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In this work, a continuum theory is developed for the behavior of flowing dilute polymer solutions
near solid surfaces, using a bead-spring dumbbell model of the dissolved polymer chains.
Hydrodynamic interactions between the chains and the wall lead to migration away from the wall
in shear flow. At steady state, this hydrodynamic effect is balanced by molecular diffusion; an
analytical expression for the resulting concentration profile is derived. It is shown that the depletion
layer thickness is determined by the normal stresses that develop in flow and can be much larger
than the size of the polymer molecule. The transient development of this depletion layer is also
studied, as well as the spatial development downstream from an entrance. Numerical and similarity
solutions in these cases show that the developing concentration profile generally displays a
maximum at an intermediate distance from the wall. © 2005 American Institute of Physics.
关DOI: 10.1063/1.2011367兴
I. INTRODUCTION

The dynamics and transport of polymer solutions near
surfaces or confined to small geometries are long-standing
research topics that continue to pose many outstanding questions. Aside from their importance for traditional applications such as lubrication, adhesion, polymer processing, and
oil recovery 共i.e., flow of polymer solutions through porous
media兲, these questions have recently taken on renewed importance with the emergence of microfluidic approaches to
chemical and biological analyses, particle synthesis, and reaction engineering. As a specific example, we note that
emerging technologies for single-molecule analysis of DNA
in micron and nanometer scale devices 共e.g., Refs. 1–7兲 have
fueled substantial interest in the structure and dynamics of
confined solutions of DNA.8–15 Predictive methods capable
of describing the conformation and motion of polymer
chains in microfluidic geometries would be of considerable
significance for the conception and design of such devices.
Finally, new experimental tools such as the surface forces
apparatus16 allow investigation of confinement effects down
into the nanoscale region, and refinements in fabrication
technology allow construction of “nanofluidic” devices with
dimensions in the sub-100-nm regime.
Experiments directly or indirectly indicate that during
shear flow, flexible polymer molecules in solution migrate
away from solid boundaries, leading to the formation of
depletion layers and apparent slip at the boundaries.17 These
phenomena have obvious implications for adsorption and desorption of macromolecules at solid surfaces, as molecules
that tend to migrate away from walls are unlikely to adsorb
on them. Motivated by these considerations, the focus of the
present work is the development of an analytical theory of
a兲
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dilute polymer solutions flowing near solid surfaces. With
this theory we derive a closed-form expression for the
steady-state depletion layer thickness. Furthermore, we describe both the transient development of this depletion layer
in uniform plane shear flow and the spatial development of
the depletion layer downstream of the entrance to a channel.
The end result is a general framework for understanding and
prediction of migration phenomena in dilute polymer solutions.
II. BACKGROUND

Molecular migration in flowing dilute polymeric solutions is a well-known phenomenon that has received a significant amount of experimental and theoretical investigations. Much of this is reviewed by Agarwal, Dutta, and
Mashelkar,17 so we focus here on a few particularly relevant
studies. A recent experimental study was performed by Horn,
Vinogradova, Mackay, and Phan-Thien,18 in which apparent
slip in a “Boger fluid” 共a dilute solution of a high molecular
weight polymer in a highly viscous solvent兲 was inferred
from measurements in a surface forces apparatus. The slip
length Ls 共the distance beyond the solid surface at which the
velocity extrapolates to zero兲 was estimated to be three to
five times the radius of gyration of the polymer 共here polyisobutene兲. In a simple model of depletion layers, where the
layer consists of pure solvent with a sharp change to the bulk
polymer concentration at a distance Ld from the wall, the
relationship between slip length Ls and depletion layer thickness Ld is simply
Ls = Ld共1 − ␤兲/␤ ,

