the tempera
ture spectra, figure 66(a). This difference would have been more 
striking if the two halves of figure 66 had been plotted on the same fre 
quency scale. Although the temperature and Velocity spectra are for 
different stations, the result is probably a general one, arising from 
the period-dependence of the partition between potential and kinetic 
energy. It was shown, for the Sverdrup wave in chapter 3--and the 
result therefore also applies to S waves combined to form P waves--that, 
as the wave period approaches the inertial period, the ratio of kinetic 
to potential energy, averaged over a wave cycle, approaches infinity.  
We may therefore predict that, when waves of differing (near-inertial) 
periods exist together, the waves of the longer periods will be more 
strongly represented in the current spectra than will the waves of 
shorter period. These, in their turn, will influence the temperature 
(elevation) spectra more strongly.  

The subsidiary spectral peak, centered between 8 and 9 hr 
period, appears in some spectra but not in others. Malone (1968) 
interpreted that peak as an oscillatory contribution to the current from 
the uninodal longitudinal surface seiche of period 9 hr. However, its 
absence in the current spectrum during winter (lower spectrum, fig.  
66b) and the fact that it also appears in some temperature spectra, 
for example figure 66(a), suggests that the more likely explanation 
is a double-frequency component arising from non-linear effects 
associated with the main near-inertial oscillation. Independent evi
dence for such a component is discussed later in connection with 
figure 8 5.
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Period/Wavelength Relationships, continued: 
Evidence from Temperature Transections and Fixed 

Stations during Episode 19-22 August 1963 

It is clear from the foregoing discussion that, in order to make 
progress in the unravelling of period/wavelength relationships, we must 
seek simultaneous information on both period and wavelength. Such 
information can be provided by a series of temperature transections of 
the kind based on observations obtained from railroad ferries and 
assembled by Mortimer (1968), or by a combination of these with infor
mation from fixed stations. In order to demonstrate a method, poten
tially useful for the IFYGL experiment, we now examine in detail the 
episode 19-22 August 1963. A preliminary treatment was given by 
Mortimer (1968), but our more rigorous analysis here arrives at some
what different conclusions.  

The episode coincided with an interval of relative calm (see 
fig. 37) following two severe storms on 12 -13 and 16-17 August, which 
had produced internal waves of large amplitude. The oscillations dur
ing the episode may, therefore, be considered as free oscillations; 
and for their description, twelve complete and two partial transections 
of temperature distribution are available (run nos. 221-235), four of 
which are assembled in figure 67.  

On the consecutive crossings (run nos. 22 5-228) in figure 67, 
the vessel happened to pass the mid-point of the transection at appro
ximately 8 hr intervals; and between each crossing the figure shows 
a reversal of isotherm slope in various regions of the section, for 
example in the mid-Lake region 55-75 km from Milwaukee. (In the 
treatment which follows, all distances are measured from Milwaukee.) 
This result is consistent with the behavior of internal waves, standing 
across the Lake, with one of the nodes lying between 55 and 75 km, and 
with a period close to 16 hrs. The same result emerges from a com
parison (in fig. 67) of the isotherm distribution on pairs of crossings, 
for which the mid-Lake transits occurred at approximately 16 hr inter
vals, namely the run pairs 225 and 228 or 226 and 228.  

Some of the main features of the motion, including the cross
Lake standing wave pattern, are brought out in figure 68 in which the 
15 and 100 C isotherms from successive crossings are superimposed 
for two consecutive 36 hr intervals, each interval comprising five 
transections and covering two inertial periods. Wind forcing was very 
weak, and we are therefore looking at free motion. The clearest fea
ture, evident during both intervals and for both isotherms, is an apparent 
"node" (a point at which isotherms belonging to successive transections 
cross over) at 66 kin, at which thermocline depth remained virtually 
unchanged throughout. (Incidentally, the depths of the 150 and 100
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isotherms at the 66 km "node" provide an estimate of thermocline 
thickness, the spacing between the isotherms being some 3 m during 
the first interval and perhaps double this during the second.) As this 
"Inode" lies close to the mid-point of the section and as the isotherms 
for all transections run through it, we may infer that standing wave 
contributions corresponding to even values of nx were insignificant.  

Up to this point, the information we have extracted from 
figures 67 and 68 remains valid whatever the speed and timing of the 
vessel crossing. However, in the search for other nodes to provide 
information on wavelength, or in the search for phase relationships, 
or in the interpretation of the apparent coastal upwelling, we must 
consider the effect of motion of the measuring platform.  

When periodic phenomena are under investigation from a 
moving vessel and the interval covered by the observations is more 
than a small fraction of the period of interest, the relationships be 
tween vessel progress and the phase progression of the phenomenon 
must be known before proper conclusions can be drawn. In practice, 
and in application to the study of internal waves in the Great Lakes, 
observations from a single transection (for example fig. 62) cannot 
usually yield definite conclusions on period, wavelength, and phase 
unless other information is available either from fixed stations, or 
from a series of transections. During the IFYGL experiment there 
should be ample information available from both sources, and we may 
hope that many of the problems and ambiguities here seen will be 
greatly reduced by the more complete body of data which that experi
ment will provide.  

To illustrate methods which can be applied and problems 
which will arise, the 19-22 August episode is treated here in greater 
detail than would be necessary, or justified on the evidence, in a 
scientific paper.  

We start the search for information on period and phase, 
more precise than figure 67 can provide, by plotting thermocline depth 
(defined as bounded by the 10' and 150 isotherms ) at selected points 
on the ferry track for each occasion on which the vessel passed those 
points during the episode. The result appears in figure 69, and the 
points were selected (at 3 , 41, 55, 66, 80, 92 and 105 km from 
Milwaukee) to coincide with the boundaries and the interiors of the four 
"compartm ents??, into which the Milwaukee -Muskegon section appears 
to be divided during that episode, as defined by the groupings of iso 
therm cross -over points, in figure 68. The limits of these compart 
ments are defined, with additional coastal regions of apparent upwelling 
and downwelling, in table 5.
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TABLE 5. Subdivision of the Milwaukee -Muskegon section, suggested 
by the distribution of isotherm cross-overs in figure 68.  

West East 
Downwelling "Compartment' limits Upwelling 

Region Region 

km from 0-20 20-41 41-66 66-92 92-110 110-127 
Milwaukee 

Compart- 1 2 3 4 
ment No.  

Compartments 2 and 3 are clearly defined and separated by what 
appears to be a mid-section node at 66 km. The invariance of thermo
cline depth at that point rules out any significant contribution from stand
ing waves of even nodality. Another clear result in figure 68 is that 
eastward (even numbered) vessel runs are always associated with thermo
cline levels above equilibrium in compartment 2 and below equilibrium 
in compartment 3; and the converse is true for westward (odd-numbered) 
runs. Compartments 1 and 4 are less well defined; but generally the 
thermocline levels on eastward runs lie below those on westward runs 
in compartment 1, while the reverse is generally the case in compart
ment 4. The thermocline slopes in the 20 km wide coastal strips, 
interpreted as upwelling and downwelling regions, are too steep for any 
such relationships to be determined; and the question of how far these 
steep slopes can be attributed to an artefact, produced by phase inter 
actions between the internal waves and the passage of the vessel, is 
examined later.  

In figure 69, the fluctuations in thermocline depth at 55 and 
80 km are clearly periodic and of opposite phase. The mean period 
estimate for the episode lies between 15 and 16 hr. (The fits of 16 and 
15 hr sinusoids are compared in the figure.) The timing of the vessel 
passage (as already suggested in fig. 67) was such that maximum therm
cline elevation, positive or negative at 55 and 80 km, was reached when 
the vessel was not far from the mid-section point. At that point, 66 km, 
the thermocline varied little in depth. This clearly identifies that 
point as a node across which a phase change occurred. At the other 
less definite figure 68 isotherm cross -over points, 41 and 92 kin, the 
depth variation of the thermocline was greater, irregular and aperiodic.  
The evidence of a phase change on crossing these points appears very 
doubtful; and the existence of nodes there was not confirmed by the 
analysis which follows. But, having clearly established the presence of
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a mid-section node and the period of the standing oscillation, as well 
as its phase at mid-Lake relative to vessel transits, further analysis 
is possible.  

Records of temperature at fixed stations close to the vessel 
track, for comparison with the transection results for the episode, 
were obtained from stations 17 (10 m and 15 m depth) and 20 (22 m 
and 30 m depth) of the U. S. Dept. Interior(1967) and at the municipal 
water intakes at Milwaukee (17 m) and Muskegon (8 m). The records 
from all these sources are assembled in figure 70. Unfortunately for 
our present analysis, the temperature oscillations during the interval 
18-23 August were not as regular or, in the case of station 17, as 
large as at other times. The clearest indications are those of tempera
ture waves at both depths at station 20, but difficulties arise in assign
ing a period and phase to these, because the records from the two 
depths are not quite in phase. It is not clear whether this small phase 
difference is real or derives from a timing error, to which it can be 
shown that some of the Department's other instruments were subject.  
(This draws attention to the importance, for the IFYGL experiment 
and elsewhere, of accurate timing, when the phase relationships or 
near -inertial waves are important diagnostic factors in the analysis..) 

Perhaps the clearest result emerging from figure 69 is that 
a fairly precise fit is possible, in compartments 2 and 3, between os
cillations in thermocline depths and sinusoids of 15 or 16 hr period.  
For convenience, the latter period will be used in the following analysis.  
(The 16. 5 hr fit in fig. 31, Mortimer 1968, was applied to a longer epi
sode, and is a slightly less good fit for the interval considered here.) 
The best 16 hr fit in figure 69 is one in which maximum positive inter 
face elevation or "high thermocline" (for which the abbreviation HT 
will hereafter be adopted) occurred at noon on 19 Aug. at 55 km. For 
comparisons between figures 69 and 70, vertical arrows in the latter 
have been placed at 16 hr intervals to give the best fit to the mean 
timing of the temperature peaks at the two depths. If it is assumed 
that the temperature waves were symmetrical about these peaks and 
that the times of HT coincided with temperature troughs, then figure 
70 would place HT for station 20 at 1300 hrs on the 19th. The 16 hr 
spacing was chosen for comparison with figure 69 and with later 
models, although a somewhat longer period (say 17 hrs) would have 
been a better fit in the station 20 case. Such period differences between 
stations on the same transection are to be expected for reasons given 
later, but the 16 hr spacing will serve for present analysis.  

The same spacing, 16 hr, is rrojected in figure 70 up to the 

station 17 and waterworks intakes records, but unfortunately no clear 
phase relationships emerge from these. The small temperature waves
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indicated at 10 m in station 17 are sometimes in phase and sometimes 
out of phase with those at station 20, which permits no definite conclu
sions. The Milwaukee record shows nothing of interest, but the general 
coincidence of minor '"valleys' in the Muskegon record with the 16 hr 
arrows might be considered a dubious indication of out-of-phase beha
vior between that station and station 20.  

We now consider the timings of the vessel crossings, as set 
out in table 6.  

TABLE 6. Times, in hrs, reckoned from midnight 18-1.9 August 1963, 
of the railroad ferry passages on the Milwaukee-Muskegon 
section, derived from the diagrams in Mortimer 1968. Also 
estimated, to the nearest hr, are the times of maximum thermo
cline elevation (HT) at 55 km, i.e., in compartment 2 of table 
5, assuming a 16 hr periodicity.  

Eastward Milwaukee HT at 55 km Transit Muskegon Westward 
runs (from fig. 69, mid-section runs 
No. Start Finish 16 hr period) at 66 km Finish Start No.  

224 9.1 12 11.8 14.6 

22.7 19.9 17.1 225 

226 2.5.3 28 28.1 30.7 

38.4 35.6 32.9 227 

228 40.6 44 43.5 46.2 
54.0 51.2 48.6 229 

230 56.5 60 59.3 61.9 

69.7 66.8 64.2 231 

232 72.2 76 75.0 77.6 

The vessel required an average of 5. 6 hrs to cross the Lake and 2.3 hrs 
for the turn-around in each port. Consequently, as table 6 shows, an 
average of 15.8 hrs elapsed between each eastward and westward mid
section transit. This coincidence, with transit intervals so close to the 
mean period of the internal wave system, fortunately simplifies the 
analysis of this particular episode.
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Because of thermocline depth invariance at 66 km, we earlier 
ruled out the possibility of significant wave contributions of even trans 
verse nodalities; and there remains the possibility of contributions 
from uninodal, trinodal and quintinodal waves. A quintinodal contribu
tion is, indeed, strongly suggested by the compartmentalized isotherm 
topography in figure 68, as set out in table 5, although the isotherm 
cross -over points which separate the presumed compartments may not, 
as we shall see, be identified as nodes, except at 66 km. It appears 
highly probable that the severe 16/17 August storm (see fig. 37) 
generated a mixture of waves of different odd-numbered nodalities, 
rather than a wave of a single nodality. And it is also likely that the 
initial form of the disturbed thermocline surface determined an in
phase relationship between each wave component at the shore ends of 
the secion, i.e., that the times of WHT (maximum thermocline eleva
tion on the western shore at Milwaukee) would initially coincide for the 
uninodal, trinodal and quintinodal wave components; but we must also 
consider the possibility of other initial situations.  

