
PHYSICS OF FLUIDS 17, 082104 �2005�

D

Incipient breaking of unsteady waves on sheared currents
Aifeng Yao and Chin H. Wua�

Department of Civil and Environmental Engineering, University of Wisconsin-Madison, Madison,
Wisconsin 53706

�Received 22 October 2004; accepted 22 June 2005; published online 29 July 2005�

Incipient breaking of unsteady waves on sheared currents is experimentally investigated. A new
wave-generation technique, based on the iterative frequency-focusing concept with the
consideration of effects of Doppler shift and current shear, is developed. The surface displacement,
the wavelength, and the phase speed of waves at the breaking onset on shear currents are measured.
It is found that the steepness of unsteady, incipient breaking waves is altered by the sign and
magnitude of current shear �or vorticity�. A current with a positive shear, as would be the case in a
wind-driven current, reduces the steepness of an unsteady incipient breaking wave. A negatively
sheared current, such as the jet-like ebb current at a tide inlet, leads to steeper incipient breaking
waves. The magnitude of reduction/increase in wave steepness is proportional to the strength of a
current shear. In particular, a negative shear can alter the wave steepness more significantly in
comparison to a positive shear of the same magnitude. Interestingly, the trend of crest-trough
asymmetry with respect to the change of a current shear is in contrast to the limiting wave steepness.
A positively sheared current can dramatically increase crest-trough asymmetry for unsteady waves.
Dimensionless amplitudes of unsteady waves at incipient breaking are well correlated with surface
current drifts. Positive/negative surface drifts lead to the reduced/increased dimensionless wave
amplitudes. However, the change in dimensionless wave amplitude of unsteady waves is much
smaller than that of steady waves. © 2005 American Institute of Physics. �DOI: 10.1063/1.2000276�
I. INTRODUCTION

Incipient breaking of unsteady waves on vertically
sheared currents is of great interest to fundamental fluid dy-
namics research as well as maritime operations. Incipient
breaking is defined as the highest wave just prior to
breaking.1,2 In the ocean, waves tend to be unsteady and
often appear in wave groups.3–5 In addition, waves rarely
propagate without the presence of currents.6,7 There are
many situations where currents are sheared, established by
wind forcing,8 oceanic circulation,9 jet-like ebb tide at river
mouth,10,11 proceeding breakers,1 wake of moving objects,2

stratification, or bottom topography change.6 Evidence of co-
existence of sheared currents and unsteady surface waves is
therefore well recognized. In recent years, a good progress
on quantifying contributions of waves and sheared currents
to momentum, energy, and mass exchanges across the air-sea
interface has been made.12–14 However, a fundamental ques-
tion on how sheared currents affect the onset of unsteady
wave breaking remains open for further research.15

The role of surface current shear in incipient breaking
waves has been addressed from the pioneering study by Ban-
ner and Phillips.16 They showed that a thin wind-induced
drift layer �i.e., a positive shear or a negative vorticity� can
reduce the maximum height of a steady monochromatic
wave at incipient breaking. Several theoretical studies17–21

have further showed that appreciable variations in the steep-
ness and crest shape of limiting can exist, depending on the
magnitude and sign of shear. Detailed laboratory measure-
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ments and numerical simulations by Miller, Nennstiel, Dun-
can, Dimas, and Prostler2 confirmed that the presence of a
surface drift layer with positive shear reduces the maximum
steady wave height. For the onset of unsteady wave break-
ing, the numerical studies by Banner and Tian22 and Banner
and Song23 revealed a tendency of positive shear �wind
drifts� in reducing the limiting steepness. In spite of the
progress, there remains an acute shortage of measurements to
further reveal unsteady incipient breaking waves traveling in
vertically sheared currents.

Difficulty in realizing experiments on unsteady incipient
breaking waves in the presence of sheared currents has been
the main reason that impedes the progress of supportive mea-
surements. The experimental challenge involves simulta-
neously generating unsteady waves on a sheared current. To
create an unsteady wave breaking in the absence of a current,
a dispersive focusing method has been successfully em-
ployed in laboratory facilities.1,24,25 The concept is to arrange
the initial phase shift of each frequency component in a wave
packet so that an unsteady, isolated, extreme, or breaking
wave can be formed. Recently, this method has been ex-
tended to unsteady waves on a depth-uniform current.26 De-
spite the success, a downshifting of the actual focusing po-
sition has been identified.1,27–29 This downshifting issue that
causes the occurrence of unsteady incipient breaking waves
not at the location with the designed current can be a concern
for realizing well-controlled experiments.

