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ABSTRACT 
 
 A 5th order polynomial spline function is applied to the position command generation of 

the SOFIA cavity door drive system in order to limit jerk.  By limiting the door jerk, a smooth 

acceleration profile is achieved and less current demand is required to provide door actuation.  

The existing drive system suffers from unanticipated high current demand during tracking mode, 

specifically over very frequent, short door trajectories.  The high current demand is inherent to 

the aggressive trapezoidal acceleration profile.  The 5th order polynomial spline function is chosen 

for not only its smooth velocity and acceleration profile, but more importantly, for its 

manipulation into closed-form expressions for predicting door drive dynamics and motor terminal 

behavior.  It is shown that from the 5th order polynomial position function, one can derive closed-

form expressions for velocity, acceleration, and jerk.  These expressions are applied to the well-

known electromechanical differential equation and the DC motor voltage equation to develop 

closed-form current and power expressions that includes the jerk limited track mode behavior and 

the door dynamics.  The performance of the door drive system is then predicted under this jerk 

limited track mode and verified in the Matlab/Simulink environment.   The simulation results of 

the jerk limited track mode show that while door response slightly decreases, current demand is 

vastly reduced.    
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1 Introduction  

 

1.1 A Brief History of the Airborne Observatory 

 Airborne astronomy began with pioneer Dr. Gerard Kuiper in 1966.  A 12-inch infrared 

telescope was mounted in a converted Convair 990 jetliner.  At an altitude of 40,000 feet, the first 

airborne observatory had superior infrared spectral sensitivity compared to ground-based 

telescopes due to its unique ability to operate above the lower atmosphere water vapor.  His 

success led to NASA developing the Kuiper Airborne Observatory, a 36-inch telescope onboard a 

modified C-141 aircraft.  The Kuiper Airborne Observatory operated for 21 years from 1974 to 

1995 and was used extensively for astronomical spectroscopy of our Solar System and beyond 

[1]. 

1.2 Stratospheric Observatory for Infrared Astronomy 

 The Stratospheric Observatory for Infrared Astronomy (SOFIA) is the successor to the 

Kuiper Airborne Observatory.  A joint program by NASA and Germany's DLR, the SOFIA 

airborne observatory has a 100-inch diameter mirror, and its 20-ton assembly is mounted in a 

highly modified Boeing 747SP.   SOFIA is expected to operate for 20 years, during which 

astronomers and researchers will implement new instruments to complement the capabilities of 

space-based telescopes such as Hubble and Spitzer.   Astronomers will gather data from SOFIA 

science missions to determine, for example, the size and chemical composition of solar system 

objects to help answer fundamental questions such as how stars and planets were formed.   As of 

the writing of this paper, the SOFIA aircraft has completed its final phase of safety testing and 

has begun preliminary ("early") science missions.   A minimum of two science missions per week 

are planned when the SOFIA program is expected to be fully operational at the beginning of 
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2012. Equipment upgrades to major fllight subsystems such as an all-glass electronic cockpit and, 

perhaps, the results of this research project are ongoing engineering efforts for the support of the 

program lifetime.   

 
Fig. 1.1:  (a) SOFIA aircraft with open doors.  (b)  Telescope cavity showing URD and LFD. 

  

1.3 SOFIA Cavity Door Drive System 
 

1.3.1 Overview 

 The SOFIA observatory assembly is housed in the rear fuselage of the aircraft as shown 

in Fig. 1.1.  An externally mounted upper rigid door (URD) encloses the telescope cavity to 

protect the mirror from foreign objects and debris during landing and take-off.  The URD also 

provides closure to the sensitive telescope equipment from daylight when the aircraft is grounded.  

An aperture assembly and lower flexible door (LFD) are driven in union with the URD to ensure 

smooth airflow over the telescope by preventing the aerodynamic shear layer from entering the 

cavity at Mach no. 0.87 operational airspeed.  During telescope operation, the LFD and URD are 

slaved to the telescope elevation to provide an un-vignetted aperture viewing range, while also 

reducing turbulence and aero-acoustic vibration.   Actuation of both the URD and LFD are 

provided electrically by a 3-phase, 115VAC 400Hz brushless DC motor drive system.   The 
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Cavity Door Drive System (CDDS) comprises a single electronic motor controller, URD electric 

actuator, and LFD electric actuator.   

1.3.2 URD Operation 

 Fig. 1.2 shows a simplified cross-section of the fuselage to illustrate the relative positions 

of the URD and LFD doors in the closed position.   The 0° water line  inscribed in the fuselage 

horizon represents the position which all URD and LFD angular displacements are referenced.   

In the closed door position, the URD is parked at -6.9°.   

 
 

Fig. 1.2:  URD in closed position. 
 

When the URD is commanded to the open door position, the CDDS advances the door 47.2° in a 

counter-clockwise rotation (per the orientation illustrated in Fig. 1.3) toward the starboard side.  In 

tracking mode, the URD can travel between 47.2° and 84.0° at a maximum angular velocity of 

2.1° per second via a rack and pinion drive.  
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Fig. 1.3: URD in open position. 
 

1.3.3 LFD Operation 

 The forward edge of the LFD door adjoins the aft of the telescope aperture.  The 

minimum LFD position is 23.15° relative to the water line and has maximum travel to 58.2° 

toward the starboard side of the fuselage. During the CDDS tracking mode, the URD and LFD 

move in unison to maintain a 26.2° viewing aperture for the telescope.  The LFD can travel at a 

maximum door rate of 2.1° per second along a rack and pinion drive.  

 

1.3.4 URD and LFD Actuator Subsystems 
 

 The URD and LFD actuator assemblies are depicted in Fig. 1.4.  Each actuator includes 

two electric BLDC motors with fail-safe friction brake, a three-stage torque amplifying gearbox, 

and resolvers for actuator and motor shaft position.  Each electric motor shares one half of the 

torque load during normal operation.   
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Fig. 1.4: URD and LFD Actuator Assemblies. 
 
 

1.4 Analysis of Flight Data  

1.4.1 Overview 

 On a typical SOFIA test flight, a multitude of sensor data are recorded by onboard high 

resolution data acquistion systems, archived, and analyzed post-flight.  NASA provided AC line 

current measurement data into the CDDS along with LFD position from Test Flight no. 52.  The 

CDDS was in its track mode a significant portion of this test flight, during which the CDDS 

follows the position of the telescope to provide a clear viewing area.  The line current data from 

the test flight is analyzed in Section 1.4.2 with an emphasis on the electrical load variation seen 

by the CDDS.  Undesirable high peak line currents are observed throughout the examined flight 

data, and this shortcoming is shown to be inherent in the CDDS closed-loop position and speed 

control implementation.    

1.4.2 Observations 

 Fig. 1.5 is a time series plot of the recorded phase-A line current into the CDDS 

controller and the LFD door position over a sixty minute interval of Flight no. 52 during tracking 

mode.   From the bottom time series plot in Fig. 1.5 , we observe both increasing (i.e. upward) 

and decreasing (i.e downward) door motion sequences to maintain the required viewing aperture 
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as the telescope tracked a celestial body.  Over the total sixty minute interval, the sequence of 

door movements was limited to an angular range of approximately 24° to 29° or a total of 5°.  

The instantaneous line current, however, showed significant variation during the same sixty 

minute interval.  Specifically, the average line current over the data sampled in this interval is 

0.5A; however, undesirable peak line currents greater than 5A are readily observed from Phase-A 

data.  

 

Fig. 1.5: Time series plots of Flight no. 52 phase-A line current and LFD door position. 

 The presence of high peak line currents are associated with the work required by the 

electric actuators to move the LFD door to a higher elevation from an initial, lower position.  Fig. 

1.6 clearly illustrates this observation.  A particular sequence of four consecutive increasing 

elevation door motions at the four and one half minute mark is shown.  The LFD was initially at a 

door position of 24.88°, and the final position was 28.25°.  The four peak line currents from 

Phase-A observed during this sequence were 4.8A, 5.1A, 5.4A, and 5.0A respectively.   
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Fig. 1.6: Flight #52 peak line currents and sequence of four increasing LFD door motions.   

 The close succession i) in time and ii) magnitude of the peak line currents illustrated in 

Fig. 1.6 is troublesome for power stage electronic components in the CDDS controller.  For 

example in the inverter bridge, excessive power cycling of IGBT modules causes a variety of 

thermomechanical stresses to internal interconnects during switching events and over time lead to 

early component failure [2]-[3].  An always open or closed switch in the IGBT module due to a 

component failure can result in degraded motor/actuator performance or total loss of function [4].  

