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Stability of viscoelastic shear flows subjected to parallel flow
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Steady viscoelastic shear flows in curved geometries are susceptible to instabilities due to the radial
force associated with elastic stresses along curved streamlines. Recent work has shown that the
addition of steady or oscillatory shear flow in a transverse direction~orthogonal superposition! can
suppress these instabilities. The present work instead investigates the effect of oscillatory parallel
superposition, for the particular case of circular Couette flow. For flow of an Oldroyd-B fluid, the
oscillation has a weak stabilizing effect if the oscillation amplitude is not too large. If on the other
hand, the oscillation amplitude is such that the angular velocity of the moving cylinder changes sign
over part of the cycle, the flow is destabilized. However, in the limit where the motion is purely
oscillatory ~i.e., large amplitude oscillatory shear!, the flow is stabilized relative to steady circular
Couette flow with the same maximum shear rate. Finally, in the limit where curvature goes to
zero—plane Couette flow—parallel superposition makes the already stable flow slightly more
stable, increasing the decay rate of fluctuations in the range of parameters studied. Furthermore,
two-dimensional disturbances are the most slowly decaying; we have extended Squire’s theorem in
this case to encompass an arbitrary time dependence. ©2000 American Institute of Physics.
@S1070-6631~00!01211-3#
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I. INTRODUCTION

Beginning with the work of Larsonet al.,1 hydrody-
namic instabilities due to elastic effects in inertialess flo
have been extensively studied this decade. Their analys
circular Couette flow of an Oldroyd-B fluid showed a mech
nism of instability tied to the development of non-unifor
azimuthal normal stresses that resulted in radial motions
ing rise to fully three-dimensional flow. The occurrence
this transition was also confirmed experimentally in a Bo
fluid. In an Oldroyd-B fluid, the criterion for instability to
occur is thate1/2Weu5O(1), where Weu is the azimuthal
Weissenberg number ande is the gap width, nondimension
alized with respect to the radius of the cylinder. The tran
tion occurs as a Hopf bifurcation with nonaxisymmet
modes2,3 being the most dangerous and nonlinear analys3,4

predicting that these modes are subcritical. Experiments
Baumert and Muller5 have revealed that these transitio
may actually be preceded inWeu by a transition to a very
weak, axisymmetric cellular flow. A plausible theoretical e
planation of this observation has been given by A
Mubaiyedhet al.6 By including heat generation and nonis
thermal viscoelastic effects in their analysis, they predict

a!Author to whom correspondence should be addressed. Electronic
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instability quite consistent with the experiment
Computations7–9 and experiments10 show that finite gap ef-
fects are stabilizing.

In this work we investigate the effect of superimposing
secondary flow on the circular Couette flow. Recent stud
by Graham4 and Ramananet al.11 have shown that superpo
sition of flow in the transverse~axial! direction, i.e., orthogo-
nal superposition, has a significant effect on the stabi
characteristics of the circular Couette flow. In particular,
thogonal superposition may appreciably delay the onse
instability in this flow geometry. A dominant balance anal
sis with steady axial flow and axial Weissenberg num
Wez@1 shows that the condition for instability becom
Weu5O(e21/2Wez): i.e., the regime of stable flow increase
linearly with Wez ; axial wavelengthsl of O(We) are the
most unstable. Computationally, we find that this scaling
gime begins at roughlyWez51; significant stabilization can
be achieved even with an axial shear rate that is smaller
the azimuthal by a factor ofe1/2. Nonaxisymmetric perturba
tions, which are actually the most destabilizing in the a
sence of axial flow, are very strongly suppressed, occur
only when Weu5O(e21/2Wez

2). The scaling analysis also
reveals the mechanism of stabilization, which is simple a
robust. The axial shear induces axial stresses, particularl
axial tensiontzz. This acts like the tension in a stretche
membrane, resisting deformation, with short wavelengths
ing resisted more than long. The results above reflect h
il:
2 © 2000 American Institute of Physics
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large Weu and l must become for the destabilizing hoo
stress term to compete with the axial tension in the lead
order momentum balance. In effect, stabilization of the fl
is obtained by using viscoelasticity against itself.