The period of between 15 and 16 hr attributed to compartments 
2 and 3 in figure 69 is also consistent with the dominance of the quinti
nodal component. In the figure 52 model a period of 15 hrs would co
incide exactly with the period of the quintinodal wave of very small 
X x/1-v ratio. The addition of smaller contributions from the uninodal 
and trinodal components would account for a mean observed period 
somewhat higher than 15 hr without having to invoke, in figure 52, 
exponential P waves.  

The meager evidence from this and other episodes so far 
examined suggests that the period of each wave contribution will be 
close to that appropriate to the cm and nodality concerned and to a 
Xx/Xy ratio close to zero, probably not greater than one -half. If this 
general conclusion is confirmed by future observations, then we may 
expect observed periodicities in Lake Michigan and Lake Ontario to fall 
into the groups set out in table 7, valid for the figure 52 example 
(cm = 0.45 m/sec) only. Beat periods are also shown, corresponding 
to various nx combinations. For their development, the beat pheno
mena predicted in table 7 will require long periods of calm weather 
following the storm which generated the interacting wave components.  
As the predicted beat periods are much shorter for Lake Ontario than 
for Lake Michigan, there is a greater chance of beat phenomena being 
seen in the former Lake, before they are disturbed by a new storm.  
Some modification by differential frictional damping is also to be 
expected.
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TABLE 7. Ranges of period in hours for oscillatory P waves of trans 
verse nodality 1, 3, and 5, derived from figure 52 and corres
ponding to cm = 0.45 m/sec and a Xx/Xy range from 0 to 0.5.  

n1 3 5 

L. Ontario (b=60 km) 16.4 -17.1 13.8 -14.3 10.6 - 11.4 

L. Michigan = 120km) 17.37 -17.41 16.3 -16.5 14.6 -15.1 

Possible beat periods (hr, approximate) 

nx combination 1 and 3 3 and 5 1 and 5 

L. Ontario 79 51 31 

L. Michigan 285 164 104

The August 19-22 Episode continued: Phase 
Relationships 

The foregoing paragraphs, table 6, and figures 68-70 summarize 
the available observations for the episode. We now attempt to draw 
inferences from them.  

In a cross -section of a rectangular model of uniform depth and 
of width 120 kin, the positions of the nodes and the phase relationships 
are those shown in table 8. The mid-section common node at model 
distance 60 km is assumed to represent the boundary between table 5 
compartments two and three. The approximate positions of stations 17 
and 20 are also indicated in table 8. Station 17 was 4 km from the W 
shore and 12 km N of the vessel track; station 20 was 6 km S of the 
track and 18 km from the E shore, which we assume would place it east 
of the eastern trinode (at 100 kin) but west of the eastern quintinode 
(at 108 km) in table 8.  

Figures 68-70 and tables 6 and 8 also combine to provide three 
pieces of evidence, not equally strong, on phase relationships from 
which certain inferences may be drawn.  

(i) Figure 70 indicates times of HT (corresponding to tempera
ture minima) at station 20, which are nearly in phase (lagging by approxi
mately 1 hr) with the times of HT at 55 km (fig. '69) listed in table 6.  
Therefore, if station 20 is correctly placed in the table 8 model (and if
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TABLE 8. Positions of transverse nodes, -- , and the phase relation

ships between the corresponding antinodal regions (relative 

to WHT, maximum positive elevation on the W side) in a 

cross -section of a rectangular model of uniform depth and 

of width 120 km.

Uninode Trinodes Quintinodes Corresponding 
(nx = 1) km (nx = 3) km (nx = 5) km Station positions

0 Max + 0 Max +

Milwaukee 
Intake 

Station #17

-& 12

- 20 Min

- 36

+

Max +

+ 
60 Mid -section 

common node

84 
+

-0- 100 Max +

+

- 120 Min

108 

- 120

Station #2 0

Muskegon Intake

W side 

Max + 

+

+

+ 

+

Min+ 

+

-0- 60 0- .60

Min

Max +

+ 

+

Min 

E side

120 Min
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there was no N-S phase change between station 20 and the nearest point 
of the vessel track (which is most unlikely in view of the small, 6 km, 
separation), the in-phase relationship of HT at station 20 with HT at 55 
km would be consistent with trinodal or quintinodal wave components or 
both, but not with a uninodal component. That result is independent of 
the relative phases of the three components.  

(ii) The much weaker indication, in figure 70, that the tem
perature oscillations at the Muskegon intake may have been out of phase 
with those at station 20, would be valid only if the quintinodal component 
is the dominant one -- a result which is again independent of the relative 
phases of the three components.  

(iii) The strongest piece of evidence is the persistence of the 
phase difference (in figs. 68 and 69) across the 66 km point, which point 
it seems we may justifiably equate with the table 8 mid-section node at 
60 km, common to all components of odd-numbered nodality. The times 
of (a) HT in compartment 2, on the western side of the mid-section node 
in figures 68 and 69, invariably happened to fall within an hour of (b), 
the times of the mid-section transit on eastward vessel runs. The 
differences (a-b) range from +1.0 to -0.1 hr, average 0.5 hr; and the 
average passage time from Milwaukee to 66 km was 2.8 hr. Tables 6 
and 8 show these results to be consistent with coincidence of WHT (HT 
at Milwaukee) for uninodal and quintinodal waves at 3.3 hr (average) 
after the vessel had left Milwaukee on its eastward passage. For a tri
nodal wave, WHT would fall 8 hr later. To explain the figures 68-69 
phase relationships we must, therefore, assume either (1) a trinodal 
component out of phase, or nearly so, with the uninodal and quintinodal 
components at Milwaukee, or (2) the more likely situation in which all 
three components were in phase, or nearly so, at WHT, but with the 
trinodal contribution much smaller than the uninodal and/or quintinodal 
contributions.  

The above three pieces of evidence fit together only for a quinti
nodal wave or for a situation in which the quintinodal component is 
dominant over weaker uninodal and trinodal components. Unfortunately, 
the evidence from station 17, which could have settled the matter, is 
indecisive. There seems little point, therefore, in exploring the 
(possible) alternative (1) in the previous paragraph--a trinodal com
ponent out of phase with the other two. In pursuing alternative (2), we 
shall explore whether the combination of wave component contributions 
of suitable proportions, in phase at WHT and scanned by a vessel follow
ing the table 6 timetable, can reproduce the principal results displayed 
in figures 68 and 69. (Evidence from current records at stations 17 and 
20 is discussed on p. 92.)
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As mentioned earlier, the most likely (but not required) initial 
condition after the 16/17 August storm was one in which the wave com
ponents of differing nodality would start their free oscillations in phase 
at Milwaukee. Even if all three components started in phase, some sub
sequent phase change must have occurred, because of small differences 
in period. In the figure 52 model,, the periods corresponding to a uni
nodal, a trinodal and a quintinodal component (all for Xx/Xy = 0) would 
be 17.4, 16.5 and 15.0 hr, respectively, so that slow progressive 
phase changes would occur. However, because the component periods 
differ so little, our modelling of the 19-22 August episode will assume 
that the phase changes are small enough to be neglected.  

The course of events and the apparent phase changes will also 
depend on 'the magnitude of the contributions from components of dif
ferent nodality. For a complete analysis, these magnitudes and their 
time variation under frictional decay would have to be known, as well 
as the initial condition and the respective periods, which in turn depend 
on the values of cm and Xx/Xy, which may also vary during a given epi
sode. some variation in period along the transection is also to be 
expected. Near the uninode, for example, contributions to the elevation 
changes would be governed mainly by components of shorter period; and 
at the eastern or western quintinodes, for example, the quintinodal 
contributions (of shortest period) would disappear. This may explain 
why the apparent period of the temperature waves at station (fig. 70) 
was longer than that at 55 km (fig. 69).  

The 19-22 August Episode continued: Modelling of 
Phase Relationships between Wave Components and 
Vessel Passages 

The previous paragraph outlines one problem complex involved 
in the analysis of transections; the other, now to be discussed, is asso
ciated with the timing of the vessel passage.  

Before turning to that problem, it would be helpful to list the 
assumptions upon which our further exploration of the 19-22 August 
episode will be based. For modelling purposes, we shall assume that: 

- the initial condition was one in which the uninodal, trinodal, 
and quintinodal components were in phase at Milwaukee, and that phase 
changes were Small thereafter, so that the components remain nearly 
in phase for the duration of the episode (and it therefore follows from 
figures 68 and 69 that the trinodal component must have been small);

- the period of each component may be taken as 16 hr;
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-contributions from components of higher nodality may be 
neglected; 

- the whole basin width (b width of thermocline at equilibrium 
level 120 kin) was involved in the oscillation; 

-each vessel crossing occupied 6 hr with a 2 hr turn-around time 
in either port; 

-the starting hour of each eastward crossing was either 2, 3, or 
4 hr before WHT.  

Variations in thermocline depth, as seen from a vessel moving 
across an internal wave pattern, depend on vessel speed, on wavelength 
and frequency of the particular internal wave, and on the point in 
the wave cycle at which the vessel starts the transection. This pheno
menon, analogous to "aliasing" in spectral analysis (Blackman and 
Tukey 1958), is illustrated in figure 71 for a cross-section of a rectan
gular model which incorporates the assumptions concerning wave -period, 
vessel timing, and basin width set out in the previous paragraph. Each 
section of figure 71 displays, as thin lines, (sinusoidal) thermocline 
topography at each hour of the 16 hr wave cycle, in which 0 corresponds 
to WHT. The thermocline "depth" as observed by the vessel is plotted 
as a thick unbroLen line for the eastward and a thick broken line for the 
westward passage. If the vessel is assumed to start its eastward pas
sage at 0, 1, 2 . . . 15 hr after WHT, fifteen differing pictures of iso
therm distribution are obtained, the first eight of which are presented 
respectively in sections (a) to (h) in figure 71. The remainder of the 
set can be obtained by inversion of the figure, as explained in the 
legend.  

Figure 71 makes it clear that thermocline topography, as seen 
by the vessel, is greatly dependent on starting time relative to WiT and 
that, without a knowledge of WHT and of the fact that only a uninodal 
wave is present, the true thermocline topography could not be recon
structed from a single vessel crossing. At least a pair and preferably 
a series of runs would be necessary for such reconstruction and to 
determine the position of the nodes. The bottom right section of the 
figure, in which all 16 runs are superimposed, illustrates the important 
result that, except that the true uninode, a series of superimposed runs 
from this model would not produce a grouping of isotherm cross -overs 
at certain points on the zero -elevation line (similar to those apparent 
at 41 and 92 km in fig. 68). A masquerade of aliased "'nodes" cannot 
therefore occur in this particular case.  

Corresponding figures to figure 71 can be produced for models 
with trinodal and quintinodal waves alone. In such cases, superimposed
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runs show nodes appearing in their true positions but no aliases. How
ever, aliased nodes do appear, as we shall see, when components of 
more than one nodality are present in the model.  

Applied to the 19/22 August episode, for which the starting 
times of the eastward crossings were 2, 3, and 4 hrs before WHT, the 
respective uninodal pictures from figure 71 would be (g), (f) and (e), 
but with the eastward and westward lines reversed, i.e., the broken 
line drawn as an unbroken line to start at the figure 71 "finish" point 
and with the unbroken line drawn broken as a westward run to finish at 
the figure 71 "start" point. The corresponding figures for an eastward 
start at 2 hr before WHT, and for uninodal, trinodal, and quintinodal 
components are presented in figure 72 (a) and (b). It is assumed that all 
three components are of equal amplitude and in phase at WHT, and that 
each is scanned from a vessel which requires 6 hr for the eastward 
(unbroken line) and westward passages (broken line) and 2 hr for the 
turn-around in each port. Component combinations are presented in 
figure 72(c) to (f). The position of the mid-section "true" node remains 
unchanged at 60 km model distance in each combination.  

The uninodal /trinodal combination is illustrated in figure 
72(c); two aliased nodes appear at 30 and 90 km model distance. The 
thermocline "depth" which the vessel sees in figure 72 (c) is one of small 
amplitude in mid-Lake and large amplitude near the shores. As an 
experiment not illustrated here, the uninodal and trinodal components 
were added with the phase of the trinodal component reversed. There 
were no aliased nodes, and the large coastal amplitudes disappeared.  
This combination seemed to bear little relation to the observed distri
bution of isotherms in figure 68, and was not further explored.  

Combinations of the quintinodal component with uninodal alone 
and trinodal alone are illustrated in figure 72 (d) and (e). In these 
combinations the isotherm cross-overs divide the section into six 
compartments, two coastal and four offshore; but the elevation ampli
tudes and width of the compartments are very different in the two com 
binations, apparently bearing little relation to the roughly equal com
partmental division seen in figure 68 and tabulated in table 5.  
Combination of all three components, illustrated in figure 72 (f), begins 
to reproduce some of the features of figure 68, with a true mid-section 
common node and with four aliased nodes, two of which happen to lie 
near the trinodal positions.  

Making use of the results established earlier -- that the quinti
nodal component was dominant during the 19-22 August episode -- it is 
possible without further exhaustive analysis to derive a model which 
approximates more closely to the observed isotherm distribution in
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figure 68. This is done in figure 73 for a starting time of 4 hr for WHT.  
This model, it may be noted, can be obtained by rotating the figure 72 
diagrams about the mid-section node; and a comparison of the two fig
ures illustrates the sensitivity of the model to variation in starting 
time.  