Excess ripple current in combination with high ESR can cause premature thermal failure of the 

DC link capacitor [5].  A failed DC link capacitor can also render an electric drive out of action.  

The CDDS specification and requirements document states that non-catastrophic hazards such as 

the aircraft landing with the door open must meet a 10-3 failure probability per flight hour.  The 

aforementioned component failures and the potential to render the LFD or URD actuator 

inoperative during flight falls under this CDDS system requirement.       
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 To further understand the underlying peak line current behavior associated with LFD 

door operation during track mode, we analyze the door angular velocity and acceleration curves.  

In other words, we are interested in the time it takes the LFD to move from an initial position to a 

final door position (i.e. angular velocity), and we are also concerned with the rate at which the 

door velocity itself is changing (i.e. acceleration).  Mathematically, this is achieved by taking the 

first and second derivative of the door position data, respectively [6].  Fig. 1.7 shows the Phase-A 

line current and the LFD position, angular velocity, and acceleration curves for a particular door 

motion from Flight no. 52 where the LFD moves from 26.66° to 27.63°.  We now describe the 

characteristics of the velocity and acceleration curves for this sequence in Fig. 1.7(c-d) with 

respect to the CDDS drive architecture. 

  Fig. 1.7(c) shows the angular velocity profile for the door move shown in Fig. 1.7(b).   

Note the velocity profile's trapezoidal nature, as visually illustrated with the aid of the hashed 

curve.  The velocity profile has an initial ramp up from rest, followed by a constant (i.e. flat) 

velocity segment, and then a ramp down.   This is a typical velocity profile used in linear and 

rotary actuation systems, where it is generally desirable to operate at a constant velocity for the 

duration of a given motion.   Fig. 1.7(d) is the door acceleration profile with an accompanying 

hashed curve to aid visualization of the intrinsic acceleration behavior.   The acceleration profile 

has two trapezoid shape segment groupings corresponding to an acceleration and deceleration 

phase.  The first segment grouping contains a ramp up, constant acceleration, and then a ramp 

down.   This grouping occurs along the same time interval with the velocity ramp up segment.  

When the door system is moving at constant velocity, we note the zero acceleration segment 

between the groupings.  Analagous to the acceleration grouping during velocity ramp up, the 

deceleration grouping aligns with the velocity ramp down.  The constant acceleration behavior, 

like the constant velocity attribute, is also a typical design constraint of a closed-loop control 

system to take into account physical limitations.    
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Fig. 1.7:  Phase-A line current, position, velocity, and acceleration curves for LFD door motion.  
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1.5 Problem Statement 

 We now revisit the line current behavior with respect to the velocity and acceleration 

profiles.  We note in Fig. 1.7(a) that the peak current occurs during the velocity ramp up segment 

in Fig. 1.7(c), which also coincides with the first acceleration grouping in Fig. 1.7(d).  We can 

now qualitatively state the condition that the undesirable high peak line currents occur.  The line 

spikes take place as the doors are rapidly accelerating toward constant angular velocity.  From 

electric motor theory, we know that the CDDS electric actuator motor currents are related to 

electric torque by a proportionality constant Kt [7].  Furthermore, if we treat one CDDS door and 

its electric actuator as a one-mass system, we can describe the actuator electric torque demand by 

the following electromechanical differential equation:     

Te = Jeq
dω d

dt
+TL                                                          (1.1) 

where Te is the electric torque, Jeq is the equivalent door inertia, ωd is the door angular velocity, 

and TL is the static door load [8].   The first term on the right hand side of (1.1) represents a door 

velocity dependent mechanical torque, specifically, the rate of change of the door velocity or, in 

other words, the door acceleration.  The second term on the right hand side of (1.1) corresponds 

to the static door load torque (i.e. the door weight).  When the door system is commanded to a 

higher elevation, the electric actuators during the acceleration phase initially must provide an 

electromagnetic torque for both a static and dynamic mechanical load torque.  The motor current 

demand is, therefore, initially higher during door acceleration.  If we conceptualize the CDDS 

controller as a black box as having only the electric motors as a load with no energy storage, then 

from Kirchhoff's current law we can state that the high peak line current going into the CDDS 

controller must also be going out to the electric motors.    
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 As mentioned previously in this section, the presence of high line current spikes during 

tracking mode as observed from flight data is viewed unfavorably with regard to the internal 

stresses placed on the power stage electronic components and the potential to exacerbate failure 

rates of these components.  Furthermore, from the interest of the SOFIA program, it is highly 

desirable to prevent costly service downtime and subsequent interruption of science missions.  It 

is thus the main objective of this research project to minimize track mode current demand during 

door acceleration in order to reduce power stage component stresses.   

 The focal point of this research effort is the door acceleration profile during track mode. 

Specifically we aim to minimize the acceleration profile rate of change, the so-called jerk.  The 

fundamental objective of minimizing jerk is a smooth acceleration profile.  In terms of the door 

drive system, the angular door acceleration is smooth, and we claim then current demand is 

minimized.  Recall this is in contrast to the present CDDS trapezoidal acceleration profile.  In 

elevator systems, researchers have successfully employed jerk limiting control system techniques 

to minimize passenger discomfort during car acceleration [9].  Other research efforts into elevator 

systems in high-rise buildings limit jerk to prevent cable vibration [10].   In the computer storage 

industry, jerk is minimized to limit vibration in the hard disk head positioning assembly without 

reducing access times [11]-[12].            

 In this research project, we propose limiting the CDDS door jerk in track mode with a 

single 5th order spline function to generate door track commands.  Spline functions are used 

extensively as a command generation method to produce smooth motion for industrial robots and 

computer-controlled machine tools [13].  A conceptual depiction of the jerk limited track mode as 

applied to the CDDS is shown in Fig. 1.8.  Chapter two derives the 5th order spline function and 

thoroughly describes the salient properties of its resultant position, velocity, acceleration, and jerk 

trajectories.  The specific application of the command generation spline function to the CDDS 
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tracking mode is also expressed including a method to limit the door jerk across all motions for a 

maximum point-to-point range. Chapter three extends the electromechanical differential equation 

(1.1) and the well-known DC motor terminal voltage equation to include the spline velocity and 

acceleration functions.  We derive closed-form expressions to model the motor terminal voltage 

and current response of the CDDS drive, including the actuator and door load dynamics.  Closed-

form expressions are proposed for predicting motor torque and electric power curves when the 

spline command generation is used.  Finally, in Chapter four a simulation environment of the 

LFD drive verifies the closed-form expressions of the jerk limited door drive model presented in 

Chapter 3.       

 
Fig. 1.8:  Jerk Limited Motion Generation.  

1.6  Conclusion 

 A history of airborne astronomy and specifically the soon-to-be-deployed SOFIA 

airborne observatory was described.  An overview of the SOFIA cavity door drive system was 

presented as background material.  Analysis of recent flight data revealed high peak line currents 

during track mode, which design oversight, has ramifications for power stage component 

reliability over the 20 year service life of the SOFIA program.  Rapid door acceleration and its 
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associated dynamic torque are noted for inducing high current demand when the door is tracking 

to a higher elevation.  A jerk limited track mode was proposed as a means of smoothing the door 

acceleration and, thus, reducing current demand to minimize stresses on the DC link capacitor 

and the IGBT switches on the converter.                
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2 Jerk Limited Command Generation 

2.1 Overview 

 A technical overview and theory of operation of the door drive system for the SOFIA 

airborne observatory was introduced in Chapter one.  High peak line currents over short, 

increasing elevation door movements during track mode was highlighted as a shortcoming of the 

position feedback control system employed by the door drive.   Specifically, the rate of change of 

the door acceleration (i.e. jerk) associated with the trapezoidal acceleration profile used in the 

speed feedback inner loop was identified as an unconstrained design parameter that, when the 

jerk is appropriately limited, can smooth the door acceleration and, hence, reduce current 

demand.   The technique of limiting jerk was discussed, which objective is to produce smooth 

acceleration trajectories.  This chapter details a 5th  order polynomial spline function and the 

method which it is applied to the CDDS position closed-loop control system to limit jerk.   

2.2 Motion Profiles 

2.2.1 Overview 

 Section 2.2.2 derives the mathematical expressions for the velocity, acceleration, and jerk 

functions from the 5th order polynomial spline.  Section 2.2.4 discusses the smooth, bell-shape of 

the velocity profile.  Section 2.2.5 describes the smooth, sine-like acceleration profile, and 

Section 2.2.6 details the jerk profile characteristics.   