In applications, an oscillatory transverse flow is likely
be more feasible than a steady one. In this case an addit
parameter, the transverse Deborah number arises,Dez

5lv, wherev is the angular frequency of the oscillatio
Now Wez represents the maximum axial shear rate. We
also arrive at scaling results in this situation.11 When Dez

5O(1) these collapse to the steady case above. WhenDez

5O(Weu) and Wez5O(1), corresponding to anO(e1/2)
strain, there is no stabilization. In contrast, whenDez

5O(Weu) and Wez5O(e21/2), corresponding to anO(1)
strain, stabilization is essentially complete: instability do
not arise untilWeu5O(e21) rather thanO(e21/2). All of
these scaling results have been corroborated by nume
linear stability analyses in the circular Couette and De
geometries.4,11 Nevertheless, we also find two regions
instability—when the external forcing frequency is close
the inverse of the relaxation time and when the frequenc
close to zero. In both these cases the instability is a sync
nous resonance bifurcation, i.e., the frequency of the bi
cating solution equals the forcing frequency. Consistent w
the analysis of Davis and Rosenblat12 we find that the zero
frequency limit is singular with the response of the dist
bance containing large temporal increases at time inst
close to 1/4 and 3/4 of the time periodT of oscillation, cor-
responding to the instants when the local axial shear ra
close to zero. This singular transient behavior can be un
stood in a crude sense on the basis of a quasisteady a
ment. Addition of steady axial flow at smallWez is
destabilizing;4 accounting for the axial reflection symmet
of the flow, the instantaneous growth rate is thus roug
proportional to sin(4pt/T). Integrating the growth rate to
yield the amplitude gives maxima att5T/4 andt53T/4 as
found in the exact computation. We note that in principle t
quasisteady approach can be made rigorous in the low
quency limit by application of the WKBJ method.

The present work extends the methodology of Rama
et al.11 to the superposition of parallel flow in the circula
Couette geometry by modulation of the inner or outer cyl
der rotation rate. This subject has been exhaustively stu
for the classical Newtonian Taylor–Couette flow; for a r
view refer to Donnelly.13 In the case when the base flow
generated by the inner cylinder, Hall14 showed that modula
tion of the inner cylinder rotation rate is destabilizing. Giv
the same base flow, Walsh and Donnelly15 showed signifi-
cant stabilization when the modulation was imposed on
outer cylinder. The stability of the Newtonian fluid in th
geometry is governed by the interaction of centrifugal forc
generated by base flow and the modulation. For the z
Reynolds number viscoelastic flow that we are analyz
here, we ask whether we can use parallel superpositio
stabilize the flow. Further, we seek to understand the in
action between the material time scale given by the re
ation time of the fluid and the external forcing. In particula
it is of interest to investigate whether the parallel superpo
Downloaded 08 Mar 2007 to 128.104.198.190. Redistribution subject to A
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tion would result in nontrivial regions of instability that de
pend on shear rate and frequency, as is the case in orthog
superposition.

In the limiting case of a narrow gap, and azimuthal wa
number of disturbances is on the order of the gap width,
circular Couette flow analysis reduces to that of plane C
ette flow. Therefore, some stability results are also prese
for parallel superposition in this case. We have also sho
that Squire’s theorem extends to time-dependent base s
in this situation, so two-dimensional disturbances are
most slowly decaying.

II. FORMULATION

A. Circular Couette flow

We consider the inertialess flow of an upper convec
Maxwell ~UCM! or Oldroyd-B fluid in the annular region
between infinitely long circular cylinders. We assume th
the annulus is open, i.e., we do not impose a constrain
the net axial flow rate. The fluid has relaxation timel; the
polymer and solvent contributions to the viscosity arehp and
hs , respectively, with the ratiohs /hp denoted byS. The
inner cylinder, with radiusR1 , is rotating with angular ve-
locity V1Vd sin(vt), while the outer cylinder, with radius
R2 , is stationary~Fig. 1!. WhenV ,VdÞ0 we have circular
Couette with superimposed parallel Couette~CCPC! flow.
Similarly, whenV50, VdÞ0 we recover the large ampli
tude oscillatory shear~LAOS! limit and with Vd50, VÞ0
we have the pure circular Couette limit.

The dimensionless momentum, constitutive, and co
nuity equations are

“•t2“p1WeuS“2v50, ~1!

t1WeuS ]
t

]t
1v•“t2~t•“v1~t•“v!T! D

5Weu~“v1“vT!, ~2!

“•v50, ~3!

wherev is the velocity,p is the pressure, andt is the poly-
mer stress tensor. No-slip boundary conditions are impo
at the two cylinders. WhenVÞ0, the azimuthal Weissenber
number,Weu , is defined by

Weu5
lV~12e!

e
, ~4!

