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A model of Newtonian glass fiber drawing at fixed temperature in the unsteady range~the draw ratio
E.20.22) is considered. In this range under steady boundary conditions, as is well known, the draw
resonance instability sets in, resulting in self-sustained oscillations. These oscillations lead to a
periodic variation of the cross-sectional radius of the fiber. In the present work we consider the case
where the spinline radius varies periodically. Such a variation may result from flow oscillations in
the fiber forming channels in the direct-melt process, or from the variation of the preform
cross-sectional radius in drawing of optical fibers. When this variation takes place in the rangeE
.20.22, the self-sustained periodic oscillations of the draw resonance are replaced by quasiperiodic
and periodic~mode-locked! subharmonic or~under the appropriate conditions! chaotic oscillations
~strange attractors!. The routes to chaos found in the present work include~1! smooth period
doubling bifurcation of~any! mode-locked periodic solution,~2! abrupt explosions of quasiperiodic
solutions. The predicted chaotic variation of the spinline radius at the winding mandrel may result
in a similar variation of the cross-sectional radius of the solidified fibers. ©1999 American
Institute of Physics.@S1070-6631~99!01411-7#
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I. INTRODUCTION

Glass fibers are used for air filtration, thermal and el
trical insulation, plastics reinforcement, for manufacturi
the glass textile products, optical communications, etc.1,2 In
the direct-melt processes fibers are formed by drawing m
ten glass from heated furnaces~sometimes called ‘‘bush
ings’’!, whereas optical fibers are drawn from solid prefor
heated in a furnace or directly by laser beams.1–4 The pre-
forms are created using a modified chemical vapor dep
tion process~MCVD! ~Ref. 5! or a nonsymmetric depositio
process~N-MCVD!.6

Molten glass is a Newtonian fluid with a strong depe
dence of viscosity on temperature. Drawing of glass fiber
typically dominated by viscous forces modified by heati
and cooling of the threadline. Under appropriate conditio
perturbations introduced in a molten threadline lead to
instability referred to as draw resonance.7–9 It sets in both
isothermal and nonisothermal cases. In Ref. 7 it was sh
that in the former case the draw resonance sets in when
draw ratioE5V1 /V0 exceeds a value close to 20 (V0 andV1
3201070-6631/99/11(11)/3201/8/$15.00
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are the input and the output velocities in the threadline!.
In Ref. 8 it was shown that the instability evolves to

stable limit-cycle solution: periodic self-sustained oscil
tions, e.g., of the cross-sectional radius of the drawn fib
The instability manifests itself in the form of propagatin
waves of swelling and contraction of the cross section wit
wavelength of the order of the threadline length.

In Refs. 10 and 11 it was shown that the bifurcation
E520.22 corresponding to the isothermal draw resonanc
supercritical. Further bifurcations at higherE were not found
~including the cases with nonisothermal spinni
conditions9,12–15!, which means that the structure of the dra
resonance instability as a Hopf bifurcation survives even
der nonisothermal conditions. Heat removal stabilizes
spinning process leading to an increase~sometimes signifi-
cant! in the threshold value of the draw ratio which can b
come much larger than 20.22 predicted for the isotherm
case.9,12–15 The theoretical findings on the heat removal e
fect on the draw resonance instability are fully supported
experimental data.16,17 Also an isothermal drawing of New
1 © 1999 American Institute of Physics
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3202 Phys. Fluids, Vol. 11, No. 11, November 1999 Yarin et al.
tonian liquids was realized in model experiments8,18 which
showed, in agreement with the predictions, that the insta
ity sets in as soon as the draw ratio reaches a value clos
E520.