Figure 73(a), repeating figure 72(f) with appropriate reversal, 
represents the combination of uninodal, trinodal, and quintinodal com
ponents of equal amplitude and all in phase at WHT. As already noted, 
that combination reproduces some of the features of isotherm distribu
tion in figure 68--an extract of which is inserted for comparison at 
the bottom of figure 73--namely the division of the section into six 
compartments. As far as the two coastal compartments are concerned, 
the large nearshore amplitudes of the model do not fit the figure 68 
picture(for the 100 isotherm)of persistent downwelling on the west 
shore and upwelling on the east shore, confirmed by the records at 
the fixed stations (fig. 70).  

In the four offshore compartments of figure 73(a), which are 
labelled 1-4 to conform with table 5, the agreement between the model 
and observation is more apparent, but with a difference, in that the 
vertical amplitudes of model compartments 2 and 3 are less than that 
in compartments 1 and 2, while apparently the reverse is true for the 
observations in figure 68. To provide a better match and to follow the 
hint provided by figure 72 (d), the trinodal component is omitted in 
figure 73(b) and the uninodal component is reduced to half, leaving the 
quintinodal component at full value. In that combination, the dimensions 
of model compartments 2 and 3 appear too exaggerated in comparison 
with those in compartments 1 and 4.  

All the evidence reviewed earlier suggests the prominence 
of a quintinodal component in this particular episode; and accordingly 
this component alone, presented in figure 73(c), provides a relatively 
good approximation to figure 68, although the horizontal spacing of the 
observed (fig. 68) compartments fit slightly better with figure 73(a), 
and the vertical amplitude of model compartments 1 and 4 could per
haps be slightly reduced to provide a better fit. This is attempted in 
figure 73(d), which combines the unreduced quintinodal component with 
half the uninodal component and one-third of the trinodal component.  
This combination reproduces several features of the isotherm distri
butions as observed from the vessel (shown in fig. 73(e) as an extract 
from fig. 68), namely the approximate positions of the cross -over 
points, the relative elevations of the isotherms on eastward and west
ward runs, and an approximate simulation of the vertical symmetry of 
compartments 2 and 3 and vertical asymmetry of compartments 1 and 
4 about the line of zero elevation.
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The above procedure has been set out in, perhaps uncessary, 
detail because a similar matching procedure may be worthwhile in other 
examples, even for single transections. It is attempted, here in figure 
74, for the transection already illustrated in figure 62. Again, a search 
is made for the best model fit, on the assumption that the three com
ponents were in phase at WHT. Variables are the vessel's starting 
time relative to WiT and the relative amplitude contributions of the 
components. In this case the vessel crossing occupied 10 hrs and the 
wave period is assumed to have been 16 hrs. A fairly close fit between 
the model and the observations is provided by a combination of all three 
components at equal amplitude and with the vessel starting time at 
WHT. That combination, transferred as section (b) to figure 62, re
produces several features of the observed transection, for example, 
the E-W asymmetry about the mid-section node, depressions at 30 km 
and 90 km, and an apparent upwelling on both shores. The tempera
ture at the Milwaukee and Muskegon intakes for that day remained 
close to 10° C, i.e., they showed no marked upwelling on either shore.  
The apparent moderate upwelling shown on both shores in figure 62 was 
probably therefore largely an artefact. This result cautions against 
inferences concerning coastal upwelling from single transections and 
invalidates Csanady's (1967) use of figure 62 to support his "coastal 
jet" model.  

Vertical Distribution of Wave -Associated Currents 

Information on the vertical distribution of currents in Lake 
Michigan comes from two sources (U.S. Dept. Interior 1967 and 
Mortimer 1968); no information has yet been published for Lake Ontario.  
The U.S. Dept. Interior (1967) report describes the current-measuring 
program in Lake Michigan during 1962 -64 and presents some initial 
results. Equipment is also described with some preliminary results 
by Verber (1964a); and the same author illustrates and interprets 
brief extracts from the records in succeeding communications (1964b, 
1965, 1966).  

Measurements of current speed and direction were made at 
over 30 stations in Lake Michigan for various intervals during 1962 -64, 
with the main effort concentrated in 1963. Recorders were suspended 
at several depths at each station, usually at 10, 15, 22 and 30 m and 
at 30, 60, and 90 m if depth permitted, with some deeper instruments 
at a few stations. Recordings were made at 50 sec intervals every 30 
mmn in winter and every 20 mmn in summer. The data were treated in 
various ways (Mehr 1965) including presentation in the form of two 
hourly ranges of speed and direction, as illustrated in later figures.  
[ At this point it is well to warn against confusion which is otherwise
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likely to arise when conclusions are drawn from results presented by 
Verber (1964b, 1965 and 1966)and Malone (1968). Although not stated, 
the current directions illustrated in those publications are directions 
from which the current is flowing, i. e., direction is used in the meteor 
ological sense, see Mehr 1965.] Similar, less extensive studies have 
subsequently been made by the Department in other Great Lakes basins, 
including Lake Ontario, the results of which have yet to be published.  

Also in 1963, Mortimer (1968) measured the vertical distri
bution of current speed, current direction and temperature at anchor 
stations in Lake Michigan 60 km east of Milwaukee, Wis. (near station 
M in fig. 65). During three intervals, covering seven days in all, when 
it was calm enough to anchor the vessel securely with several anchors, 
the vertical current structure was measured at 2 m depth intervals 
down to 20 m and at more widely spaced intervals thereafter, approxi
mately every 2 hr. The vertical distribution of temperature was mea
sured at the same time. A relatively thin thermocline layer (shown in 
figs. 7 5 and 8 5 as a shaded layer bounded by the 100 and 15 ° isotherms) 
separated an upper from a lower layer. In both of these layers the 
vertical temperature gradients were small and, in the absence of 
appreciable non-wave currents steady or otherwise, the vertical distri
bution of flow was principally correlated with the wave -like displace 
ments of thermocline, which are the subject of later discussion.  

At any given level above or below the thermocline there was 
a more or less regular clockwise rotation of current direction. As we 
shall see later, this rotation kept in phase with the thermocline oscilla
tion as predicted for internal P wave models in figures 51 and 55.  
The general pattern was one in which the highest velocities were found 
in the upper layer. At a given time, the flow was fairly uniform in 
speed and direction throughout each layer. The speeds were much 
lower in the lower layer and, in general, the mean direction of flow in 
the lower layer was exactly opposed at any one time to that in the upper 
layer. On passing downward through the thermocline, a progressive 
counter -clockwise rotation of current direction was found, which 
started in the lower few meters of the upper layer and the 180 ° turn 
was not completed until a depth several meters below the thermocline 
had been reached. Figure 75, an enlarged portion of figure 85, is 
designed to illustrate this. A depth of "no motion", at which the current 
direction is suddenly reversed, did not exist.  

The total water depth at the anchor station was 82 m, and 
the mean velocities and directions in the upper and lower layers re 
presented approximately equal volume transports in the two layers, 
exactly opposed in direction--a picture consistent with that of an 
internal wave of the first vertical mode.
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Another characteristic property of an internal wave of the first 
vertical mode is that wave amplitude reaches a maximum at one depth 
only, namely in the layer of steepest vertical density gradient. Ampli
tude falls to relatively small values in the layers above and below that 
interface. Corresponding oscillations in isotherm depth, or of tem
perature at fixed depths, axe therefore greatest in the thermocline, but 
are much smaller, while remaining in phase, at distances of order one 
thermocline thickness above and below the level of maximum gradient.  
At greater distances from the thermocline, the oscillations are un
detectable. These general results, characteristic for summer and 
autumn conditions in Lake Michigan and Ontario, are well illustrated 
in figure 64. For that interval, the thermocline lay between 22 m and 
30 m, at which depths the temperature fluctuations were greatest and 
generally in phase. At 15 m, fluctuations were seen only occasionally 
and then in phase with those at 22 and 30 m; and they were not visible 
at 10 m and 90 m. A similar picture, which illustrates how closely 
the elevation oscillations are confined to the thermocline layer, is 
presented for a short internal wave of the first vertical mode in 
figure 92.  

The vertical variation in current direction, already demon
strated for a wave of the first vertical mode in figure 75, is illustrated 
in a different form in figure 76, based on figure 6-3 of U.S. Dept.  
Interior (1967) with some additions. This figure, which overlaps 
figure 64 by two days, also illustrates a regular clockwise rotation of 
current direction, in phase with the temperature -oscillation, in this 
case with a mean period of about 17.2 hr. We may conclude from pre
vious discussion (cf. table 7) that a period of this order is consistent 
with dominance of a wave component of transverse nodality one.  

Because figure 76 presents temperature records from two 
depths only (there was little variation at 15 m and 10 m) it is not possible 
to define thermocline depth precisely; but if we note that temperature 
minima of 6C appeared in the 30 m record, if we assume that 22 m 
and 30 m respectively represent the upper and lower regions of the 
thermocline, then the conclusion reached in figure 75 is confirmed, 
namely that the greater part of the reversal in current direction takes 
place in the upper layers of the thermocline or just above them.  
Current directions were generally in phase at 10 m and 15 m; and 
most of the reversal--with the direction turning counterclockwise on 
passing down through the thermocline--occurred between 15 m and 
22 m. On descending to 30 m, the phase shift increased a little more, 
and by a further small amount down to 60 m. Current directions at 
10 m and 60 m, almost exactly out of phase, may therefore be taken 
as respectively representative of those in the upper and lower layers.
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Phase Relationships between Interface Elevation and Wave
Associated Currents: Models and Simple Examples 

The elevation/current relationships in Poincar6 wave models 
are illustrated in figures 51, 54-56, and later in figure 80. When com
paring these models with observed currents, it is useful to be able to 
recognize at least the interactions which commonly occur between wave 
motions and currents produced in other ways. The most common type 
of interaction, that between wave motion and a steady or nearly steady 
uni-directional current, can most simply be demonstrated with the 
help of figure 77. (The corresponding "current roses", a more usual 
form of illustration, are shown in the left-hand section of fig. 78.) The 
rotating current vectors associated with the wave we shall call "rotating 
vectors" and represent them, at 1/8 wave-cycle steps, by thin unbroken 
arrows. The uni-directional steady current we shall represent by the 
?steady vectors?" (thin broken arrows, directed downward in the figure); 
and the resultant vectorial sums (i. e., twice the vectorial averages, 
cf. p. 53 of Neumann 1968) we shall call "resultant vectors" and show 
as thick arrows. For the rotating vector, the assumption is made 
(nearly true for the near -inertial period of 16 hr adopted for this model) 
that vector length and clockwise rotation rate remain unchanged through
out the wave cycle.  

Three cases are presented, corresponding to rotating/steady 
vector length ratios, r, of 2, 1 and 1/2. In the first case, r =2, the 
addition of the steady vectors to the rotating vectors has two conse
quences. The first is a cyclic variation in resultant current speed, 
which passes through a maximum and a minimum once every wave cycle.  
In figure 77 the minimum point is taken as the origin of the wave cycle.  
The second consequence is that the rate of rotation of the resultant 
vector is not uniform. With respect to the rotating vector, the resultant 
vector leads in that part of the wave cycle which commences at the speed 
minimum and ends at the speed maximum. During the other half of the 
wave cycle, the resultant vector lags behind the rotating vector.  

In any one of the three figure 77 models, a current meter 
moored at a fixed point would successively record the resultant vectors 
in the order proceeding toward the bottom of the diagram, and starting 
again at the top. The geometry of the case r = 2 is such that the resul
tant vector completes half a revolution (18O) in that third of the wave 
period which is centered on the speed minimum, whereas the other 
half -revolution occupies the remaining two -thirds of the wave period.  
In general, if the length of steady vector (i. e., the speed of the uni
directional non-wave current) is less than that of the rotating vector 
(i. e., the wave -associated current), the resultant vector rotates once 
every wave period, but at a faster rate in one part of the cycle



75

(centered on the speed minimum) than in the remainder. This variation 
in rate of vector rotation can be seen in Lake Michigan examples. In 
figure 79 we shall encounter it as a deviation of the direction "tracks" 
from the diagonal lines representing a uniform rotation rate. The 
corresponding pulsation in current speed can also be seen in that fig
ure. The corresponding trajectory of a water particle, subject to the 
motion illustrated in the r =2 model in figure 77 and its Lake Michigan 
counterpart in figure 79, is the "looping" one shown as (b) in figure 78.  

If the steady vector is longer than the rotating vector, for 
example case r = 1/2 in figure 77, the resultant vector does not rotate, 
but oscillates about the (steady) direction of the non-wave vector. The 
maximum deviation of the resultant vector from its mean direction is 
given by arcsin r (300 in this case), and the corresponding trajectory 
is the "meandering" one illustrated in figure 78(d). The rate of change 
in direction of the resultant vector again varies during the wave cycle.  
In the case r = 1/2, the 60' swing of the resultant vector from left to 
right occupies one-third of the wave period (the third centered on the 
speed minimum) while the swing from right to left occupies the re
maining two -thirds. This is reflected in the unsymmetrical shape of 
the meander trajectory.  

The case r = 1 in figure 77, represents a limiting case between 
looping (r > 1) and meandering (r < 1) trajectories. The r = 1 trajec
tory is "cusped" as illustrated in figure 78(c), the cusp representing 
the limiting condition as r decreases toward unity and the loop becomes 
progressively smaller. If this limit is approached from the other side, 
i. e., from the region r < 1, the value of arcsin r, which determines 
the range of directional deviation of the resultant vector in the meander, 
approaches 90'. At the limit r = 1, the speed at the minimum point 
falls to zero and, as this point is approached in the wave cycle, the 
lead of the resultant vector over the rotating vector approaches 90'.  
On passing through zero, the 90' lead becomes a 90 ° lag; and the 
subsequent swing of the resultant vector, from right to left in the 
figure, occupies the whole of the wave period, yielding the cusped tra
jectory illustrated in figure 78(c).  