共1兲

where ␤ is the ratio of solvent viscosity to solution viscosity.
Therefore, for a dilute solution, where 1 − ␤ Ⰶ 1, the depletion layer thickness is expected to be significantly larger than
the slip length. As an example of a more classical study,
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Cohen and Metzner19 performed careful capillary flow experiments with nondilute polymer solutions, finding depletion layer thicknesses 共using the formula above兲 up to eight
times the polymer radius of gyration 共other studies have
found even larger values17兲. Additionally, these authors observed a direct correlation between the depletion layer thickness and the degree of elasticity of the polymer solution.
Finally, Fang, Hu, and Larson20 have recently reported direct
observations, using fluorescence microscopy, of large DNA
molecules in shear flow near a solid surface. Their results
clearly indicate the presence of a depletion layer, whose
thickness increases with increasing shear rate and can be
more than ten times the radius of gyration of the molecule.
A number of researchers have performed computational
and theoretical studies of flowing polymer solutions near
boundaries. Studies prior to 1994 have been extensively reviewed by Agarwal, Dutta, and Mashelkar.17 In a nonhomogeneous flow, the deformation and alignment of the polymer
molecules are position dependent. Garner and Nissan21 proposed that the corresponding spatial variation in free energy
could drive cross-streamline migration. Later, Marrucci22 related the entropy change with the stress level for an
Oldroyd-B liquid and Metzner23 employed this result to analyze polymer retention in flows through porous media. Tirrell
and Malone24 have made similar arguments. However, Aubert, Prager, and Tirrell25 pointed out that it is not clear that a
spatial gradient in intramolecular free energy can result in
displacement of the center of mass. Indeed, no such effect is
found in first-principles kinetic theory developments for dilute solutions. Phenomenological two-fluid models have also
been widely used to study migration and concentration fluctuations in polymer solutions at finite concentration.26–32 In
these models, a contribution to the polymer mass flux proportional to  ·  p is found, where  p is the polymer contribution to the stress tensor. Turning to the molecular kinetic
theory point of view for 共infinitely兲 dilute solutions, Aubert
and Tirrell33 modeled the polymer as a flexible dumbbell in a
viscous solvent and pointed out an effect in a nonhomogeneous flow field where the macromolecules lag behind the
solvent motion along the streamline. In some kinetic theory
developments, a contribution to the polymer flux corresponding to the divergence of the stress is found,34–37 which is
similar to the result from the two-fluid models.30 However,
the above arguments only lead to migration in a nonhomogeneous flow field. Furthermore, Curtiss and Bird38 pointed
out that in the dilute solution kinetic theory results containing the divergence of the stress, the sum of the mass fluxes
over all species is not zero, violating mass conservation and
thus indicating a flaw in those developments.
In another approach to explaining the existence of depletion layers near confining surfaces, a number of researchers
have amended theories by incorporating boundary effects,
specifically the fact that polymer segments cannot pass
through a solid wall. A typical method is treating the wall
effect on the polymer molecules as a short-range purely repulsive potential.39 A refined version of this wall exclusion
effect is provided by Mavrantzas and Beris40–42 and Woo,
Shaqfeh, and Khomami14,15 where the change of the polymer
chain statistics due to the wall is explicitly considered. How-
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ever, including this effect, the depletion layer thickness is
still only on the order of the polymer molecule size, and
would be insensitive to the flow strength, in contrast with the
experimental observations.
A significant limitation of all the above-mentioned dilute
solution studies is the neglect of intramolecular hydrodynamic interactions and the effect of the walls on the hydrodynamics of the solvent. If hydrodynamic interactions 共HI兲
between polymer segments are ignored entirely, then no migration is found in shear flows without streamline curvature
共plane shear flows, capillary, flow, etc.兲. If HI are included,
but not their modifications due to the presence of a wall, then
migration toward regions of higher shear rate is found; this is
opposite to the trend observed experimentally.12 For example, Sekhon, Armstrong, and Jhon43 considered bulk hydrodynamic interactions in rectilinear slit flow using kinetic
theory for a bead-spring dumbbell model, and concluded that
cross-stream migration is possible with HI, and Brunn44,45
and Brunn and Chi46 predicted migration toward the walls
using Oseen-Burgers free-space hydrodynamic interactions
for a bead-spring chain model. To our knowledge, only two
studies in the polymer literature aside from our own 共discussed below兲 have addressed the effect of hydrodynamic
interactions in wall-bounded flows of dilute polymer solutions. Jhon and Freed47 incorporated a highly approximate
representation of the near-wall hydrodynamics into a kinetic
theory analysis for bead-spring polymer chains containing
further approximations, predicting 共correctly兲 migration
away from the wall in simple plane shear flow. This prediction, however, is the result of cancellation of errors–the approximation to the hydrodynamics that they used would actually lead to a prediction of migration toward the wall if the
kinetic theory were done exactly. The other result that we are
aware of is a direct simulation. Fan, Phan-Thien, Yong, Wu,
and Xu48 used dissipative particle dynamics49–51 共DPD兲 to
study the behavior of flexible polymers in rectilinear flow
through microchannels and predicted very weak migration
toward the walls–a minimum at the centerline of the concentration distribution, different from experimental observations. However, in contrast with the experiments, both the
particle and channel Reynolds numbers in these simulations
were much larger than 1. As discussed below, the hydrodynamic interaction with the wall is the main driving force for
migration, and if the Reynolds number is not small that effect will be absent—a polymer molecule moves a significant
distance down the channel in the time it takes for hydrodynamic fluctuations to propagate to the channel walls, so hydrodynamically, the polymer does not see the wall, and thus
does not migrate.
Although motion of suspended droplets is not the focus
of the present work, it is relevant to note that their migration
in flow has also received a fair amount of attention; the older
literature in this area is reviewed by Leal.52 Starting with a
rigid particle in a Newtonian fluid at zero Reynolds number,
Chan and Leal53 perturbatively examined the effects of inertia, droplet deformability, and non-Newtonian fluid character.
For a slightly deformable drop in a Newtonian fluid in zero
Reynolds number uniform shear flow near a wall, the wall
modification to the hydrodynamic interaction is the sole con-
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tribution to droplet migration. Chan and Leal, using far-field
wall hydrodynamic interaction, found that drift was always
away from the wall 共in agreement with experiment兲. For
pressure-driven flow, where the shear rate is nonuniform,
they found that the first-order contribution to migration was
due to the interaction with the gradient of the local shear
rate, provided the shear rate changed significantly over the
length scale of the droplet. They found that the direction of
migration depended on the ratio of solvent and droplet viscosities; for the range of viscosity ratios used in experiments,
migration was always toward regions of lower local shear
rate. For circular Couette flow, they found that the final position of the droplet was determined from a competition between a streamline curvature effect and wall hydrodynamic
interaction. An important observation was made by Smart
and Leighton,54 who pointed out that a droplet far from a
wall can be treated to leading order as a symmetric force
dipole 共stresslet兲 and that the wall-induced migration effect is
due to the flow induced by the image of the dipole on the
other side of the wall. This result generalizes to any particle
or macromolecule in flow above a wall and plays an important role in the results described below.
The discussion of droplet dynamics makes clear the necessity to correctly account for hydrodynamic effects in
studying the motion of flexible particles or macromolecules
near solid boundaries. In prior work, we have developed a
coarse-grained 共bead-spring chain兲 model of long 共⬎100 persistence length兲 double-stranded DNA, incorporating hydrodynamic interactions. The model provides an accurate representation of experimental data 共structural and dynamic兲 for
DNA in bulk solution,55,56 and has been extended to capture
the dynamics of DNA solutions in microchannels, including
hydrodynamic effects.10–12 Relaxation and diffusion of
chains in a channel of square cross section10,11 follow the
predictions of a simple scaling theory, due to Brochard and
de Gennes,57 that is based on the screening of segmentsegment hydrodynamic interactions by the confining walls.
Furthermore, the simulation results for diffusion in a slit
channel 共i.e., between parallel infinite walls兲 agree very well
with experiments.58 More interestingly, the simulations predict that during pressure-driven flow in a channel, the molecules will tend to migrate toward the centerline, forming
depletion layers that are much larger than the radius of gyration of the molecules.11,12,59 The goal of the present work is
to complement those detailed simulations with theoretical
results that provide a more fundamental understanding of the
migration phenomenon.