It is emphasized that the threshold valueE520.22 was
obtained theoretically in the framework of the quasi-on
dimensional description of the molten threadline.7–9,15Com-
parison of the theoretical and experimental data in Refs
and 15 showed that a simple quasi-one-dimensional des
tion is a good approximation for both direct-melt and ev
laser drawn processes. It is also known to be very accura
description of other longwave phenomena and instabilitie
free liquid jets and films of Newtonian and non-Newtoni
liquids.15,19–23

In the above-mentioned stability studies boundary c
ditions for the molten threadline were fixed, and the dr
resonance instability set in and developed itself into a li
cycle only due to the on-line perturbations. A possible var
tion of the input parameters and winding velocity was a
counted for only in the rangeE,20.22 in the previous pub
lications to study fiber sensitivity to the extern
perturbations.7,14,15In reality, however, variation of the inpu
parameters and take-up velocity is inevitable also in the
percritical regimes.3 Oscillations of the input parameters
glass fiber drawing are related to the processes taking p
in the tank furnace. Considerable thermal inertia of the e
tric furnaces makes temperature stabilization difficult, wh
causes oscillations of the boundaries of the melting zo
This, in turn, results in flow oscillations in the fiber formin
channels and oscillations of the threadline radius at the ch
nel exit. Changes in composition of the glass, loading
glass marbles by a local feeder during some limited ti
intervals, etc. have a similar effect. In optical fiber drawi
similar perturbations can be introduced by a nonuniform d
tribution of the cross-sectional radius over a solid prefor
In practice it is important to understand the reason and
nature of the perturbations, since this information can
used to develop sensors for controlling the thickness of g
fiber during production by means of automatically regul
ing, for example, the temperature in the electric furnace
cording to the thickness of the glass thread.

The results of several experimental investigations~e.g.,
Ref. 24, and references therein! show ‘‘... that a change o
thickness of glass fiber length-wise is a random process
and the corresponding correlation function decays expon
tially. Draw resonance, being a periodic process, canno
responsible for this picture. A possible source for the rand
unevenness of drawn fibers may be random noise enteri
threadline. This, however, should lead to random pertur
tions for any drawing speeds, which is not the case; they
seen at the fibers drawn only at high enough speed~cf., e.g.,
Ref. 3!. In the present work we explore another possibil
and show that randomness may be generic for fiber draw
with high enough speeds characteristic of the draw resona
in the case when additional periodic perturbations enter
threadline from the channel/nozzle or a preform. To sh
that this scenario is, in principle, possible, we use the s
plest Newtonian isothermal quasi-one-dimensional mode
threadline. We show that a nonlinear interplay between
Downloaded 24 Feb 2007 to 128.104.198.190. Redistribution subject to A
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periodic perturbations of the input radius of the threadl
and the draw resonance instability may lead to evolution
the limit-cycle solution to periodic~ultrasubharmonic! solu-
tions and quasiperiodic tori which themselves bifurcate
sulting in strange attractors corresponding to chaotic va
tion of the output radius~cf. Ref. 25!.

In Sec. II the problem is formulated, and some know
relevant results of linear stability analysis are presented
Sec. III. The bifurcation structure of the nonlinear problem
obtained numerically and presented in Sec. IV. Conclud
remarks are given in Sec. V.

II. PROBLEM FORMULATION

The quasi-one-dimensional equations of continuity a
momentum balance read, respectively,7,9,1,26

]a2

]t
1

]a2V

]x
50, ~1!

ra2S ]V

]t
1V

]V

]x D5
]

]x S 3ma2
]V

]x D1rga21s
]a

]x
. ~2!

Heret is time,x is the longitudinal coordinate along the fibe
axis,a is the cross-sectional radius~the fiber is assumed to b
axisymmetric!, V is the longitudinal velocity,r is the den-
sity, m is the viscosity~the flow is considered to be isothe
mal and the fluid is assumed to be Newtonian with a cons
viscosity; 3m is the Trouton viscosity!, s is the surface ten-
sion,g is the gravity acceleration. In the last term in~2! it is
also assumed thata, x2!1 which is a plausible approxima
tion for glass fiber drawing. The momentum Eq.~2! incor-
porates all the relevant effects, namely, the inertial, visco
gravitational, as well as those due to surface tension.

