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Improved density of states Monte Carlo method based on recycling
of rejected states
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In this paper a new algorithm is presented that improves the efficiency of Wang and Landau
algorithm or density of states �DOS� Monte Carlo simulations by employing rejected states. The
algorithm is shown to have a performance superior to that of the original Wang-Landau �F. Wang
and D. P. Landau, Phys. Rev. Lett. 86, 2050 �2001�� algorithm and the more recent configurational
temperature DOS algorithm. The performance of the method is illustrated in the context of results
for the Lennard-Jones fluid. © 2006 American Institute of Physics. �DOI: 10.1063/1.2178319�
I. INTRODUCTION

Markov chain Monte Carlo �MCMC� methods are used
extensively to estimate the properties of many-body systems.
These methods generate a Markovian random walk in a mul-
tidimensional configuration space to calculate the properties
of the system of interest.1 To calculate the averages with
greater statistical accuracy, configurations are visited accord-
ing to a set of importance weights that are chosen on the
basis of some prior knowledge of the contribution of con-
figurations to the averages.

Boltzmann weights are commonly used in the context of
statistical physics, but they are not necessarily optimal for a
number of important problems in statistical physics, particu-
larly those related to the calculation of free energies; Boltz-
mann weights assign less importance to configurations hav-
ing high energies, but such configurations could make
substantial contributions to the free energy. Over the years
numerous methods have been developed to calculate effi-
ciently free energies from molecular simulations. These
methods include umbrella sampling,2 multicanonical
sampling,3 and parallel tempering.4 Recently, however, an
algorithm introduced by Wang and Landau5 has offered a
convenient, self-monitoring technique �Wang-Landau den-
sity of states �WLDOS�� to calculate the density of states
�DOS� of a system, starting from a trivial initial guess.

Over the last few years several improvements to the
Wang-Landau method have been proposed.6–9 One improve-
ment that we have found to be particularly effective relies on
the integration of the configurational temperature10 of the
system. We refer to this method as configurational tempera-
ture density of states �CTDOS� Monte Carlo.

All the above free energy techniques, however, are based
on the original rejection scheme of Metropolis et al.,11 where
a random trial displacement from a current state �denoted by
o� to a new state �denoted by n� is generated with probability
��o→n�, and is accepted with probability Pacc�o→n�. The
key point is that the rejected states are never included in the
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estimation of free energies or, for that matter, in the estima-
tion of any observables. Rejected states are simply discarded
and, in some sense, wasted.

Recently, Frenkel has shown that it is possible to include
rejected moves in the sampling procedure and improve the
statistical accuracy of resulting thermodynamic averages.12

Following Frenkel’s idea, in this work we show how rejected
states can be used to enhance the performance of density of
states based simulations.

This paper is organized as follows. First we briefly dis-
cuss the detailed balance condition in WLDOS and CTDOS.
We then explain how rejected states can be included in WL-
DOS and CTDOS simulations. After presenting arguments
that explain the correctness of the procedure, the perfor-
mance of the new methods is examined in the context of a
simple Lennard-Jones fluid.

II. REVIEW OF DENSITY OF STATES BASED MONTE
CARLO METHODS

Monte Carlo simulations are generally based on Markov
chains designed to obey the condition of detailed balance.
That condition ensures that the frequency of transitions from
state o onto state n is balanced by the reverse transitions.
This property of Markov chains is used extensively in the
development of new MCMC algorithms. Note, however, that
the condition of detailed balance is only sufficient but not
necessary, and alternative simulation schemes that do not
satisfy detailed balance can be used to generate an equilib-
rium ensemble of configurations.

Mathematically, the condition of detailed balance can be
stated as

P�o�T�o → n� = P�n�T�n → o� , �1�

where P�s� is the probability of state s and T�s→ t� denotes
the transition probability from state s to state t; the probabil-
ity of the reverse transition is denoted by T�t→s�. The tran-
sition probabilities that appear in Eq. �1� can be further de-
composed into the probability of proposing a transition and

accepting that transition,
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P�o���o → n�Pacc�o → n� = P�n���n → o�Pacc�n → o� .

