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Critical behavior of lattice polymers studied by Monte Carlo simulations
Qiliang Yan and Juan J. de Pablo
Department of Chemical Engineering, University of Wisconsin—Madison, Madison, Wisconsin 53706

~Received 23 March 2000; accepted 12 July 2000!

A newly developed expanded grand-canonical formalism is applied to locate the critical point of
systems of long polymeric molecules. Two polymer systems are investigated in this work; the first
consists of chains in a simple cubic lattice, the second consists of bond-fluctuating molecules. For
the former we simulate molecules of up to 16 000 sites, and for the latter we study molecules of up
to 500 sites. These chain lengths are well above those investigated by all prior simulation studies of
critical phenomena in polymer solutions. Critical parameters are determined as a function of chain
length by means of field-mixing finite-size scaling techniques. Our results for the scaling behavior
of the critical temperature are consistent with literature values. Our results for the scaling of the
critical density, however, indicate that the corresponding critical exponent is higher than that
reported by previous authors. The leading logarithmic term of the finite-chain-length correction to
the critical density is confirmed by our results. ©2000 American Institute of Physics.
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I. INTRODUCTION

There has been a recent, revived interested in the cri
properties of polymer solutions. For polymer solutions,
well-known Ising-like critical scaling laws are found to in
clude prefactors that depend on the degree of polymeriza
n. The following three relationships have been wildly studi
theoretically, experimentally and, more recently, by co
puter simulations:

fcoex
2 2fcoex

1 }n2x1tb, t512T/Tc~n!, ~1!

fc}n2x2, ~2!

TQ2Tc}n2x3. ~3!

Equation~1! describes the shape of the coexistence cu
the exponentb is well known to be the same as that for th
3D Ising model,b50.325. The width of the curve, howeve
does depend on chain length. Experimental data1–3 suggest
that x150.23–0.34. Recent simulation results4 give x1

50.20–0.22.
Equation~2! describes the scaling behavior of the critic

density as a function of chain length. Experimental da1

show thatx250.3860.01. Recent simulation results4–6 for
reasonably long chains also givex250.3860.01; earlier
simulation data gave much lower values forx2 , but the chain
lengths involved in those simulations were not long enou
to be in the scaling regime.7–11

Equation~3! describes the scaling behavior of the critic
temperature as a function of chain length. All reported
sults from experiments and computer simulations agree
the exponent isx350.5.

Theoretical estimates for these scaling exponents, h
ever, are controversial. Mean-field theories12 predict x1

50.25,x250.5, x350.5; de Gennes13 suggested from renor
malization group arguments thatx15(12b)/250.34, x2

50.5, x350.5; Cherayil14 suggested that these exponents
5950021-9606/2000/113(14)/5954/4/$17.00
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governed by the following relations

x21x351, x15x3~12b!, ~4!

which conflicts with the experimental results. Muthukuma15

proposed thatx15x352/9 and x251/3; Most recently,
Frauenkron and Grassberger6 suggested another relation:

x3y<x2 , ~5!

wherey is the universal exponent which governs the dens
of an infinitely long chain coil as a function of temperatur
The most likely value ofy is found to be 1 from simulation
results for extremely long chains ofn up to 106. This new
relationship also appears to be in conflict with experimen
results.

To reconcile these contradictions, Frauenkron a
Grassberger6 suggested that the limiting value ofx2 should
actually be 0.5. The apparent, observed lower value ofx2

from experiments and computer simulations of moderat
long chains arises from large logarithmic corrections. E
perimental data for much longer, monodisperse polym
could help validate Frauenkron and Grassberger’s ar
ments. Unfortunately, such experiments would be difficult
is therefore of interest to ask whether recently develop
simulation techniques can be used to generate critical-sca
data for ultra-high molecular weight polymers and, if so, c
such data provide more definite answers about the crit
behavior of polymer solutions?

In this paper we employ a newly developed expand
grand-canonical formalism16 to study the phase behavior an
critical scaling of polymer solutions on a lattice. The m
lecular weights studied in this work are significantly high
than those studied by previous authors. The results sh
therefore provide much-needed insights regarding the cr
over ~if such a crossover exists! from the experimentally
observed x250.38 to the recently proposed scaling
4 © 2000 American Institute of Physics
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x250.5. Two models are employed in our simulations: t
bond-fluctuation model and a simple cubic lattice model. F
the first model, we simulate chains of up to 500 sites; for
latter model, we simulate chains of up to 16 000 sites.

II. MODELS AND SIMULATION METHOD

We implement our simulations for both, the simple cub
lattice ~SC! model and the bond-fluctuation~BF! model.17,18

In the SC model, each lattice site is occupied by eithe
polymer monomer or a monomeric solvent particle. On
nearest-neighbors interact with each other. In this work
simulate SC model chains of up to 16 000 segments.