The equations are rendered dimensionless by the foll
ing scales: the threadline lengthL-for x, the take-up velocity
V1-for V, L/V1-for t, and a0 /E1/2-for a ~where a0 is the
unperturbed upstream radius of the threadline!. As a result,
the dimensionless continuity equation keeps the same f
as in~1!, whereas the momentum equation takes the follo
ing form:

C1a2S ]V

]t
1V

]V

]x D5
]

]x S a2
]V

]x D1C2a21C3

]a

]x
, ~3!

where

C15
Re

3
•

L

a0
, C25

Re

3•Fr S L

a0
D 2

, ~4!

C35
Re•E1/2

3•We
•

L

a0
, ~5!

Re5
ra0V1

m
, We5

rV1
2a0

s
, Fr5

V1
2

ga0
, ~6!

and bars over the dimensionless variables are dropped.
The values of the parameters involved are as follow

r53000 kg/m3, s50.25 N/m, m5105 Pa s ~which corre-
sponds to an optical fiber glass at the temperature about 1
K!, take-up velocity of the order ofV150.05 m/s~3 m/min!,
initial fiber radiusa050.005 m, and the threadline lengthL
IP license or copyright, see http://pof.aip.org/pof/copyright.jsp
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3203Phys. Fluids, Vol. 11, No. 11, November 1999 Newtonian glass fiber drawing: Chaotic variation of . . .
50.15 m. The data correspond to the device and proces
parameters described in detail in Ref. 27. The correspon
values of the Reynolds, Weber, and Froude numbers ar
follows: Re57.5•1026, We50.15, and Fr50.051. Also
L/a0530. Therefore the parametersC12C3 in ~3!–~5! have
the following values:C157.5•1025, C250.0441, andC3

50.00224 ~for E520). These estimates unambiguous
show that in the optical fiber drawing processes of interes
the present work the effects of inertia, gravity, and surfa
tension may be neglected as compared to the viscous
~the first one on the right in~3!!. Indeed, the inertial term is
of the order of 1024, the gravity termO(1022), the surface
tension termO(1023), whereas the viscous termO(1). Such
a conclusion is also supported by Ref. 28, where a poss
capillary instability of molten threadlines due to surface te
sion is attributed only to overheated liquids with low flo
velocity—the regimes which could~and should! always be
avoided in practice. At much higher velocities than those
interest here, e.g., characteristic of high-speed drawing
glass or polymer fibers with the take-up velocities of t
order of 103 m/min ~Refs. 2 and 29!, inertial effects cannot
be neglected in the momentum equation, and the air d
force should be incorporated. These regimes are not in
scope of the present work, where in the light of the abo
estimates, all the terms in the momentum equation~3! con-
taining the factorsC12C3 can be in principle neglected
However, in the numerical simulations of Sec. IV all the
terms are accounted for. Their effect was checked
proven once more~as, e.g., in Ref. 23! to be minor under the
conditions of interest in the present work.

III. BOUNDARY CONDITIONS AND RELEVANT
LINEAR RESULTS

In the steady state a solution of the dimensionless eq
tions is subject to the following boundary conditions:

x50: a5E1/2, V5E21, ~7!

x51: V51, ~8!

which means that the input cross-sectional radius and ve
ity are given, together with the take-up velocity.

The analytical linear analysis of the small perturbatio
is possible only in the case where the secondary effects
lated with the inertial, gravitational, and surface tens
forces are neglected completely~otherwise the analysis ma
be done only numerically, see Sec. IV!. Since the physica
estimates presented in Sec. II justify this in the case un
consideration, a viscosity dominated version of the mom
tum Eq.~3! emerges, namely,

]

]x S a2
]V

]x D50, ~9!

together with the continuity Eq.~1! ~both dimensionless!.
The steady-state solution of these equations reads

as5E~1/2!~12x!, Vs5Ex21, ~10!

where subscripts stands for ‘‘steady.’’
The perturbed solution of~1! and ~9! was found in Ref.

7 in the following form:
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a5as~11a!, V5Vs~11b!, ~11!

where a and b are the small perturbations subject to t
following boundary conditions:

x50: a50, b50, ~12!

x51: b50. ~13!