FIG. 1. Illustration of the position vectors used for a point force above a
plane wall.

tion兲 is available in simple analytical form,60 thus allowing a
complete description of the flow. In this section we will illustrate this flow; below we will build it into an analytical
theory allowing prediction of the dynamics of depletion layer
formation in flow.
Assuming the wall is at y = 0, let r0 = 共x0 , y 0 , z0兲 be the
position of one bead and denote the distance vectors
r̂ = r − r0 ,

共2兲

R̂ = r − rIm
0 ,

共3兲

where rIm
0 = 共x0 , −y 0 , z0兲 is the mirror image of r0 with respect
to the wall. The force exerted on the fluid due to the motion
of this bead is F. These vectors are shown in Fig. 1. The
perturbation flow at any other position r共x , y , z兲 caused by
the motion of the bead can be obtained by solving the
Stokes’ equation,
0 = − ⵜp + ⵜ2v + ␦共r − r0兲F,

共4兲

subject to no-slip boundary condition at the wall,
v共x,y = 0,z;r0兲 = 0,

共5兲

where  is the solvent viscosity, v is the velocity, and p is the
pressure. The solution has the following form:
v = ⍀ · F,
⍀共r,r0兲 =

共6兲
1
关S共r̂兲 − S共R̂兲 + 2y 20PD共R̂兲 − 2y 0SD共R̂兲兴,
8
共7兲

III. ILLUSTRATION OF MIGRATION MECHANISM

To illustrate the basic mechanism of hydrodynamic migration of a dissolved polymer molecule in a confined geometry, we begin by considering a bead-spring dumbbell model
of the polymer above a single wall. Hydrodynamically, each
moving bead is treated as a point force acting on the fluid;
ignoring for the moment the Brownian forces, the hydrodynamic forces introduced by the two beads must be equal and
opposite, balancing the extension of the spring. The flow due
to the motion of each bead 共i.e., the solution to Stokes’ equa-

where S is the free-space Stokeslet, PD is the potential dipole, and SD is the Stokeslet doublet.61 These are given, respectively, as
Sij共r兲 =

␦ij
r

PD
ij 共r兲 = ±

+

x ix j
,
r3

冉 冊 冉

共8兲

冊

 xi
␦ij
x ix j
,
3 = ±
3 −3
x j 兩r兩
兩r兩
兩r兩5

共9兲
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⌿


=−
· 共q̇⌿兲.
· 共ṙc⌿兲 −
t
rc
q

共11兲

Integrating the above equation over q and defining
共12兲

⌿共rc,q,t兲 = n共rc,t兲⌿̂共rc,q,t兲,
n共rc,t兲 =

FIG. 2. Velocity field due to a point force in the x direction located at
共x , y兲 = 共−5a , 5a兲, where a is the bead radius. The plane wall is at y = 0. The
lines correspond to streamlines, while the light and dark areas indicate regions where the wall-normal velocity is positive 共away from the wall兲 and
negative 共towards the wall兲, respectively. Also shown is a “bead” of radius a
located at 共x , y兲 = 共5a , 5a兲—this can be thought of as the other end of a
relaxing dumbbell oriented parallel to the wall.

SD
ij 共r兲 = ±

␦ j2xi − ␦i2x j
Si2
= x2 PD
,
ij 共r兲 ±
x j
兩r兩3

共10兲

with the minus sign for j = 2 corresponding to the y direction,
and the plus sign for j = 1 , 3 corresponding to the x and z
directions.60
Using this solution, we calculate the velocity field
caused by a point force parallel to the wall, which corresponds to one end of a relaxing dumbbell parallel to the wall.
The flow field is shown in Fig. 2. It can be seen that the flow
induced by one bead of the relaxing dumbbell will be upward at the position of the other bead, and vice versa. In
other words, each bead will be convected away from the wall
by the velocity perturbation caused by its partner. As a
whole, the center-of-mass of the dumbbell migrates from the
wall. In contrast, a relaxing dumbbell perpendicular to the
wall will move toward the wall. A simple explanation of this
result is that the mobility of the bead nearest the wall is
lower than that of its partner.12 In shear flow, dumbbells are
more likely to be oriented parallel to the wall. Thus, migration away from the wall is dominant.