FIG. 1. Schematic diagram of the circular Couette geometry.Vd50, V
Þ0 reduces to pure circular Couette flow whileV50, VdÞ0 corresponds
to large amplitude oscillatory shear.
IP license or copyright, see http://pof.aip.org/pof/copyright.jsp
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where

e5
R22R1

R2
. ~5!

Similarly, whenV50 andVdÞ0, Weu is defined by replac-
ing V with Vd in Eq. ~4!. The Newtonian fluid is recovere
for S→` with the pressurep rescaled accordingly. Note tha
e/(12e) measures the maximum streamline curvatu
Length is scaled with the gap widthR22R15eR2 and stress
with hp /l. Velocity is scaled with the speed of inne
cylinder rotation (12e)R2V and time is non-
dimensionalized bye/„(12e)V…. The dimensionless flow
domain is $(r ,u,z):@(1 2e)/e#,r ,(1/e) ,0,u<2p, 2`
,z,`%. We define a new radial coordinate,r5r 11
21/e, so thatr50 is the inner cylinder andr51 the outer.

Analytical solutions for the base state velocitiesv̄ and
polymer stressest̄ for the LAOS and CCPC flow are give
in the Appendix. Our interest is in the stability of these s
lutions to infinitesimal perturbations. We define a vector
perturbations u5( t̃ rr ,t̃ ru ,t̃ rz ,t̃uu ,t̃uz ,t̃zz,ṽ r ,ṽu ,ṽz ,p̃),
where, for example,t̃uu5tuu2 t̄uu . It has been shown by
Larsonet al.1 that the relevant regime for instability to occu
is whenWeu5O(e21/2). This magnitude ofWeu is neces-
sary for the destabilizing hoop stresst̃uu /r to appear in the
leading order perturbation momentum balance. We enfo
this scaling in our work by defining anO(1) scaled
azimuthal Weissenberg numberWp such that Wp
5e1/2Weu . Following Larsonet al.1 and Graham,4 the per-
turbations are scaled as follows:t̃ rr 5O(1), t̃ ru

5O(e21/2), t̃ rz5O(1), t̃uu5O(e21), t̃uz5O(e21/2), t̃zz

5O(1), ṽ r5O(e1/2), ṽu5O(1), ṽz5O(e1/2), and p̃
5O(1). This scaling is identical to the leading order scali
of the base state velocities and stresses. Further, as in
mananet al.,11 we rescale to the ‘‘low frequency’’ regime
such thatv5v1e1/2 and time scale adjusted accordingly
t5t1e21/2, wherev1 andt1 areO(1). Settingv150 in this
regime gives us the pure circular Couette limit. The ‘‘hig
frequency’’ regime is obtained forv5O(1) or v1

5O(e21/2). Here the forcing frequency is on the order of t
azimuthal shear rate.

To analyze the stability of the CCPC flow we expand t
perturbation vector using disturbances of the form

u5df~r,t !ei (az1nu)1O~d2!, ~6!

where f5( t̂ rr (r,t),t̂ ru(r,t),t̂ rz(r,t),t̂uu(r,t),t̂uz(r,t),
t̂zz(r,t),v̂ r(r,t),v̂u(r,t),v̂z(r,t)) anda andn are axial and
azimuthal wave numbers, respectively. It has been show
Joo and Shaqfeh16 for the circular Couette instability that fo
non-axisymmetric modes to appear in the leading or
equationsn must be scaled to beO(e21/2). We implement
this scaling in CCPC flow by definingñ5e1/2n5O(1). We
also examine the regime wheren5O(e21). At these large
values ofn, Weu must beO(e21) for curvature driven insta-
bility to occur in the absence of modulation; we include th
case since the possibility remains that modulation mi
drive an instability. To leading order ine, this situation is
equivalent to the plane Couette geometry considered ne
Downloaded 08 Mar 2007 to 128.104.198.190. Redistribution subject to A
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B. Plane Couette flow

In the plane Couette geometry we consider flow betwe
two infinitely long plates that are moving in the oppos
directions~Fig. 2!. We find this geometrical arrangement
be computationally more favorable in preserving the symm
try of the solution as compared to one with one plate fix
and the other moving. We use a Cartesian coordinate sys
with the flow direction denoted byx, the gradient directiony
and z being the neutral direction. In our modulated syste
the two plates are moving in thex direction with speeds
6 1