The linearized solution fora reads7

a5eLtF~x!, F~x!5E
0

x

expS LE12x

ln E Ddx, ~14!

where the eigenvalueL can be found from the following
spectral equation:

L52
F~1!

*0
1E12xF~x!dx

. ~15!

At E,20.22 the spectral Eq.~15! possesses only the solu
tions with negative real partL r , defining asymptotically
stable solutions~established first in Ref. 7!. At E520.22 the
nondecaying small oscillations set in corresponding to
solution of ~15! L' i •0.693, wherei is the imaginary unit.
This is a classical Hopf bifurcation. At 20.22,E,49.98 the
solutions of~15! include a pair of complex conjugate solu
tions with positive real partL r . The corresponding linea
perturbations grow in time, and the draw resonance sets
Some of the relevant eigenvalues found from~15! are listed
in Table I, whereL i denotes the imaginary part ofL.

At E.20.22, the instability of the steady solution~10!
results in a bifurcation to a new solution. Under the fix
boundary conditions it represents itself the self-sustained
cillations ~a limit-cycle solution! illustrated by the numerica
results depicted in Fig. 1 which is discussed in more detai
the next section.

In the present work, however, we allow for a period
variation of the input fiber radius as discussed above, so
~7! and ~8! are replaced by the following boundary cond
tions:

x50: a5E1/2~11d cosvt !, V5E21, ~16!

x51: V51, ~17!

with d and v being the perturbation amplitude and fr
quency.

In the present work we study numerically nonlinear s
lutions of the governing Eqs.~1! and ~3! subject to the

TABLE I. Spectrum~15! of the linearized stability problem.

E L r L i

19 20.0111 0.731
20.22 0 0.693
21 0.00495 0.6723
25 0.01918 0.5869
28 0.0258 0.5369
30 0.029 0.508
35 0.0349 0.4497
IP license or copyright, see http://pof.aip.org/pof/copyright.jsp
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3204 Phys. Fluids, Vol. 11, No. 11, November 1999 Yarin et al.
boundary conditions~16! and ~17! at E.20.22. This means
that we introduce a local fluctuation upstream and watc
grow downstream.

IV. NUMERICAL SOLUTION AND BIFURCATION
STRUCTURE OF THE NONLINEAR PROBLEM

In this section we present the numerical results obtai
from simulation of the continuity Eq.~1! and the full mo-
mentum Eq.~3! with time dependent boundary conditions~at
x50) ~16! and~17!. A modified version of the algorithm o
Refs. 23, 26, and 30 was used in the present work.
initial-value problem~1! and ~3! was solved by a direct im
plicit scheme of the Crank–Nicholson-type. Nonsymmet
approximations were used for]a/]x, and symmetric ones
for ]V/]x and ]2V/]x2, with the accuracyO(Dx2). The
time derivatives]a/]t and]V/]t were approximated using
two-layer scheme with accuracyO(Dt). Some more details
on the numerical implementation may be found in Ref.
and 26. In all the calculations the dimensionless parame
had the following values: Re57.5•1026, We50.15, Fr
50.051, L/a0530, and thusC157.5•1025, C250.0441,
andC35O(1023). The values ofC3 correspond to the val
ues of E which varied in the range 19,E<100 from one

FIG. 1. ~a! The phase plane describing the fiber midlengthx50.5. Limit-
cycle behavior~draw resonance! at ~1! E528, ~2! 250, and~3! 2100. No
forcing, d50. ~b! The profilea(1,t) corresponding toE5100,d50.
Downloaded 24 Feb 2007 to 128.104.198.190. Redistribution subject to A
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numerical experiment to another. Note that at the fixed v
ues of the other parameters such a variation inE means that
the input velocity varied from one numerical experiment
another.

