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Calculation of interfacial tension from density of states
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A density of states Monte Carlo formalism is used to calculate the interfacial tension of a simple
fluid (3D Ising model and of free-standing polymer films on a lattice. Good agreement is found
between the results of these calculations and literature values. The proposed approach is efficient
and provides the surface tension over a wide range of temperature from a single simulation. It has
the additional advantage of being equally applicable to systems interacting through continuous
potential energy functions, discontinuous functions, and systems on a latticB00® American
Institute of Physics.[DOI: 10.1063/1.1540613

I. INTRODUCTION cial systems. We find that this method is computationally

_ _ . _ efficient, accurate, and permits study of both continuous and
The interfacial properties of a system are of considerablgjiscontinuous potentials, as well as systems on a lattice.
interest, both from a technological and a fundamental per-

spective. As the scale of devices shrink to the nanometer

length scale, interfacial properties are expected to play A METHODS

important role in their behavior. A number of recent studies

suggest that the properties of thin polymer films exhibit fun-A. Calculating the interfacial tension
damentally different properties from the bulk on account of
the interfaces present in these systdmg., different glass
transition temperatuté). In order to study and understand
the properties of ultra small systems, it is important to de- F=—pV+uN+yA, 1)

velop or refine our ability to calculate the interfacial tension,yhereF is the Helmholtz free-energp, is the pressurey is

of relevant interfaces. _ the volume,u is the chemical potentiaN is the number of
One of the most common methods used to calculate inmglecules,y is the interfacial tension, andlis the interfacial

terfacial tension is based on the normal and tangential presyes of the system. This equation can be rearranged as fol-
sure profiles of an interfacial systett For continuous and lows:

differentiable potentials, these pressure profiles can be calcu-

lated by using the Kirkwood or Harashima conventifn$. _F+pV—uN ©
However, in the absence of continuously differentiable po- 4 A '

tentials, such conventions cannot be used. For some SysteMs,q interfacial tension of a system at temperaflirean be

an ar:jalysis of the r::apillafry wave s.pectcﬂﬂ‘lhh?s.beenbpro-d determined from the knowledge of the coexistence properties
pose to extract the surface tensmn.. alculations ase ?L(T),p(T)] and the free-energy of the syst&iT). In this
capillary wave theory, however, require large system size

for th t i t established and rel I ork, a density of states formalism is used to calcufafer
orthe wave spectrum lo get established and refax, as we interfacial system and to determine its coexistence prop-
simulations of different system sizes to study the scaling o

) : ) i rties.
interfacial width. In the case of polymeric systems at tem-

¢ far f the critical point or in the vicinity of th In the case of a grand-canonical simulation at coexist-
peratures tar irom the critical point or in the vicinity o1 e g y0q e probability distribution of the densiB(¢), ex-

Hibits two peaks corresponding to the coexisting phases.

come extremely long, thereby requiring long simulations. AConfigurations corresponding to intermediate densities typi-

different method used to obtain the interfacial tension is

. . . 11 . cally involve the formation of an interface and, therefore,
based on multicanonical simulatidhin the grand-canonical

T % have a much lower probability of occurriridue to the as-
2

ensemble” Such a methOQ’ how'ever, 'S “m'tEd. 0 Situations ¢ jateq free-energy cost of the interface formatiorhe
where grand-canonical simulations are feasible. For lon

gfree—energyF(qﬁ), associated with this probability distribu-

polymers, the required insertion and deletion of chain m0|'t|i8n can be written 42

ecules can be problematic, and alternative approaches cou
be of use. F(¢)=—kgTlogP(¢). 3

~ Inthis paper, we propose a procedure for calculation Ofrpe gifference in free-energy between that of the coexisting
interfacial tensions that relies on a density of states algorithmy, 1 ses F and that of the intermediate configurations
" coexy

and the difference in free-energy between bulk and imerfarnvolving the interfaceF,, provides another route for cal-

culation of the interfacial tension. Formally, this can be ex-
dAuthor to whom correspondence should be addressed. pressed as

For an interfacial system, the Helmholtz free-energy of
the system can be written as
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Fint_ I:coex
=—Qa 4 1600k

B. Density of states

. . 1200}
In order to calculatd=(T) for an interfacial system we __

use a density of states algorithm. The details of the algorithm=2.
can be found elsewhet&™ In brief, a random walk is per- = o |
formed in energy space with probability proportional to =
1/Q(U), whereU is the potential energy anQ(U) is the
density of states of the system. The simulation initially starts
with Q(U)=1 for all U, and gradually converges to the
requiredQQ(U) using a set procedure. Onde(U) is ob-
tained (up to the required accuragythe thermodynamic o , , , , ‘ )
properties can be calculated from the partition function. The -8200 -7800 -7400 -7000
Helmholtz free-energy can be calculated as ]

4001

FIG. 1. Canonical density of states for a simple fl(8® Ising mode) thin
F=—kgTIn % Q(U)exp(—BU) | S fim.