In addition to the trajectories corresponding to the three 
figure 77 cases, figure 78(e) also reproduces some Lake Michigan 
examples in which some of the model features are reproduced. That 
these examples are not uncommon was demonstrated by Verber in an 
animated film which accompanied his 1966 paper. We must expect to 
find similar trajectories in Lake Ontario.  

The knowledge of the behavior of the figure 77-78 models will 
greatly help us in the interpretation of actual current records,
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particularly when we wish to determine the phase relationships between 
internal wave elevation and the wave-associated component of the 
current. Regularly alternating maxima and minima of current speed, 
coupled to the wave periodicity, can often be recognized in the record; 
and figure 77 tells us that the resultant (observed) current vector is in 
phase with the rotating (wave) vector only at the maximum and minimum 
speed points. Otherwise the two vectors are out of phase; the resul
tant vector is leading during the half -cycle starting at the minimum 
speed point, and lagging during the other half-cycle.  

In the light of these results we may return to figure 76 and 
attempt to correlate the temperature oscillations (temperature records 
at 15 m and 30 m, obtained in a personal communication from Verber) 
with the phase distribution of current directions already published 
(U. S. Dept. Interior 1967, figure 6-3). If we inspect the phase pro
gression with time at each depth, it becomes evident that we have here 
a case similar to r =2 in figure 77, with a looping trajectory and with 
a steady non-wave component directed approximately NW at all depths.  
As a result, the observed vectors remain within the west to north 
quadrant for half cycle or more. If we consider the situation at 60 m 
depth, it follows from figure 77 that the observed (resultant) current 
vector will pass through north one or two hours ahead of the wave 
vector.  

The picture is further complicated, as in most actual examples, 
by the irregularity of the temperature oscillations, the behavior of which 
suggests that a beat oscillation was in progress between internal waves 
of slightly differing frequency, perhaps between a uninodal and a quinti
nodal component. However, the current pattern appears to fit a 17.4 
hr periodicity fairly closely; and when this spacing is superimposed on 
the figure (in the form of vertical broken lines) a partial correlation 
with the temperature pattern is seen. This suggests that a uninodal 
wave component was in fact present, approximately coincident with 
elevation maxima (temperature minima). The northward transit of 
current direction in the lower layer (represented by the record from 
60 m) preceeded the presumed times of maximum elevation by intervals 
ranging from 1 to 4 hrs. Part of this discrepancy can, as we have seen, 
be attributed to the effects of the NW-going, uni-directional current 
component. Therefore, the general conclusion is that maximum inter 
face elevation coincided with a N-going current in the lower layer and 
a S-going current in the upper layer.  

For more complete information, including information on cur 
rent speed, we shall turn to other examples, which can be compared 
with the P wave models treated in chapter 3. The relatively simple 
example illustrated in figure 79 serves to introduce the format of later 
figures and the nature of the information they contain.
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Current speeds and directions are shown, in figs. 79 and later 
figures, as thick vertical lines at two-hourly intervals. These lines 
represent the extremes of the range, in speed or direction, for that 
interval. The relatively regular internal waves illustrated in figure 79 
were probably set in motion by strong NNE wind on 12 September. In 
addition to the waves, the wind probably also set in motion a southerly 
or southwesterly current in the upper layer. In any case, the current 
in the lower layer, represented by the 90 m record in the figure, showed 
a clearly rhythmic variation in current speed on 14 and 15 September, 
less clear on subsequent days, with maxima which coincided with a 
current flowing toward NE -E (i. e., in the opposite direction to the 
presumed current in the upper layer).  

In agreement with the figure 77 model, the observed rates of 
rotation of the current vectors varied during the wave cycle, as shown 
by the deviation from the thin diagonal lines representing a uniform 
rotation rate, representative of wave-associated current components.  

As predicted in figure 77, the rotation rate of the observed 
(resultant) current vector was slowed down and speeded up during pas 
sage through the speed maxima and minima, respectively. As a con
sequence, the passage of the observed current vector through N and S 
was advanced and retarded, respectively, with respect to the vector 
of the wave component, the presumed S transit of which is indicated by 
thin vertical arrows at the bottom of the middle section of figure 79.  
These transits occurred with remarkable regularity at approximately 
17.2 hr intervals, until the system was again disturbed by wind on 
19-20 September, after which a current with a meandering trajectory 
developed. The relative phase of the interface elevation minima, 
corresponding to maxima in the temperature record, is shown by up
ward pointing heavy arrows, spaced according to the best-fit period 
of 16.8 hr. This is slightly less than the period determined for the 
90 m current vector rotation; and this result may again depend on the 
differing proportion of kinetic to potential energy in waves of shorter 
and longer period. Whether or not this explanation is correct, the ob
served result was that the transits of the wave -current vector through 
S lagged behind the elevation minima by 2 hr at the beginning and 4 hr 
at the end of the episode. Therefore, the N transits of the wave-current 
vector similarly lagged behind the elevation maxima by an average of 
about 3 hr. This result is similar to that obtained for station 8 (fig. 76) 
except that the current transit through N in that case led the less well 
defined elevation maxima by about 2 hr.  

We shall now examine the elevation/current relationships of 
the P wave models developed in chap. 3. In tlhe fig. 51 progressive P wave of 
transverse nodality one, traveling E in an E W¢ Oriented channel, maximum
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elevation at any point coincides with E -going currents if that point is 
north of the nodal line, and with W-going currents if that point is S of 
the nodal line. In a N-S oriented channel, a model more appropriate 
to Lake Michigan, maximum elevation at a given point in the channel 
will coincide with N- or S-going currents depending on whether the point 
concerned is W or E of the nodal line. These results hold everywhere 
in the channel and are independent of direction of wave travel; and they 
apply also, with appropriate change in sign between nodal lines, to 
progressive P waves of transverse nodalities greater than one.  

The elevation/current relationships in a standing P wave -
particular models of which were illustrated in figures 54-56--is much 
more complex. We shall outline the features of importance for this 
chapter with the help of figures 80 and 81, which refer to a single cell 
of a standing P wave of transverse nodality one, Xx/X ratio of 1/2, and 
period T (i.e., the equivalent of one cell of the fig. 5 array). The 
sections of figure 80 illustrate the distribution of elevation and the 
corresponding current direction in the cell at intervals of 1/8T. There 
are five nodal points, at which elevation is always zero, one at each 
corner and one in the center. The long dimension of the cell is oriented 
east-west in the figures, as appropriate for Lake Ontario; but clockwise 
rotation of the diagrams through 90' and the addition of 90 ° to the indi
cated compass directions make them appropriate for Lake Michigan 
also. The indicated current directions, which undergo steady clockwise 
rotation of 45 ° per 1/8T step, are those for the main body of the cell, 
in which the vectors are all approximately parallel at any one time.  
There are deviations from this rule near the cell boundaries where 
velocities are generally low. Some account of these deviations, particu
larly near the transverse cell boundaries, is taken in figure 81; but 
they are neglected in figure 80. However, this neglect, although justified 
for the purposes of this chapter and because T is so close to the inertial 
period in the Lake examples of interest, should not prevent the analyst 
from noting possible explanations, valid in particular cases, for ob
served complexities in elevation/current/phase relationships. An 
example -- as a brief diversion from the main theme -- is discussed in 
the next paragraph.  

On the cross -channel boundary of the cell, current speed does 
not fall to zero (except at the center point) and the vectors do not rotate.  
They flow alternately E or W in the figure 80 model with two phase 
reversals per cycle. In the main body of the cell the current vectors 
rotate clockwise. In transition regions between the oscillating and 
rotating vectors, a fluctuation in current speed and in the rate of vector 
rotation must occur, as in the figure 77 model, but for a different 
reason and with two speed maxima and minima per cycle instead of 
one. For standing P waves of near -inertial period, the effect will be
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small because the currents at the transverse boundaries are small 
(cf. eq. 32, chapter 3). In nature, the effect will also be masked by 
superposition of P waves of differing transverse nodality.  

Returning to figure 80, we must now consider how the maxi
mum positive wave elevation (for which we may conveniently continue 
to use the abbreviation HT, for "high thermoc line") in various regions 
of the cell is correlated with the (lower layer) current direction at the 
time of HT. Inspection of figure 80 shows that an HT amplitude of 2 
or more is only attained in two, relatively large regions of the cell, 
one on the northern side and one on the southern side, in which the 
currents at the time of HT are E-going and W-going, respectively.  
This inspection is carried a stage further in figure 81 (a) which shows, 
schematically and shaded, eight regions of the cell in which the HT 
amplitude is 1.7 or nore. The two largest of the eight regions repre 
sent extensions of the northern and southern regions introduced in the 
previous sentence and associated, respectively, with E -going and W
going currents at the time of HT. In the remaining six smaller 
regions, a compass direction indicates the direction toward which the 
current is flowing at the time of HT in that particular region. The 
compass indications are for the center of the region concerned; at 
boundaries with other regions, appropriate intermediate directions 
apply. Also indicated schematically by broken lines in figure 81(a) 
are narrow wedge-shaped regions, near the transverse (E and W) 
boundaries of the cell, in which the current is either E -going or 
W-going at the time of HT. As already noted, these regions and the 
current speeds in them are relatively small in cells of P waves of 
near -inertial frequency.  

The above process of cell mapping in terms of current direc
tion at the time of HT is carried a stage further in figure 81(b) which 
shows, shaded and schematically only, those regions in which the HT 
amplitude lies between 1.0 and 1.7. Again the directions toward which 
the current is flowing at the time of HT are shown for the center of 
each region; and again appropriate intermediate directions apply on 
the boundaries between regions. The whole cell area is now accounted 
for - -except for small regions around the five nodal points (HT < 1.0) 
in figures 81(a) and (b), which may now be combined in a sketch (fig.  
81, c) showing the general form, for the whole cell, of distribution of 
current direction at times of HT. Figure 81(c) is an appropriate 
model for Lake Ontario; figure 81(d) is its Lake Michigan equivalent.  

With a suitable set of observations, the figure 81(c) model 
may be used to test for the presence or absence of a standing P wave, 
if the transverse nodality of that wave is known; and observed 
elevation/current relationships at fixed points may be used to determine
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their location in the cell. If the Xx/Xy ratio is small and if the points of 

observation are far away from the cell ends, figure 81(c) shows that 
the greater part of the cell cross -section is occupied by regions in which 
HT is associated with E-going or W-going currents (N-going or S-going 
in the figure 81,d Lake Michigan model). At the limit, Xx/Xy zero, 
the model approaches that of a standing S wave in which, for the Lake 
Ontario case of transverse nodality one, HT on the N and S sides of a 
mid-channel nodal "line" are respectively associated with E-going 
and W-going currents. In the Lake Michigan equivalent, HT on the 
Milwaukee and Muskegon sides of the nodal "line" are respectively 
associated with N-going and S-going currents.  

Elevation/Current Relationships, continued: 
Analysis of the 2-9 August 1963 Episode 

With figure 81(d) in mind, we will now examine observations 
at four fixed stations near the Milwaukee -Muskegon section and also 
vessel transections for an eight-day episode, 2-9 August 1963. That 
episode was preceeded by an interval of generally light and variable 
winds, blowing mainly from the S-W sector, during the last week of 
July, with the strongest wind from the S and W on 27 and 28 July followed 
by moderate wind from the SE on 31 July (see fig. 37). Figure 37 also 
makes it clear that the wind recorders at the open lake station (no. 18) 
and at land stations (Milwaukee, Chicago and Grand Rapids) all responded 
to a Lake-wide weather system, in which the wind veered from NW to 
SE on 1 August, blew very strongly from the SE on 2 August (reaching 
36 knots at station 18, but for a few hours only); then winds remained 
very light and variable until 8 August. Again in figure 37 we observe 
that, during the whole of the episode and the week preceeding it, the 
generally southerly but variable winds maintained a condition of up
welling along the western shore with downwelling (high temperatures at 
the water intakes) on the eastern shore (see also figs. 86 and 91).  

The short burst of strong SE wind on 2 August apparently set 
a series of internal waves in motion which persisted at the stations 
illustrated in figures 82-84 until a new strong wind disturbance appeared 
on 9 August. Figures 82-84 permit comparison between temperature 
oscillations at various depths and current speed and direction at a single depth. At stations 17 and 20 that depth was, and at station 15 it 
probably was, below thermoc line depth for the interval 3-8 August.  
As explained in connection with figure 79, the vertical lines which dis 
play current speed and direction represent two-hourly ranges based on 
a 50 sec sample every 20 mmn. Also plotted, on a (speed) scale, are 
two -hourly ranges of wind speed at station 18. The positions of the 
stations, and of the Milwaukee -Muskegon railroad ferry track are shown
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in figure 65. Particulars for the stations and for the episode are set 
out in table 9.  

TABLE 9. Particulars of stations from which data were obtained 
during the episode 2-9 August, 1963. Numbered stations were 
those of U.S. Dept. Interior (1967); station M2 was an M. V.  
"Cisco" anchor station (Mortimer 1968). Station positions are 
shown in figure 65.  