A. The unperturbed problem „d50…

The numerical simulations of the full set of the gover
ing Eqs.~1! and~3! reveal the draw resonance instability an
transition to periodic flow in an unperturbed problem at t
value of the draw ratio close toE520.22 which was ob-
tained via the linear analysis in Sec. III, where the second
effects were neglected. This supports our expectations b
on the physical estimates of a real drawing process give
Sec. II, that the inertial, gravitational and surface tens
forces are not important in the present case. Similar con
sions for the same range of the parameters were describ
Refs. 23 and 26.

As noted in the previous section forE.20.22, a self-
sustained limit cycle evolves as the steady fixed point so
tion loses its stability. This limit cycle is stable and grows
size with growing values ofE as is depicted in Fig. 1~a!,
which illustrates the fiber midlength phase plane (a(0.5,t),
V(0.5,t)). The degree of complexity~loss of circularity! of
the phase plane is apparent for largeE. The profilea(1,t) at
E5100 is shown in Fig. 1~b!. Note that the degree of solu
tion nonlinearity is also depicted by the amplitudes of t
harmonics in the power spectra in Figs. 2 and 3 that co
spond to limit cycles 1 and 3 of Fig. 1. We summarize t
change in radiusDa5amax2amin and self-sustained limit
cycle frequencyv lc in Fig. 4. We note that the degree o
nonlinearity is portrayed by the difference between the lin
frequency approximation~i.e., the complex part of the eigen
valuesL i in Table I! and those obtained from the nonline
simulation,v lc .23

B. The perturbed problem „d>0…

The fundamental solution of the periodically perturb
self-excited limit cycle is a quasiperiodic torus that is gen
ated for an exciting frequencyv that is incommensurate with
that of the self-sustained limit cycle. This solution is po

FIG. 2. Power spectrum that corresponds to the limit cycle atE528 @curve
1 in Fig. 1~a!#.
IP license or copyright, see http://pof.aip.org/pof/copyright.jsp
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trayed in Fig. 5, where we combine the phase plane cont
ing the unperturbed limit cycle 1 with the Poincare´ map
(a(0.5,t), V(0.5,t)) corresponding to the excited flow stro
boscopically sampled (t5vT) each forcing frequencyv.
Note that the sampled points follow the contours of the
perturbed limit cycle phase plane. It is emphasized that h
and hereinafter the qualitative character of the Poincare´ maps
does not change irrespective of the choice of the cross
tion, wherea and V were sampled. As predicted by theo
~cf. Ref. 25!, the forced fundamental quasiperiodic soluti
is replaced by a periodic~mode-locked! ultrasubharmonic
(mv'nv lc ; m andn are integers! solution above a certain
threshold controlled by the system parameters. A per
doubled solution~defined by two Poincare´ points! is depicted
in Fig. 6 for excitation near twice that of the unperturb
limit cycle ~v51, v lc'0.42) for the case ofE530. An in-
crease inE with constantv ~or alternatively change inv for
E5const) yields a period-four subharmonic forE550 (v lc

'0.24). The periodic mode-locked solutions are organi
in the stability parameter space~v, d, E! in the form of
wedges~or Arnold tongues obtained for a circle map31! sepa-
rating the quasiperiodic solutions. For increasing forcing~d!
the distinct structure is broken and complex periodic a

FIG. 3. Power spectrum that corresponds to the limit cycle atE5100@curve
3 in Fig. 1~a!#.

FIG. 4. Limit cycle radiusDa and frequencyv lc as functions of the draw
ratio. No forcing,d50.
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aperiodic solutions coexist with strange attractors. Two
amples of strange attractors are depicted~d50.1, v51! in
Figs. 7 and 8 forE530 andE550, respectively, and the
corresponding fiber profilesa(1,t) in Figs. 7~b! and 8~b!.
Note the degree of complexity increases as the solutions
more of the system phase space with increasing nonlinea
Furthermore, the threshold of stability of the mode-lock
solutions decreases with increasingE.