�2�

If configurations are generated at random, without introduc-
ing a bias, then ��s→ t�=��t→s�; substitution into Eq. �2�
leads to

P�n�
P�o�

=
Pacc�o → n�
Pacc�n → o�

. �3�

In WLDOS and CTDOS the aim is to generate flat energy
histograms; “energy states” are therefore sampled with a
probability inversely proportional to the density of states
��E�. Given that in DOS techniques � is calculated “on the
fly,” in a self-adjusting manner, and given that it is continu-
ously updated throughout the simulation, the condition of
detailed balance is only satisfied approximately. After a suf-
ficiently long run, once � becomes approximately invariant,
detailed balance is achieved if

1

��Eo�
Pacc�o → n� =

1

��En�
Pacc�n → o� , �4�

where ��Es� is the density of states associated with a con-
figuration having energy Es. There are various possible
choices for Pacc�s→ t� which satisfy Eq. �4�. One possibility
is to use the Metropolis acceptance criteria that Wang and
Landau used in their original paper,

Pacc�o → n� = min�1,
��Eo�
��En�� . �5�

Another possible choice for Pacc, which also satisfies Eq. �4�,
is the so-called symmetric rule,13

Pacc�o → n� =
��Eo�

��Eo� + ��En�
. �6�

If configurations are sampled with either of the above
acceptance criteria, the resulting Markov chain satisfies de-
tailed balance condition, giving rise to a uniform energy dis-
tribution. However, as mentioned above, detailed balance is
not a necessary condition; a less stringent “balance” condi-
tion can be implemented, which Manousiouthakis and
Deem14 have shown to be both sufficient and necessary to
obtain the sought after equilibrium distribution. By using this
balance condition, Frenkel12 has formulated an algorithm
that uses both rejected and accepted states in canonical
Monte Carlo simulations.

We also apply the balance condition but we use it to
modify and improve the original WLDOS and CTDOS tech-
niques. In WLDOS, an initial energy range of interest is
identified, Emin�E�Emax, and a random walk is performed
in this range. During the random walk, two histograms are
updated: one for the density of states, ��E�, which represents
the current or running estimate, and one for visits to distinct
energy states, h�E�. Before the simulation begins h�E� is set
to zero and ��E� is set to unity. The random walk is per-
formed by choosing an initial state o in the energy range
Emin�E�Emax. Trial moves are then attempted; moves are
accepted according to criteria given by Eq. �5�. Whenever a

trial move is accepted, a histogram entry corresponding to n
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is incremented according to h�En�=h�En�+1, and ��E� is
incremented according to ��En�=��En�f , where f is an ar-
bitrary convergence factor, that is generally initialized as e. If
a move is rejected, the new configuration is discarded and
the histogram entry corresponding to the old configuration is
incremented according to h�Eo�=h�Eo�+1; at the same time,
the density of states is incremented according to ��Eo�
=��Eo�f . This process is repeated until the energy histogram
becomes sufficiently flat. When that happens, the energy his-
togram is reset to zero and the convergence factor is de-
creased according to f i+1=�f i, where f i is the convergence
factor corresponding to stage i. The process is continued un-
til f becomes sufficiently close to 1 �say, f �exp�10−8��.

III. HERETICAL DENSITY OF STATES BASED
SAMPLING

It has been shown that it is possible to construct a sam-
pling scheme in which, for each state that is sampled in a
given Markov chain, a subsampling of related states can be
performed via an independent Markov web.15 These related
states can be rejected in conventional sampling. This sam-
pling scheme becomes possible because the equilibrium dis-
tribution of all states and the transition rates between all
states are known. This procedure has been previously used to
enhance the statistical accuracy of “mechanical” observables
such as the potential energy. In what follows we present a
method to include rejected states in the calculation of en-
tropic quantities such as the density of states.

In order to include rejected states in the WLDOS algo-
rithm, we replace a single WLDOS step between states o and
n by M, WLDOS steps between them �where M is a very
large number�. The states o and n will be referred to as
microstates and the WLDOS steps as microsteps. These mi-
crosteps are analogous to the sampling of “Markovian web”
in Ref. 15. If out of M WLDOS steps, Mo microsteps are
taken to state o �and Mn microsteps to state n�, and in every
visit to o �or n� � is updated according to ��Eo�=��Eo�f �or
��En�=��En�f�, then in effect after M microsteps ��Eo� is
modified according to ��Eo�=��Eo�fMo �and ��En� accord-
ing to ��En�=��En�fMn, respectively�. In the limit of M go-
ing to infinity, Mo �or Mn� is given by Mo=MP�o� �and
Mn=MP�n��, where P�s� is the probability of visiting state s
during the microsteps. In other words, � is updated accord-
ing to ��Eo�=��Eo�fM*P�o� �and ��En�=��En�fMP�n��. The
factor fM can be thought of as a new convergence factor fnew;
the update equations then become ��Eo�=��Eo�fnew