In the BF model,18 polymer chains are represented byN
monomer units, each occupying a unit cell of a simple cu
lattice ~eight lattice sites in 3D!. Successive monomers a
connected by bonds that are allowed to take one of 108
sible values. The set of allowed bonds is selected so tha
bond length lies in a prescribed range~2–A10); no two
bonds can cut through each other. All monomer pairs a
distance less thanA6 from each other, bonded or unbonde
experience a constant interaction energy. In this work
simulate BF chains of up to 500 segments.

For SC model simulations, we use a combination
crankshaft and kink-jump moves to displace molecules.
BF model simulations, a combination of reptation a
monomer-hopping moves is used to relax configurations.
details regarding these trial moves, readers are referred t
literature.17,18

For both lattice models, we use an expanded gra
canonical ensemble formalism, proposed earlier in
group16 for fast insertion/destruction of chain molecule
During the simulation, a system consisting ofN normal
chains and a tagged chain. The length of the tagged cha
allowed to fluctuate. Instead of creating or annihilating
whole chain at a time, growing or shrinking attempts a
made for the tagged chain. In this work, we have optimiz
the formalism by carefully choosing the ‘‘chunk-size’’ b
which the tagged chain is allowed to grow or shrink during
trial move.

For both models, the box sizes are chosen such tha
average number of chains corresponding to the critical d
sity is between 30 and 40. For the longest chainn
516 000) studied in this work, the box size is 300, whi
implies that the average number of chains is 38 at the crit
density (fc50.0225). The number of Monte Carlo ste
used to generate the results ranges from 107 to 63107; each
step consists of 500 to 4000 updates, depending on the c
length. For the longest chains, a simulation takes abou
weeks on an Alpha 600 MHz workstation.

Histograms for the joint distribution of number of pa
ticles and total configurational energy are collected dur
the simulations. Multiple overlapping histograms are gen
ated for different temperatures and chemical potenti
These histograms are then combined using reweigh
techniques.19 These techniques are also used to determine
binodal curve for the systems of interest. Mixed-field finit
size scaling methods20–22 are employed to locate the precis
coordinates of the critical solution point.
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III. RESULTS

Figure 1 shows the binodal curve for an520 bond-
fluctuation model chain. Results reported by Wildinget al.5

are also included in the figure for reference. At first glan
there appear to be some deviations between the two se
data. However, it turns out that the discrepancies betw
them is due to the different definition of coexistence dens
employed by Wildinget al. and by ourselves. In our work
we define the coexistence density via the mean value und
distribution peak; Wildinget al. identified it via the peak
value. After calculating peak densities, we found that o
results are in good agreement with those reported by Wild
et al. This comparison serves to establish the correctnes
our simulations.

In order to take finite-size effects into account, we c
culate the critical temperature and critical composition
each chain length at several, different box sizes. Accord
to the theory of finite-size scaling,20–22a plot of critical com-
positionfc versusL2(12a)/n should be a straight line, wher
L is the simulation box size, anda'0.11 andn'0.629 are
universal exponents. Extrapolating the line to infinite syst
size provides an estimate of the ‘‘true’’ critical compositio
Figure 2 shows results for four different chain lengths. Tw
important features can be extracted from that plot. Fi
within the statistical uncertainty of our simulations, the
lines have the same slope. This fact can be used to estim
the ‘‘true’’ critical parameters for longer chains, where it
too expensive to run several simulations with larger b
sizes. Second, we also note that the magnitude of the re
ing ‘‘finite-size’’ correction is in fact smaller than the statis
tical uncertainty of our simulation results. These findin
suggest that finite-size effects will not alter the conclusio
of this work.

Figure 3 shows simulated critical temperatures as a fu
tion of chain length for both lattice models. The plot follow
the Shultz–Flory relationship

1

Tc~n!
2

1

Tc~`!
}

1

An
1

1

2n
. ~6!

FIG. 1. Binodal curve for the BF model withn520. The crosses show dat
by Wilding et al.; the diamonds are data from this work; and the squares
‘‘peak’’ values calculated in this work.
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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Least-square fits of the data indicate that the critical temp
ture for infinitely long chains isTc(`)53.7160.01 for the
SC model andTc(`)52.0860.01 for the BF model. Both
are in good agreement with previously reported values4,6

The high linearities in the figure confirm thatx350.5.
Figure 4 shows a log–log plot of critical compositions

a function of chain length. A small curvature of the data
both models can be inferred from the figure. This sugg
that a simple power-law fit to the data is not appropriate.
any rate, such a fit gives an exponentx250.35–0.48, de-
pending on the interval of data employed for regression.
take the curvature into account explicitly, we used a fu
tional form suggested by Wildinget al.,5 namely fc(n)
5(b11b2nx2)21. In such a fit, we obtained the expone
x250.5160.03 for the BF model, andx250.4760.03 for
the SC model. These values are clearly much larger t

FIG. 2. Finite-size scaling of critical composition for four different cha
lengths. The circles show data forn5200; the squares show data forn
5400; the diamonds show data forn51000; and the stars show data fo
n52000. The lines were fitted to the numerical data.