2.2.2 Derivation of 5th Order Polynomial Spline Function 

Let the single segment door position command r(t) be represented in the following 5th order 

polynomial form with coefficients A5, A4, A3, A2, A1, and A0: 

                                             (2.1) r(t) = A5t
5 + A4t

4 + A3t
3 + A2t

2 + A1t + A0
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Then, taking the derivative of (2.1) is the door angular velocity v(t), here: 

                                               (2.2) 

The door acceleration a(t), therefore, is: 

                                                  (2.3) 

Finally, the door jerk j(t) is taken from the derivative of acceleration: 

                                                        (2.4) 

In order to determine the coefficients for the 5th-order polynomial, the boundary conditions of 

(2.1), (2.2), and (2.3) are examined.  It is assumed the door is initially at rest; therefore, the 

following boundary conditions exist at t = to = 0: 

r 0( ) = v 0( ) = a 0( ) = 0                                                      (2.5) 

Therefore, by inspection of (2.1-3), then A2 = A1 = A0 = 0.   The boundary conditions at the final 

time tf  are also evaluated.  It is assumed the door is at rest upon reaching final position rf.   At the 

final time t = tf, the position r(tf), angular velocity v(tf), and acceleration a(tf) are: 

                                              (2.6) 

                                            (2.7) 

                                         (2.8) 

Given the three equations (2.6-8) and three unknown coefficients A5, A4, and A3, the remaining 

coefficients for the 5th-order polynomial are conveniently solved in matrix representation.                                       

v(t) = 5A5t
4 + 4A4t

3 + 3A3t
2 + 2A2t + A1

a(t) = 20A 5 t
3 +12A4t

2 + 6A3t + 2A2

j(t) = 60A5t
2 + 24A4t + 6A3

r t f( ) = rf = A5t f5 + A4t f4 + A3t f3

v t f( ) = 0 = 5A5t f4 + 4A4t f3 + 3A3t f2

a t f( ) = 0 = 20A5t f3 +12A4t f2 + 6A3t f
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                                        (2.9) 

Then, the 5th-order polynomial coefficients for the door command r(t) is, therefore:  

                       (2.10) 

The complete mathematical expressions for door position, angular velocity, acceleration, and jerk 

are now defined as functions of independent variable time t, final position rf, and final time tf. 

                                           (2.11) 

                                        (2.12) 

                                       (2.13) 

                                         (2.14) 

 

2.2.3 Position 

 For expressing the point-to-point door tracking motion generated from the 5th order 

position function, it is convenient to choose one of the door positions (URD or LFD) as the 

reference for all tracking mode discussions in this paper.  The LFD door position is arbitrarily 

A5 =
6rf
t f
5 ,A4 = −

15rf
t f
4 ,A3 =

10rf
t f
3 ,A2 = 0,A1 = 0,A0 = 0

r(t) =
6rf
t f
5 t

5 −
15rf
t f
4 t 4 +

10rf
t f
3 t 3

v(t) =
30rf
t f
5 t 4 −

60rf
t f
4 t 3 +

30rf
t f
3 t 2

a(t) =
120rf
t f
5 t 3 −

180rf
t f
4 t 2 +

60rf
t f
3 t

j(t) =
360rf
t f
5 t 2 −

360rf
t f
4 t +

60rf
t f
3
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choosen.  Then, let ro refer to the present LFD door position in tracking mode and rf represent the 

new (i.e. final) LFD door position.   Furthermore, let time to be the instant the doors begin moving 

from their present position, and let tf be the instant the doors complete their motion.   

 

Fig. 2.1:  5th order position profile. 

It is clear from Fig. 2.1 that the 5th order position profile has a characteristic s-curve shape.   

 

Fig. 2.2:  Smooth door velocity profile. 
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2.2.4 Velocity 

 From Fig. 2.2, the smooth velocity profile is bell shaped with the peak velocity Vpeak 

appearing at the midpoint 0.5Δt .   The peak velocity magnitude is determined by substituting 

time 0.5Δt into (2.12), which results in 

Vpeak =
15Δr

8Δt

                                                     (2.15) 

where Vpeak is a function of the door displacementΔr = rf − ri and motion time Δt = t f − to    

 Suppose the time Δt to move the door from position ro to a new position is constant while 

rf is allowed to vary.  Then, the peak velocity necessarily increases with moving a farther door 

elevation distance for a fixed Δt .  The CDDS system requirements, however, limit the maximum 

door velocity Vmax to 2.1°/s.    Conversly, if the door displacement Δt is fixed and the final 

position time tf is varied, then the peak velocity will increase for moving to a new door position 

over shorter time intervals. The function Vpeak is, therefore, bounded by the following constraint: 

15Δr

8Δt

≤Vmax                                                             (2.16) 

 In comparison to the trapezoidal velocity profile, the proposed smooth velocity profile 

can only achieve Vmax at a single instant over the time interval Δr , whereas the present speed loop 

design maintains constant velocity Vmax over some region of the same time interval.  The 

proposed smooth velocity profile, therefore, produces slower trajectories than the trapezoidal 

velocity profile.          
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2.2.5 Acceleration 

 The smooth acceleration profile resembles a sinewave, having both a positive and 

negative peak of magnitude Apeak (See Fig. 2.3).  The acceleration profile expression (2.13) is a 

continuous function and is differentiable along the time interval [to,tf].  The peak magnitude was 

determined via calculus by finding relative maxima (or minima) in [to,tf].  The peak acceleration 

is found to be 

Apeak =
10 3Δr

3Δt
2                                                          (2.17) 

where (2.17) is a function of door displacement Δr = rf − ri and time Δt = t f − to .   Zero 

acceleration occurs at time 0.5Δt , which coincides with the peak velocity. Acceleration is also 

zero at time to and tf, as dictated by the boundary conditions established in Section A.5.  The 

doors are continuously accelerating from time to to 0.5Δt
−  and likewise deccelerating from 0.5Δt

+  

to Δt .  This is in contrast to the trapezoidal velocity profile, where acceleration goes to zero once 

velocity is reached, and decceleration occurs just prior to reaching the end of the trajectory.   

 The peak acceleration resulting from the 5th order generated position command is 

constrained by a door acceleration maximum Amax system requirement; therefore, the following 

condition must hold: 

10 3Δr

3Δt
2 ≤ Amax                                                         (2.18) 
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Fig. 2.3:  Smooth Acceleration Profile.  

2.2.6 Jerk  

 The jerk profile resulting from the 5th order generated position command is parabolic 

with the bottom of the curve corresponding to time 0.5Δt  (See Fig. 2.4).   The peak jerk 

magnitude Jpeak is determined via inspection of (2.14) and we note that the time dependent terms 

cancel at to.  The peak jerk magnitude is the following: 

Jpeak =
60Δr

Δt
3                                                           (2.19) 

where similar to (2.12) and (2.13), its magnitude is also a function of door displacement

Δr = rf − ri and completion time Δt = t f − to .  The negative jerk magnitude at time 0.5Δt  is one 

half of Jpeak.  The initial zero crossing in the jerk profile corresponds to the peak positive 

acceleration, and the subsequent zero-crossing correlates to the peak negative door acceleration.  

The peak negative jerk magnitude at time 0.5Δt  is half the positive peak jerk magnitude.  
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Fig. 2.4:  Jerk Profile. 

2.2.7 Jerk Limited Door Position Command 

 First, let us redefine the 5th order door position command r(t) to reflect a move from an 

arbitrary door position ro to rf where Δr = rf - ro.  The door motion occurs over an arbitrary time 

interval Δt = tf - to where to is the start of the door move and tf is when the move is completed.  

Then, the door position command is a function of three independent variables and is defined as 

follows: 

r(t,Δr ,Δt ) =
6Δr

Δt
5 t

5 − 15Δr

Δt
4 t 4 + 10Δr

Δt
3 t 3                                             (2.20) 

Suppose we declare a maximum jerk design constraint Jmax and then rearrange (2.19) such that Δt 

is on the left hand side of the equation.  Now, Δt is dependent on the door displacement Δr = rf - ro 

and the jerk design parameter Jmax: 

Δt =
60Δr

Jmax
3                                                           (2.21) 
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If we desire door position command r(t,Δr,Δt) to be jerk limited (i.e. The jerk profile peak value is 

Jmax), then the independent variable Δt must be computed according to (2.21).  A more general 

mathematical treatment of jerk limiting the door position function r(t) is the following.   