Station 17 18 M2  20 15 

Latitude ° N 43 °0 8' 43008 ' 43014 ' 43008 ' 42 004 ' 

Longitude oW 87051 '  87"25' 87008 ' 86032 ' 86036 ' 

Total water depth, m 22 * 83 104 88 

Distance from west 
shore, km 4 39 63 

Distance from east 
shore, km 81 31 

Distance from Milwaukee

Muskegon ferry track,km 12 7 12 6 49 

N S 

Approx. mean depth of 
thermocline 2 -8 August 10 * 18 17 17 

Depth of current measure
ments, m 15 * various 60 22 

*not applicable, wind records only obtained

tby inspection of water intake 
tributions in figure 86.

temperatures (figure 37) and isotherm dis-

Figures 82 -84 are extracts from the material which I assembled 
for chapter 10 of U.S. Dept. Interior (1967), with the correction of a 
minor plotting error in 15 m temperature record for station 20. The 
figures do not constitute a particularly good or comprehensive set of 
data, from which firm conclusions can be drawn, but they are the only
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et as yet available and are here used to show IFYGL analysts what to 
ook for, what difficulties they are likely to encounter, and what pitfalls 

they should avoid.  

At station 20 (figure 84), which we consider first, regular 
temperature oscillations occurred at three of the four recording depths; 
nd these oscillations were generally in phase over the depth range 10 
(o22 m. Examination of the periodicity of these records and of those, 
including current records, from the other stations, yields a mean per 
iod of 17.4 hr as the best fit. This period, adopted for this episode, 
points to a dominant wave component of transverse nodality one (cf.  
table 7). The times of maximum thermocline elevation, HT, are again 
assumed to coincide with minima in the temperature records; and 
vertical arrows at 17.4 hr spacing are fitted to the mean positions of 
these minima for all three depths in figure 84. The corresponding 
times are entered, to the nearest hour, in table 10.  

The current records, although not as clear as those in figure 
79, showed a fairly regular clockwise rotation of current direction, 
during the interval 5-9 August, with a slowing down of the rotation rate 
at one or at most two points in the cycle. For example, during 
7 August, the rotation rate slowed down around directions toward 
SSW and NNE, but maxima in current speeds coincided with the former 
direction only. Indeed, the slowing of the rotation rate at around NNE 
on other days apparently coincided with a minimum in current speed.  
This behavior does not fit the figure 77 model; and interactions with a 
steady current cannot therefore be the explanation. The cause or 
causes of the variation in current speed are not clear. The hint, in 
figure 84, that the rate of vector rotation may have slowed down twice 
during a wave cycle is a reminder of our earlier expectation that such 
behavior might occur in certain regions of a standing P wave cell.  
In the absence of clear evidence to the contrary, we shall assume that 
the times at which the observed current directions were toward N are 
also the times of northward direction of the wave-associated current 
vector. These times are indicated by oblique arrows with 17.4 hr 
spacing in figure 84 and are also tabulated in table 10.  

The current during 4-9 August at station 17 (figure 83) showed 
a conspicuous slowing down of the vector rotation rate centered on the 
N line, produced by a more or less steady current toward the north.  
This result is not surprising in view of the near -shore position of this 
station and of the tendency there (see fig. 88 and corresponding figures 
in U. S. Dept. Interior 1967 and Mortimer 1968) for the currents to 
run either in a N or S direction. South-going currents are shown in 
figure 83 for 2-3 and 11-12 August, both occasions following disturbance 
by wind. During the intervening calm of 4-8 August, the current
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trajectory was a looping one (cf. fig. 78) with a mean northerly direc 
tion, although the indication of current speed in figure 83 is too variable 
to show maxima coinciding with the slowing down of the vector rotation 
rate.  

A difficulty arises in connection with the location of tempera
ture minima, because the records from the two depths (10 and 15 m) 
are not in phase, although each fits the 17.4 hr spacing fairly well. A 
phase change with depth could be a consequence of the relatively shallow 
water depth (22 m) at that station. For present purposes, we have 
assumed that the times HT coincide with a regular 17.4 hr spacing 
which fits the average timing of the temperature minima at the two 
depths. This spacing is represented by vertical arrows in figure 83, 
and the corresponding times are entered in table 10. Also entered in 
that table are the times (oblique arrows in the figure) at which the ob
served current direction passed through north.  

Although the data for station 15 (fig. 82) is still more fragmen
tary, it has nevertheless been included to demonstrate how an analytical 
procedure may be developed with more adequate data. Only four wave 
cycles can be recognized, fairly clearly in the case of current directions, 
less clearly in the temperature fluctuation at one depth only. Again, 
there was a slowing down of the vector rotation rate as the current 
passed through N, with a faint indication of corresponding maxima in 
current speed on 6 and 7 August (ignoring the high spikes); and again 
this effect is seen as the result of a steady N-going current. The times 
at which the current direction passed through N (oblique arrows in the 
figure) and the very imprecise fit of the 17.4 hr spacing to temperature 
minima (vertical arrows in the figure) are entered in table 10.  

The situation at M2 for the interval 3-5 August is illustrated in 
figure 85, which is arranged to show how closely the thermocline wave 
pattern was repeated after an interval of a little over 17 hrs. As 
explained earlier, the thermocline is represented by a shaded area 
bounded by the 10' and 15' isotherms, and the current vectors are 
shown (on isometric projection, to illustrate both speed and direction) 
at frequent depth intervals and at approximately two-hourly time inter
vals in the upper and lower layers. Only a small portion of the lower 
layer is shown; for more complete information, see Mortimer (1968).  

In general, the lower layer current was proceeding northward 
at about the time of HT, but a complication arises because the internal 
wave possesses not only a principal component of near -inertial fre 
quency, but also a large double-frequency component. This may have 
been produced by non-linear effects, which may (in other examples) 
explain the presence of peaks at 8-9 hr period in some of the U.S. Dept.
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Interior (1967) spectra. For reasons given earlier, Malone's 1968 
suggestion that the current component of 8 -9 hr period was a contribu
tion from a surface seiche is here rejected. The thermocline topo
graphy in figure 85 can, in fact, be closely simulated by two cosine 
waves, one of 17 hr period and 6.5 m range with HT at about 4 hr on 
4 August, and one of period 8.5 hr and range 5.0 m with HT at about 
7 hr on 4 August. As the contribution to the current by the double
frequency component must have been small compared with that of the 
principal near -inertial component, we have the choice of placing the 
HT hr either at the observed point for the combined thermocline wave, 
i.e., near 6 hr and 23 hr on 4 August, or at an HT hr corresponding 
to the principal near-inertial component, namely at 4 and 21 hr. The 
first alternative was chosen in table 10; the second would have meant 
that, at the HT hr for M2 , the lower layer currents would have been 
running slightly north of NW.  

Before comparing the table 10 observations with the various P 
wave models, let us consider which of our clues are firm and which are 
questionable. Firm clues are: 

(i) the current vectors always rotate clockwise, although some
times at a variable rate; and this rotation generally keeps in step with 
the temperature oscillations.  

(ii) where information on temperature is available from a number 
of depths, the oscillations are generally in phase at all depths, indica
ting the dominance of an internal wave of the first vertical mode.  

(iii) the best-fit period for all stations was a little over 17 hr.  
The value 17.4 hr is adopted, but the observations do not permit a more 
precise statement than that the period lay between 17.0 - 17. 5 hr; nor 
can we know whether a mixture of periodicities was present or whether 
period changes were in progress.  

(iv) the information on timing and phase of temperature and current 
is the most definite and complete for stations 20 and M2 . For these 
stations there is no doubt that the current record is representative of 
the lower layer. Current directions at 90 m and 22 m at station 20 
were, respectively, in and out of phase with those shown here for 60 m (Verber, personal communication).  

Less definite is the information for stations 17 and 15. All 
intake temperatures and vessel transections, examined later in connec 
tion with figure 86, put the thermocline during the episode at not deeper 
than 10 mn on that point of the ferry track nearest to station 17. We 
may therefore accept the current record at 15 mn with fair confidence
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TABLE 10. Lake Michigan, 4-9 August 1963: approximate hours of 
maximum positive thermocline elevation, HT, and northward 
flow of current in the lower layer (LN) at stations 15, 17, and 
20 (U. S. Dept. Interior 1967) and M2 (Mortimer 1968).

Station 

f igure

17 

83

M
m2 

85

INo

Day HT LNat HT LN 

6 6 6 

23 

0 0'  0 
5 

17 16 

10 10 
6 

4 3 
7 

21 20 

8 15 14 

9 8 7 

HT leads hr hr 

LN by an 
average .5 0 -0.5 -0

At the hi 
of HT, 
lower 
layer 
current 
flows 
toward

100 E of 

N

10 ° W of 

N

__________ I .6'* I

de 20 15 

84 82 

LN at LN(?) HT HT 
60 m at 22 m 

15 

1 
8 

18 15 

2 1 
12 9 

19 18 

5 2 
13 11 

22 19 

6 5 
16 13 

23 22 

10 6 
16 

hr hr 

7.3 151 9.4 194 

SSE SSW(?)
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as representative of the lower layer; but our confidence in accepting 
the 22 m record as a lower-layer picture for station 15 must be con
siderably less. Figure 82 suggests that the thermocline lay close to 
15 m; but there is no independent confirmation, as that station lay 49 
km to the south of the ferry track. The timing of HT and LN in table 10 
is fairly precise for M2 and station 20, say + 1 hr, but much less precise 
for stations 15 and 17. If,- for the latter station, HT were made to fit 
either the 10 m, or the 15 m temperature record, and not an approxi
mate average as in table 10, there would be shifts in phase of order 
+ 45'. For station 15, a similar shift would be equally plausible.  

Episode 2-9 August, continued: Tests for the Presence 
of a Progressive or Standing Poincar6 Wave 

All the definite evidence presented above points to the presence 
of an internal P wave of the first vertical mode and of transverse nodality 
one. If, for demonstration purposes, we accept table 10 in its entirety, 
and assume that the-timings of northward flow are representative of the 
sub-thermocline layer, we can compare the table 10 results with the 
properties of the progressive and standing P wave models already out
lined.  

The progressive sub-type is illustrated in figure 51, for a 
right to left direction of wave progress. The time sequence of elevations 
and flow experienced at a fixed point can, therefore, be modelled by 
moving the figure 51 diagram to the left past that point. If we now look 
in the direction of wave progress, i. e ., toward the west, and assume 
that the point of observation does not lie on the nodal line (if it did, the 
elevation amplitude would always be zero), then to the left of the nodal 
line, i.e., on the south side, HT will always coincide with a current 
flowing in the direction of wave progress, i.e., toward the W. To the 
right, i.e., on the north side of the nodal line, HT will coincide with 
a current flowing against the direction of wave progress, i.e., toward 
the E, except very near the north shore where HT will coincide with 
a (small) W-going current. The latter minor exception is a consequence 
of the asymmetry in the distribution of the y -component of current ex
pressed in eq. 31, chapter 3.  

Before leaving the figure 51 model, we should note that the 
nodal line is also displaced from the channel center line (eq. 30, 
chapter 3) and that very close to the channel sides, current speeds and 
vector rotation rates rise and fall twice per wave cycle. As pointed out 
earlier, this variation (which also occurs in certain regions of the 
standing P wave cell) could account for some of the observed fluctuations 
in the rate of rotation of the current vector, for example on 7 and 8 
August at station 20 (figs 84). This effect, if it proves to be observable,
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should not be confused with interactions with steady currents, as 
modelled in figures 77 and 78.  

A standing P wave is characterized by a standing, cellular 
wave pattern, in which the time of occurrence of HT and the current 
direction at that time vary with position in the cell. Subject to the con
ditions governing basin eigensolutions in chapter 3 and the necessity 
for superposition of exponential P wave solutions at the basin ends, a 
rectangular basin model corresponding to any desired longitudinal and 
transverse nodality can be constructed as an array of standing P wave 
cells. A 3x3 array is illustrated in figures 55 and 56, but we need here 
only consider the uninodal case schematically illustrated for Lake 
Ontario and Lake Michigan in figures 81(c) and (d), respectively.  

These diagrams divide the cell into regions, for which the 
current directions coinciding with maximum positive elevation (HT) 
are indicated in a general way. The middle reaches of the cell are 
largely occupied by two regions lying on either side of the central 
nodal point. In the Lake Michigan model (fig. 81d), the western and 
eastern members of this regional pair are ones in which HT corres 
ponds with N-going and S-going currents, respectively. If our table 10 
line of observing stations happens to lie on a track which passes not 
far from the nodal point, and if the Xx/Xy ratio is very small, the anti
cipated relationships for the standing P wave cell will be indistinguishable 
from those for a progressive P wave. This may, in fact, have been the 
situation during the 2-9 August episode.  

In table 10, the times of HT at station 17 and M2 are practically 
identical and coincident with N-going currents, a result which favors 
neither the progressive or the standing model. The respective current 
directions, at HT, of SSW (?) and SSE for stations 15 and 20 appear 
(marginally) to favor the standing model (placing the stations on the 
SSW and SSE lines in figure 81d) rather than the progressive model for 
which the directions would be S. But the figure 81(d) placings require a 
2 hr lead in the time of HT at station 20 over that at station 15, whereas 
Table 10 shows a 1 hr lag. If accepted, that lag and the 45 km N-S 
separation between stations 15 and 20 are consistent with a N-travelling 
progressive P wave with Xy of order 800 km and a Xx/X y ratio of 0.3.  
We must conclude that the weak evidence here again does not permit a 
definite decision between the standing and progressive models.  
The value of cm during the episode was close to 0.45 m/sec, and 
fig. 52 is therefore applicable. The "observed"? period of 17.4 hr is 
therefore close to that for a standing S wave of transverse nodality one.  