IV. KINETIC THEORY FOR A DUMBBELL IN DILUTE
SOLUTION

The simple analysis in Sec. III predicts that a macromolecule near a wall will migrate due to hydrodynamic interaction with the wall, providing a starting point to explore many
interesting phenomena. In this section, we will incorporate
bead-wall hydrodynamic interactions in the polymer kinetic
theory for a bead-spring dumbbell in solution to investigate
the formation of the depletion layer in a flowing polymer
solution near a solid wall.
Let r1 and r2 denote the position vectors of the two
beads of a dumbbell. Then the position of the center-of-mass
is rc = 共r1 + r2兲 / 2, and the connector vector is q = r2 − r1. The
quantities ṙc and q̇ give the rate of change of the center-ofmass and the connector vector. The conservation equation for
the probability distribution density function ⌿共rc , q , t兲 is62

冕

⌿共rc,q,t兲dq,

共13兲

give the governing equation for the center-of-mass probability distribution 共“concentration”兲, n共rc , t兲,

n

=−
· jc ,
t
rc

共14兲

where jc = 具ṙc典n is the center-of-mass flux integrated over the
internal degrees of freedom of the molecule, and the angle
brackets designate an ensemble average over the configuration variable q,
具A典 =

冕

共15兲

A⌿̂dq.

The fluxes ṙc⌿ and q̇⌿ in Eq. 共11兲 are determined by a
balance between the spring force Fsi , hydrodynamic force Fhi ,
wall repulsion force Fwi , and Brownian force Fbi exerted on
each bead,
Fhi + Fsi + Fwi + Fbi = 0,

共16兲

i = 1,2.

Assuming equilibrium in momentum space, the Brownian
force is given by62
Fbi = − kBT


ln ⌿,
ri

共17兲

where kB is the Boltzmann constant and T is the temperature.
The hydrodynamic force Fhi is proportional to the velocity
difference between the bead i and fluid, as given by Stokes’
law. The actual form of the spring force here is arbitrary. In
other words, the analysis given here applies to any spring
law.
In our previous simulation work,12 which accounts for
the wall exclusion force Fwi , we found that in flow, this effect
is generally small relative to the hydrodynamic effect. In
particular, although the static exclusion force acts over a
range of about the polymer radius of gyration Rg, the hydrodynamic effect on the chains in flow leads to depletion over
length scales much larger than Rg. Below, we further elucidate this phenomenon. This simulation result is consistent
with many experiments20 that directly or indirectly indicate
the existence of depletion layers with thicknesses much
larger than the polymer molecule size, a result that cannot be
accounted for by simple wall exclusion arguments. Therefore, in the following analysis we set Fwi = 0.
Using Eq. 共16兲, the velocity of the center of mass ṙc is
given by
ṙc =

1
2

冋

2

兺 v共ri兲 +
i=1

2

2

册

1
兺 兺 Dij · 共Fsj + Fbj 兲 .
kBT i=1 j=1

共18兲

In this equation,
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Dij = kBT

冉

冊

1
I␦ij + ⍀ij ,
6a

共19兲

where a is the bead radius, v共ri兲 is the unperturbed flow
velocity at the position of bead i, I is the unit tensor, ␦ij is the
Kronecker delta, and ⍀ij denotes the hydrodynamic interaction tensor,
⍀ij = ⍀共ri,r j兲 −

␦ij
S共ri − r j兲,
8

共20兲

with ⍀共ri , r j兲 given in Eq. 共7兲. The rate of change of the
connector vector q̇ is given by
2

−

冓

DK ·

1 


=
− ,
r1 2 rc q

共22兲

1 


=
+ ,
r2 2 rc q

共23兲

the velocity of the center-of-mass of the dumbbell can be
expressed as
1
1
1

ln ⌿
ṙc = v + qq:v + ⍀̄ · Fs + D̄ ·
8
2
2
q
− Dk ·


ln ⌿,
rc

冊冔

n
共28兲

This expression is valid for an arbitrary flow geometry. A
general discussion for the case of a dumbbell near a single
wall is given by Jendrejack, Schwartz, de Pablo, and
Graham.12 Here we simplify this expression by considering
the case where the extension of the dumbbell 兩q兩 is small
compared to its distance from the wall y; i.e., we focus on
the far- field effects of the wall.
First, we define a reflection operator T,

冢

j=1

Defining the spring force Fs = Fs1 = −Fs2 and using Eq. 共17兲
along with

冔

 ln ⌿̂
n
n − 具DK典 ·
.
rc
rc

q̇ = ṙ2 − ṙ1 = 关v共r2兲 − v共r1兲兴 + 兺 共⍀2j − ⍀1j兲 · 共Fsj + Fbj 兲.
共21兲

冓 冉

1

n
jc = nv + 具qq典:v +
⍀̄ · Fs + kBT ln ⌿̂
2
q
8

1

0

0

冣

T = ␦ − 2eyey = 0 − 1 0 .
0 0 1

共29兲

Then, the image positions of the two beads and the centerof-mass with respect to the wall are
rIm
1 = T · r1 ,

共30兲

rIm
2 = T · r2 ,

共31兲

rIm
c = T · rc .

共32兲

We also define a series of vectors:
共24兲

where
⍀̄ = 共⍀11 − ⍀22兲 + 共⍀21 − ⍀12兲,

共25兲

D̄ = kBT⍀̄,

共26兲

1
DK = 关共D11 + D22兲 + 共D21 + D12兲兴.
4

共27兲

Here v is the unperturbed fluid velocity at the center of mass
of the dumbbell, rc, and we have Taylor-expanded v共r1兲 and
v共r2兲 around rc and kept the terms up to the second order.
This accounts for the difference, in a nonhomogeneous flow
field, between the translational velocity of the center of mass
of the dumbbell and the unperturbed fluid velocity at the
position of the center of mass. The quantity DK is the socalled Kirkwood diffusivity for a dumbbell.62 Multiplying
Eq. 共24兲 by ⌿, integrating over the internal coordinate q, and
using incompressibility, one can arrive at the mass flux
expression,

R̂c = rc − rIm
c = rc − T · rc ,

共33兲

1
R̂11 = r1 − rIm
1 = R̂c − 共q − T · q兲,
2

共34兲

1
R̂22 = r2 − rIm
2 = R̂c + 共q − T · q兲,
2

共35兲

1
R̂12 = r1 − rIm
2 = R̂c − 共q + T · q兲,
2

共36兲

1
R̂21 = r2 − rIm
1 = R̂c + 共q + T · q兲,
2

共37兲

r̂␣␤ = r␣ − r␤ .