In this paper, the downshifting of the actual focusing
position is overcome by an iterative �nonautomated feedback
control� frequency-focusing wave-generation method. In the

following, the experimental approach including wave-current
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flume, the wave-generation method of creating unsteady in-
cipient breaking waves on vertically sheared currents, and
the measurement technique is described in Sec. II. The re-
sults of measured wavelength, wave steepness, crest-trough
asymmetry, and dimensionless amplitude of unsteady waves
at incipient breaking are presented in Sec. III. Finally, the
discussion and summary are given in Secs. IV and V,
respectively.

II. EXPERIMENTAL APPROACH

A. Wave-current flume

The experiment was conducted in a wave-current flume
at the University of Wisconsin-Madison �Fig. 1�. The flume
is 46 m long, 0.90 m wide, and filled with a water depth of
d=0.70 m. A coordination system is defined in which the
z-direction directs upwards from the still free surface, and
the x-direction starts at the vertical position of the flap-type
bottom-hinged wave maker. At the other end of the flume, a
passive absorption wooden frame beach of a 1:10 slope, cov-
ered with 4-in.-thick porous horsehair mats, was installed.
The beach was tested to absorb 95% of incident monochro-
matic waves.26 Coexisting currents were achieved by a bidi-
rectional, controllable centrifugal pump with a closed-loop
pipeline. Following currents �in the same direction of wave
propagation� were introduced by a sloping bed opening cov-
ered with a wire mesh in front of the wave maker. By revers-
ing the pump, the water could go through the beach to create
opposing currents.

B. Generation of sheared currents

A flow-shaping apparatus was devised and installed in
the flume to generate controllable depth-varying current ve-
ownloaded 01 Mar 2007 to 128.104.198.190. Redistribution subject to
locity profiles. The apparatus consists of two parts: a flow
conditioner and a flow straightener �Fig. 1�. The flow condi-
tioner is made from two pieces of 1 /4-in.-thick PVC plates
held by a metal frame. The top PVC plate is perforated with
45% open area, while the bottom one was chosen either solid
or perforated. Varying heights of the top and bottom plates
were used to shape different current velocity profiles. A 2-in.-
thick honeycomb block was placed 0.5 m downstream the
flow conditioner to straighten the flow velocity. In the case of
an opposing current, care was taken in placing the flow
straightener and flow conditioner so that reflection waves
were minimized at the time window of data collection. For
both following and opposing currents, the free surface was
maintained at least 0.1 m above the top of the perforated
PVC plate and the honeycomb block.

A two-dimensional �2D�–three-dimensional �3D� acous-
tic Doppler velocimeter �10 MHz, SonTek, San Diego, CA�
with an accuracy of 0.003 m/s was used to measure the cur-
rent velocity at various water depths. Mean and turbulence
velocities were calculated over 300 s �15 000 data points�.
Two typical mean velocity profiles in the x-direction, U�z�,
are shown in Fig. 2�a�. A following �opposing� current in the
direction of wave propagation is represented by a positive
�negative� velocity. Positive current shear �U�=�U /�z�0�
or negative current shear �U��0� is accordingly defined,
based on the sign of the vertical gradient of a velocity profile
near the free surface. To achieve the velocity profiles shown
in Fig. 2�a�, the flow straightener was placed at x=3.3 m and
x=14.0 m for a following and an opposing current, respec-
tively. In general, the streamwise velocity gradient ��U /�x
�0.02� was approximately one order of magnitude less than
the vertical shear �U�=�U /�z�0.15�, indicating the overall
dominance of the vertical shear. A quasisteady wave-current

FIG. 1. Schematic of the wave-current
flume and experimental setup.

FIG. 2. �a� Mean velocity profiles at
different longitudinal locations for a
following current case 3 and an oppos-
ing current case 6. �b� Mean velocity
profiles laterally across the flume at x
=8.3 m for a following current
�case 3�.
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flow therefore could be achieved where the characteristics of
wave-current interaction are primarily dependent on the ver-
tical current shear.6,30 To avoid wave instability induced by a
surface drift layer,7,31 very strong vertical shear was not at-
tempted here. In the absence of waves, the maximum surface
disturbance of the fast current was less than 0.5 mm. The
maximum lateral variation of the mean velocity profiles mea-
sured at 0.25-, 0.5-, and 0.75-widths of the flume was less
than 5%, as shown in Fig. 2�b�. In all the experimental cases,
the maximum turbulence intensity was measured to be less
than 10% using a time average of the 15 000 instantaneous
velocity data points.