For Xy large, the progressive and standing P wave models 
both become indistinguishable in practice from a standing Sverdrup 
wave model, the intermediate limiting case. It is clear that, with the
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information available in table 10, a clear decision between the three 
wave models -- progressive P, standing P (both with small Xx/X v ratio) 
or standing S--is not possible; a much more comprehensive setof 
observations is required; and this the IFYGL experiment is designed 
to provide.  

A more sensitive diagnostic character, by means of which it 
may be possible to distinguish between progressive and standing P 
waves is (i) the presence or absence in repeated temperature transec
tions of an unmistakable uninode (or common mid-Lake node when com
ponents of several transverse nodalities are present) and (ii) the posi
tion of that node with respect to the mid-channel line. If the progressive 
model applies, repeated transits across the nodal line will define the 
position of that line and its displacement from the mid-channel line 
governed by eq. 30, chapter 3. If the standing model applies, repeated 
transections will only disclose a node if these happen to pass through or 
near the central nodal point, in which case that point will be coincident 
with the mid-channel line of the model.  

With these results in mind, we now examine (in fig. 86) iso
therm distribution on repeated Milwaukee -Muskegon transections, 
covering two 70 hr intervals during the 2-9 August episode. The picture 
is much less clear than that for the 19-22 August episode in figure 68, 
in which there was a very clearly defined nodal region at about 66 km 
from Milwaukee, maintained throughout the episode and interpreted as 
a common mid-Lake node for a set of oscillations dominated by the 
component of transverse nodality five. At 66 km, the position of the 
figure 68 node was close to the (geographical) center of the Milwaukee
Muskegon section, as would be the case for a standing S wave, or for 
a standing P wave in which the transection passed close to or near the 
central nodal point.  

During the first half of the 2-9 August episode, the isotherms 
for each transection, superimposed in the left-hand portion of figure 86, 
lay very close together in the western half of the Lake and fell on an 
apparently uniform slope. Large oscillations appeared to occur only 
in the western half, and there was no clear-cut point of isotherm cross
over, incidating a node. These conclusions, however, have not been 
subjected to the type of analysis carried out for figure 68 in figure 73, 
in which the relative timing of vessel crossings and wave-phase were 
taken into account. The right -hand section of figure 86 (6-9 August) 
shows that the isotherms in the western half of the section again lay 
close together; and large oscillations were again confined to the eastern 
side of the transection. A fairly distinct isotherm cross -over region 
appeared at about 75 km from Milwaukee, but again the nodal nature of 
this region has yet to be confirmed by an analysis similar to that 
carried out for figure 68.
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If the cross-over region near 75 km can be interpreted as a 
node, it means either that the position of the uninode differed in this 
example by about 9 km from the confirmed position of the quintinode 
in figure 68, or that we are dealing with a N-traveling progressive P 
wave, the nodal line of which has been shifted to the east according 
to eq. 30, chapter 3. We have clearly demonstrated that a uninodal 
oscillation was in progress during this episode and, for the X/X y 
value of 0.3 suggested by the (questionable) phase difference between 
stations 15 and 20 in table 10, the E-shift of the nodal line (eq. 30) is 
12 km, which is of the same order of distance as that separating the 
isotherm cross -overs in figures 68 and 86 (right hand side).  

Much more observation and analysis, however, is needed before 
such a slender clue can be accepted as evidence of the presence of a 
progressive P wave. Although such waves can be expected to occur 
immediately following a wind disturbance, in this case it is difficult to 
accept their persistence so long after the initial impulse on 2 August, 
because there is no obvious mechanism for their continuous generation 
in one place and absorbtion at another. Not long after any generating 
disturbance, a standing wave pattern would be built up by reflection.  
But if reflection at the basin ends is imperfect, then some progressive 
components would persist. The figure 86 result is not sufficient to 
discriminate between progressive and standing P waves in this example, 
but it serves to suggest lines along which analysis may develop. Fur
ther diagnostic features worthy of investigation are connected with the 
ratios of current amplitudes and elevation amplitudes in the progres 
sive and standing P sub -types; but that question cannot be further 
pursued here.  

The principal result of this chapter is the demonstration, for 
the 2-9 August and 19-22 August episodes, of transverse standing 
wave patterns, dominated in one case by a uninodal and in the other by 
a quintinodal component. The absence of adequate observations in the 
north and south of the section prevents a clear decision on whether the 
longitudinal pattern is best fitted by a progressive, standing, or 
intermediate (standing S) wave model; but the evidence, particularly 
that relating to the period/wavelength relationships illustrated in figure 
52, points to a model with very small x/X y ratio. In a sense, this 

conclusion represents a return to "square one"--Mortimer's (1963) 
similar tentative guess -- but with the support of more data and deeper 
insight, upon which future analysis can be securely founded.
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General Differences between Inshore and 
Offshore Current Patterns 

The purpose of this section is to emphasize briefly, with the 
aid of a Lake Michigan and a Lake Ontario example differences between 
current patterns in nearshore and offshore waters during summer 
stratification. Neglecting vertical circulation, shore -parallel flow is 
the only type of flow possible at the shore boundary; and there must 
therefore exist a region of transition between shore-parallel flow very 
near shore and the offshore pattern, in which rotation of current direc
tion at near -inertial frequencies is a prominent feature. In the uniform
depth models we have considered, the shore boundary conditions are 
met--with perhaps too great a sacrifice of realism--by wave solutions 
of the Kelvin type, in which flow is constrained to be shore -parallel 
everywhere. The Poincare' wave models also meet the boundary 
conditions, in the manner illustrated in the figure 51 progressive P wave 
example. The dimensions of the upwelling regions described in chapter 
2 and the exponential rate of amplitude decay of K wave elevation and 
currents in the direction normal to the shore, suggest that the transi
tion between typical nearshore and typical offshore circulation patterns 
will occupy a width of order 20 km.  

Figure 87 attempts to illustrate, in a simple schematic way, 
the thermocline topography and current patterns which may be found in 
such a transition region. The figure shows a portion of a K wave of long 
wavelength superimposed upon a cellular standing P wave pattern of 
much shorter wavelength. Offshore the current vectors rotate clock
wise, influenced mainly by the P wave; nearshore the shore -parallel 
K wave component dominates. In the transition region, P and K wave 
components combine to produce meandering or looping current patterns.  
Some evidence in support of this hypothetical picture is supplied by 
figure 88 in which the current regime at stations 17 and 20 are compared 
for the latter half of August 1963. This figure, also a modification of 
those assembled for chapter 10 of the U.S. Dept. Interior (1967) , forms 
a continuation of figures 83 and 84. Temperatures at various depths are 
also shown; but the wind records from station 18 are omitted, as these 
can be referred to in figure 37.  

Situated 4 km and 18 km from the shoreline, stations 17 and 20 
may be taken to respectively represent the inner and outer portions of 
the near-shore transition region; and the behavior of the currents at 
the two stations is compared in figuare 88. The stress of the strong 
winds from NW-N on 12-13 August, coupled with the Coriolis force, 
moved the above -thermoc line layers towards the western shore, to 
produce moderate downwelling there, which caused the station 17 tem 
peratures at 10 m and 15 m to rise (i. e., pushed the thermocline to 
below 15 m) but had little effect at the western waterworks intakes
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(fig. 37). The current at station 17 maintained its generally southward 
direction of the preceeding days (fig. 83), but there was an increase in 
speed during the interval 13-17 August. At station 20, the sudden drops 
in temperature at the 10 m and 22 m levels on 13 August were associated 
with upwelling motion on the eastern shore, which produced temporary 
increases in temperature at all eastern intakes from South Haven, 
Mich., to Ludington, Mich. The subsequent currents at station 20 were 
somewhat irregular; but rotation of the current vectors, with looping 
or strongly meandering motions, was conspicuous, in contrast to the 
minor meandering observed at station 17.  

During the days of calm weather following the N-NE storm of 
16-17 August, the current vectors at station 20 first rotated irregularly 
(18-19 August), then followed a meandering track toward S (20-21 Aug.), 
later backing toward E (22-24 Aug.). At station 17, the current at that 
time followed a track with cusps and then diminishing meanders (cf.  
fig. 78) in a mean N direction. Moderate E wind on 24 August was 
followed by a reversal to the S-going current at station 17 and by a 
cusping current with mean direction E-NE at station 20 (25-2 6 August).  
On 27 August, the rotation of current vectors was resumed at station 
20; and the current at station 17 again reversed, to maintain an irre
gularly meandering flow toward N-NW for the remainder of the month.  

Figure 88 demonstrates that, close to the shore (station 17), 
the normal picture during summer stratification is one of shore-parallel 
flow with frequent reversals in direction, generally correlated with 
wind changes. At 18 km offshore (station 20), motions were more clearly 
associated with internal waves, which imposed strong meanders, or 
cusps, or loops, or more regular vector rotation on the mean flow. At 
neither station do the figure 88 observations suggest the presence of 
any persistent flow pattern, in the nature of a coastal jet or steady geo
strophic flow, lasting longer than two days. The greater persistence of 
such currents in Lake Ontario (Scott and Landsberg 1969, Landsberg, 
Scott and Fenlon 1970) may be the result of its E-W orientation along the 
prevalent wind direction.  

We have shown that the apparent persistence, during the figure 
68 episode, of steep gradients on the nearshore portions of the 10°C 
isotherm was not, or at least not entirely, an artefact produced by the 
particular phasing of the wave components and vessel progress. These 
gradients, corresponding to downwelling and upwelling maintained in 
the nearshore regions 0-25 km and 110-127 km respectively, must 
have been in geostrophic balance, or nearly so, with flow associated 
with shore -trapped waves of very long period or with geostrophic flow 
of the type described by Scott and Landsberg (1969). Consideration 
of flow of this type is outside the framework of this report, but it is 
clearly an important component in the complexity of nearshore current 
patterns.
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During the figure 68 episode, the 10' and 150 C isotherms both 
maintained a persistent upward slope toward the eastern shore, whereas 
against the western shore the steady downward tilt of the 100 isotherm 
was not shared by the 150 isotherm, the depth of which showed con
siderable variation, probably in part associated with vessel timing.  
From this pattern we must infer that a wedge of 10-15' water was flow 
ing S between 20 and 40 m depth along the shore, in the region marked 
S in figure 68, probably balanced by a northward flow in the region marked 
N on the eastern shore. Figure 88 shows that, at that time, the tempera
tures at 10 m and 15 m at station 17 (4 km from the Wshore and 12 km 
north of the vessel track) were both fairly steady near 14'C, from 
which we must conclude that the current meter at 15 m was in the upper 
layers of the thermocline. The current trajectory was a cusping one 
(cf. fig. 78) with a mean NNW direction, opposed to that of the S-flowing 
wedge below.  

The foregoing results are described in some detail in order to 
emphasize the anticipated complexity of nearshore flow. To what extent 
and in what ways internal P waves are modified by such flow remains to 
be investigated. If the waves are strongly modified at the outer boundary 
of the current, then appropriately modified boundary conditions and a 
modified basin width, b, must be assumed in the corresponding P wave 
model. For example, if the basin sides for the figure 68 episode were 
placed at 20 and 100 km from Milwaukee, basin width would be reduced 
from 120 to 80 km. With the technique used to derive figures 73 and 74, 
and with the information assembled for that episode in table 6, it can be 
shown that a trinodal model wave, of b equal to 80 km and with the time 
of vessel departure from Milwaukee set at 7 hr after WHT, provides a 
close fit to the amplitude distribution and phase progression of the 100 
isotherms in the 20-100 km section of figure 68. The choice between 
this possible model and the one (b = 120 km), with quintinodal dominance, 
adopted in figure 74, rests on slight but apparently conclusive evidence, 
as follows.  

First, the period of the (b = 80 km) trinodal model derived from 
figure 52 is not greater than 15 hr; the observed period is perhaps closer 
to 16 hr, as adopted for previous analysis. Second, the current directions 
at stations 17 and 20 are not persistently uni-directional, but are in
fluenced by conspicuous rotational (i.e. wave) components. At 15 m depth, 
station 17, the current record cannot be accepted as representative of 
either the upper or lower layer (a conclusion borne out by phase com
parison with the times of HT in figure 70), because the recorder was in 
the upper layer of the thermocline (cf. figs. 75 and 76), whereas the 
60 m record from station 20 undoubtedly represents lower -layer flow.  
During the interval 19-21 August, covered by figures 68 and 70, the flow 
at station 20 (fig. 88) was meandering toward S with transits through 
S at approximately 6 hr and 22 hr on the 19th, 12 hr on the 20th, and
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4 hr on the 21st. This places the approximate times of the N-going 
transit of the rotating vector component (cf. figs. 77 and 78) at 14 hr, 
5 hr and 20 hr on 19th, 20th and 21st August, respectively. These times 
fall within one hour of those computed for HT in figure 70. This is 
consistent with the (b = 120 km) quintinodal model from table 8, but not 
with a trinodal or a uninodal model confined to b - 80.  