Let the door position function r(t) be expressed as a general function f: 

r = f (t,Δr ,Δt )                                                           (2.22) 

Let the command completion interval Δt be also expressed as a general function g: 

Δt = g Jmax,Δr( )                                                          (2.23) 

Then the jerk limited door position general function is: 

r = f t,Δr ,g Jmax,Δr( )( )                                                 (2.24) 

2.2.8 Conditions for Jerk Limited Door Motion 

 In the previous section, we chose an arbitrary value for the maximum jerk constraint Jmax 

to develop the foundation for the jerk limited position command.  Now, suppose we want to chose 

a value for Jmax such that physical limits of the CDDS are taken into account.  Specifically, we 

want to guarantee the door angular velocity Vmax is not exceeded for some maximum door 

displacement range Δrmax.   

First, we solve (2.15) for Δt and assign Vmax.  Thus, 

Δt =
15Δr

8Vmax
                                                        (2.25) 

Then, we set (2.25) equal to (2.21), assign Δrmax, and solve for Jmax.  Finally,  
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Jmax = 2Vmax
3 32

15Δrmax

⎛
⎝⎜

⎞
⎠⎟

2

                                              (2.26)  

The jerk limited position command is guaranteed to limit the peak door jerk value to Jmax for all 

door commands which inputs satisfy Δr ≤ Δrmax .    

To summarize the computations involved in order to generate a jerk limited door position 

command, Fig. 2.5 graphically illustrates the interaction of the door command inputs (ro, rf) with 

the system design constraints (Vmax,Δrmax).    

 

Fig. 2.5:  Jerk limited position command generation scheme. 
 

2.3 Conclusion 

The 5th order polynomial position command generation function was derived.  The velocity, 

acceleration, and jerk profiles that result from the 5th order function were also determined.  The 

salient features of these profiles are now expressed in closed-form.  In particular, we will see in 

Chapter three that the closed-form expressions for determining the peak value of the acceleration 

profile Apeak and the expression for the peak value of the velocity profile Vpeak are required for 

closed-form expressions for modeling the CDDS actuators' BLDC motor terminal voltage and 
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current.  The mathematical foundation for the proposed jerk limited position command was 

presented in addition to the command input conditions that satisfy this mode of operation.      
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3 Jerk Limited CDDS Drive Dynamics 

 

3.1 Overview 

 In the previous chapter, the 5th order polynomial position generation function was 

developed, and the salient characteristics of its velocity, acceleration, and jerk trajectories were 

also introduced.  In this chapter, we explore the CDDS actuator drive dynamics resulting from a 

smooth 5th order generated door command.   We extend the well-known electromechanical 

differential equation relating electric torque, mechanical load, and inertia to include the 

polynomial acceleration expression introduced in the previous chapter.   Furthermore,  the 

brushless DC motor voltage terminal equation is expanded in a similar manner by incorporating 

the polynomial velocity expression to then form a complete general model of electrical actuator 

dynamics, given known CDDS motor and mechanical parameters.   The electric actuator model 

developed in this chapter provide an analytical basis for the following questions when employing 

5th order motion generation: 

• What is the predicted electric power curve for a given setpoint?  

• What is the expected motor terminal voltage and current variation to smooth s-curve 
command generation? 

In the process of extending the electric actuator model, the velocity and acceleration polynomials 

are approximated by trigonometric expressions.     

3.2 Electric Torque 
 

3.2.1 Derivation 

The well-known differential equation for a rotary electro-mechanical system  
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J θ = Te −Tl − B θ                                                          (3.1) 

is extended to delineate LFD from URD dynamics, where J is the system inertia,  θ  is the second 

derivative of the system rotary position (i.e. acceleration), Te is the electric motor torque, Tl is the 

system load torque,  B is the system friction, and  θ is the first derivative of the system rotary 

position (i.e. velocity).   Let the notation x = { L = LFD, U = URD} represent the CDDS door 

drive actuator designation.   

Then, (3.1) is extended for the LFD and URD electro-mechanical differential equations as 

follows:   

Jsys
x ax = Te

x −Tl
x − Bxvx                                                 (3.2)                            

where Jsys
x  is the combined door and drivetrain inertia for actuator x, Te

x  is the total electric 

torque for actuator x, Tl
x  is the total door load for actuator x, and Bx  is the combined door and 

actuator friction for actuator x.  The polynomial acceleration expression (2.13) with superscript 

notation x replaces  θ .  Similarly, the velocity expression (2.12) with superscript notation x 

replaces  θ .   

The last term in (3.2) is eliminated due to negligible door friction parameters for both the LFD 

and URD.  Then, after rearranging terms, let the electric torque expression be defined as: 

Te
x = Jsys

x ax +Tl
x                                               (3.3)    

without loss of accuracy.    
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Recall from Fig. 2.3 that the acceleration profile resulting from the 5th order generated position 

function is sinusoidal in nature with peak amplitude Apeak.  Then, the polynomial acceleration 

expression (2.13) is approximated in trigonometric form: 

a ≈ Apeak sin
2π
Δt

t
⎛
⎝⎜

⎞
⎠⎟

                                                      (3.4) 

Substituting (3.4) into (3.3),  the trigonometric electric torque expression for actuator x is: 

Te
x = Jsys

x Apeak sin
2π
Δt

t
⎛
⎝⎜

⎞
⎠⎟
+Tl

x

                                            (3.5) 

The complete mathematical expression for the idealized electric torque response of actuator x to a 

5th order generated motion command at time to is given as follows under constant torque 

conditions: 

 

T e
x
(t) =

Tl
x

10 3Jsys
x Δr

3Δt
2 sin 2π

Δt

t − to( )⎛
⎝⎜

⎞
⎠⎟
+Tl

x

Tl
x

⎧

⎨

⎪
⎪

⎩

⎪
⎪

0 ≤ t < to
to ≤ t < t f
t ≥ t f

                         (3.6) 

The hat '^' notation over the left hand side term of (3.6) signifies the complete torque expression 

that includes the response prior to, during, and after the commanded door motion at time t = tf.   

This notation is also used for the complete motor current, voltage, and power expressions in the 

subsequent sections.     

3.3 Motor Terminal Current 

3.3.1 Derivation 

The BLDC electric torque for actuator x is modeled as follows:  
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Te
x = 2Kt Is

xηme                                                      (3.7) 

where Kt is the motor torque constant, Is
x  is the per motor stator current1, and ηme represents a 

derating of the electric motor torque equivalent to mechanical transmission losses in actuator x.     

The trigonometric torque expression from (3.5) is substituted into (3.7) and rearranged such that 

motor current is a function of door inertia, acceleration, and load torque. 

Is
x = 1

2Ktηme

Jsys
x Apeak sin

2π
t f
t

⎛

⎝⎜
⎞

⎠⎟
+Tl

x
⎛

⎝
⎜

⎞

⎠
⎟                                       (3.8) 

 

The complete mathematical expression for the idealized (per motor) current response to a 5th-

order generated motion command at to is given as follows under constant torque conditions: 

 

Î s
x (t) =

Tl
x

2Ktηme

1
2Ktηme

10 3Jsys
x Δr

3Δt
2 sin 2π

Δt

t − to( )⎛
⎝⎜

⎞
⎠⎟
+Tl

x
⎛

⎝
⎜

⎞

⎠
⎟

Tl
x

2Ktηme

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

    

0 ≤ t < to

to ≤ t < t f

t ≥ t f

                  (3.9) 

From (3.9), the behavior of the terminal current, in particular at the onset of door motion at time t 

=to, is evident in the sine term on the right hand side of the equation.  That is, the current demand 

rises smoothly and continuously like a sine wave, opposed to the high rate of change of terminal 

current when the jerk profile is large, as is the case for the default CDDS trapezoidal velocity 

profile at the onset of door motion.  The outstanding smooth, rising current behavior is the 

highlight of the 5th order motion profile, or in other words, the elimination of large inrush current 

                                                
1 Note each actuator has two electric motors. 
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is the salient property of the 5th order command generation for the CDDS in tracking mode.  

Finally, the peak terminal current is also predicted from (3.9), which magnitude is a function of 

the door system displacement and the time to complete the motion.   