FIG. 3. Shultz–Flory plot of the scaling of critical temperature with cha
length. The filled triangles show our results for the BF model; the circles
results reported by Wildinget al. ~1996!; the diamonds are our results fo
the SC model, the open triangles are results reported by Frauenkronet al.
~1997!, and the squares are results reported by Panagiotopolouset al.
~1998!. The lines are least-square fits of our simulation results. Error b
are smaller than the symbol size.
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those inferred from experimental data and previously
ported simulation results, but within the uncertainty range
is in agreement with that predicted by the mean-field th
ries, that isx250.5.

As mentioned in the introduction, Frauenkron a
Grassberger6 have recently argued that the deviation betwe
the exponent from experiments and that from mean-fi
considerations is due to finite-chain-length corrections, a
should therefore vanish in the limitn→`. The longest poly-
mers employed in the experiments of Dobashiet al. was ap-
proximately equivalent ton52000 in our SC model. If we
use the results of simulations only up to that limit, a pow
law fit also givesx2'0.38, which is consistent with previou
analyses of experimental data. The simulations reported
correspond to much longer chains; we believe that the c
vature feature observed in the new results lends credenc
the fact that the true asymptotic limit ofx2 should be 0.5.

A few comments on the nature of finite-chain-length co
rections are in order. According to a renormalization gro
analysis,6,23 the leading term of the finite-chain-length co
rections to the critical density is given by

fc}~ ln n/n!1/2. ~7!

To take molecular interaction into account, then in Eq. ~7!
can be replaced byn/n0 , wheren0 is the persistence length
According to this equation, we should get a straight line
we plotnfc

2 as a function of lnn. Figure 5 shows such a plot
the linearity of our two sets of simulation results is satisfa
tory. Note that Fig. 5 only shows the corrections to the me
field prediction; small deviations of the critical density ca
therefore lead to large uncertainties in that plot. The lines
Fig. 5 correspond to best fits of simulation data, which c
respond ton053.360.8 for the SC model, andn051.7
60.3 for the BF model. We have also determined the p
sistence length of our SC chains at the critical point direc

e

rs

FIG. 4. Scaling of the critical density with chain length. The filled triangl
show our results for the BF model; the circles are results reported by W
ing et al. ~1996!; the diamonds show our results for the SC model; the op
triangles are results reported by Frauenkronet al. ~1997!, and the squares
are results reported by Panagiotopolouset al. ~1998!. The curves are fits to
our simulation results~using the functional formfc(n)5(b11b2nx2)21).
The uncertainty of critical density is of approximately the same size as
symbols.
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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from simulations; the values obtained in this manner ra
from 3.0 to 3.9, depending on chain length. These numb
are consistent with the best-fit values of Fig. 5. The leve
agreement shown in the figure provides direct numerical
dence in support of Eq.~7!. Again, this suggests, as implie
by Eq. ~7!, that the asymptotic value ofx2 is 0.5.

A recent study24 of dilute polymer solutions has indi
cated that the subleading ln(lnn)/ln2 n term of the finite-
chain-length corrections for a number of properties of sin
u-chains is of the same order of magnitude as the lead
term, even for relatively long chains. That analysis, howev
was performed on a different model~Domb–Joyce-like! and
at this point it is unclear how it would influence the corre
tions to the critical density observed in our simulations, b
cause the numerical prefactors for our model are not av
able. It is still interesting to point out that the leading ter
@Eq. ~7!# is sufficient to provide a good description of finite
chain-length corrections for our simulations.

IV. CONCLUSION

We have applied our newly proposed expanded gr
canonical ensemble simulation method to simulate the c
cal behavior of polymer solutions. This method has perm
ted study of ultra-high molecular weight chains; the length
the molecules that we have been able to study for the c
lattice model of polymer solutions is an order of magnitu
longer than that examined by previous simulations, a

FIG. 5. The leading logarithmic correction to the scaling behavior of
critical density. The squares are simulation results for the SC model;
circles are results for the BF model; lines are least-square fits to the s
lation results.
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longer than that of the polymers employed in experimen
studies of critical demixing. The scaling behavior of the cri
cal temperature is shown to be as predicted by mean-fi
arguments. More interestingly, in contrast to previous res
of simulations and experiments, our results for the scal
behavior of the critical density are shown to exhibit a cro
over to mean-field behavior in the limit of ultra-high molec
lar weight polymers. A fit to the simulation results gives t
exponentsx250.5160.03 andx250.4760.03 for the BF
and the SC models, respectively. Our simulation results
also consist with the leading term of the finite-chain-leng
corrections to the critical density deduced fro
renormalization-group arguments. Note, however, t
higher order corrections could be as important and contrib
to the deviations from mean-field behavior observed in t
work.
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