P�o� and
��En�=��En�fnew

P�n�. Since f and fnew are arbitrary constants,
for clarity we simply use f �instead of fnew� for the conver-
gence factor. The probability P�s� in DOS simulations is
proportional to 1/��Es�; for the microsteps, P�o� is given by
��n� / ���o�+��n�� and P�n� is given by ��o� / ���o�
+��n��. The above step is critical in the working of heretical
sampling and is only possible because the P�o� and P�n� are
known. The transition matrix corresponding to o and n can

be calculated as
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� = �
��o�

��o� + ��n�
��n�

��o� + ��n�
��n�

��o� + ��n�
��o�

��o� + ��n�
	 . �7�

The transition probabilities in Eq. �7� can be used to estimate
modification factors for �.

After the microsteps � is updated according to

��E� = 
��Eo�f ���En�/���En�+��Eo��� if E = Eo

��En�f ���Eo�/���En�+��Eo��� if E = En

��E� if E � Eo or En.
�

�8�

At the end of the M microsteps, the system is either in state
o or in state n, with probability P�o� or P�n�, respectively.
The M microsteps can therefore be replaced by a single mac-
rostep from state o to n, which is accepted according to Eq.
�6�.

Figure 1 illustrates the difference between microstates
and macrostates with an example where the simulation starts
from state s1; a microstate s2 is then generated. State s2 is
rejected in the example and hence is not counted in the mac-
rostates. The new macrostate is again s1, from which a new
microstate s3 is generated; s3 is accepted and is therefore
included in the macrostates. From s3, a microstate s4 is gen-
erated and is again accepted. From s4, the first microstate
that is generated, s5, is rejected; s6 is generated and also
rejected. Finally, s7 is generated and accepted, and is there-
fore included in the macrostates; from s7, microstate s8 is
generated and also accepted, as macrostate. As this example
illustrates, microstates include all the configurations gener-
ated in the simulation, but macrostates include only the con-
figurations that are accepted in the macrosteps.

The configurations sampled in conventional WLDOS
simulations can be viewed as macrosteps; not all the configu-
rations generated in the simulation are used in the estimation
of �. In the method outlined above, however, all the con-
figurations generated in the simulation are used to estimate �
by incorporating them in the microsteps according to Eq. �8�.
We refer to the new method proposed above as WLDOSH.16

The actual algorithmic procedure to implement WL-

FIG. 1. �a� shows a series of microsteps and micros
DOSH is outlined below.
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�1� As in WLDOS, an initial configuration o is generated in
the given energy range Emin�E�Emax.

�2� A trial state n is then generated.
�3� � is modified according to Eq. �8�.
�4� The energy histogram h�E� is not changed during the

microsteps.
�5� The move from o to n can be accepted or rejected by

using any acceptance criteria that satisfy the detailed
balance condition. The symmetric rule of Eq. �6� and
the Metropolis rule of Eq. �5� are two examples.

�6� The energy histogram h�E� is updated as in WLDOS
during the macrosteps.

Before explaining the procedure to include rejected
states in CTDOS simulations, we briefly review the CTDOS
algorithm; the details of the method can be found in the
original publication.10 The temperature of a system is related
to its density of states by Boltzmann’s equation,17

1

T
= � �S

�E


V
= kB� � ln �

�E
�

V
, �9�

Eq. �9� can be integrated to determine �,

ln � = �
Eo

E 1

kBT
dE . �10�

Equation �10� requires that the temperature be known as
a function of energy. Butler et al.18 have shown that an in-
trinsic temperature can be assigned to an arbitrary configu-
ration of a system. This so-called “configurational tempera-
ture” is based entirely on configurational information and is
given by

1

kBTconfig
=

�− �i�i · Fi�
��i�Fi�2�

=
N�E�
D�E�

, �11�

where Fi is the force acting on particle i.
Just as in WLDOS, in CTDOS a random walk is per-

formed over a specified energy range. During the random
walk, two histograms are maintained, one for energy h�E�
and one for ��E�. Two property accumulators, one for the
numerator of Eq. �11�, N�E�, and one for the denominator of
Eq. �11�, D�E�, are also maintained; T�E� is calculated from
N�E�, and D�E� according to T�E�=N�E� /D�E�. T�E� is
later integrated using Eq. �10� to get ��E�. In CTDOS,