共38兲

Using this notation and Eq. 共20兲, ⍀̄ can be rewritten as follows for flow above a single wall:
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1
兵关− S共R̂11兲 + 2y 21PD共R̂11兲 − 2y 1SD共R̂11兲兴 − 关− S共R̂22兲 + 2y 22PD共R̂22兲 − 2y 2SD共R̂22兲兴 + 关S共r̂21兲 − S共R̂21兲
8
+ 2y 21PD共R̂21兲 − 2y 1SD共R̂21兲兴 − 关S共r̂12兲 − S共R̂12兲 + 2y 22PD共R̂12兲 − 2y 2SD共R̂12兲兴其.

For 兩q兩 Ⰶ 兩R̂c兩, we can Taylor expand ⍀̄ around R̂c. Keeping
only leading terms yields
⍀̄ =

n
jc = nv + 具qq典:v + M: p
8

冓冉

冊

−

k BT
12a

− 4y关T · q兴 · SD − 8yqyPD共R̂c兲 − 4qySD共R̂c兲

−

3a
n
k BT
I + S共q兲 ·
.
12a
4
rc

共40兲

The gradient terms are readily calculated from Eqs.
共8兲–共10兲, allowing Eq. 共40兲 to be simplified further,
3 1
⍀̄ =
32 y 2

冢

− qy

− qx

0

qx

− 2qy

qz

0

− qz

− qy

冣

+ ¯.

共41兲

共42兲

where M̃ is a third order tensor with the following components:
M̃222 = − 2,

共43兲

M̃211 = M̃233 = 1,

共44兲

M̃121 = M̃112 = M̃323 = M̃332 = − 1,

共45兲

M̃ijk = 0,

共46兲

i,j,k = others.

We will denote the tensor M = 3M̃ / 64y 2 as the migration tensor. Finally we point out here that this tensor can be
defined for any geometry, given the point force solution for
Stokes’ equation in that geometry.
Similar to ⍀̄, the leading order DK is given by
DK =

冋

册

3a
k BT
I + S共q兲 .
12a
4

共47兲

Recalling that the polymer contribution to the stress tensor  p 共Ref. 62兲 is

 p = n具qFs典 − nkBTI,

Now we define
具DK,b典 =

冓

冔

冔

3a
k BT
I + S共q兲 .
12a
4

共49兲

共50兲

This is the bulk, ensemble-averaged 共but conformation dependent兲 Kirkwood diffusivity. Finally, we use this to rewrite
Eq. 共49兲,


n
· 具DK,b典
jc = nv + 具qq典:v + M: p − n
rc
8

This can be rewritten compactly to leading order as
3
M̃ · q,
32y 2

冓

I+

冔

3a
 ln ⌿̂
S共q兲 ·
n
4
rc

1
兵− 2关T · q兴 · S + 4y 2关T · q兴 · PD
8

+ ¯ 其.

⍀̄ =

共39兲

共48兲

and using Eqs. 共42兲 and 共47兲, we can simplify Eq. 共28兲 at
leading order to the following:

− 具DK,b典 ·

n
.
rc

共51兲

The last term in this expression is the normal Fickian
diffusion; the other terms lead to migration. Consider first the
term containing the migration tensor and the stress tensor.
Each dumbbell induces a force-dipole flow in the surrounding solvent—the stress tensor is the ensemble average of this
dipole. In the presence of a wall, the image of this force
dipole induces a fluid velocity M :  p / n at the position of
the dumbbell; migration arises from the convection of the
dumbbell due to this flow.54 Note that the term M :  p is
generic for the flux of any flexible suspended particle or
molecule in a wall-bounded flow—in particular, its validity
is not restricted to the dumbbell model. This term is missing
in previous theories of polymer migration. The term containing the divergence of 具DK,b典 can also lead to migration, but
only in a flow where the conformation distribution is spatially nonuniform 共as in a pressure-driven flow兲 and only if
the diffusivity of the molecule depends on conformation. As
mentioned in the Introduction, several previous studies on
the shear-induced migration in polymers focused on this term
but neglected the hydrodynamic effect of the walls.14,46,63,64
In a pressure-driven flow, this term leads to a weak driving
force toward the wall, but except at the centerline of the
channel where the hydrodynamic migration term vanishes by
symmetry, our previous simulations show that this effect is
small.12 In nonhomogeneous flow, the term containing v
predicts the lag of a macromolecule behind the solvent along
the streamline33 but no cross-streamline migration, and unless the nonhomogeneity is so large that it cannot be ignored
even on the length scale of the polymer molecule, this term
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is small. Finally, the contribution to polymer flux proportional to  ·  p predicted by several models26–32,34–37 does not
arise in the single-molecule limit analyzed here.

