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ABSTRACT
An index for voltage collapse in a power system model with
a general dynamic load is roughly approximated and simplified
using the standard P-6, Q-V decoupling. The simplified index
measures the closeness to bifurcation of the load reactive power
balance equations.

where M = diag(M1,. . . , Mm}, D = diag(D1,. . . ,D m } and
P M = ( P M 1 , . . . ,PMm)T are the generator inertias, dampings
and mechanica! powers respectively. Pc = (POI,. . . ,P G , ) ~ is
the electrical power supplied to the network where
m+n

PO,

1. INTRODUCTION

Voltage collapse in an electric power system is the progressive decrease in voltage magnitudes at load buses leading
to blackout. For reviews and references see [1,2,3]. Although
the specific mechanisms of voltage collapse are not clear, voItage collapse is associated with reactive power supply problems
[4] and bifurcation of equations representing the power system
[1,5]. For example, in a power system model in the form of
differential equations, voltage collapse is associated with bifurcation of equilibria [6,7]. The closeness to bifurcation can be
measured by the determinant A of the system Jacobian and
the condition for bifurcation and a subsequent voltage collapse
is A = 0.
In this short paper we assume a form for the power system
differential equations and calculate the index A. We then make
approximations to reduce the bifurcation condition A = 0 to
the bifurcation of the load reactive power balance equations.
This shows the relation between the voltage collapse bifurcation condition for a power system modelled as differential equations and modelled by static power balance equations. Thus
we reduce the voltage collapse index A to a simpler, approximate index measuring the closeness to bifurcation of the load
reactive power balance equations. The approximation uses the
P-6, Q-V decoupling commonly used in transient stability and
load flow studies.
The main purpose in deriving a simpler, approximate index for voltage collapse is to study the qualitative effect of the
various subsystems or parameters on the closeness to voltage
collapse. (Before the simplification, the index is too complicated for this study.) For example, the effect on the simplified
index of generators reaching their reactive power limits could
be studied. Moreover the approximations made when deriving the index have the effect of eliminating variables in the
power system model which are of only secondary importance
in causing voltage collapse.
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Write P L k and QLk for the real and reactive powers supplied by the network to load bus number IC, IC = 1,. . . ,n. Then
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Each load bus is modelled by the general form

where E l , . . . , E, are invertible 2 x 2 constant matrices. We
write PL= (PLl,. . . ,
and Q L = (QLI,. . . ,Q L , ) ~to put
(2.2) in vector form:

where E is the matrix diag(E1,. . . ,En} with its rows and
columns suitably permuted. E is invertible since E l , . . . ,E ,
are invertible. Equation (2.3) is a dynamic load model which
generalises the induction motor model of Walve [8] used in
[6,7]. It is necessary to assume a general form for a dynamic
load model because little seems to be known about such models.
Note that the (static) load reactive power balance equations.0 = Q L ( V , ~-) g(VL) are obtained from (2.3) by setting
6 = VL = 0. For 6 and 6 small acd of the same order, QLk may
be approximated to O ( b 2 ) by QLk =
Bim+kV,VLkt.
The approximate load reactive power balance equations are
then
0 = Q L P ) - dVL)
(2.4)
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2. POWER SYSTEM MODEL
We suppose that there are m + l generator buses numbered
3. APPROXIMATE DECOUPLING
0 , 1 , 2 , . . . ,m with bus 0 a slack bus and n load buses numbered
1 , 2 . .. , n. The generator voltage angles and magnitudes are
The power system differential equations may be obtained
written as 60 = (601,. . . , 6 ~ and
~ VG
) =
~ (vel,. . . , V G ~ ) ~by rearranging equations (2.1) and (2.3).
and the load voltage angles and magnitudes are written as 6~ =
(6~1,.
. , 6 ~ n and
) ~ VL = (VLi,. . . , VL,)*. We also write 6 =
(0,6,$,6z)T = (60,61,. . . ,~5,+,)~
and V = (Vo,V:,
VT)T =
(Vo,Vi, ...,Vm+n)T andBijLO-:
for theadmittanceofthe
line joining i and j .
The generators are modelled by the swing equations
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The determinant A of the Jacobian J of (3.1) simplifies to

Write IC = (-i)m+ll,vl-ll~~-l and A = k
where A, B,C,D are the submatrices indicated in (3.2).

B,s,
%,%

Now we assume that 6 and 0 are small and of the same
order. Then inspection of
shows that each
of these matrices is O(6). If we further assume that
is 0 ( 6 ) ,
then each element of matrices B and C is O(6). Now we claim
that A = IClAIJDI O(6’). (This may be proved by Laplace
expanding 19) the determinant in (3.3) as the sum of products of
(m+n) x (m+n)minors from the first m+n columns and their
complementary minors from the last n columns and noting
that the minor and complementary minors in each product
contribute a term from each of B and C except for the case of
the product lAllDl.) The matrix D is given by D =
-

&$

+

and can be approximated to O(6’) by D =

-

% 3
& so that

of the main causes of voltage collapse and in calculating approximate solutions for bifurcation points in voltage collapse
studies. A simple example of the latter application is in [7].
Of course, the approximate index is also easier to compute and
is a candidate for monitoring a power system for closeness to
voltage collapse. However, it is not clear that the approximate
index is accurate enough for this purpose.
This paper uses a general dynamic load model but either
omits or models very simply other subsystems that may also be
important causes of voltage collapse. For example, tap-changer
dynamics and generator limits are not modelled. Future work
will attempt to simplify voltage collapse indices for power system models taking account of all the subsystems thought to
cause voltage collapse. If the reduction to an approximate
index describing the bifurcation of the load reactive power balance equations is still possible, then this would demonstrate
analytically the importance of load reactive power balance in
voltage collapse.
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Hence an approximate condition for bifurcation is 1-41 = 0 or
(dl = 0. However we do not expect JAJ= 0 in a voltage
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The main approximations used in Section 3 are of small
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small line angle assumption is a good assumption for normal
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Section 3 proceeds as before but is only accurate to O(6). We
conclude that the approximations seem crude but appropriate
for qualitative studies of voltage collapse.
This short paper shows how a voltage collapse index for
a power system modelled as differential equations may be reduced to a simpler approximate index describing the bifurcation of the load reactive power balance equations. The approximate index is expected to be useful in qualitative studies
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