2 (V1Vdsin(vt)). VÞ0 andVd50 gives us the plane Cou
ette flow while nonzeroV andVd results in the plane Couett
with superimposed parallel Couette~PCPC! flow. As in the
circular Couette flow, the ratio of the amplitudesVd /V is
defined to bex. The fluid properties are as defined earlie

In this geometry, the length is scaled by the gap wid
between the plates,h, and velocity is nondimensionalize
with twice the steady plate velocity,V. Time is scaled with
the shear rateV/h and stress withhp /l. The conservation
equations are given by~1!–~3! in Cartesian coordinates with
Weu replaced byWex where

Wex5
lV

h
. ~7!

The dimensionless flow domain is$(x,y,z):2`,x,`,
21/2,y,1/2,2`,z,`%. The base state solutions t
flow governed by such kinematics is given in the Append
We define the perturbation vectoru5( t̃xx ,t̃xy ,t̃xz ,
t̃yy ,t̃yz ,t̃zz,ṽx ,ṽy ,ṽz ,p̃). In contrast to the circular geom
etry, all stresses, velocities, and frequency are specified t
O(1). Linear stability analysis is carried out with distu
bances given to be

u5df~y,t !ei (kx1mz)1O~d2!. ~8!

As above,f(y,t) contains the Fourier mode amplitudes, d
noted with carets. By deriving an extension to Squire’s th
rem to time-dependent viscoelastic base flows, we show
for a givenk, the least stable mode hasm50, allowing us to
restrict our numerical analysis to two-dimensional pertur
tions. We considerk5O(1) here which corresponds ton
5O(e21) in the circular geometry.

III. STABILITY AND NUMERICAL ANALYSIS

After applying spatial discretization, our problem has t
form

Eu̇5A~ t !u. ~9!

FIG. 2. Schematic diagram of the plane Couette geometry.Vd50, VÞ0
reduces to pure plane Couette flow.
IP license or copyright, see http://pof.aip.org/pof/copyright.jsp
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A(t) is a matrix with time periodic coefficients such th
A(t)5A(t1T), whereT is the period of the forcing func
tion. The stability of this type of problem is determined b
the application of Floquet theory.17 The solutionu(T) at t
5T, given the initial vectoru(0), can bewritten in the form

u~T!5F~T!u~0!, ~10!

so F(T) is the monodromy matrix, whose eigenvaluesb,
known as Floquet multipliers, determine the stability of t
system. Stable and unstable behavior are indicated byubu
,1 and ubu.1, respectively. The Floquet exponents is
defined by the relation

b5exp~s T!. ~11!

SupposeC is an eigenvector ofF(T) corresponding to the
Floquet exponents. Then, it can be shown17 that the solu-
tion w(t) to Eẇ5A(t)w with w(0)5C has aT periodic
componentz(t) given by

z~ t !5e2stw~ t !, ~12!

such that

z~ t !5z~ t1T!. ~13!

Thus, thez(t) corresponding to the dominant Floquet mul
plier gives us information on the spatial structure and ti
evolution of the disturbance.