C. Unsteady focused waves on a sheared current

Based on linear wave theory, the free-surface displace-
ment for a dispersive wave packet on a current at the wave
maker position �x=0� is specified as

��x = 0,t� = �
n=1

N

an cos�knx − �nt − �n� , �1�

where an , kn , �n and �n are the amplitude, wave number,
radian frequency, and phase shift of the nth frequency com-
ponent. N=26 components was chosen to evenly distribute
�n within the frequency range of 0.8–1.8 Hz. On a coexist-
ing sheared current, the wave number of each component kn

in the wave packet was calculated using the linear
dispersion relation in the presence of a constant sheared
current,32,33 i.e.,

�n = knUs −
U�

2
tanh knd + ��U�

2
�2

tanh2 knd

+ kg tanh knd	1/2

, �2�

where Us is the surface velocity at the free surface, U�
=�U /�z is the current shear, g is the gravitational accelera-
tion, and d is the water depth. The shear chosen here closely
mimics the shear induced by wind forcing in the field, as
seen in Fig. 2. A power-law wave spectrum was used to
define the amplitude of each frequency component, i.e.,

an = G�kn
0�−1.25, �3�

where G is a gain factorand kn
0 is the wave number of the

corresponding frequency component �n without current. In
this study, an incipient breaking wave is defined as a non-
breaking wave for which even a slight increase in its steep-
ness would cause breaking.1,2 By increasing G, an incipient
wave-breaking condition could be tuned with the aid of vi-
sual inspections.1,2,25,26 Slightly above the incipient condi-
tion, a weak spilling breaker is initiated by the appearance of
small ripples on the forward face of a steep wave crest.34

These ripples have much shorter wavelengths compared to
the input-generated waves so that they are easily discernible.
In the experiment, the wave maker was controlled by a linear
servo amplifier that was fed by voltage signals via a National
Instrument �NI� AT-AO-6 data acquisition board with a 12-
bit digitization �4096 counts� over a range of ±5 reference

volts on a Pentium 133 master computer. The transfer func-
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tion between wave amplitude and voltage can be obtained
�approximately 5 cm/voltage�, yielding an accuracy of
0.012 cm/count for an increment of G. In general, wave
steepness between a weakest spilling breaker and an incipi-
ent breaking wave is found to be less that 0.0015, which is
less than the typical variability of wave steepness for re-
peated experimental runs.

To ensure all the frequency components in a wave packet
were focused at a spatial location xf and at a time instant tf,
each individual phase shift �n is initially set as

�n = knxf − �ntf + 2�m �m = 0, ± 1, ± 2,…� . �4�

Equations �1�–�4� determine the designated time series of
surface displacement generated by the wave maker, given a
prescribed frequency range of a wave packet �n frequency
and focusing time tf and position xf. As described previously,
a transfer function of the wave maker F��n ,an� is required to
transform ��0, t� into the desired voltage input signal. The
installation of the flow-shaping-and-straightener apparatus is
expected to affect the transfer function. Therefore, an
impulse-response method25 within the frequency range of
0.2–2.0 Hz was used to determine any change of magnitude
and phase in the transfer function for each experimental case
of unsteady waves in Table I.

The concept of dispersive focusing method described
above is essentially based on linear wave theory. Downshift-
ing of the actual focusing position of incipient breaking has
been documented,1,26–29 which can be a concern of focusing
incipient breaking at an undesired current shear location. To
overcome this problem, a feedback-control focusing method
is developed in this study. We first examine the phase
��n�meas of each frequency component in the measured time
series of surface displacement ��xf , t� from fast Fourier
transform �FFT� analysis. Then an objective phase function
	n at x=xf and t= tf is set by

	n = ��n�meas − �ntf , �5�

where 	n unwrapped between ±�. If 	n is not zero, a cor-
rection is made to the initial phase shift �n so that a new
input signal can be generated and re-sent to the wave maker.

TABLE I. Experimental cases. The dashes indicate no applicable values of
the focusing position.

Wave frequency
Focusing
position

Surface current
velocity

Surface current
shear

Case f �Hz� xf �m� Us �m s−1� Us�= ��U /�z�s �s−1�

1 0.8–1.8 8.3 0 0

2 0.8–1.8 8.3 0.13 0.15

3 0.8–1.8 9.28 0.167 0.4

4 0.8–1.8 6.9 0.225 0.8

5 0.8–1.8 9.7 −0.10 −0.15

6 0.8–1.8 9.7 −0.20 −0.5

7 1.8 - 0.0 0

8 1.8 - 0.167 0.4

9 1.8 - −0.10 −0.15
After two to four iterations, a very repeatable, unsteady wave
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on a sheared current can be successfully generated at the
prescribed spatial location and time instant.