 

3.4 Motor Terminal Voltage  

3.4.1 Derivation 

The polynomial velocity expression (2.12) can be approximated by a trigonometric function 

defined here as: 

v ≈Vpeak sin
2 π

Δt

t
⎛
⎝⎜

⎞
⎠⎟

                                                    (3.10)                                                     

where Vpeak is defined in (2.15).  The per motor terminal voltage equation of door actuator x is 

given as: 

Vs
x = Is

xrs + ls
d
dt

Is
x( ) + Kvv

x                                              (3.11) 

where rs is the stator resistance, ls is the equivalent stator inductance, and Kv is the back-EMF 

constant of the BLDC motor.  Substituting (3.8) and (3.10) into (3.11) yields 

Vs
x = Tl

xrs
2Ktηme

10 3Jsys
x Δr

3Δt
2 sin 2π

Δt

t
⎛
⎝⎜

⎞
⎠⎟
+Tl

x
⎛

⎝
⎜

⎞

⎠
⎟ +
10π 3TlJsyslsΔr

3KtηmeΔt
3 cos 2π

Δt
t⎛

⎝⎜
⎞
⎠⎟ +
15KvΔr

8Δt

sin2 π
Δt

t
⎛
⎝⎜

⎞
⎠⎟  

(3.12) 

In order to reduce terms from (3.12), let the following new substitute variables be defined: 
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B1 =
Tl

xrs
2Ktηme

B2 =
10 3Jsys

x Δr

3Δt
2

B3 =
10π 3TlJsyslsΔr

3KtηmeΔt
3

B4 =
15KvΔr

8Δt

                                                  (3.13) 

Then, the voltage expression with substitution from (3.13) is: 

Vs
x = B1B2 sin

2π
Δt

t
⎛
⎝⎜

⎞
⎠⎟
+ B1Tl

x + B3 cos
2π
Δt

t
⎛
⎝⎜

⎞
⎠⎟
+ B4 sin

2 π
Δt

t
⎛
⎝⎜

⎞
⎠⎟

                    (3.14) 

The substitute variables B2, B3, and B4 have a dependency on the 5th order motion completion time

Δt .  Variable B2 has an inverse squared relationship with Δt , and variable B3 has an inverse 

cubed relationship.  Thus, for practical proposed door motion completion times that are on the 

order of seconds, variables B2 and B3 are negligible.  So, (3.14) is then reduced and the substitute 

variables are eliminated in the expression below. 

Vs
x = Tl

xrs
2Ktηme

+ 15KvΔr

8Δt

sin2 π
Δt

t
⎛
⎝⎜

⎞
⎠⎟

                                      (3.15) 

 For a 5th order generated door motion,  the physical interpretation of (3.15) is this.  The 

terminal voltage expression is dominated by the back EMF voltage, which shape is determined 

entirely by the generated smooth, bell-shaped velocity profile.  Due to the slow time varying 

nature of the velocity profile, and hence the acceleration profile, the transient voltage contribution 

from the terminal inductance (i.e. ls
dIs

dt ) is small, and therefore, neglected.   The small 

contribution of the voltage drop across the motor stator resistance rs is modeled in (3.15) as 

independent of the planned door trajectory, but dependent on the door load.  Finally, note that 
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approximate voltage equation does not include the inertia parameter Jsys, which physical 

interpretation implies the door system acceleration, and hence current transient from the 

perspective of the terminal voltage, is sufficiently gradual.         

 The complete mathematical expression for the idealized (per motor) terminal voltage 

response to a 5th-order generated motion command at to is given as follows under constant torque 

conditions: 

V̂s
x t( ) =

Tl
xrs

2Ktηme

Tl
xrs

2Ktηme

+ 15KvΔr

8Δt

sin2 π
Δt

t − to( )⎛
⎝⎜

⎞
⎠⎟

Tl
xrs

2Ktηme

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

    

0 ≤ t < to

to ≤ t < t f

t ≥ t f

                  (3.16) 

 

 

3.5 Power 

3.5.1 Overview 
 

The total instantaneous electric power consumed by actuator x is defined by the product of the 

total instantaneous motor current (for the actuator) and the instantaneous terminal voltage. A 

convenient representation of the actuator electric power is achieved by separately deriving the 

stator ohmic losses and then electromechanical power conversion.  That is, 

Pe
x = 2Vs

xIs
x = 2Ploss

x + 2Pmech
x                                                (3.17) 

The derivation of actuator electric power as a result of 5th order motion generation will proceed 

with the ohmic losses followed by the electro-mechanical conversion.   
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3.5.2 Losses 

Let the instantaneous ohmic loss expression be defined as  

Ploss
x = Is

x( )2 rs                                                         (3.18) 

and let (3.8) be redefined here with variable substitution 

Is
x = D1 D2 sin

2π
Δt

t
⎛
⎝⎜

⎞
⎠⎟
+Tl

x⎛

⎝⎜
⎞

⎠⎟
                                               (3.19) 

where 

D1 =
1

2Ktηme

D2 =
10 3Jsys

x Δr

3Δt
2

                                                     (3.20) 

Then, expanding the terms in (3.18) with the substitutions from (3.19) result in 

Ploss
x = 4D1

2D2
2rs cos

2 π
Δt

t
⎛
⎝⎜

⎞
⎠⎟
sin2 π

Δt

t
⎛
⎝⎜

⎞
⎠⎟
+ 4D1

2D2Tl
xrs cos

π
Δt

t
⎛
⎝⎜

⎞
⎠⎟
sin π

Δt

t
⎛
⎝⎜

⎞
⎠⎟
+ D1

2Tl
2rs     (3.21) 

The substitution variable D2 has inverse squared dependency Δt , which for clarification is the 

time interval for the door system to move from position ro to rf.  Since the proposed door motion 

times are on the order of seconds, the first and second terms of (3.21) are negligible.  The ohmic 

loss expression under these conditions then reduces to 

 Ploss
x = Tl

x

2Ktηme

⎛
⎝⎜

⎞
⎠⎟

2

rs                                                     (3.22) 
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The physical interpretation of (3.22) is that the motor losses are modeled solely as a function of 

the static door load and are independent of door dynamics.  In other words, the transient current 

losses are small when the acceleration is gradual, as is the case for the 5th order generated motion.  

Thus, the complete mathematical expression for terminal loss is 

 P̂loss
x t( ) = Plossx   0 ≤ t < ∞                                              (3.23) 

3.5.3 Electromechanical Energy Conversion 
 

The instantaneous electromechanical power output of the actuator electric motors must satisfy   

Pout = Kv ′v Is
x                                                          (3.24) 

where the left hand side of (3.24) is the mechanical power contribution of one motor required to 

move the door to the commanded position.  The right hand side of the expression is the equivalent 

electric power produced by one motor in terms voltage and current, specifically the terminal 

quantities related to the idealized air-gap power.  The back-EMF voltage is a product of the motor 

constant Kv and the rotor speed v', which here the prime refers the 5th order motion profile door 

velocity v to the rotor speed.  The stator terminal current Is
x  is proportional to the electromagnetic 

torque production necessary for mechanical door motion.   The trigonometric velocity expression 

(3.10) represents v'.  The  substitute variables D1 and D2 for stator terminal current from (3.19) 

and (3.20) are used again here for illustrating simplification of terms.  Then, the output power is 

Pmech
x = 15ΔrKv

8Δt

sin2 π
Δt

t
⎛
⎝⎜

⎞
⎠⎟
D1 D2 sin

2π
Δt

t
⎛
⎝⎜

⎞
⎠⎟
+TL

x⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

                            (3.25)    

The terms in (3.25) are expanded as follows: 
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Pmech
x = 15ΔrKv

8Δt

sin2 π
Δt

t
⎛
⎝⎜

⎞
⎠⎟
sin 2π

Δt

t
⎛
⎝⎜

⎞
⎠⎟
D1D2 +

15ΔrKvTL
x

8Δt

sin2 π
Δt

t
⎛
⎝⎜

⎞
⎠⎟
D1               (3.26) 

The first term on the right hand side of (3.26) has a combined inverse cubed Δt contribution from 

D2 and (3.10).  Recall Δt is on the order of seconds for the proposed 5th order generated door 

motions; therefore, the first term on the right hand side of (3.26) is eliminated. Thus, the 

approximate electric motor output power is the following:  

Pmech
x = 15KvΔrTl

x

16KtηmeΔt

sin2 π
Δt

t
⎛
⎝⎜

⎞
⎠⎟

                                              (3.27) 

3.5.4 Total Power 

 The complete mathematical expression for the instantaneous electric power to actuator x 

in response to a 5th order generated motion command at to is given as follows under constant door 

load torque conditions: 

 

P̂e
x t( ) = 2

Tl
x

2Ktηme

⎛
⎝⎜

⎞
⎠⎟

2

rs

Tl
x

2Ktηme

⎛
⎝⎜

⎞
⎠⎟

2

rs +
15KvΔrTl

x

16KtηmeΔt

sin2 π
Δt

t − to( )⎛
⎝⎜

⎞
⎠⎟

Tl
x

2Ktηme

⎛
⎝⎜

⎞
⎠⎟

2

rs

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

     

0 ≤ t < to

to ≤ t < t f

t ≥ t f

                 (3.28) 

The actuator motors are stalled for t < to prior to a move and for t ≥ tf after the door system 

reaches its new position.  The idealized instantaneous power consumed by the stalled motors to 

hold the doors in a stationary position is quantified by the ohmic losses in the stator terminals, 

which losses are proportional to the door load.   While the doors are in motion, the electric power 
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consumption is dominated by the electromechanical power conversion, which power curve 

closely resembles the bell-shaped velocity profile resulting from 5th order generated door motions.  