Our goal is to calculate the dominant eigenvaluesb of
the monodromy matrixF. We use a primitive variable for
mulation of the constitutive, momentum, and constitut
equations. Spatial discretization of the equations is car
out via a Chebyshev collocation technique that include
staggered grid for the pressure to avoid the spurious mo
that arise otherwise. Specifically, we use the Chebysh
Gauss–Lobatto integration points withN11 modes for the
velocities and stresses and the Chebyshev–Gauss points
N modes for pressure.18 For CCPC flow we useN532 while
the presence of localized boundary layers in the PCPC
necessitates the use ofN580. This choice of spatial resolu
tion is found to be adequate. Since our interest is restricte
picking out the dominant eigenvalues ofF(T), we take re-
course to the Arnoldi method,19 to determine the critical ei-
genvalue. We use the public domain code ARPACK20 to
carry out the Arnoldi calculations. The advantage of the A
noldi method lies in the fact that we do not need to explici
constructF(T); we need only determine its action on a ve
tor, q←F(T)p. In our problemq is the solution vector ob-
tained by integrating the time evolution equations for a giv
initial vectorp. The choice of the initial vectorp is arbitrary,
with the only requirement being that it satisfies the algebr
components of Eq.~9!. In our case, this is ensured by choo
ing an arbitrary stress profile and solving the linear mom
tum and continuity equations for the corresponding veloci
and pressure. To compute the periodic componentz(t), we
calculate the disturbance vectorw(t) by integrating the time
evolution Eq.~9! with initial conditions given by the eigen
vector of the monodromy matrix obtained from ARPACK
This choice of starting value ensures that the periodicity c
dition given by Eq.~13! is not violated.
Downloaded 08 Mar 2007 to 128.104.198.190. Redistribution subject to A
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The integration of the time-dependent viscoelastic eq
tions is performed using the EVSS decomposition21 of the
total stress into elastic and viscous components. We use
schemes for the time integration:~a! a fully implicit discreti-
zation for UCM calculations and~b! a splitting technique for
Oldroyd-B model involving the solution of the Stokes pro
lem followed by an implicit stress update. Using this tec
nique we have been able to obtain stable solutions foS
*0.1. The time integration and eigenvalue routines w
benchmarked against known eigenvalues for the steady
(v50). In addition, the plane Couette flow limit wa
checked against the exact analytical results of Gorodtsov
Leonov.22 Most calculations are performed with a time st
Dt5T/100, while for some cases, in particular at very lo
frequencies, we employ increased temporal resolution,Dt
5T/2500. This high resolution is necessary to ensure
accuracy of the eigenvalue computation, which is checked
monitoring the periodicity ofz(t).

IV. RESULTS

A. Circular Couette flow

As stated in the introduction, our aim is to determi
whether parallel superposition may be used to stabilize
circular Couette instability. Said differently, can we find a
amplitude and frequency of the superposition that would
sult in an increase in the Weissenberg number at which
stability is first seen? We begin our study of this quest
with somea priori scaling arguments and heuristics. Fro
an analysis similar to one presented in Ramananet al.,11 we
deduce that forVd /V5O(1) and in the high frequency re
gime (v15O(e21/2)), the method of averaging23 reveals
that this is essentially equivalent to the circular Couette lim
with no superposition—no change in stability occurs. This
validated from our numerical results where we findubu→1
with increasing frequency when the parameters chosen y
neutral stability forVd /V50. More generally we note tha
because of the quadratic dependence of normal stresse
velocity gradient, the time-averaged value oftuu is larger
with parallel superposition than without. Because the mec
nism for nonaxisymmetric instability involves thi
quantity,2,24 we might expect parallel superposition to be d
stabilizing. The situation is not quite so simple though, b
cause the mechanism also involves the change in the s
orientation by the base state shear, which now has a z
mean oscillatory component. This complicated situation d
not yield to analysis by simple arguments~except at very low
frequencies as we describe below!, so we proceed to a nu
merical study.

Our focus here is the effect of parallel superposition
the critical conditions for circular Couette flow withS50:
Wp53.94,a55.1 andñ50.47. Notice that we include non
axisymmetric modes in this work. This is in contrast to o
orthogonal superposition studies4,11 where scaling argument
and numerical results indicate that nonaxisymmetric mo
are strongly suppressed. Since we do not have any suc
sults for the current flow system and given the fact that n
axisymmetric modes were shown to be most dangerous25 we
include these in the present analysis. Figure 3 shows
IP license or copyright, see http://pof.aip.org/pof/copyright.jsp
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stability information for the critical conditions listed abov
and varying amplitude ratio and excitation frequency. Ea
marked point represents the result from Floquet analysis.
a chosen value ofVd /V and v1 if the magnitude of the
dominant Floquet multiplier is less than one indicating s
bility we have a • while instability is marked by an. We
also show neutrality by a!; here 0.99,ubu,1.01. The plot
shows stability for 0,v1&2/Wp and Vd /V,1. This is
qualitatively different from orthogonal superposition whe
instability was found to occur atv1'1/Wp for some super-
posed shear rates andv1!1/Wp for others. Even so, the
existence of a distinct stable region is indeed encouragin
such a scheme is to be of any practical use we have to
termine whether we can find anVd /V and v1 that would
result in stabilization of all wavelengths. WithVd /V
50.25 andv150.3 stability analysis showsubu,1 for all
axial and azimuthal wave numbers (2.0<a<10.0, 0.2<ñ
<1.0) that we have investigated. While we have establis
that parallel flow superposition is stabilizing, it is of intere
to determine the extent of stabilization, i.e., by how mu
does the criticalWp change with the addition of seconda
flow. We retain our choice of amplitude and frequency a
scan through the parameter space of wave numbers
Weissenberg number to determine the bifurcation point.
find that this occurs atWp53.97, a'5.0 andñ'0.5. This
Weissenberg number is only 0.8% greater than for the p
circular Couette instability for this amplitude and frequenc
significantly lower than the 8% increase in the critical We
senberg number seen in the sample case for orthogona
perposition presented in Ramananet al.11 For v150.05, we
find ubu50.8750 forWp53.94, a55.1, andñ50.47, indi-
cating possibility of increased stabilization. However, w
find that at these frequencies,ubu increases rapidly with in-
creasingWp resulting in no gain in the extent of stabiliza
tion. One more point to be taken from Fig. 3 is that there
no evidence of resonance phenomena—there is no loca
bubble in forcing frequency that leads to significant desta
lization, in distinct contrast to the orthogonal superposit
case.