The overall procedures of focusing a wave packet on a
sheared current are summarized below: �i� a steady current of
a desired vertical shear is created by the flow-shaping appa-
ratus, and current velocity profiles over the depth and along
the wave flume are measured; �ii� a range of wave frequen-
cies �n is chosen and the corresponding wave numbers kn are
calculated using Eq. �2�; �iii� the focusing position xf and
time tf for a specific wave packet on the created current are
selected based on current velocity profiles and the character-
istic propagation speed of the wave packet; �iv� the ampli-
tude an is determined using Eq. �3� and the initial phase shift
�n for each frequency component is calculated using Eq. �4�;
�iv� the residue of he objective phase function 	n is used to
update the initial or previous calculated phase, i.e.,
��n�updated=�n−	n; and �v� step �iv� is repeated until 	n

=0 to ensure the actual focusing of the incipient breaking
condition at the prescribed position xf and time tf.

To examine the effects of vertically sheared currents on
incipient unsteady breaking, a set of parameters �i.e., current
velocity, direction, sign and magnitude of current shear, and
focusing position� was varied in the present experiment, as
shown in Table I. Overall, the repeatability of the incipient
breaking waves on sheared currents was examined from at
least three experimental realizations. The maximum variation
in wave height was found to be less than 4%. The two-
dimensional wave front was confirmed by measuring wave
heights at 0.25-, 0.50-, and 0.75-widths of the flume at the
focusing position xf. The maximum cross-flume variation in
wave height was less than 2%. The deviation of actual fo-
cusing time from the specified one was less than ±0.02 s.
Finally, experiments for monochromatic wave trains by mov-
ing the wave maker in a sinusoidal function were conducted
for the purpose of comparing with the unsteady wave cases.
The amplitude was kept small to have overall wave steepness
below 0.2. Very steep monochromatic waves up to breaking
were not attempted to avoid the Benjamin-Feir stability
problem.7,30

D. Measurement techniques

To measure wave profiles at incipient breaking, an auto-
mated digital imaging system was employed.34 A high-speed
camera �X-Stream VISION XS-3, Integrated Design Tools,
Inc., Tallahassee, FL� fitted with a Nikon lens
�28-mm f /2.8, Nikon Corp., Tokyo, Japan� was used to
record images of fast moving and deforming surface waves
at 100–200 frames/s. The image size is 1260H
1024V
with 8-bit depth. To acquire a complete wavelength �approxi-
mately 2 m�, a back-lighting imaging technique was used. A
wide imaging area was illuminated by a pair of halogen
lights tilted upwards below the surface through the front
sideglass of the flume. A highly reflective thin panel was
adhered onto the back sidewall. The reflective panel served
as an illuminating source for the water column, which even-
tually produced high contrast between air and water in digital
images. After image acquisition, a robust and effective

image-based measurement technique, active contour model,

ownloaded 01 Mar 2007 to 128.104.198.190. Redistribution subject to
was applied to automatically delineate the surface wave
profiles.34 Measurements of wavelength was directly deter-
mined from two consecutive down-crossing points on each
incipent breaking wave profile.

Local wave phase speed was determined by the evolu-
tion of a temporal crest profile. For example, Fig. 3 shows a
temporal evolution of a wave crest profile from the left to the
right, separated by a time interval of 0.025 s. The third crest
profile from the left corresponds to the focusing position.
The wave crest moved at a fairly constant speed of 1.26 m/s
for approximately 0.05 s. This speed should include the con-
tribution from local wave phase speed �C� and surface cur-
rent velocity �Us�. The local wave phase speed, therefore,
was calculated by subtracting the surface current velocity in
the absence of waves.

The time series of water surface displacement were mea-
sured with an array of capacitance-type wave gauges �Pro-
tecno S.R.L., Italy� mounted on movable carriages that travel
on a rail on the top of the flume. During the measurement, all
the movable carriages were locked at the specified positions.
Prior to generating waves on a sheared current, the desired
current was created first and elapsed at least for 1 h to
achieve a steady-state water level, upon which the calibration
of wave gauges was performed. The accuracy of the wave
gauges was approximately ±0.5 mm, in comparison with
video images of the same moving surface acquired by a pla-
nar laser-induced-fluorescence �PLIF� technique.34 The time
series of surface displacement provides an indirect method of
calculating the wavelength. Conventional zero up-crossing
methods35 were used to determine the local wave period
from which the corresponding wavelength was calculated us-
ing a dispersion relation.

III. RESULTS

A. Surface displacement

Success of the new feedback control �or iterative�
frequency-focusing method in generating an unsteady incipi-
ent breaking wave on a sheared current at the specified po-
sition xf and time instant tf is illustrated. Figures 4�a� and
4�b� show the surface displacements and phases calculated
from a single wave gauge fixed at the specified focusing
position xf for experimental case 2 �xf =8.3 m, tf =19 s�.
Since the actual focusing position without phase correction
was downshifted from the prescribed location by approxi-
mately 0.4 m, a lower wave crest �dashed line� and the non-

FIG. 3. Temporal and spatial evolutions of wave crest profiles for case 2.
The solid and dashed lines are separated by a 0.025-s time interval.
zero phases of the frequency components �open circles� were
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observed at xf hrough the iterative focusing procedure, the
phases �closed circles� were converged towards zero so that
the growth of the incipient breaking wave crest on a positive
current �solid line� was clearly observed. Similarly, for the
incipient breaking wave on an opposing current in case 6, the
success of spatial focusing at xf =9.7 m and tf =22 s was
demonstrated the in the time series of the surface displace-
ment in Fig. 5�a� and the phases of all frequency components
in Fig. 5�b�. The iterative focusing method effectively led to
a zero phase for all wave components, yielding an incipient
breaking wave crest at the prescribed position and time to
meet the experimental condition.