Finally, note the absence of the inertia parameter Jsys
x in (3.28).  The 5th order generated door 

motion operates in such a manner that neglegible electric power is consumed to overcome the 

door inertia.    

 
 

3.6 Conclusion 
 

This chapter introduced closed-form expressions to model the electrical behavior of the CDDS 

actuators when 5th order jerk limited generated positions are used during tracking mode.  In 

particular, approximate expressions for the motor terminal voltage and current waveforms were 

developed to predict terminal behavior before, during, and after a smooth motion trajectory is 

applied to the door system.  The close-form expression for the terminal current, for example, 

provides insight into startup current characteristics, which in the case of 5th order generated 

motion, was shown to be sine-like. Similarly, approximate closed-form expressions for torque 

and electric power were derived for 5th order generated door motion, which validity is 

demonstrated in the next chapter. 
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4 Simulation Verification and Results 

4.1 Introduction 

In order to limit the scope of the simulation effort, only the LFD door dynamics and electric 

actuator behavior in response to 5th order command generation were simulated in the 

Matlab/Simulink environment.  The simulation enviroment setup for the LFD door drive model is 

depicted in Fig. 4.1.   

 
 

Fig. 4.1: Matlab/Simulink LFD door drive block diagram. 

 

At a high level, the LFD door drive model comprises the following blocks: 

• Stimulus model:  {5th order generated command, step command} 

• Position controller model   

• Speed controller model 

• Current controller and actuator dynamics model 

• Load model:  {dynamic, constant} 

The detailed block information is found in the subsequent sections.   

The verification results are presented as follows: 
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• Maximum LFD track command 

• Jerk limited profile 

• Benchmark versus 5th order command generation 

 

4.2 Detailed Setup 

4.2.1 Stimulus 

 The LFD Simulink model accepts a 5th order motion command from the Matlab 

workspace.  A script generates the 5th order motion vector offline from (2.11) , given an initial 

door position ro and final door position rf.  The final completion time tf is calculated in the same 

script from ro, rf, and LFD physical parameters as defined in (2.21) for jerk limited door motion.  

The generated 5th order motion profile is computed at intervals of 1ms to be synchronous with the 

CDDS position and speed loop software execution rate. A benchmark step command from ro to rf 

to compare the LFD system behavior with and without the 5th order motion command generation 

is included in the Simulink model and is selectable online.         

4.2.2 LFD Position Controller Model 

 A high gain PI regulator is implemented for the LFD position controller, where the 

proportional gain is Kp = 125000 and the integral gain is Ki = 0.  Note that the integral gain is 

zero, which effectively deems this a proportional regulator; however, Fig. 4.2shows the integral 

path for consistency with the speed and current controllers introduced subsequently.  The 

reference position Setpt rate of change is constrained to Vmax, the maximum LFD door velocity of 

±2.1 deg/sec.  The output of the position regulator is magnitude limited to Vmax' = ±455 rad/sec , 

the maximum door velocity referred to the motor shaft.  The speed limiter at the output of the 

position regulator dictates the flat portion of the LFD drive trapezoidal velocity profile.  The 

position error deadband ε pd is ±0.05 deg.   
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Fig. 4.2:  LFD/URD position controller model in Matlab/Simulink. 

 
 

4.2.3 Speed Controller Model 

 The speed controller has a PI regulator with proportional gain Kp = 0.04 and integral gain 

Ki = 0.08.  The rate limiter after the speed reference input SpeedCmd in Fig. 4.3 determines the 

maximum motor acceleration Amax = ±1600 rad/sec.   The rate limiter determines the rising and 

falling ramp behavior of the LFD drive trapezoidal velocity profile.  The raw output of the speed 

regulator is a torque command in equivalent current.  The current value is then limited to range 

Imax = [-2.613,4.974] amps.   

 
Fig. 4.3:  LFD/URD speed controller model in Matlab/Simulink. 

 

4.2.4 Current Controller and Actuator Dynamics Model 

 The Simulink block diagram for the current controller and actuator dynamics is shown in 

Fig. 4.4.  The current controller uses a PI regulator with proportional gain Kp = 25.82 and integral 
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gain Ki = 8920.51. The current regulator output is limited to range Emax = ±270V.  The motor 

terminal dynamics are modeled with the following plant: 

Gmp =
1

Las + Ra
                                                         (4.1) 

where La = 3.85mH and Ra = 1.33Ω.  The output current of the motor plant Gmp completes the 

current loop.  A second feedback path completes the back-EMF voltage loop to the motor 

terminal voltage.  This feedback path models the interaction of the scaled electromagnetic torque, 

the door load, and combined drivetrain and door dynamics on the motor output speed and, hence, 

the generated back-EMF voltage.  The drivetrain and door dynamics plant transfer function is the 

following:      

Gap =
1

Jsyss + Bsys
                                                         (4.2) 

where Jsys = 0.0441 in-ozf-sec2 and Bsys = 0.0023 in-oz-sec/rad.   The torque constant Kt = 38.4 

in-ozf/A is doubled and scaled by the drivetrain efficiency ηme = 0.85.   

 
Fig. 4.4:  LFD/URD current controller and actuator dynamics models. 
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4.3 Simulation Results 

4.3.1 Maximum Track Command 
 

 The 5th order motion maximum track command is initiated in the simulation at time to = 

1s.  The LFD door initial and final positions are the following: 

ro = 23.15°,   rf = 25.15°                                                    (4.3) 

Thus, the door displacement is 

Δr = 25.15°− 23.15° = 5°                                                   (4.4) 

The value in (4.4) corresponds to the maximum displacement design parameter Δrmax supported 

for the 5th order motion generation track mode.  The peak jerk design parameter then is computed 

using (2.21) as follows: 

J peak = 2Vmax
3 32

15Δrmax

⎛
⎝⎜

⎞
⎠⎟

2

= 3.37 °
s3                                           (4.5) 

Then, the door motion time interval Δt is determined from (2.x) as follows: 

Δt =
60Δr

J peak
3 = 4.465s                                                      (4.6)  

The expected motion completion in the simulation is the following: 

t f = to + Δt = 5.465s                                                      (4.7) 

At the LFD door elevation ro = 23.15°, the load referenced to the LFD motors is approximately 

Tl
L = 235 in-ozf. 
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 The LFD door motion, velocity, acceleration, and jerk profiles for the maximum jerk 

limited track command are shown in Fig. 4.5(a-d), respectively, from the simulation.  Note that 

the door motion profile is stated in degrees, while the velocity, acceleration, and jerk profiles are 

referred to the motor in radians.  The solid curves represent the simulated profiles, and the hashed 

curves denote the predicted behavior from the closed-form expressions.    

 The simulated 5th order motion profile in Fig. 4.5(a) shows the LFD reaching the final 

position rf = 25.15° at approximately tf = 5.445s; therefore, the simulated motion time interval is 

Δt = 4.445s.  The predicted motion interval and completion time from (4.6) and (4.7), 

respectively, are in excellent agreement with those in the simulation.  The predicted velocity 

profile reasonably follows the simulated profile from inception to the peak velocity as seen in Fig. 

4.5(b); however, from the peak velocity to extinction, there is a moderate separation of the 

simulated and predicted curve.  At time to = 4.467s the simulation curve indicates a motor 

velocity of 250.4 rad/s and the analytical curve has a velocity of 189.7 rad/s, corresponding to a 

maximum error of 60.7 rad/s.   Finally, note that the peak simulated velocity at the motor does not 

exceed the design parameter Vmax = 455 rad/s.   