FIG. 3. Stability map for CCPC flow: varying amplitude ratio (Vd) and

excitation frequency (v1) for Wp53.94, a55.1, andñ50.47~the point of
marginal stability atVd50).
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At Vd /V.1, Wp53.94, a55.1, ñ50.47, andS50
we find instability for all frequencies that we have inves
gated. At these amplitude ratios the superposition wo
have the effect of changing the direction of rotation of t
inner cylinder for some time instants resulting in a change
the base flow direction—even if stabilization were to occ
here, this regime is unlikely to be of practical interest so
have not explored it in detail. The dominant Floquet mu
plier at these amplitudes has a nonzero complex part, i
cating that the bifurcating solution is quasiperiodic: i.e., th
is not a synchronous resonance bifurcation. Recall from
mananet al.11 that instability for orthogonal superpositio
alwaysoccurs as a synchronous resonance bifurcation w
s r5s i50. Figure 4 plots the imaginary part of the comple
Floquet exponents i . At lower values ofVd /V we find that
this is close to the frequency of the bifurcation when there
no forcing. As the amplitude ratio increases,s i decreases
while still remaining in the same order of magnitude
1/Wp.

Unlike in the orthogonal superposition, we also find re
tively large regions of ‘‘neutral’’ stability—the superpositio
has virtually no effect on the stability characteristics of t
system. At low amplitude ratios, the system approaches c
cality for all excitation frequencies. This is to be expect

FIG. 4. s i vs v1 for CCPC flow:Wp53.94, a55.1, andñ50.47.

FIG. 5. uz(t)u vs t/T for CCPC flow: Wp53.94, a55.1, andñ50.47,
Vd /V50.25, v150.005. Note the large increases att/T50.5.
IP license or copyright, see http://pof.aip.org/pof/copyright.jsp
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since theVd→0 limit is regular. However, the same cann
be said forv1→0. It was shown in Ramananet al.11 that,
consistent with the analysis of Davis and Rosenblat,12 the
zero frequency limit is singular with large increases in t
magnitude of the disturbances. Figure 5 shows the la
burst occurring at aroundt/T51/2, different from the trans-
verse superposition where we had large increases att/T
51/4 and t/T53/4. Figure 5 is for Wp53.94, Vd /V
50.25, a55.1, ñ50.47, andv150.005 which yieldsubu
50.2175. Sinceubu,1, the state is nominally stable, but th
huge transient amplification renders the linear stability re
moot. As in the orthogonal superposition case, a simple q
sisteady argument illuminates the origin of the transi
burst: the instantaneous Weissenberg number is larger
the critical value of 3.94 in the first half of the cycle an
smaller in the second, so the instantaneous growth rat
roughly proportional to sinv1t. Integrating this gives a dis
turbance amplitude that varies as2(1/v1)cosv1t, which
peaks atT/2, as found from the analysis. Unsurprisingl
evidence of this singularity is also seen with instability
v1→0 for Vd /V.1.