B. Wavelength

The wavelengths of unsteady incipient breaking waves
were measured from at least three repeated runs for each

FIG. 4. An unsteady incipient breaking wave on a positively sheared current
�case 2� generated by the iterative focusing method. �a� Surface displace-
ment at the focusing position xf before �---� and after �—� phase correction.
�b� Phase function 	 of each frequency component before ��� and after ���
phase correction.

FIG. 5. Same as in Fig. 4 except for an unsteady incipient wave on a

negatively sheared current �case 6�.

ownloaded 01 Mar 2007 to 128.104.198.190. Redistribution subject to
identical wave and current condition. Figures 6�a� and 6�b�
show the recorded images for unsteady waves at incipient
breaking on the positive and negative sheared currents in
cases 4 and 5, respectively. For better visualization, the ver-
tical scale was stretched by a factor of 4. Table II lists mea-
sured wavelengths for unsteady focusing waves and steady
monochromatic waves in this study. In comparison with the
measured wavelengths in the absence of a current �cases 1
and 7�, a following current lengthens the wavelengths �cases
2 and 8� and an opposing current acts in the opposite way
�cases 5 and 9�, indicating the significant effects of Doppler
shift on wavelength modulation. Surprisingly, on following
currents with increasing surface velocity and positive shear
�cases 2–4�, the measured wavelengths show a slight-
decrease trend, contrary to the previous reported results on
steady waves on sheared currents.36 Two possible explana-
tions are provided here. First, in Eq. �2� the surface current
velocity Us and the current shear U� have opposite signs. As
a result, lengthening of wavelengths on following currents
�Us�0� could be counteracted by positive current shear
�U��0�. Second, it is recognized that nonlinearity can affect
wavelength. As will be discussed in Sec. III C, positive shear
reduces the limiting wave steepness. This reduction is pro-
portional to the strength of the shear. Therefore, the descend-
ing limiting steepness from case 2 to case 4 could lead to the
decrease of the corresponding wavelengths. Overall, Table II
indicates the importance of not only the Doppler-shift effect,
but also the vertical current profile �shear� and the nonlinear-
ity in altering unsteady wave characteristics at incipient
breaking.

FIG. 6. Images for unsteady incipient waves on �a� a positive sheared cur-
rent for case 4 and �b� a negative sheared current for case 5. A horizontal
straight line marks the free surface in the absence of waves. A wave gauge
was placed at the focusing position xf.
A number of analytical dispersion relations for steady
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monochromatic waves on currents of linear32,33,37–39 and ar-
bitrarily depth-varying profiles32,40,41 have been previously
derived. An excellent review on this topic is given by Tho-
mas and Klopman.7 To date, very limited experiments have
been conducted to verify these dispersion relations in the
regime of steady waves.30,36 For unsteady waves, little is
even known about their applicability. In this study, three dis-
persion relations for waves on sheared currents of linear or
arbitrary profiles were used to estimate wavelength. For a
constant shear profile, the linear dispersion relation is the
exact solution of an inviscid Orr-Sommerfeld equation,32

while the third-order dispersion relation is a perturbation so-
lution of a Poisson equation.38 For currents of arbitrary ver-
tical shear, a second-order dispersion relation derived by
Kirby and Chen40 is used.

Table II also compiles a comparison between the mea-
sured and estimated wavelengths in this study. For steady
monochromatic waves �cases 7–9�, the wavelengths esti-
mated by three dispersion relations are in close agreement
with the measurements, consistent with previous experimen-
tal studies.30,36 In particular, the third-order dispersion rela-
tion with a constant shear gives better estimated wavelengths
with only 1.5% error, indicating the importance of wave non-
linearity. Moreover, these experimental results for steady
monochromatic waves confirm the validity of the dispersion
relations to infer wavelengths from the time series of the
surface displacement, since these dispersion relations are es-
sentially developed based on the assumption of steadiness
and periodicity of wave forms. In contrast, for unsteady in-
cipient breaking waves �cases 1–6� in Table II, these disper-
sion relations consistently underestimate the wavelengths up
to 29.4% in comparison to the measurements from image
analysis. Similar results using other dispersion relations7,41

were also obtained, but not shown here for brevity. This un-
derestimation of wavelength is believed to result from the
rapid deformation of the wave profile and the considerable
variation in wave speed during the evolution of a focused
wave packet over one wave cycle.27 In other words, a single
wave period obtained from the time series of a focusing

TABLE II. Comparison of the wavelength using ima

Case
L �cm�

Image measurement Ll �cm�
Linear dispers
relation �Ref.