It is emphasized that, in spite of the temporal complex
of the results shown in Figs. 7~b! and 8~b!, the shapes of the
whole fiber in the drawing zone do not differ too much fro
those corresponding to draw resonance~cf., for example,
Fig. 6 in Ref. 23!. Namely, the perturbation waves propaga
ing over the threadline represent themselves very long wa
with the wavelength of the order of the whole drawing zon
This observation allows us to concludea posteriori that the
solutions obtained do not contradict the assumptions of
quasi-one-dimensional approximation under which the g
erning equations are valid. This observation also allows u

FIG. 5. The phase plane of the unperturbed flow containing limit cycle~1!
combined with the phase plane~2!, and the Poincare´ map of the excited flow
~d50.01,v51! depicting two sampled points.E530, x50.5.

FIG. 6. The phase plane of the limit cycle 1 of the unperturbed flow, and
phase plane of the excited flow~d50.04,v51! combined with the Poincare´
map of the latter containing two points~symbols! which corresponds to
period doubling.E530; x50.5.
IP license or copyright, see http://pof.aip.org/pof/copyright.jsp
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conclude that the irregular behavior depicted in Figs. 7~b!
and 8~b! consists of spatially coherent temporal cha
Whether any additional routes to chaos can emerge in a f
three-dimensional case, where intermediate length sc
violating the quasi-one-dimensional assumptions can app
is ~as in many other cases known in literature! an open ques-
tion at present, since such three-dimensional calculat
challenge the current tools. Moreover, the fact that even
problems solvable numerically without simplifications in t
governing equations are inevitably subject to truncation
rors affecting the bifurcation transfer energy to lower sca
stresses the idea that ‘‘true’’ chaotic motions may be,
principle, incomputable in their full detail.32

C. The bifurcation structure and routes to chaos

As noted above, the solution structure is organized i
classical Arnold tongue wedges which overlap for large p
turbation. We identify two distinct mechanisms for evolutio
of the fundamental solution to chaos;~i! a smooth period-
doubling transition of a fundamental periodic solutio
(2nT). This bifurcation emerges within the mode-locke

FIG. 7. ~a! Strange attractor ford50.13, v51, andE530. The Poincare´
map was sampled atx50.5. ~b! The corresponding fiber profilea(1,t).
Downloaded 24 Feb 2007 to 128.104.198.190. Redistribution subject to A
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wedge for constantE, v and increasing forcingd; ~ii ! an
abrupt explosion from the fundamental quasiperiodic so
tion to a chaotic one. For relatively smallE ~e.g.,E530) the
chaotic attractor~Fig. 7! is confined by forward (4T,8T,...)
and reverse (8T,4T,2T) period doubling bifurcations~Fig.
9!. With increasingE, additional solutions in the form o
quasiperiodic tori~Fig. 10 for E550) appear and break th
forward period-doubling bifurcation sequence within t
wedge with a strange attractor~Fig. 11!. These additional
quasiperiodic solutions correspond to the domainQs in Fig.
12 (E550) which is absent in Fig. 9 (E530). Also the

FIG. 8. ~a! Strange attractor ford50.1,v51, andE550. The Poincare´ map
was sampled atx50.5. ~b! The corresponding fiber profilea(1,t).

FIG. 9. Forward period doubling route to chaos, and reverse period d
bling after the strange attractor disappears.E530. QL corresponds to qua-
siperiodic solutions, 2nT to period doubling routes andCL to the domain of
the strange attractor.
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domain of the smaller strange attractor that occupie
smaller part of the phase space~see Fig. 11 and domainCs in
Fig. 12! was not revealed for smallerE ~cf. Fig. 9!. After the
small strange attractor disappears the forward period d
bling sequence reveals a large strange attractor~domainCL

in Fig. 12! similar to that found forE530 ~cf. Fig. 9!. After
all this strange attractor is broken by a reverse period d
bling route~Fig. 12!.

The physical mechanism that drives the boundary-va
problem considered is a specific form of periodic bound
excitation of an~unperturbed! stable flow that exhibits a fun
damental periodic state. The latter is the draw resonanc
the present case.