 Fig. 4.5(c) shows the simulation and predicted acceleration in good correlation until the 

zero-crossing, where during the deceleration the simulated and predicted results are somewhat out 

of phase.  Specifically, the simulated deceleration lags the predicted curve at a maximum delay of 

200ms.  The separation of the simulated and predicted curves during deceleration further 

highlights the velocity error in Fig. 4.5(b) where the simulated velocity profile also lags the 

predicted profile as the velocity is decreasing.  The deficiency of the predicted velocity and 

acceleration curves is evident after the peak velocity is reached.  It is clear unmodeled control 

system dynamics during the deceleration phase are a contributing factor to the closed-form 

shortcomings.   
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 The peak jerk was predicted in (4.5) to be Jpeak = 3.37 °/s3 at the door.  In Fig. 4.5(d), the 

predicted peak jerk referenced to the motor is Jpeak' = 730 rad/s3, whereas the simulated peak jerk 

at inception is 553 rad/s3, thus, an error of 177 rad/s3. The simulated peak jerk at extinction Jpeak' 

= 635 rad/s3 was closer in agreement to the predicted value.  Besides the curve behavior at the 

inception and extinction boundaries, the predicted jerk curve followed the simulated jerk profile 

throughout the motion trajectory.  It is obvious from the jerk profile in Fig. 2.4 that the predicted 

jerk curve in Fig. 4.5(d) is discontinuous at times to = 1.000s and tf = 5.465s.  From a control 

theory perspective, the CDDS control system closed-loop bandwidth would need to be infinite to 

faithfully represent these discontinuities in the predicted jerk curve.  All practical closed-loop 

control systems are band limited as is the case for the CDDS controller; therefore, the simulation 

behavior at the jerk inception and extinction boundaries are expected.       

 By inspection of (3.8), the peak current demand per motor for the 5th order generated 

track command is predicted to be the following: 

max Is
L{ } = 1

2Ktηme

10 3Jsys
L ′Δr

3Δt
2 +Tl

L
⎛

⎝
⎜

⎞

⎠
⎟ = 3.82A                                 (4.8) 

From Fig. 4.6(a), the simulated peak current demand is in excellent agreement with the result in 

(4.8).  The predicted motor current curve begins to lead the simulated curve shortly after the peak 

motor current for the duration of the simulated door motion.  This shortcoming is consistent with 

the performance of the closed-form acceleration result, which the closed-form motor current 

expression (3.8) has an acceleration component.  So, it is anticipated that the deficiencies in the 

closed-form acceleration equation directly influence the performance of the closed-form motor 

current result.      
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 The predicted peak motor terminal voltage for the LFD is determined by inspection of 

(3.15).  The computation for the peak terminal voltage proceeds as follows: 

max Vs
L{ } = Tl

Lrs
2Ktηme

+ 15Kv ′Δr

8Δt

= 126.88V                                    (4.9) 

The simulated motor terminal voltage curve in Fig. 4.6(b) shows its peak is in agreement with the 

value computed in (4.9).  Similar to the current demand behavior after the peak current, the 

terminal voltage curve suffers to stay synchronous with the simulated voltage curve after the peak 

by an error on the order of 10s' of volts.    

 From Fig. 4.6(d), we observe that the predicted power curve closely matches that of the 

simulated curve throughout its rise and fall.  Of particular relevance is the simplicity and accuracy 

of the approximate electric power expression (3.28), which incorporates a time-invariant ohmic 

loss term and an air-gap power term proportional to the smooth velocity profile.  The peak 

electric power is estimated via inspection of (3.22) and (3.27) as follows: 

max Pe
L{ } = Tl

L

2Ktηme

⎛
⎝⎜

⎞
⎠⎟

2

rs +
15Kv ′ΔrTl

L

16KtηmeΔt

= 461.0W                              (4.10)    

From Fig. 4.6(d), the simulated peak power is in full agreement with the result in (4.10).   
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Fig. 4.5:  Simulation and analytical motion profiles for maximum LFD door load and maximum  
displacement (+5°) in 5th order command generation mode. 
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Fig. 4.6:  Analytical and simulation motor terminal waveforms for maximum LFD door load and maximum 
displacement (+5°) in 5th order command generation mode. 
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4.3.2 Verification of Jerk Limited Position Generation  
 

 In Chapter one, we introduced the shortcomings of the CDDS drive system during 

tracking mode, where it was highlighted that i) the relative point-to-point door trajectories were 

very short and ii) the line current into the CDDS controller exhibited a high rate of change despite 

the short trajectories.   The high rate of change of current is due to the large, initial current 

demand of the electric actuators in order to rapidly accelerate the inertial door load to a constant 

velocity.  The jerk, which is the rate of change of the acceleration, is unconstrained by the design.  

It was proposed in this research project that by limiting the jerk of the door drive system, the 

electric actuator current demand is reduced.  Chapter 1 concluded with suggesting a system 

method to control the jerk via the application of a single 5th order polynomial function for door 

track command generation.  The 5th order polynomial function enables a smooth s-curve shaped 

trajectory from the current door position.   

 In Chapter two, the 5th order polynomial function was further developed to define a 

velocity, acceleration, and a jerk function.   An expression for the peak jerk for a given 5th order 

generated track command was determined to be a function of both i) the door displacement from 

the current position and ii) the time to complete the door motion.  It was thus shown that the peak 

door jerk for a given track command could be manipulated using a closed-form expression.  

Another expression was developed such that if the maximum door displacement from a relative 

position is fixed and a maximum door velocity is also fixed (i.e. Δrmax and Vmax, respectively), then 

a peak jerk is known (i.e. Jpeak).  The peak jerk expression was then rearranged and solved for 

time (i.e. Δt) such that the peak jerk variable is replaced with a design parameter Jmax as a 

constant.  Thus for a limited relative door range, the 5th order generated track command 

guarantees the door jerk is bound to a peak value of Jmax for all track commands with 

displacement less than Δrmax.   
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 Recall from the Flight #52 position data in Fig. 1.5 that the point-to-point door moves 

were approximately less than 5°.  Hence, Δrmax was chosen to be 5°, and Jmax was determined to be 

3.37 °/s3 at the door and 730.0 rad/s3 referenced to the motor.  Fig. 4.7 shows the jerk profiles of 

three simulated 5th order generated track commands, where the door system is commanded to 

track upwards at +1°, +3°, and +5°.  These setpoints were chosen to represent very short, 

medium, and maximum door motions generated from the 5th order position command.  The 

diamond waveform represents the calculated Jmax' at the motor.  The solid waveform represents 

the jerk profile for the +1° track command, the dashed waveform denotes the +3° track command, 

and finally the solid curve with the triangle overlay designates the +5° command jerk response.  

Fig. 4.7 clearly illustrates that the simulated 5th order generated +1°, +3°, and +5° track command 

motions are jerk limited by design parameter Jmax' as proposed by this research project.   

 
 

Fig. 4.7:  Simulated jerk profiles referenced to motor for +1°,+3°, and +5° door commands. 

4.3.3 Benchmark 

 In order to compare the performance of the 5th order generated track command with the 

present CDDS position feedback architecture, side-by-side simulations were executed where the 

door system is commanded to increase the door elevation +5° from the current position.  The 
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simulation conditions for the 5th order command generation are identical to those in Section 4.3.1.  

To simulate the present system, the manual switch in the stimulus block shown in Fig. 4.1 was 

moved over to the step command position and the test was executed accordingly.   

 As is expected with a trapezoidal velocity profile, the benchmark door motion finished 

earlier than that of the 5th order generated track command (See Fig. 4.8(a)).   At time tf = 3.591s, 

the present design reached the final position, whereas the proposed jerk limited track command 

required an additional 1.85s.  From the perspective of the CDDS faithfully tracking the door 

aperature to the telescope to provide a clear viewing area, the difference in completion times is 

negligible, if not, irrelevant for this particular application.    

 Fig. 4.8(b) compares the trapezoidal velocity profile with the velocity profile resulting 

from the jerk limited track command.  It is clear that the present system profile has a constant 

velocity at Vmax' = 455 rad/s accompanied by steep acceleration and deceleration in contrast to the 

smooth, bell-shape of the jerk limited command.  The difference in acceleration profiles is 

apparent in Fig. 4.8(c).  Here, the default architecture quickly stepped acceleration to the system 

maximum Amax = 1600 rad/s at the onset of motion.  The proposed acceleration profile, on the 

other hand, peaked later in the trajectory and has a factor of five lower magnitude than the 

existing design.   Finally, Fig. 4.8(d) highlights the main focus of this research project.  The peak 

jerk of the present design is four orders of magnitude larger than the peak jerk resulting from the 

proposed jerk limited track command.     

 Regarding comparative electrical performance, the key metrics emphasized here are the 

current and power curves.  To move the door +5° from its present position, the peak current 

demand for the benchmark design was approximately 4.8A per motor as shown in Fig. 4.11(a).  