1 171.79±1.8 149.13

2 202.39±4.5 163.17

3 201.62±2.5 164.08

4 198.70±3.3 165.46

5 165.78±2.1 126.80

6 162.20±5.8 112.11

7 49.22±0.6 48.18

8 64.41±0.8 63.47

9 38.37±0.5 36.80
wave cycle cannot well characterize these unsteady wave

ownloaded 01 Mar 2007 to 128.104.198.190. Redistribution subject to
features. Therefore, one should be cautious in applying the
dispersion relations to estimate the wavelength of unsteady
transient waves.

C. Steepness

The limiting wave steepness is defined as �=�H /L,
where H is the measured wave heights from the trough to the
crest and L is the wavelength determined from two consecu-
tive zero down-crossing points from image analysis. Figure 7
plots the wave steepness versus current shear for unsteady
incipient breaking waves for cases 1–6 in this study. The
vertical bars on wave steepness represent the variability
among repeated experimental runs. The dependence of the
limiting steepness on positive shear is apparent. For ex-
ample, a positive shear in case 4, i.e., �U /�z=0.8 s−1, re-
duced the limiting steepness by approximately 6%, in com-
parison to that in the absence of a current in case 1. This
result is consistent with the reported value for a reduction of
5% in wave height due to a wind-driven positive shear.42

easurements and dispersion relations.

stant shear Arbitrary shear
La

Second-order
dispersion relation

�Ref. 40�

L3 �cm�
Third-order dispersion

relation �Ref. 38�

153.48 149.13

167.22 163.08

168.34 164.53

169.03 167.18

131.31 126.72

113.20 114.54

49.46 48.18

65.38 63.45

38.60 36.82

FIG. 7. Steepness of unsteady waves ��� vs current shear ��U /�z� at incipi-
ent breaking. The vertical bars on wave steepness represent the variability
ge m

Con

ion
32�
among repeated experimental runs.
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Overall, the presence of a positive current shear tends to
reduce the limiting steepness. The magnitude of reduction in
the wave steepness is proportional to the strength of the posi-
tive current shear.

In contrast, the presence of negative shear inhibits the
onset of wave breaking, resulting in an increase of limiting
steepness. In case 6, an opposing current with a negative
shear, i.e., �U /�z=−0.5 s−1, elevated the wave steepness
nearly by 6%. Compared with a positive shear of the same
magnitude, a negative shear appears to be more capable of
modifying the steepness at incipient breaking, consistent
with the trend obtained for steady extreme waves on sheared
current.17,18 However, the limiting steepness for unsteady
waves is lower than that for steady waves. To the best of our
knowledge, measurements on quantifying the role of a cur-
rent shear on unsteady incipient breaking waves have not
previously been reported.

D. Crest-trough asymmetry

The crest-trough asymmetry is defined as the ratio of the
crest amplitude to the wave height, �c /H, where �c and H
are measured directly from recorded images. This parameter
has been widely used as a measure of feasibility of capsizing
a marine vessel.35 Figure 8 plots the crest-trough asymmetry
versus the current shear of unsteady incipient breaking
waves, shown as filled circles. The vertical bars indicate the
variability of the asymmetry among repeated experimental
runs. One can see that �c /H shows a strong dependence on
shear. The presence of a positive shear leads to an increased
crest-trough asymmetry, while a negative shear results in de-
creased asymmetry. Interestingly, the trend of crest-trough
asymmetry under the influence of a sheared current is oppo-
site to that of the limiting wave steepness. An increased �de-
creased� crest-trough asymmetry is found for a positive

FIG. 8. Crest-trough asymmetry ��c /H� vs current shear ��U /�z� at incipi-
ent breaking for unsteady waves from present experiment �filled circles�,
steady waves �solid line with triangles �Ref. 21�� and �solid line with squares
�Ref. 17��. The vertical bars indicate the variability of the asymmetry among
repeated experimental runs. In some cases, the variability is less than the
size of the data marker.
sheared current in spite of a decreased �increased� limiting
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steepness. The modulated crest-trough asymmetry due to the
presence of a current shear obtained in this study is consis-
tent with that of monochromatic steady waves on sheared
currents �shown as triangles and squares in Fig. 8�.17,21 How-
ever, the effect of a sheared current on crest-trough asymme-
try is more pronounced for unsteady waves compared to
those of limiting monochromatic steady waves. Under the
same strength of a current shear, unsteady waves at incipient
breaking generally experience higher crest-trough asymme-
try than extreme steady waves, indicating the significant role
of the vertical current profile �or vorticity� in modulating the
crest-trough asymmetry of unsteady limiting wave profiles.