. �b� shows a series of macrosteps and macrostates.
tates
where � is calculated from the ensemble average of the
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Tconfig, the property accumulators have to be modified to in-
clude rejected states. We now describe the modification of
the accumulator in terms of an arbitrary measurable quantity
F�E�. To include rejected states in our sampling procedure,
we need to maintain another histogram, N�E�, which keeps a
track of all the configurations generated in the simulation. If

F�E� has an average F̃�E�, and we generate two microstates
o and n, then F has a value of Fo or Fn, respectively. The

cumulative value of the accumulator F is F̃�E�N�E�M̃�E�,
where M̃�E� is the average number of visits to an energy
state E in the microsteps. Now M regular WLDOS steps are
performed between the two states o and n; out of a total of M
microsteps, Mo are to state o and Mn are to state n. The new

cumulative sum gives F̃�Eo�N�Eo�M̃�Eo�+FoMo and

F̃�En�N�En�M̃�En�+FnMn; the new average for F�E� be-
comes

F�Eo� =
F̃�Eo�N�Eo�M̃�Eo� + FoMo

M̃�Eo�N�Eo� + Mo

, �12�

F�En� =
F̃�En�N�En�M̃�En� + FnMn

M̃�En�N�En� + Mn

. �13�

The counters N�Eo� and N�En� are incremented by unity to

register the generation of o and n states. The average M̃�E� is
also modified to include Mo and Mn. Rearranging Eqs. �12�
and �13� we have

F�Eo� =
F̃�Eo�N�Eo� + Fo�Mo/M̃�Eo��

N�Eo� + Mo/M̃�Eo�
, �14�

F�En� =
F̃�En�N�En� + Fn�Mn/M̃�En��

N�En� + Mn/M̃�En�
. �15�

In the limit of infinite M, and therefore infinitely large M̃�E�,
the sample size can be taken as M̃�E� and Mo /M̃�Eo�
�P�Eo� and Mn /M̃�En��P�En�. Substituting the values for
Downloaded 23 Feb 2007 to 128.104.198.190. Redistribution subject to
P�Eo� and P�En� in Eqs. �14� and �15� we arrive at

F�Eo� =
F̃�Eo�N�Eo� + Fo���n�/���o� + ��n���

N�Eo� + ���n�/���o� + ��n���
, �16�

F�En� =
F̃�En�N�En� + Fn���o�/���o� + ��n���

N�En� + ���o�/���o� + ��n���
. �17�

In order to include rejected states in CTDOS, we need to
accumulate N and D in the manner described above to cal-
culate Tconfig. A detailed algorithmic procedure of the pro-
posed new scheme is given below; we refer to this technique
as CTDOSH.16

�1� As in CTDOS an initial configuration o is generated
between the given energy range Emin�E�Emax.

�2� A trial configuration n is generated.
�3� Then the accumulators N�E� and D�E� are updated ac-

cording to equations below,

N�Eo� =
N�Eo�N�Eo� + No���n�/���o� + ��n���

N�Eo� + ���n�/���o� + ��n���
, �18�

N�En� =
N�En�N�En� + Nn���o�/���o� + ��n���

N�En� + ���o�/���o� + ��n���
, �19�

D�Eo� =
D�Eo�N�Eo� + Do���n�/���o� + ��n���

N�Eo� + ���n�/���o� + ��n���
, �20�

D�En� =
D�En�N�En� + Dn���o�/���o� + ��n���

N�En� + ���o�/���o� + ��n���
. �21�

�4� The histogram entries for Eo and En in N�E� are incre-
mented by unity.

�5� Again, as in WLDOSH, h�E� is not modified in the
microsteps.

�6� The move from o to n is accepted or rejected according
to appropriate detailed balance criteria.

�7� As the data for configurational temperature in the initial
stages are not very accurate �due to a gross violation of

FIG. 2. Expanded scale of the density of states for the
LJ fluid calculated by four different techniques, WL-
DOS �solid�, WLDOSH �dot-dot line�, CTDOS �dash-
dash line�, CTDOSH �double dash-dash line�. The inset
shows the density of states calculated by the four tech-
niques over the entire energy range considered in this
work.
 AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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detailed balance�, the histogram corresponding to the
configurational temperature is reset in the initial stages
of the simulation.