V. STEADY-STATE DEPLETION LAYER
NEAR A SINGLE WALL

Now consider an initially homogeneous infinitely dilute
polymer solution under uniform shear flow in the x direction
with constant shear rate ␥˙ above an infinite plane wall at y
= 0. Due to symmetry, no concentration variations will arise
in the x and z directions; for the y direction, using Eqs. 共14兲
and 共51兲, we have

册

冋

n
n
 jc,y
 K共y兲
n−D
,
=−
=−
y
t
y
y y2

共52兲

where
K=

3
3
关M̃: p兴y =
共N1 − N2兲,
64n
64n

共53兲

D=

k BT
.
12a

共54兲

Here N1 and N2 are the first and second normal stress differences, defined by
N1 =

p
xx

−

p
yy
,

N2 =

p
yy

−

p
zz
.

共55兲

In addition, for simplicity and because it is a good approximation for highly stretched dumbbells, we have replaced the
conformation-dependent diffusivity by its free draining value
D. Note that in Eq. 共52兲 the migration velocity in the wallnormal direction is given by

mig =

3
K
共N1 − N2兲.
2 =
y
64ny 2

共56兲

This result is identical to that derived by Smart and Leighton
for a suspended droplet.54
If we make the further assumption that K is independent
of position, again a good assumption for dilute solution in
uniform shear, then Eq. 共52兲 can be solved for the steadystate concentration profile,

冉 冊

n = nb exp −

Ld
,
y

共57兲

where nb is the bulk concentration and Ld is the depletion
layer thickness, defined by
Ld =

K 9 N1 − N2
=
a.
D 16 nkBT

共58兲

This quantity characterizes the length scale of the steadystate depletion layer in a semi-infinite domain. Note that for
a long flexible molecule, 共N1 − N2兲 / nkBT can be much greater
than unity. Since for a dumbbell model, the hydrodynamic
bead radius a is proportional to the molecular size, this result
shows that depletion layers much thicker than the molecular
size should be expected to arise in flows of dilute polymer
solutions.

Equation 共58兲 for the depletion layer thickness applies to
any force law chosen for bead-spring model, since the spring
force has been automatically built into the polymer contribution to the stress tensor  p. Ideally, the evolution equation of
the stress tensor would arise from the theory presented in
Sec. IV, but the presence of the hydrodynamic interactions
precludes the development of a closed-form equation.62
Therefore, to proceed with the analysis, we will use the
FENE-P 共finitely extensible nonlinear elastic-Peterlin兲 dumbbell model, which is simple, theoretically well understood,
and widely used in simulations.65 The FENE-P spring force
is given as follows:
Fs =

Hq
,
1 − 具q/q0典2

共59兲

where q = 兩q兩, H is the spring constant, and q0 is the maximum extended length of the dumbbell. The stress relaxation
time is H =  / 4H, where  = 6a is the bead friction coefficient. For Hq20 / kBT Ⰷ 1, the radius of gyration is given by
Rg = 冑kBT / 2H.
Introducing the length unit 冑kBT / H and time unit H
=  / 4H, dimensionless quantities can be defined as
q̂ = q/冑kBT/H,

t̂ = t/H ,

v̂ = vH/冑共kBT/H兲,

b = Hq20/kBT.

共60兲

For the FENE-P model, the dimensionless stress tensor then
is
具q̂q̂典
p
=
− I.
nkBT 1 − 具q̂2典/b

共61兲

The evolution equation for the structure tensor ␣共t̂兲 = 具q̂q̂典
is 65
d␣
dt̂

= v̂T · ␣ + ␣ · v̂ −

␣
+ I.
1 − tr共␣兲/b

共62兲

In addition to the Peterlin closure for the spring law,
there are two approximations involved in using this equation
for the stress. The first is the neglect of hydrodynamic interactions, either between the beads or between the dumbbell
and the wall. The second is the neglect of transport of conformation due to diffusion and migration. The first approximation is necessary because it is impossible to get a closedform evolution equation for the structure tensor if full
hydrodynamic interactions are included. The effect of this
approximation is primarily to ignore a weak dependence of
relaxation time with distance from the wall. We would like to
point out that this approximation is invoked only when
evaluating the numerical value of the depletion layer thickness where the stress value is needed. So the main physics
共e.g., the migration mechanism, the expression for the centerof-mass flux, and the expression for depletion layer thickness兲 is free from this approximation. The effect of the second approximation will be negligible unless the velocity
gradient varies on the scale of the molecular size, as migration and diffusion occur on a time scale much larger than the
relaxation time.
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FIG. 3. Steady-state concentration profiles scaled by the bulk value in uniform shear flow above a single wall at different Weissenberg numbers. The
concentration profiles are calculated using a FENE-P dumbbell model with
finite extensibility parameter b = 600 and hydrodynamic interaction parameter h* = 0.25.

Having specified the polymer model, we now return to
the expression for the depletion layer thickness, Eq. 共58兲. By
introducing the hydrodynamic interaction parameter h*,62
h* =


s

冑

H
,
363kBT

共63兲

Ld =

128 nkBT

h *R g .

