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1. Description of Problem

What would happen if we used square matrices as coefficients in a poly-
nomial equation?

Example: It is known that x2
− 1 = 0 has two solutions: 1 and -1 by

finding the unique prime factorization: x2
− 1 = (x − 1)(x + 1) = 0. The

idea of unique factorization for polynomials leads to a general theorem for
polynomials over complex numbers, which is the Fundamental Theorem of
Algebra.

For a polynomial equation over matrices, the number of solutions is not
determined by the degree of polynomial. Instead, we cannot know how many
solutions there are simply by looking at the degree. However, we can show
that the number of solutions is bounded by both the size of the matrix and
the degree of the polynomial.

To demonstrate this, we have developed a geometric method of determining
which numbers of solutions are possible. Before explaining this method, let’s
look at a few examples.

2. Examples

Finite Number of Solutions:

Consider X2
−

[

4 0
0 9

]

= 0. How many solutions exist?

Solution: The solution set is:

X =

[

2 0
0 3

]

,

[

−2 0
0 3

]

,

[

2 0
0 −3

]

,

[

−2 0
0 −3

]

.

Infinite Number of Solutions:

Consider X2
−

[

1 0
0 1

]

= 0. How many solutions exist?

Solution: There are infinitely many! One form of a solution is:

X =

[

−1 b

0 1

]

, b is a any number.

Zero Solutions:

Consider X2
−

[

0 1
0 0

]

= 0. How many solutions exist?

Solution: None!

3. Diagram Approach

Consider the matrix equation

M(X) = Xn + An−1X
n−1 + ... + A1X + A0 = 0,

where X, Ai are k × k matrices. We can look at vectors that generate solutions
(the X’s) to see how many solutions are possible. We can create diagrams that
correspond to solution sets. Due to restraints of the size of the matrix (k) and the
degree of the polynomial (n), we get the following conditions for an allowable

diagram:

1. There can be up to kn vectors.

2. Each vector needs between 1 and n values (which are numbers) associated with
it.

3. The total number of values in the diagram must add up to kn.

To form each solution, X, we choose k vectors at a time. In order for the solutions
to have a particular quality called diagonalizability, the vectors cannot lie in
a plane together. In order to better visualize this, we will restrict examples to
k = 3 (or 3-D).

4. Example of Diagram

This diagram is for 3 × 3 matrix equations of degree 2.

The total number of vectors and values adds up to 6, and there is 1 value on each
vector, so this is an allowable diagram. We need to take the vectors 3 at a time
to form distinct solutions. Since there are two sets of triples that lie in a plane,
the number of diagonalizable solutions for this diagram is

(

6
3

)

− 2 = 20− 2 = 18.

5. Results

Proposition 0.1A polynomial M(X) = 0 taken over k × k matrices can

have up to
(

kn

k

)

diagonalizable solutions or infinitely many solutions.

Since there can be up to kn vectors, and you choose them k at a time, then there
are at most

(

kn
k

)

diagonalizable solutions.

Proposition 0.2 If there exists a diagram representing m diagonalizable so-

lutions in Mk for degree n, then there exists a diagram representing m diag-

onalizable solutions in Mk+1 for degree n.

The idea of this is that if you make a di-
agram in a certain dimension, then you
can add a vector sticking out into the
next dimension to make a new diagram.

Proposition 0.3 If there exists a diagram representing m diagonalizable so-

lutions in Mk for degree n, then there exists a diagram representing m diag-

onalizable solutions in Mk for degree n + 1.

We simply assign multiplicities to the values to fix the number of solutions.

20 solutions for k = 3, n = 2. 20 solutions for k = 3, n = 3.

Proposition 0.4For k = 3, n = 2, there are equations corresponding to 0

through 20 diagonalizable solutions except 11.

This is found by forming every diagram possible due to the conditions of k = 3,
n = 2. The question that still remains is:

Why 11?
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