E. Dimensionless wave amplitude

In this section we further relate shear to the surface drift
in order to correlate with the dimensionless amplitude of
incipient breaking waves. For steady incipient waves, Banner
and Phillips16 theoretically predicted the maximum ampli-
tude �max in the presence of a positive surface drift as

�max =
C2

2g
�1 −

q

C
�2

, �6�

where q is the surface drift velocity at the point where the
wave profile crosses the mean water level and C is the wave
speed. Rearranging Eq. �6� under a deepwater assumption
gives a dimensionless amplitude

Zmax =
2g�max

C2 = �1 −
q

C
�2

. �7�

Through detailed experiments and numerical simulations,
Miller, Nennstiel, Duncan, Dimas, and Prostler2 further
modified the maximum amplitude of steady incipient break-
ing waves17 as

Zmax = �1 −
q

C
�2

− 0.25. �8�

For unsteady incipient breaking waves in the present ex-
periment, Zmax was calculated using Eq. �7�, where C is es-
timated as follows. The current velocity at the free surface Us

in the absence of the waves was used as the surface drift q.
Local wave phase speed C was obtained by subtracting the
measured wave crest speed at the focusing position us Us.
Readers should note that in Banner and Phillips16 q was a
“thin” vortical layer at the surface and the interior flow was
assumed to be irrotational, which is not exactly the same as
Us under a “thick” current shear profile in this study �see Fig.
2�a��. However, as indicated by Milinazzo and Saffman,19

the product of the vorticity �or current shear� and the shear
layer depth provides a good and useful measure of the sur-
face drift velocity. In addition, the limiting wave crest speed
�or limiting wave condition� has only a weak dependence on
the shear layer depth and the main dependence is on the
surface drift velocity. Therefore, the magnitude of Us in this
study may serve as an indicator of the approximate surface
drift q. The purpose of using Us, instead of shear, is to cor-
relate with the dimensionless wave amplitude of wave break-
ing onset. Figure 9 shows the dependence of the dimension-

less amplitude of incipient breaking waves on the normalized
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surface drift, i.e., q /C. The dotted line and solid line repre-
sent the relationship for steady monochromatic waves at in-
cipient breaking from previous studies.2,16 Our measure-
ments for unsteady waves exhibit a similar trend to those two
curves for positive surface drifts in reducing the maximum
dimensionless wave amplitude. In particular, the present ex-
perimental data extend to negative surface drifts �shear�, fa-
voring steeper incipient breaking waves. Moreover, it is
found that the effects of surface drifts �surface shear� on
steady and unsteady incipient breaking conditions are quali-
tatively the same, but quantitatively different �note that there
are two different vertical scales in the figure�. At the same
surface drift, unsteady waves at incipient breaking have
lower maximum dimensionless amplitude than steady waves.
While this difference can be attributed to the effects of sur-
face drift thickness on the modulation of the limiting wave
condition, it is believed to be related to the dependence of
the incipient breaking of unsteady waves on frequency
bandwidth.26 Further study is needed to reveal the role of
surface shear �surface drift16,19� or bulk current shear in con-
trolling the dimensionless amplitude of incipient breaking
waves.

IV. DISCUSSION

To the best of our knowledge, this is the first experimen-
tal effort to confirm the previous computations of incipient
breaking of unsteady waves on sheared22,23 and advance our
knowledge on this topic. Using a fully nonlinear numerical
model, Banner and Tian22 examined the onset of unsteady
waves from self-modulating wave groups on a positive
sheared current. They found that the limiting steepness of
unsteady waves could be reduced up to 16% in the presence
of positive shear �U /z=0.2 s−1. For subsequent improved
self-modulating wave groups on a weaker positive back-
ground shear, Banner and Song23 reported a consistent trend
but a smaller reduction in the limiting steepness. In compari-

FIG. 9. Dimensionless wave amplitude vs normalized surface drift at incipi-
ent breaking for unsteady waves in the present experiment �filled circles�
and steady waves by Banner and Phillips �Ref. 16�, Zmax= �1−q /C�2 �solid
line�, as well as Miller et al. �Ref. 2�, Zmax= �1−q /C�2−0.25 �dotted line�.
son, the wave steepness in the present experiment is even
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lower �i.e., 6% at the maximum positive shear �U /�z
=0.8 s−1� than that of their computation results. This discrep-
ancy might be caused by different wave group structures,
i.e., frequency bandwidth, leading to different subsequent
physical mechanisms to cause incipient breaking waves. In
the present experiment, incipient breaking is generated by
focusing wave packets of a relatively broad frequency band-
width �f / fc=0.769� in a very short time and distance. In
the previous computational studies22,23 the wave group is
relatively narrow banded �e.g., f / fc=0.202� and self-
modulating. As a result, the onset of unsteady wave breaking
could be mainly induced by the Benjamin-Feir instability.
Further discussion on the dependence of wave steepness at
incipient breaking on wave group structure �frequency band-
width, spectral slope� can be found in Wu and Yao.43 Their
results suggest that the wave group structure is operative in
determining the change on limiting steepness of unsteady
waves.