With jerk limited command generation, the simulated peak current was 3.8A or roughly 20% less 

per motor than the existing design.  The current demand for the benchmark design also exhibited 



 49 

an initial positive high rate of change as shown at the boundary to = 1s by the large step to the 

4.8A peak from 3.6A.  This step corresponds directly to the electromagnetic torque demand in 

Fig. 4.11(c), which again is stated here as a result of the door system inertia Jsys.  Thus, the 

benchmark design requires additional torque, and hence, demands more current (and a higher 

di/dt) over the proposed design to rapidly accelerate the door system.  We showed mathematically 

in Chapter three that the inertia parameter drops out of the terminal voltage equation (3.16), 

ohmic loss expression (3.22), and subsequently in the complete electric power equation (3.28) for 

5th order command generation.   The mathematical absence of the inertia parameter in (3.16), 

(3.22), and (3.28) is manifested physically in the jerk limited power curve result.  Comparatively 

we observe in Fig. 4.11(d) that the existing design has a peak electric power of approximately 

600W per motor, whereas the peak electric power from the jerk limited command was 

approximately 465W per motor.  This is roughly a 23% reduction in peak power consumption, 

where the peak power savings stem from the elimination of dynamic door loads in the proposed 

design due to the smooth door acceleration, which in turn is a result of limiting the door jerk.  

Conversely, the benchmark design is penalized in terms of electric power demand, since it incurs 

addition terminal losses from higher peak current and higher di/dt as a result of having rapid door 

acceleration, which in turn is a result of a having unconstrained jerk.        
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Fig. 4.8:  Simulated benchmark CDDS and 5th order trajectories for a maximum track command.
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Fig. 4.9:   Simulated default CDDS and 5th order electrical performance for a maximum track command. 
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4.4 Conclusion 

 This chapter introduced the Matlab/Simulink model used to verify the closed-form 

expressions describing the jerk limited drive dynamics model from Chapter three.  The 

Matlab/Simulink model incorporates accurate system modeling of the CDDS closed-loop position 

controller, speed controller, and current controller.  The dynamics of their individual PI regulators 

as well as their interaction with one another are clearly not modeled by the closed-form 

expressions presented in this research.   Despite these unmodeled control system dynamics, the 

analytical expressions succeeded in predicting key behaviors of the jerk limited position 

generation scheme.  We sought to reduce the current demand of the electric motors during jerk 

limited door acceleration, and the analytical motor terminal expression predicted both i) its 

smooth, sinewave like shape and ii) its respective peak magnitude.  Furthermore, the 

Matlab/Simulink simulations validated that the peak jerk across a broad range of door moves is 

limited by the design parameter value we specified.  Finally, we benchmarked the performance of 

the jerk limited position scheme against the original design with trapezoidal acceleration profile.  

From the benchmark simulation results, we conclude that the CDDS system response under jerk 

limited position generation is adequate for the telescope application, and that the reduction in 

peak current demands to reduce stresses on electrical components far outweigh the reduction in 

response times.            
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5 Summary and Future Work 

5.1 Summary 

 This research project investigated the application of a 5th order polynomial spline 

function applied to position command generation in order to limit the jerk characteristics of the 

SOFIA cavity door drive system during its tracking mode.  In Chapter one, the phase currents of 

the SOFIA CDDS were analyzed during the tracking portion of a particular science flight 

conducted in Spring of 2011.  The general characteristics of the tracking mode were the 

following: 

• The cavity door track position was updated several times a minute, which frequency was 
not specified in the original controller design requirements.  

• The track positions were confined to a particular maximum range in door degrees; 
however, the use of a trapezoidal velocity profile for all door motion operation including 
track mode results in unnecessary high speed door motions over such short door updated 
positions.    

• Electrical impacts on component failure rates for using the trapezoidal velocity profile 
over short distances were presented, and the particular effect on high peak line currents 
were described. 

The concept of limiting jerk was proposed in tracking mode to reduce high rate of current, citing 

successful implementation of jerk limiting techniques in elevators, disk drives, and robotics to 

minimize mechanical vibration and employ smooth velocity and acceleration profiles.  Chapter 

two introduced a 5th order polynomial position command generation function and the derived 

velocity, acceleration, and jerk expressions.  A technique for limiting the peak jerk profile was 

proposed and applied to the CDDS track operation.   

 The velocity and acceleration profiles from the 5th order polynomial function proposed in 

Chapter two were shown to be approximated in Chapter three as trigonometric solutions.  An 

electromechanical differential equation system was introduced in Chapter three, which models the 
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CDDS door, actuator, and motor dynamics.  The electromechanical differential system was 

extended to include the proposed trigonometric velocity and acceleration expressions to obtain 

closed-form solutions for 5th order door command generation for the following: 

• Electric torque profile 

• Motor current transient response 

• Electric power response  

 Chapter five verified in simulation the proposed 5th order command generation method 

for limiting door jerk.  Smooth acceleration and velocity profiles across the defined displacement 

range were demonstrated in Matlab/Simulink.  Furthermore, the peak jerk was shown to agree in 

simulation across a range of setpoints to the predicted jerk limit value from the closed-form 

expression.   Finally, the 5th  order command generation technique shows significant 

improvement in minimizing current over the traditional trapezoidal velocity profile for the short 

displacements seen in tracking mode for the cavity door drive system.   

5.2 Future Work 

From the research conducted in this project, several future research topics have been identified: 

• 3-phase inline current analysis at the rectifier when the 5th order command is used during 
track mode. 

• Extension into dq analysis to include the effect of 5th order door command generation and 
also extend the analysis to other AC motor configurations such as induction and switched 
reluctance motors. 

• Harmonic analysis and decomposition of the DC link current when the 5th order 
command is used during track mode. 

• De-tuning effects of the motion, velocity, acceleration, and jerk profiles when the 
mechanical and/or electrical parameters are inaccurate with respect to the actual door 
drive system.   

• Optimal S-curve online/offline command generation topology for 5th s-curve motion 
profile with respect to microprocessor real-time constraints (i.e. MIPS), code size, code 
complexity, and memory footprint.      



 55 

REFERENCES 

[1] Dunbar, B. (2007, June 8). SOFIA Mission News.  Retrieved August 1, 2011 from 
http://www.nasa.gov/mission_pages/SOFIA/index2.html 
 
[2] Morozumi, A., Yamada, K., Miyasaka, T., Sumi, S., Seki, Y., "Reliability of power cycling 
for IGBT power semiconductor modules," IEEE Transactions on Industry Applications, vol. 39, 
no. 3, pp. 665-671, May 2003 
 
[3] Smet, V., Forest, F., Huselstein, J., Richardeau, F., Khatir, Z., Lefebvre, S., Berkani, M., 
"Ageing and Failure Modes of IGBT Modules in High Temperature Power Cycling," IEEE 
Transactions on Industrial Electronics,  vol. PP, no. 99, pp. 1, Feb. 2011 
 
[4] Villani, M., Tursini, M., Fabri, G., Castellini, L., "Multi-phase Fault Tolerant Drives for 
Aircraft Applications," Electrical Systems for Aircraft, Railway and Ship Propulsion, pp. 1-6, 
Dec. 2010 
 
[5] Maddula, S.K., Balda, J.C., "Lifetime of Electrolytic Capacitors in Regenerative Induction 
Motor Drives," Power Electronics Specialists Conference,  pp. 153-159, Jan. 2006 
 
[6] M. Kline, Calculus:  An Intuitive and Physical Approach. Dover Publications, Inc., 1998. 
 
[7] A. Fitzgerald, C. Kingsley, Jr., S. Umans, Electric Machinery. Tata McGraw-Hill Publications 
Company Limited, 2003. 
 
[8] P. Krause, O. Wasynczuk, S. Sudhoff, Analysis of Electric Machinery and Drive Systems. 
John Wiley & Sons, Inc., 2002. 
 
[9] Rajaraman, K., Nagaraja, S. K., "An Elevator Speed-control System Using Squirrel-cage 
Induction Motors."  IEEE Transactions on Industrial Electronics, pp. 164-167, vol. 31, no. 2, 
April 2007 
 
[10] Y. Lee, J. Kang, S. Sul, "Accelerating Feedback Control Strategy for Improving Riding 
Quality of Elevator System," Industrial Applications Conference, 1999, pp. 1375-1379, vol. 2, 
Aug. 2002 
 
[11] B. Chang, Y. Hori, "Trajectory Design Considering Derivative of Jerk for Head-Positioning 
of Disk Drive System with Mechanical Vibration," Proceedings of the 2003 American Control 
Conference, pp. 4335-4340, vol. 5, Nov. 2003 
 
[12] Miu, D.K., Bhat, S.P., "Minimum Power and Minimum Jerk Position Control and its 
Application in Computer Disk Drives," IEEE Transactions on Magnetics, pp. 4471-4475, vol. 27, 
no. 6, Aug. 2002 
 
[13] J. Bollinger, N. Duffie, Computer Control of Machines and Processes.  Addison Wesley 
Publishing Company, 1989.   
 

 