This formalism has been extended to the grand canonical _ S .
ensemblé® where the number of particles in the system is  In the first system molecules occupy an individual lattice
allowed to fluctuate. In this case, the two-dimensional denSite. (This model is equivalent to the 3D Ising modeThe
sity of states()(N,U) is calculated, wherd\ is the number ~canonical density of states simulation was performed for a
of particles in the system. The probability of observing asystem of size 3815x15 comprising 3000 occupied lattice

system having\ particles is given by sites. The grand-canonical density of states simulation was
performed on a smaller system of sizg &<8.

P(N)= 2y (N, U)exp(— U+ BuN) _ (6) The second system consists of free-standing polymer

InZUQ(N,U)exp(— U+ BuN) films on a cubic lattice. The polymer chains are represented

by self-avoiding random walks. The details of this system

peaks of equal area. The chemical poteniiait coexistence 2nd the érpethods used for equilibration can be found
can be determined by manipulating the probability distribu-8!SéWhere. The chain length. considered here is 100 sites.
tion function (through ) until the equal-area criterion is 1N€ number of chainsl; used in this work is 125. All the

met. The coexistence pressupecan then be calculated results are reported in reduced variables, i.e., temperature
from1S T*=kT/e and densityp=No>/V.

At coexistence, this probability distribution exhibits two

(P=2rn 33 QN Ujexp~pU+puN) (7 - RESULTS
N=N, U

Figure 1 shows the density of states obtained for a film

and of the simple fluid. Figure 2 shows the two-dimensional den-
T sity of states used for the calculation of phase coexistence
(p)=—=In > > Q(N,U)exp—BU+ BuN), properties. Using Eq(3), we have plottedF(¢) for T*
VNS, T =0.65 in Fig. 3. Note that the free energy in the interfacial

8 region is flat, thereby indicating that the system size em-
where N, is a threshold number of particles such that forployed in this example is sufficiently large. The valuesyof
N=<N, the system is considered to be a vapor, andNor obtained are in good agreement with literature results and
>N, the system is considered to be a liquid. demonstrate the correctness of the method proposed here. In

The algorithm employed here to calculate the density ofFig. 4, the values ofy obtained from Eqs(2) and (4) are
states gives the relative density of states. In the case of @ompared to those reported in the literatte?® The latter
grand-canonical simulation, the exact value of the density ofesults were obtained from a virtual site removal stratégy
states is known to be unity for a fully-occupied system,and by thermodynamic integratidh;® respectively. Results
thereby providing an absolute value for the density of statefom thermodynamic integration are expected to be more
However, for the interfacial system, only relative free- accurate due to limitations of the site removal straﬂégihe
energies are obtaing® is only known to within an additive agreement between our calculations and the values reported
constank in literature is excellent over the entire temperature range
considered in this study.

The method proposed here provides a means of calculat-
ing y as a continuous function of temperature from a single

We have studied two systems on a simple cubic lattice oimulation. One should note, however, that the free-energy
unit lengtho. The occupied sites on the lattice interact via aobtained from the density of states of the interfacial system
nearest-neighbor potential energy of magnitude is accurate to within an additive constant. This method there-

C. Model
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FIG. 2. Grand canonical density of states for a lattice fi(d® Ising ifferent thicknesses overlap with each other, indicating that

mode). Each individual line represents the density of states at a constan . .
value ofN. For clarity, the density of states shown in this figure correspondtN€ temperature dependence pfs indeed independent of

to a lattice of size %5x5. The results shown in Figs. 3 and 4 were obtained thickness.
on a lattice of size 88x8.

IV. CONCLUSIONS

fore requires calibration with one point to arrive at absolute )
values ofy. We have used the value gfat T* =0.75 (from We have demonstrated the use of a density of states for-

the literaturé®) to calibrate our data. In the case of the grand-malism to calculate the interfacial tension of monomers and
canonical density-of-states simulations, the absolute valugolymers on a lattice. The agreement obtained between this
of Q(N,U) are known and the interfacial tension obtainedMmethod and published literature values is excellent. In the
from Eq. (4) does not require a calibration point. case of a simple lattice fluid, the grand canonical density of
For polymer chains we have determined the coexistencgtates can be obtained with modest computational efforts and
chemical potential through the incremental chain insertiorProvides two routes for calculation of [through Eqs.(2)
method?° Since the temperatures studied in this work are fa@nd (4)]. For long polymer chains, the calculation of the
from the critical point, we have assumed the value of thedrand canonical density-of-states is more demanding and
coexistence pressure to fpe=0. We have considered three therefore only Eq(2) was used in this work.
different film thicknesses to verify the validity of our results; ~ 1he computational cost and time involved in these meth-
the value ofy should not be a function of film thickness. In 0dS is modest compared to that of existing methods for cal-
the absence of a calibration point for this system, we havé&ulation of interfacial tension. This is especially true for
plotted the change in interfacial tensiary as a function of ~ Polymeric systems, where large systems are required for cap-
T* for the three filmgFig. 5. We find that the curves for the
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FIG. 3. Free-energy(¢) from a grand-canonical ensemble simulation, FIG. 5. Change in interfacial tensignwith temperature for polymer chains
showing the free-energy barrier due to interface formation. The synibols of 100 segments on a cubic lattice. Results are shown for three different
V, andl refer to liquid, vapor, and interfacial configurations, respectively. thicknesses.
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