冉 冊

共64兲

Now we define the Weissenberg number Wi= ␥˙ . The polymer contribution to the stress at different Weissenberg numbers can be calculated using FENE-P model Eq. 共62兲. Figure
3 shows the steady-state concentration 共probability兲 profile
for different Weissenberg numbers when b = 600 and h*
= 0.25 共these parameters will be used throughout this paper兲.
The vertical axis is the concentration scaled by the bulk concentration nb and the horizontal axis is the distance from the
wall scaled by 冑kBT / H. Note that the depletion layer extends
a very large distance from the wall, much larger than the size
of the polymer molecule.
Finally, for a FENE-P dumbbell in shear flow, 共N1
− N2兲 / nkBT scales as Wi2/3 at high Wi 共Ref. 65兲 共this scaling
also holds for the FENE dumbbell model without the closure
approximation兲. Therefore, the depletion layer thickness
scales as
Ld ⬃ Wi2/3Rg .

poral and spatial developments of the depletion layer, beginning with the transient evolution of the concentration field in
fluid above an infinite plane wall. At time t = 0, the fluid
begins to undergo uniform shear with shear rate ␥˙ . The transient process is governed 共under the same approximations as
used above兲 by

 2n
n
 jc,y
 K
n
+
D
=−
=−
,
y2
t
y
y y2

the depletion layer thickness can be expressed as
9冑 N1 − N2

FIG. 4. Depletion layer thickness vs Weissenberg number in a uniform shear
flow above a single wall for FENE-P dumbbell with finite extensibility
parameter b = 600 and hydrodynamic interaction parameter h* = 0.25. The
straight line is the high Weissenberg number asymptote, Ld / Rg ⬃ Wi2/3.

initial condition:n共y,0兲 = nb ,
boundary conditions:

再

jc,y共0,t兲 = 0,
n → nb as y → ⬁.

冎

共66兲

The time evolution of the concentration profile has been obtained by numerically solving this equation coupled with the
stress evolution equation 关Eq. 共62兲兴 using the FENE-P
model, which determines K共t兲. Figure 5 shows the concentration profile at different times for Wi= 10, b = 600, and h*
= 0.25. This figure shows clearly that immediately after inception of the shear flow, a peak appears in concentration.
This is simple to understand in terms of the dependence of
migration rate on the distance from the wall. The migration

共65兲

Figure 4 shows Ld vs Wi on a log-log scale for b = 600 and
h* = 0.25. The two-thirds power law at high Wi is evident.
The result that Ld Ⰷ 冑kBT / H for WiⰇ 1 justifies our neglect
of the wall exclusion in the model.
VI. TEMPORAL AND SPATIAL EVOLUTION
OF THE DEPLETION LAYER
IN A SEMI-INFINITE DOMAIN

The above results show that at steady state, the hydrodynamic effect of a polymer with a wall leads to concentration variations on scales that can be orders of magnitude
larger than the size of the polymer. We now turn to the tem-

FIG. 5. Temporal development of the concentration profile in uniform shear
flow above a single wall at Wi= 10. A FENE-P dumbbell model with finite
extensibility parameter b = 600 and hydrodynamic interaction parameter h*
= 0.25 is used.
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rate 关Eq. 共56兲兴 is larger near the wall than far from it. So the
polymer molecules will “pile up.” This effect is so dominant
at short times that diffusion cannot smooth out the spike. At
long times, however, as shown in the figure, the spike is
smoothed out. The calculation of Hudson66 on the wall migration of fluid droplets in emulsions illustrated similar results.
The time scale involved in this process is remarkably
large. Even after 104 relaxation times, the steady state is still
not reached. A simple estimate of the time required to reach
steady state is given by the time tmig it takes for a molecule to
migrate from y = 0 to y = Ld,
tmig ⬃

冕

Ld

0

L2
dy
⬃ d.
mig D

共67兲

By this estimate, the migration time scale is on the same
order as that of the diffusion time over distance Ld. For the
computation shown in Fig. 5, L2d / D ⬇ 7 ⫻ 103; the results
show that the simple estimate dramatically underpredicts the
actual time required to approach steady state. This discrepancy arises because, as pointed out above, the depletion region, though characterized by Ld, is extremely broad—at y
= Ld, the steady-state concentration is only about 37% of nb,
the bulk concentration.
Further insight into the transient development of the
depletion layer can be gained by considering the behavior at
times much shorter than the diffusion time over the distance
Ld but long compared to H, so K in Eq. 共66兲 can be treated
as time independent. Introducing a transient depletion layer
thickness ␦y共t兲, an order-of-magnitude analysis of Eq. 共66兲
shows that at these short times the dominant balance is between the time-derivative term and the migration term, and
that the depletion layer thickness scales as follows:

␦y共t兲 ⬃ 共Kt兲1/3 .

共68兲

Neglecting diffusion in Eq. 共66兲 and defining the variable,

=

y
,
共3Kt兲1/3

共69兲

a similarity solution can be found,
n共兲
=
nb

冦

if 0 艋  艋 1.
2
, if  ⬎ 1.
共3 − 1兲2/3

0,

冧

共70兲

This solution is shown in Fig. 6. Interestingly, it has an integrable singularity and discontinuity at  = 1. The singularity
arises because diffusion has been neglected completely, on
the assumption that it is not important over the length scale
␦y共t兲. Moreover, in the absence of the diffusion all molecules
escape from inside the depletion layer 共0 艋  艋 1兲, giving
rise to the discontinuity at the frontier of the depletion layer
共 = 1兲. Very near the singular point diffusion will become
important at leading order, smearing out the singularity. Using the similarity solution to solve for  values at which the
migration contribution to the flux is comparable to the diffusion contribution, we found that the width of this region is
proportional to ␦y共t兲 / Ld. To illustrate this better, we calculate
the full numerical solution to Eq. 共66兲 by using a FENE-P

FIG. 6. Similarity solution for time evolution of the concentration profile in
uniform shear flow above a single wall. The full numerical solutions including diffusion for Wi= 100 at two different times, t = 10H and t = 1000H, are
also plotted for comparison. A FENE-P dumbbell with finite extensibility
b = 600 and hydrodynamic interaction parameter h* = 0.25 is used when solving for the numerical solutions.