In the case of Lake Ontario we may predict that nearshore 
currents will also be complex, predominately shore -parallel, and sub 
ject to rapid and frequent reversals associated with changes in the wind.  
This prediction is confirmed in the report of Gunwaldsen, Brodfeld and 
Hecker (1971), from which figures 89 and 90 have been taken. The ob
servations were made with recording current meters and thermometers 
fixed at various depths on two underwater towers, installed in approxi
mately 7 m and 13 m of water off Nine Mile Point, 7 mi east of Oswego, 
N. Y. During the interval covered by figure 89, all the instruments were 
in the upper layer; the thermocline was offshore; and little stratification 
was seen. The only occasion between May and October on which strati
fication appeared in that (very near shore) station is covered by figure 
90. The upwelling illustrated in that figure followed some days of E 
wind; and it ended after some days of strong W wind. During the up
welling interval, 22 July to 1 August, the thermocline remained near 
the level of the recorders; and temperature oscillations appeared, 
generally in phase at all three depths. This result again suggests that 
the main cause of these oscillations was an internal wave of the first 
vertical mode. Some increase in period can be discerned during the 
episode. Mean periods of 14.4 and 16.0 hr are fitted to the first and 
second groups of waves, respectively, in the figure. In the light of 
table 7, the results suggest an initial dominance of a cross-lake trinodal 
component, which progressively decreased in amplitude relative to a 
uninodal component-a state of affairs reminiscent of some of the epi
sodes at Lake Ontario water intakes, illustrated in figure 63. This 
behavior, and the frequent rapid reversals in the near-shore current 
direction illustrated in figure 89, support the prediction that the IFYGL 
findings concerning nearshore currents and oscillations in Lake Ontario 
will prove to be similar to those described earlier for Lake Michigan.  
The similarity in upwelling behavior was demonstrated in chapter 2.  

Short Internal Waves 

Up to this point, our main concern has been with long internal 
waves of near -inertial frequency, with possible mechanisms for their 
generation, and with their influence on circulation. For such waves, the 
inertial frequency represents the lower frequency limit; their wave 
lengths are of the same order as basin dimensions; and they dominate 
the motion in offshore regions during summer stratification. When,
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however, the vertical distribution of temperature is measured at suf
ficiently close intervals from a moving vessel, for example on the 
transection illustrated in figure 91, it becomes clear (subject to cor
rections for the relative motions of the vessel and the waves) that wave 
energy is spread over a wide range of wavelengths.  

Although a portion of a wave of large amplitude and long N-S 
wavelength appears to be present in figure 91, a reliable estimate of its 
wavelength is not possible in the 60 km long section alone and without 
correction for vessel progress. At the other end of the scale, wave
lengths of less than 1. 6 km cannot be resolved, because the shortest 
distance between BT casts in those portions of the figure which covers 
25 km on either side of the M1 turning point was 0.8 km. Within the 
range of wavelengths thus prescribed, many wavelengths are represented; 
and it is easy to see that a spectrum would show most of the wave energy 
concentrated at the long wavelength end-corresponding to near-inertial 
frequencies-with subsidiary peaks at (uncorrected) wavelengths of 
roughly 20, 5 and 2 km.  

What figure 91 does not show is that another peak of wave 
energy is produced by waves of very short wavelength, for which the 
Brunt-Vaiis!ll frequency (defined by eq. 2 in chapter 3) constitutes a 
high-frequency limit. That this result-first demonstrated theoretically 
for internal waves by Groen (1948, see also Heyna and Groen 1958)
applies in practice to Lake Michigan was discovered by Mortimer, 
McNaught and Stewart (1968). They showed that internal waves of 
several meters amplitude occurred, often but sporadically, and with 
most of the energy confined to a narrow frequency range of approxi
mately 0.3 N to 0.5 N, where N is determined by the maximum density 
gradient in the thermocline. No internal waves of frequency greater 
than N were observed. Waves of this type, which it is convenient to 
call B-V (Brunt-V:1is!1Uh) waves, may also be expected to occur under 
conditions of summer stratification in Lake Ontario-and in small lakes 
as well, because the earth's rotation has negligible influence on the 
determination of the high frequency limit or on the concentration of 
wave energy near that limit. We may therefore anticipate that spectra 
derived from a representatively long record of Lake Ontario or Lake 
Michigan internal waves, embracing the period range from 1 min to 
1 day, will show two principal energy peaks just above the inertial 
frequency and just below the B-V frequency. Although there may 
appear peaks representing intermediate basin eigenfrequencies or non
linear effects, the mid-spectrum will generally appear as a broad valley 
between the low-frequency and high-frequency cut-offs. Even if the 
wavelengths were evenly spread over the range, the concentration of 
energy near the frequency cut-offs would still take place, because of 
period wavelength relationships illustrated, for example, in Eckart 
(1960, fig. 51) and for the low-frequency end of the spectrum in our
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figure 52. In addition, it seems likely that particular resonances are 
involved in the generation of internal waves.  

The observations in Lake Michigan suggest that B-V waves 
are transient phenomena largely confined to the thermocline layer. In 
the figure 92 example, temperature oscillations were undetectable more 
than 2 m above and 6 m below the thermocline. The maximum wave 
amplitude, inferred from the temperature gradient at the time, was 
about 0.8 m at 12 m depth.The main oscillation, of period 4-5 min, was 
generally in phase at all depths, again indicating a wave of the first 
vertical mode. (To figure 92 is appended a diagram from which the 
approximate B -V limiting period can be quickly determined on the often 
valid assumption that the maximum density gradient in the thermocline 
can be modelled as a uniform gradient bounded by the 100 and 15" C 
isotherms.) Although the 1963 Lake Michigan cruises were not planned 
to observe B-V waves systematically, the presence of a sharp thermo
cline, possibly with plankton accumulations, caused them to be some
times visible on the vessel's echograph records; examples are illustrated 
in Mortimer et al. (1968). Waves recorded in this way at the mid-Lake 
anchor station on various occasions between 30 July and 5 August 1963 
ranged in period from 3.4 to 10 min at a time when the local B-V period 
(2 ,r /N) ranged between 2 and 3 min. Of a total of 88 waves measured, 
20 fell within the period range 3.4 to 3.9 min, and most waves (34) fell 
within the period range 4.0 to 4.9 min. This last group contained the 
waves of greatest range (mean 2.1 and maximum 5.5 m, trough to 
crest). Waves of this amplitude and frequency could cause serious 
aliasing problems (Blackman and Tukey 1958) in the analysis of other 
periodic phenomena of lower frequency, for example, P waves of near 
inertial frequency, unless precautions are taken by suitable lagging of 
the thermometers or smoothing of the record.  

Although one of the reasons for introducing B-V waves is to 
issue the above warning, their generation may be connected with and 
eventually throw light upon the properties of the longer waves which 
have been our principal interest in this report. It has been demonstrated 
experimentally (Schooley 1967) that "wakes", produced by the passage of 
a stirring agent through a stably stratified fluid, first expand and then 
collapse in thickness, and that the frequency of this "oscillation" is 
related to the local value of N. If, as Schooley predicted, a similar 
relationship holds in nature, any stirring mechanism introduced at a 
thermocline could be an efficient generator of B -V waves. It was sug
gested (Mortimer et al. 1968) that a possible generating mechanism is 
provided by "Richardson instability"-defined as the sudden increase 
in turbulent mixing when the Richardson number falls below 1//4-which 
may occur in nodal regions of large internal waves, if the current shear 
across the interface becomes large enough.
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The mechanism postulated in the previous paragraph would bring 
about an energy shift from lower to higher frequencies and thereby con
tribute to the establishment of a representative energy spectrum related 
to the eigenfrequencies of the particular basin. (For the ocean, Fofonoff 
1969 produces eivdence to "support the assertion that motion within the 
spectral band bounded by the Coriolis and Brunt-V~isttlt frequencies is 
governed by internal wave dynamics" The same assertion will pro
bably also hold true for Lakes Michigan and Ontario.) An energy shift 
in the opposite direction, from higher to lower frequencies, is predicted 
by Frankignoul (1970) in a simple (linear) model of an ocean region in 
which shear is constant and N does not vary with depth. In this model, 
energy is transferred to the mean flow and wave frequency is decreased 
toward the lower limit, f; but shear instability is predicted to occur 
before that limit is reached. Equilibrium frequency spectra derived 
from the model show similarities with a spectrum of horizontal kinetic 
energy from a region in which the assumptions of the model are appro
ximately met, i.e., below the thermocline (2000 m) at an ocean site 
(39 020' N, 70 ° W). A review of interactions between shear flow and 
internal waves, in terms of (linear) dynamics, is given by Phillips 
(1966). As Fofonoff (1969) points out, linear theory provides a useful 
(first approximation) model of observed motions. Within the frame
work of that model, it will be possible "to examine some of the nonlinear 
interactions that determine amplitudes and energy exchange within the 
spectral band." 

The question of the generation of internal waves, short and long, 
remains an open one, to the answer of which we may expect that the 
IFYGL experiment will substantially contribute.



V. SUMMARY*

Chapter I: The Annual Temperature Cycle in Lake Michigan 
and Lake Ontario 

As background for later treatment, chapter 1 briefly outlines 
the annual thermal cycle in Lakes Michigan and Ontario, starting with 
the breakdown of stratification in November and December (3-5) and the 
ensuing season of winter cooling (6-9). The onset of spring warming 
in April (10) is then described, with differential warming of inshore 
and offshore waters, leading to the development of the "thermal bar" 
(April-May, 11-13). Thermal stralification, developed first in inshore 
waters, is not established over the whole of the basins until the second 
or third week in June (11, 14), and later in the northern part of Lake 
Michigan (15). Heat gains exceed losses until August (16). Transport 
of heat within the basin is principally determined by the properties and 
motion of the thermocline, as influenced by wind stress and the Coriolis 
force. The predominant westerly wind component over Lake Ontario 
(17) imposes on the thermocline a mean downward slope to the SE 
(four month mean, 18). Large short-term perturbations of that mean 
condition are described in chapters 2 and 4. From maximum heat 
storage in August (19) cooling proceeds with progressive deepening 
of the thermocline (20-22). Chapter 1 closes with a list of the principal 
sources of temperature data for the two basins.  

Chapter II: Upwelling of Coastal Waters and the Generation 
of Long Internal Waves 

The chapter starts with a description of upwelling in a small 
lake (23) and as modified by the Coriolis force in Lake Ontario (24) and 
Lake Michigan (25-28). Depending on wind direction, upwelling can 
occur on either shore, accompanied by a downward tilt (downwelling) 
of the isotherms on the opposite shore. Information on the frequency 
and the large geographical extent of upwelling motions is to be found in 
records of temperature from municipal water intakes. Examples are 
given for Lake Michigan (29, compared with cross-sections 21, 27, 28, 
30-32) and for Lake Ontario (40, 41, 43). Occasionally strong upwel
ling extends 100 km or more along the shoreline of Lake Ontario (24a, 
42) and for greater distances in Lake Michigan (33-36). A clear 
correlation between upwelling occurrences and the speed, direction, 
and timing of the wind stress is illustrated in detail (37, compared with 

* Figure numbers in brackets.  
97



98

cross-sections 45,46) for Lake Michigan during July-August 1963. The 
offshore extent of upwelling influence is of order 10-20 km in summer, 
but greater in the autumn (38, 39). Similar but less extensive results 
are presented for Lake Ontario (40-43).  

By analogy with the generation of internal seiches by wind in 
small lakes (44), the principal responses of Lake Ontario and Lake 
Michigan to impulsive wind stresses are predicted to contain large 
contributions from the lowest, odd-numbered, free internal (horizontal) 
modes, with the proportionality of the modal contributions determined 
by the particular shape of the thermocline surface as displaced by the 
wind stress, and on the duration and periodic content of the wind im
pulses. An increase in internal wave activity after storms is demon
strated (45, 46).  

Chapter III: Theory of Long Internal Waves in Channels and 
Basins in which Rotation Effects are Important 

This chapter, prepared in collaboration with M. A. Johnson, 
is principally concerned with models of long internal waves, for which 
the following simplifying assumptions are made: the effects of friction 
and of currents and non-linear effects may be neglected (all more 
important nearshore than offshore); the depth of the basin and of the 
equilibrium level of the thermocline is horizontally uniform; the 
latitudinal variation of the Coriolis parameter, f, may be neglected.  
With these simplifying assumptions and with the boundary conditions 
set out on p. 20 and in equations 34 and 35 or 36, the discussion of the 
character of wave motion starts from Fjeldstad's (1933) equation 
(our eq. 1) applicable to a continuous increase of density with depth 
and including the effects of rotation. A convenient consequence of the 
uniform-depth assumption is that separation of variables is possible 
in that equation, yielding separate expressions for a horizontally 
dependent (eq. 3) and vertically dependent (eq. 4) part of the vertical 
velocity component of the wave. The separation constant is the 
quantity 1/cm2 , where cm is the velocity of a corresponding internal 
wave, under the same conditions of depth and density distribution, 
but with the effects of rotation reduced to zero-suffix m denotes a 
vertical mode number, considered later. (With rotation, the wave 
speed is greater than Cm, by a factor defined in eq. 14.) The velocity 
Cm, which plays a key role in the theory and in numerical applications, 
is of order 0. 5 in/sec during summer stratification in the Lakes.  