This mechanism consists of periodic forcing in the fo
of ~local! parametric excitation of a coupled set of self e
cited oscillators~e.g., forced van-der Pol oscillators! that re-
veals both~i! the global bifurcation phenomena of inte
changing quasiperiodic tori with periodic mode-lock
~ultrasubharmonic! oscillations for an incommensurate
commensurate frequency ratio or irrational/rational rotat
~cf. Ref. 33!; ~ii ! period-doubling cascade of a fundamen
mode-locked solution. Both of the noted phenomena c
tinue to evolve~with changing parameters! and lose their
stability culminating with~several! distinct types of chaotic
strange attractors.

The parametric excitation of a continuum dynamical s
tem via periodic boundary excitation yields the fundamen

FIG. 10. The Poincare´ map atE550 for a ‘‘small’’ quasiperiodic solution.
Exciting amplitude and frequencyd50.03 andv51, respectively. Sampled
at x50.5.

FIG. 11. The Poincare´ map atE550 for a ‘‘small’’ strange attractor. Ex-
citing amplitude and frequencyd50.04 andv51, respectively. Sampled a
x50.5.
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Floquet structure~for weak forcing! that demonstrates a pe
riod doubling instability.34 However, the existence of a ‘‘hid
den’’ frequency~of the unperturbed problem! that interacts
with that of the excitation brings forth the quasiperiodic a
mode-locked attractors confining the period doubling c
cade in a limited parameter space.

Finally, we note that additional forms of periodic boun
ary excitation may not bring forth the phenomena noted
the parametrically excited forcing may not interact direc
with the fundamental~unperturbed! periodic solution. This
can be seen in the direct~external excitation, Ref. 35! and
indirect ~parametric via vertical or horizontal boundary exc
tation! oscillations of an inverted pendulum which yield
‘‘kaleidoscope of different stable oscillations’’.36 This ex-
plains why in an additional series of computations we ha
not been able to obtain an aperiodic response for the dr
fiber on the fluctuations of the input and output veloc
alone. These perturbations in the studied range of parame
simply do not lead to bifurcations towards chaos, whic
however, does not preclude them to generate an aperi
response for other parameter sets~which may be, however
physically unrealistic!. We can conclude that fluctuations i
the input radius can be the main source of chaos.

V. CONCLUDING REMARKS

The cross section of Newtonian isothermal fibers m
vary nonperiodically ~quasiperiodically or chaotically! at
draw ratio E about 30 and more under the conditions
periodic variations of the input cross section. The route
chaos may be smooth, via period doubling, or explosive,
abrupt disappearance of quasiperiodic solutions. As a re
of period doubling or abrupt explosion of quasiperiodic s
lutions a strange attractor sets in. We note that this irreg
behavior, which consists of spatially coherent tempo
chaos in the quasi-one-dimensional fiber model, indicate
corresponding three-dimensional instabilities but that furt
work ~e.g., experimental and numerical! is required to re-
solve whether the strange attractors found correspond to
tially coherent temporally chaos in a fully three-dimension
model.

FIG. 12. The bifurcation structure atE550. QL indicates quasiperiodic
solutions corresponding to a ‘‘large spot’’ on the Poincare´ map similar to
that of Fig. 9. 2nT, the domains of period doubling.QS indicates the domain
of the quasiperiodic solutions corresponding to a ‘‘small spot.’’Cs indicates
the domain of a small strange attractor exemplified, e.g., by Fig. 11.CL

indicates the domain of a large strange attractor like that of Figs. 7 and
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The model problem considered mimics glass fiber dra
ing processes. In the direct-melt processes fibers are for
by drawing molten glass from heated furnaces and the
stream perturbations can set in mainly due to the ther
inertia of the furnace. In the fiber drawing from solid pr
forms a nonuniform cross-sectional radius of the latter can
a source of the upstream perturbations. The results obta
point out on a possibility that drawn fibers may be perturb
nonperiodically. The experimental data of Ref. 24 and re
ences therein show that this, indeed, can take place in g
fiber drawing.
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