We also examine the stability characteristics of lar
amplitude oscillatory shear~LAOS! in a circular geometry.
Numerical results indicate that LAOS is significantly sta
lized as compared to the base CC flow. In LAOS the ste
component of the angular velocity is identically zero whi
gives a scaled azimuthal shear rate ofWpsin(v1t1). Figure 6
showsubu vs v1 for Wp53.94, a55.1, andñ50.47. No-
tice that ubu!1 for 0<v1,0.3 indicating a relatively fas
decay rate. This is also indicative of the singularity of t
zero frequency limit since forv150, a steady analysis yield
ubu51. Figure 6 showsubu vs v1 for 0,v1<2. We find a
monotonic increase inb that is still well below criticality. In
fact, we find that forv1.10, ubu→1. Clearly, instability
relative to the CC limit is not an issue in this flow. Furthe
computations show that forv150.2538 (51/Wp), ubu!1
for 3.1<a<7.1 and 0.37<ñ<0.57. Hereubu varies from a
low of 2.65931023 to a high of 4.40731023. It appears that
the flow is strongly stabilized for all disturbance wav
lengths. Interestingly, investigation of the Floquet expone

FIG. 6. b vs v1 for LAOS flow: Wp53.94,a55.1, andñ50.47. Note that
b!1 for 0,v1,0.25.
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reveals that the decay rates r'20.251 forv1.0.5 ~Fig. 7!
while s i'0 for all v1 .

B. Plane Couette flow

Tlapa and Bernstein26 developed the viscoelastic ana
logue of Squire’s theorem for steady plane shear flow of
Oldroyd-B fluid. It is straightforward to generalize this resu
to a time-dependent inertialess plane shear flow. If the
lowing variable changes are made in the linearized equat
governing the perturbations:

K2
ªk21m2, ~14!

T̂xxª
1

K2
~k2t̂xx12kmt̂xz1m2t̂zz!, ~15!

T̂yxª
1

K
~kt̂yx1mt̂yz!, ~16!

T̂yyª t̂yy , ~17!

Ûª

1

K
~kv̂x1mv̂z!, ~18!

V̂ª v̂, ~19!

then the stability problem is seen to be equivalent to a tw
dimensional problem with a base velocity and polymer sh
stress reduced by a factor ofk/K and normal stress reduce
by (k/K)2. These reductions in the base state quantities
equivalent to a rescaling of the Weissenberg number byk/K
as can easily be seen from the equations governing the t
dependent base state. Since the three-dimensional proble
equivalent to a two-dimensional problem at a lower We
senberg number, we only present results for the tw
dimensional case.

We re-emphasize~from Sec. III! that the presence o
boundary layers in the stability problem for plane Coue
flow necessitates the use of large number of modes to a
rately determine the dominant eigenvalue. This problem
compounded by the slow convergence of the continuous
tion of the spectrum, due to the nonintegrable singularities

FIG. 7. s r vs v1 for LAOS flow: Wp53.94, a55.1, andñ50.47. s r'
20.251 forv1.0.5.
IP license or copyright, see http://pof.aip.org/pof/copyright.jsp
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the stress components of these models.4 A large number of
Chebyshev modes is thus required to distinguish the cont
ous and discrete portions of the spectrum. This prob
grows more severe asWex and k increase, so we limit our
investigation to wave numberk51. The accurate resolutio
of the spectrum is also dependent on the time step use
our time-integration procedure. We have found that
Wex55 andk52, Dt5T/100 withN5120does notresolve
the eigenvalues satisfactorily. Notwithstanding this limi
tion, we are still able to gain qualitative information abo
the stability of the flow. This is done by tracking the evol
tion of the discrete Gorodtsov–Leonov4,22 ~GL! modes that
occur in the steady plane Couette flow as secondary flo
added. While the GL modes are stable in plane shear flo
the addition of secondary flow has been known to lead
instability. This was shown in Graham4 for circular Couette
flow with superposed axial Couette flow where the instabi
was traced to one of GL modes, which became more
stable with increasing azimuthal shear rate for a fixed a
flow rate. Similarly, does parallel flow oscillation stabilize

FIG. 8. ubuM /ubuGL for PCPC flow:Wex55.0, k51.0, v150.2.
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destabilize the GL mode? The simulations presented here
for Wex55, S50.1, v50.2, andk51 and varying ampli-
tude ratioVd /V. The nonzero solvent viscosity is used he
because it allows the use of a splitting method for tim
integration, providing significant computational savings f
the high-resolution simulations required. Figure 8 shows
ratio of ubu corresponding to the discrete mode in the forc
system (ubuM) to that for the steady GL modeubu (ubuGL)
for k51 and varyingVd /V. We find that increasing the am
plitude ratio results in a slight, albeit increased stabilizat
of the flow.