Starting from eq. 3, the horizontal dependence of wave am 
plitude is treated first in terms of well-known wave solutions for rec 
tangular, rotating models and using the nomenclature: Kelvin (K), 
Poincar6 (P) ,and Sverdrup (5) wave solutions. The S wave solution



99

(appropriate to a boundless ocean of uniform depth) is treated first, 
for the surface wave case (eq. 10-16, fig. 47) and the two-layer inter
face case (eq. 17, 18). The properties of the K wave solution, which 
satisfies (which the S wave solution does not) the boundary conditions 
at the sides of a rotating channel of rectangular section and uniform 
depth, are illustrated in figs. 48 and 49 and expressed in eq. 20 and 
21 for a surface wave and in eqs.22, 23 for a two-layer interface wave.  
The amplitudes of elevation and wave-associated currents decrease 
exponentially with distance from the channel side. In a Lake Michigan 
model (table 1, p. 27) internal K wave amplitude decreases by 89 per 
cent on passing from the side to 10 km "offshore"; the corresponding 
decrease for a surface K wave is 3.3%.  

While S wave solutions cannot singly meet the boundary con
ditions at the channel sides, particular combinations can do so, for 
example the combination of a pair of S waves to form a pro ressive P 
wave (progressive along the channel, standing across it illustrated in 
figs. 50, 51 and 53a, and represented by eqs. 25-28. (A special 
case is the standing S wave combination of a pair of S waves of equal 
amplitude and frequency traveling in opposite directions normal to 
the channel axis and corresponding to the lower frequency limit in 
eq. 28.) The relations between waveperiod, cross -channel (standing) 
wavelength Xx, and long-channel (progressive) wavelength Xy, 
derived from eq. 28 and its restatement in eq. 29, are illustrated in 
fig. 52 (later put to considerable use) for a representative value of 
cm = 0.45 m/sec; for an inertial period of 17. 5 hr; and for values 
of channel width, b, appropriate to Lake Michigan and Lake Ontario 
models.  

Figs. 51 and 53a illustrate, and eqs.30 and 31 define, two 
characteristic cross -channel asymmetries exhibited by the progres 
sive P wave. The first is seen as a shift of the nodal lines in the 
cross -channel standing wave pattern from the lines which nodes would 
occupy in cross-channel standing waves in the absence of rotation.  
The second asymmetry takes the form of a shift, away from the nodal 
lines, of the positions of maximum long-channel component of current.  

Further combination-of two progressive P waves of equal 
amplitude and frequency traveling in opposing directions along the 
channel axis-produces a standing P wave solution which also satisfies 
the boundary conditions of the channel sides, with a waveform which 
is standing both across and along the channel, symmetrical with 
respect to the channel center-line, and made up of unit ??cells"? figs.  
54-56, 80).  

Although it might be supposed, for example by inspection of 
the figures just listed, that the standing P wave solutions could satisfy 
the boundary conditions not only at the channel sides, but also at
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transverse boundary walls, placed across the channel to form a "basin", 
it turns out that the standing P wave is only an approximate basin solu
tion for the rectangular basin of uniform depth, although the approxi
mation is close (eq. 32) for long waves at near -inertial frequency.  
Complete solutions (solutions of a two-dimensional eigenvalue problem 
defined by eq. 3), satisfying all boundary conditions in a given basin 
model are only possible at particular basin eigenfrequencies. The 
"basin solution" for a particular eigenfrequency takes the form of a 
linear combination of a pair of K waves of that frequency, traveling in 
opposing directions along the basin sides, and two sets of P waves all 
of that frequency, one set associated with each transverse boundary.  
Along the transverse boundary, each member of the set of P wave 
solutions is standing, one wave solution for each possible "transverse 
nodality", nx, 1 to w . In the direction normal to the transverse 
boundary, the P wave solutions are either oscillatory or exhibit an 
exponential (non-oscillatory) decrease (exponential P solution, fig. 57).  
according to the criterion 33, displayed graphically in fig. 58.  

After a brief discussion of the limitations of rectangular basins 
as Lake models, the vertical dependence of wave amplitude, governed 
by solutions of a one -dimensional eigenvalue problemdefined by eq.4 
with the boundary conditions 34 and 35 or 36, is then considered in the 
light of the existence conditions 38 and 39. Eq. 4 and its simplified 
version (eq. 37) are linear approximations, and any particular depth 
distribution of the vertical component of wave motion may be derived 
by combining the contributions of a number of vertical modes, m, in 
appropriate proportions (first three shown in fig. 59). In the Lake 
examples considered here (in contrast to most oceanic examples) there 
is a single well-defined thermocline, and only the first vertical mode 
is important. Internal wave modes can only exist if the ratio (38) is 
positive over all depths or positive over restricted depth intervals but 
with the integral (39) positive. In this report, treatment is confined 
to (38) positive at all depths, and it follows that the separation constant, 
1/cM2 , is also always positive. These conditions are satisfied by 
the sign combinations set out in table 3, p. 39, of which only the first 
two are of practical importance.in the Lakes. The individual free 
wave solutions corresponding to those two cases and applied to the 
uniform-depth rotating models listed in table 3, p. 41, are set out 
with their frequency limits in table 4, p. 42. That table with its com
prehensive explanatory notes is itself a chapter summary, to which 
the reader is referred.
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Chapter IV: Interpretation of Observed Temperature 
Oscillations and Currents 

This chapter makes up one half of the report and examines the 
evidence of oscillatory notion in the two Lakes, from a variety of 
sources. Comparisons with chapter 3 theory are in the forefront of 
the discussion.  

Records of temperature at municipal water intakes on both 
Lakes occasionally show short bursts of oscillations, for which the 
periods ranging between 14 and 17.5 hrs can be roughly estimated 
(60 and 61 for Lake Michigan, 63 for Lake Ontario). An increase in 
period can be seen during some episodes. Evidence (dotted lines in 
29 and 33) of slow progression of a temperature "wave" northward 
past the intakes on the eastern shore of Lake Michigan after upwelling, 
could be interpreted as a shore-bound wave with some characteristics 
of the K wave, but is not further treated here.  

When fig. 52 is used as a tool to fit model P waves to the 
temperature oscillations of a particular episode, difficulties are en
countered. First, the period attributed to any episode is only a rough 
estimate, at best accurate to the nearest 0. 5 hr. Second, the value of 
cm of 0.45 m/sec in fig. 52 may not be representative for that episode 
(the range of variation and its effect on the period estimate is briefly 
discussed on p. 53). Third, an estimate of the wavelengths present 
is not always straightforward, for example in the first detailed transec
tion of Lake Michigan temperature structure in fig. 62. Later examples 
support the expectation that the dominant (long) cross -basin wavelengths 
will coincide with 2b (twice the basin width) or 2b/3 or 2b./5, i.e., 240, 
80 and 48 km for Lake Michigan and 120, 40 and 24 km for Lake 
Ontario representative models. However, a large range of shorter 
wavelengths is also present (62, 91). A fourth difficulty, illustrated 
in fig. 52, is that the periods corresponding to the dominant long wave
lengths all lie close to the inertial period (see table 7, p. 64, which 
also envisages the possibility of beat interactions between wave com
ponents).  

Examples of longer episodes of internal wave activity are to 
be found in the records of temperature and current obtained in Lake 
Michigan by the U.S. Dept. Interior (1967, simple examples in 64, 79).  
Spectral analysis does not clarify the situation much, because of 
"cowin"of the near -inertial frequencies , representing the longest 
and dominant wavelengths, into one broad spectral peak (66).  

Period/wavelength relationships are unravelled in a detailed 
examination of temperature records from fixed stations (70) and nine
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consecutive pictures of cross -Lake temperature distribution on 
Milwaukee -Muskegon railroad ferry transections during the episode 
19-22 August 1963. In order to extract (unaliased) information on 
period and wavelength from these, it is necessary to consider the re
lationships between vessel progress and the phase progression of the 
phenomena under investigation. Such an analysis (70-73) disclosed, 
for this episode, the dominance of a cross -Lake wavelength of 2b/5 
(quintinodal), with smaller contributions from waves of length 2b 
(uninodal) and 2b/3 (trinodal). (A similar analysis in 74 is applied to 
the transection 62.) Dominance, in the Aug. 19-22 example, of the 
quintinodal component, at a corresponding fig. 52 period of between 
15 and 16 hr, agrees well with the periodicity and phase relationships 
illustrated in fig. 69, in which thermocline depths at selected points 
along the Milwaukee -Muskegon transection are related to the times of 
vessel crossings (table 6, p. 62). The fragmentary information from 
fixed stations (70) is also in general agreement with the phase relation.  
ships imposed by quintinodal dominance in fig. 69. A clear decision 
on which P wave model best fits the 19-22 August episode is not 
possible, but the existence of a distinct (common mid-Lake) node at 
66 km from Milwaukee, roughly coincident with the center line of the 
basin, suggests a fit with a standing P wave system.  

Variation of current speed and direction with depth (75,76,85) 
is consistent with P wave models of the first vertical mode, in which 
the current directions above and below the thermocline interface are 
opposed, and in which the current direction rotates clockwise in both 
layers. Reversal of direction with depth is a gradual one. On passing 
downward through the thermocline, the direction begins to swing counter 
clockwise a few meters above the thermocline; and the 1800 reversal 
is not completed until a depth of several meters below the thermocline 
is reached. In keeping with the characteristics of an internal wave of 
the first vertical mode, maximum elevation amplitude was reached at 
one depth only, namely in the layer of steepest vertical density gradient.  
A few meters above and below that layer, amplitudes were considerably 
smaller.  

One way of distinguishing between the applicability of a pro 
gressive or a standing P wave model is to consider the elevation/current 
relationships (51, 54-56, 80, 81). But before reliable comparisons can 
be made, it is necessary to recognize and allow for interactions which 
commonly occur between the wave-associated currents and currents 
produced in other ways, for example the interaction with a steady uni 
directional current illustrated for several common cases (77 and 78).  
Real-Lake counterparts to the models in those figures are illustrated in 
fig. 78e. Three types of trajectory (progressive vector diagrams) can 
be recognized: looping, cusped, and meandering.
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The phase comparison between wave elevation and current, first 
illustrated by a simple example (79), is considered in detail for a 
2 -9 August 1963 episode. First, the elevation/current relationships are 
established for the progressive P wave (51) and standing P wave (80, 81).  
The results for the latter wave type, as applied to Lake Ontario and Lake 
Michigan, are illustrated respectively in (81c) and (81d), which show the 
direction in which the wave current is traveling at the time of maximum 
positive elevation anywhere in the P wave cell. For the progressive P 
wave, the picture is much simpler (51). Information for the 2-9 August 
1963 episode was available fromfixed stations only (table 9, p. 81), 
namely three U.S. Dept. Interior (1967) stations, moored in Lake Michi
gan, for which temperature records are illustrated for several depths 
and current direction and speed for one depth (82 -84), and a more 
detailed picture of the depth distribution of temperature and current at 
a mid-Lake anchor station (85). The information (and its reliability) 
obtained from these stations is summarized on p. 84 and in table 10, 
p. 85. Tests for the presence of either a progressive or standing P 
wave during that episode are again inconclusive, but serve to illustrate 
the method. A wave component of transverse nodality one was dominant 
(period 17 hr); and slight evidence of an eastward nodal shift (86) points 
to a northward-traveling P wave of very long wavelength, if the 1 hr 
phase difference between stations 15 and 20 is to be trusted. On the 
other hand, the "lower layer" current directions at the times of maxi
mum positive elevation at the four stations fit the standing P wave cell 
illustrated in fig. 81(d).  

Chapter 4 concludes with two short sections. The first con
siders the general features of nearshore circulation and its transition 
to the offshore circulation pattern for a Lake Michigan example (88), 
compared with similar results for a station very close to shore on Lake 
Ontario (89, 90). Near shore the currents are predominantly shore
parallel and subject to rapid and frequent reversals associated with 
changes in the wind. Further offshore the rotational contributions of the 
P waves assume greater importance and are often dominant. The final 
section demonstrates that, although a large part of internal wave energy 
in the Lakes is concentrated near the lower frequency limit, f, corres
ponding to the dominant long wavelengths, shorter wavelengths are also 
conspicuous (91). Another concentration of wave energy occurs near 
the high frequency limit, N (the Brunt-Vaisala frequency), correspond
ing in Lake Michigan to wave periods of a few minutes (92). Possible 
mechanisms for the transfer of wave energy from low to high and high 
to low frequencies are discussed.  

The most clearly established result in chapter 4 is the demon
stration, for the two August 1963 episodes, of transverse standing wave 
patterns, dominated in one episode by a uninodal and in the other by a 
quintinodal component. The absence of adequate observations to the
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north and south of the Milwaukee-Muskegon section renders impossible 
a clear decision on whether the longitudinal wave pattern is best fitted 
by a progressive or standing P wave model, or by the intermediate 
standing S model; but a number of pieces of evidence, not individually 
conclusive, combine to suggest that very long north-south wavelengths 
were present. This conclusion is also reached when the best estimates 
of period are inserted into the period/wavelength diagram (52). A 
similar but necessarily much more tentative conclusion was arrived at 
by Mortimer (1963); and it may therefore seem that no marked advance 
has here been made. But in the meantime a considerable body of data 
has been assembled (U. S. Dept. Interior 1967, Mortimer 1968) and 
insight gained therefrom. If that insight can be applied in the IFYGL 
and future experiments, the effort will have been worthwhile. In the 
words of T. S. Eliot 

"We shall not cease from exploration 
And the end of all our exploring 
Will be to arrive where we started 
And know the place for the first time."
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