The modified limiting unsteady wave profile due to a
sheared current found in this study has important implica-
tions on the safety of navigation vessels and the design of
marine structures. As shown in Fig. 7, the elevated wave
steepness of the limiting wave can be caused by opposing
currents with negative shear �e.g., inshore waves on ebb cur-
rents in tidal inlets44�. It is known that wave steepness is a
critical measure of navigation hazards at sea. A small vessel
can ride over large and long waves provided they are not too
steep, but large vessels could be significantly damaged or
even capsized by a relatively small but steep wave.45 As
revealed in Fig. 8, the crest-trough asymmetry of limiting
waves could be highly elevated due to positively sheared
currents �e.g., wind driven currents16�. The elevated crest-
trough asymmetry can cause a high wave crest to inundate
the structure far above the waterline crest, yielding tremen-
dous pressure impact loadings of the so-called greenwater
damage.46,47 In addition, the enhanced crest-trough asymme-
try of limiting waves creates severe bow damages of naviga-
tion ships due to a head-on collision of a moving vessel with
a high wave crest. While the present experimental study has
demonstrated the significant effects of a coexisting sheared
current on the limiting wave profiles, the results are limited
to a two-dimensional wave field and a collinear sheared cur-
rent condition. In reality oceanic conditions are by far more
complicated. Future studies on limiting three-dimensional
waves under strong sheared current interactions, rapid vary-
ing bottom topographies, and extreme meteorological forc-
ings in coastal and open seas are highly desired. Recently,
some computational findings in this respect have been
reported,23,48 but further field and laboratory observations are
still needed.

V. SUMMARY

Unsteady incipient breaking wave on both positively and
negatively sheared currents is examined in this study. An
iterative dispersive focusing method has been developed to
generate incipient breaking waves by considering the effects
of current shear and Doppler shift. Measurements of the sur-

face displacement, the wavelength, and the wave phase speed
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were made. Wavelengths measured directly from image
analysis were compared with those inferred from the time
series of the surface displacement using dispersion relations.
Comparisons show that for steady monochromatic waves the
dispersion relations taking into account a current shear work
very well. In addition, a higher-order dispersion relation with
constant shear gives better wavelength estimates with an er-
ror of less than 1.5%, indicating the importance of nonlin-
earity. However, a consistent underestimation of up to 29.4%
is found when the dispersion relations are applied to un-
steady incipient breaking waves, suggesting the significant
modulation of wave characteristics during the evolution of a
focused wave packet.

Wave steepness of unsteady incipient breaking is found
to be altered by the sign and magnitude of a current shear.
Positive current shear �such as that associated with a wind-
driven current� reduces wave steepness, while a negative cur-
rent shear �e.g., one found in an ebb current at a tidal inlet�
acts in the opposite way. The magnitude of reduction/
increase in wave steepness is proportional to the strength of a
positive/negative shear. Negative shear appears to be more
capable of changing the wave steepness in comparison to a
positive shear of the same magnitude. Of interest, the trend
of limiting wave steepness under the influence of a sheared
current is in contrast to that of the crest-trough asymmetry.
Increased crest-trough asymmetry, in spite of reduced limit-
ing steepness, is attained for an unsteady incipient breaking
wave on a positively sheared current rather than on a nega-
tively sheared current.

The dimensionless amplitude for unsteady incipient
breaking is correlated with normalized surface current drift.
Increasing a positive surface drift leads to a reduced dimen-
sionless wave amplitude. On the contrary, a trend of elevated
dimensionless amplitude on increasing negative surface
drifts is found. While the trend of dimensionless amplitude
dependence on normalized surface current drift is consistent
with that of steady monochromatic waves in previous
studies,2,16 the quantitative effects are different. Under the
same surface drift, the unsteady waves would reach incipient
breaking at a lower steepness than steady waves. With in-
creasing surface drifts, the dimensionless amplitudes of un-
steady waves descend at a slower rate than those of steady
waves. These dissimilarities are believed to be related to the
dependence of the incipient breaking of unsteady waves on
frequency bandwidth.26,43
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