V. CONCLUSIONS

We have shown that parallel flow superposition can ha
a slight stabilizing effect on viscoelastic circular Coue
flow instability, if the frequency and amplitude of oscillatio
are small and may also slightly increase the decay rate
perturbations in plane Couette flow. The extent of stabili
tion achieved is significantly smaller than with orthogon
superposition and is limited to a smaller region of parame
space. Therefore parallel superposition cannot be viewed
robust method for suppression of elastic instability. A ba
reason for the failure of parallel superposition relative to
thogonal is simply this: orthogonal superposition introduc
axial stresses into the radial perturbation momentum bala
providing the possibility for the dominant balance there
change. As described in the introduction, this is ultimat
what occurs, as the destabilizing hoop stress term drops
of the dominant balance as axial Weissenberg number
creases. Parallel superposition introduces no such cha
and correspondingly has very little effect until the oscillato
part of the flow becomes larger than the steady.
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APPENDIX: BASE STATE SOLUTIONS

CCPC: The equations correspond to the regime wherev5O(e1/2) and t5O(e21/2) with all other variables scaled as i
Sec. II. We definev15e21/2v5O(1) andt15e1/2t5O(1),

v̄ r50, ~A1!

v̄u5~12r!~11x sin~v1t1!!, ~A2!

v̄z50, ~A3!

t̄ rr 50, ~A4!

t̄ ru52
Wp ~11v1

2 Wp22v1 x Wpcos~v1 t1!1x sin~v1 t1!!

~11v1
2 Wp2!

, ~A5!

t̄ rz50, ~A6!
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t̄uu5Wp2 F21x2112v1
2Wp215v1

2x2Wp2118v1
4Wp414v1

4x2Wp418v1
6Wp6

~11v1
2Wp2!~114v1

2Wp2!

2
6v1xWpcos~v1t1!226v1

3xWp3cos~v1t1!28v1
5xWp5cos~v1t1!

~11v1
2Wp2!~114v1

2Wp2!

2
x2cos~2v1t1!1v1

2x2Wp2cos~2v1t1!12v1
4x2Wp4cos~2v1t1!14x sin~v1t1!

~11v1
2Wp2!~114v1

2Wp2!

1
16v1

2xWp2sin~v1t1!23v1x2Wpsin~2v1t1!23v13x2Wp3sin~2v1t1!

~11v1
2Wp2!~114v1

2Wp2! G , ~A7!

t̄uz50, ~A8!

t̄zz50. ~A9!

LAOS: The frequency and wave number scalings are the same as in the CCPC case,

v̄ r50, ~A10!

v̄u5~12r!sin~v1t1!, ~A11!

v̄z50, ~A12!

t̄ rr 50, ~A13!

t̄ ru52
Wp~cos~v1t1!1v1Wpsin~v1t1!!

~11v1
2Wp2!

, ~A14!

t̄ rz50, ~A15!

t̄uu5
Wp2~114v1Wp21cos~2v1t1!12v1

2Wp2 cos~2v1t1!23v1Wpsin~2v1t1!!

~11v1
2Wp2!~114v1

2Wp2!
, ~A16!

t̄uz50, ~A17!

t̄zz50. ~A18!

PCPC: We havev5v15O(1) andWex50(1),

v̄x5~12y!~11x sin~v1t1!!, ~A19!

v̄y50, ~A20!

v̄z50, ~A21!

t̄xx5Wex
2 F21x2112v1

2Wex
215v1

2x2Wex
2118v1

4Wex
414v1

4x2Wex
418v1

6Wex
6

~11v1
2Wex

2!~114v1
2Wex

2!

2
6v1xWexcos~v1t1!226v1

3xWex
3cos~v1t1!28v1

5xWex
5cos~v1t1!

~11v1
2Wex

2!~114v1
2Wex

2!

2
x2cos~2v1t1!1v1

2x2Wex
2cos~2v1t1!12v1

4x2Wex
4cos~2v1t1!14x sin~v1t1!

~11v1
2Wex

2!~114v1
2Wex

2!

1
16v1

2xWex
2sin~v1t1!23v1x2Wexsin~2v1t1!23v13x2Wex

3sin~2v1t1!

~11v1
2Wex

2!~114v1
2Wex

2! G , ~A22!
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t̄xy52
Wex ~11v1

2 Wex
22v1 x Wex cos~v1 t1!1x sin~v1 t1!!

~11v1
2 Wex

2!
, ~A23!

t̄xz50, ~A24!

t̄yy50, ~A25!

t̄yz50, ~A26!

t̄zz50. ~A27!
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