We now address the conditions under which WLDOSH
and CTDOSH methods are correct. As mentioned before,
WLDOS and CTDOS never satisfy detailed balance exactly.
In the later stages of the simulation, detailed balance is sat-
isfied to within a small error. Earl and Deem have shown that
for adaptive Monte Carlo techniques such as WLDOS and
CTDOS to work detailed balance has to be only satisfied
asymptotically.19 In the remainder of our discussion we ne-
glect these small violations of detailed balance. The mi-
crosteps and macrosteps are performed in WLDOSH and
CTDOSH in a predetermined sequence, and these stochastic
processes do not satisfy the condition of microscopic revers-
ibility. We therefore show under what conditions they satisfy
the weaker balance condition. For a stochastic process to
satisfy the balance condition it should be ergodic, it should
be Markovian and, finally, it should preserve the invariant
distribution.

The first condition is that these stochastic processes
should be Markovian. At the level of macrosteps, the move-
ment from one state o to n is a random process having no or
limited memory of earlier steps, and we have a Markov
chain. Once we have a Markov chain at the level of mac-
rosteps, the balance condition requires that the Markov chain
preserve an invariant distribution. As for the macrosteps, we
are using the acceptance criteria of Eq. �6�, which satisfy
detailed balance and are therefore bound to preserve the sta-
tionary distribution. Finally, for the systems and moves for
which ergodicity can be assumed, the methods, WLDOSH
and CTDOSH, satisfy the balance condition of Earl and
Deem. The resulting stochastic chain should therefore con-
verge to the correct distribution.

IV. RESULTS FOR LENNARD-JONES FLUID

In the remainder of this paper we present a numerical

comparison of the performance of the WLDOS, CTDOS,
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WLDOSH, and CTDOSH algorithms. We refer to the WL-
DOSH and CTDOSH algorithms collectively as “heretical
methods,”16 and to the WLDOS and CTDOS algorithms as
“conventional methods.” To compare the performance of the
above methods, we calculate � for a truncated-and-shifted
Lennard-Jones fluid �the potential energy is truncated at rc

=2.5��.
Our simulations were conducted in a cubic box of length

L=6.3�, with N=250 particles. The dimensionless density of
the system is �*=� /�3=1.0 well within the liquid regime.
The energy range is set to −1650�E /��−1500. The simu-
lations are started with a convergence factor f =e, and are
terminated when it falls below exp�10−10�. As expected, all
methods converge to the same �. Figure 2 shows the �
estimates from the above four methods.

To measure the performance of the methods we compare
the statistical error in the estimates of �. For each of the four
methods, a set of six independent simulations were con-
ducted, using the same code but different random number
seeds. The standard deviation in the specific heat in a set of
six simulations for each specific method is taken as a mea-
sure of the statistical error for that method. The specific heat
was calculated at a range of temperature from T*=0.95 to
T*=1.0. Figure 3 shows the error obtained in specific heats at
different temperatures and the inset of Fig. 3 shows the value
of specific heat at different temperatures. Table I shows the
average statistical error over the whole temperature range in
the specific heat for the four techniques. The CPU time in-
vested in the conventional and heretical calculations is the
same. There is a small CPU time overhead in configurational

FIG. 3. Statistical error in the specific heat calculated at
different temperatures �note that the y axis is in log
scale�. The inset shows the specific heat values at dif-
ferent temperatures.

TABLE I. Error in the specific heat Cv calculated by WLDOS, CTDOS,
WLDOSH, and CTDOSH

Method Error

WLDOS 0.0190
WLDOSH 0.0108
CTDOS 0.0080

CTDOSH 0.0027
 AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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temperature calculations due to the calculation of Hessians.
The errors show that CTDOSH is better than WLDOS by a
factor of 50 in terms of statistical accuracy. One important
thing must be noted: the efficiency of the schemes presented
above depends on the efficiency of the underlying moves
used to sample configuration space. The schemes presented
above help only in extracting a maximum amount of infor-
mation from the trial configurations, but do little to improve
the decorrelation between successive configurations. For
EXEDOS-type simulations,7 where a large set of different
configurations can correspond to the same value of the order
parameter, the above schemes could be even more useful
because of the ability to make use of all the generated con-
figurations.

V. CONCLUSIONS

We have presented new variants of previously available
density of states algorithms that include rejected states in the
estimation of �. The new methods are useful because they
are simple to implement and therefore preserve the elegance
of the original Wang-Landau algorithm; with almost negli-
gible computational cost, one can achieve considerable gains
in statistical accuracy �for the specific heat a 50 fold in-
crease�. This extension is very general in that the rejected
states for other types of free energy calculations, such as
multicanonical, umbrella sampling, etc., can be also used in
the same manner presented here to improve the accuracy of
the resulting free energies.
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