dumbbell model with finite extensibility b = 600 and hydrodynamic interaction parameter h* = 0.25 at Wi= 100. The full
numerical solutions at t = 10H and 1000H are plotted in
Fig. 6 against the similarity solution. We see that the “pile
up” phenomenon that occurs in the full numerical solution
appears in idealized form in the similarity solution, showing
its origin in the balance between migration and accumulation
of the polymer, as described qualitatively above. Considering
the large time difference 共two orders of magnitude兲 between
the two numerical solutions, the similarity solution captures
the transient evolution of the depletion layer remarkably
well. Finally, we note that the time scale for the development
of the steady-state profile can be estimated from the scaling
analysis by determining the time at which ␦y共t兲 = Ld. This
estimate recovers our earlier prediction that tmig ⬃ L2d / D.
Another important process is the spatial development of
the concentration field near the entrance to a channel; we will
address this situation here by considering the migration analog of the Graetz-Leveque problem.67 At low Reynolds number, the velocity field near the entrance to the channel becomes fully developed over a length scale comparable to the
height of the channel. Considering the region sufficiently
near the channel entrance that the depletion layer is thin
compared to the channel height B, we can treat the domain as
semi-infinite in the y direction and treat the velocity field as
a simple shear flow. As above, flow is in the x direction, and
the wall is at y = 0. The conservation equation becomes

␥˙ y

冉 冊 冉

冊

n
 K
 2n  2n
=−
+
.
2n + D
x
y y
x2  y 2

共71兲

Introducing a spatially varying depletion layer thickness
␦y共x兲, an order-of-magnitude analysis shows that very near
the wall, the y-migration term and x-convection terms balance, and the scaling of the depletion layer thickness is given
by
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␦y =

冉 冊
KLx
␥˙

1/4

=

K
.
D

共75兲

Therefore the entrance length is given by
Lx =

␥˙
K3␥˙
= L3d .
D4
D

共76兲

Combining with Eq. 共65兲 and using the scaling relation H
⬃ R2g / D, we can rewrite Lx in terms of Wi and Rg for FENE
dumbbells at high Wi as follows:
Lx ⬃ Wi3Rg .
FIG. 7. Similarity solution for spatial development of the concentration
profile in uniform shear flow above a single wall. The full numerical solutions including the diffusion for Wi= 100 at two different downstream positions, x = 10共kB / H兲1/2 and x = 10 000共kB / H兲1/2, are also shown for comparison. A FENE-P dumbbell with finite extensibility b = 600 and hydrodynamic
interaction parameter h* = 0.25 is used when solving for the numerical
solutions.

␦y共x兲 ⬃

冉 冊
Kx
␥˙

1/4

共72兲

.

Based on this scaling, we neglect the diffusion terms in Eq.
共71兲 and seek a similarity solution n共兲, where

=

y
共4Kx/␥˙ 兲1/4

共73兲

.

The solution is
n共兲
=
nb

冦

if 0 艋  艋 1.

0,



2

4

− 1兩

冑兩

, if  ⬎ 1.

冧

共74兲

This solution is plotted in Fig. 7; for a channel with height B
it will be valid in the case ␦h Ⰶ Ld Ⰶ B. Again, there is a weak
singularity in this solution 共which will be regularized by diffusion兲, showing that a pileup similar to that found in the
transient development appears here too. So we expect that
near the entrance to a channel the concentration distribution
of polymer chains will display a peak near each wall. The
assumption of negligible diffusion breaks down in a region
around the singularity point  = 1 with width proportional to
␦y共x兲 / Ld. The numerical solution without neglecting the
y-diffusion term is solved by using a FENE-P dumbbell
model with finite extensibility b = 600 and hydrodynamic interaction parameter h* = 0.25 at Wi= 100, and the result is
shown in Fig. 7 for downstream positions x = 10共kBT / H兲1/2
and x = 10 000共kBT / H兲1/2. It is clear from the figure that the
similarity solution captures the spatial development of the
concentration field very well over a large length scale.
With the knowledge of the depletion layer thickness Ld
= K / D in the fully developed region 共i.e., where convection
is negligible and diffusion and migration balance兲, a scaling
estimate of the entrance length Lx for the depletion layer can
be obtained by setting the boundary layer thickness ␦y equal
to Ld,

共77兲

This result shows that the entrance length is very sensitive to
the Weissenberg number—a large entrance length should be
expected at high Weissenberg number.
Finally, we address the issue of what residence time the
fluid should have in the channel before the depletion layer
can be considered to be fully developed. For the case of Ld
Ⰶ B, this time can be estimated as the travel time from x
= 0 to x = Lx for a fluid element at a distance of Ld from the
wall,
ttravel ⬃

L2
Lx
⬃ d.
␥˙ Ld D

共78兲

So roughly speaking, the residence time required for the establishment of the fully developed concentration profile is
the diffusion time over the distance Ld. Based on the transient results presented above, however, we expect this estimate to underpredict the actual time required, because of the
broad structure of the steady-state depletion layer. The experimentally obtained concentration profiles of Fang, Hu,
and Larson20 for DNA in a microchannel show a weak maximum, suggesting that they are not fully developed.

VII. PLANE COUETTE FLOW AND PLANE POISEUILLE
FLOW

The above analysis of shear-induced depletion in a semiinfinite domain reveals the basic mechanism of molecular
migration and the time and length scales involved. In this
section, we extend our discussion to a slit geometry and consider plane Couette flow and plane Poiseuille flow, which are
very common flow types in experiments.
Consider the gap between two parallel plates separated
by a distance B and filled with polymer solution. As a first
approximation, we can calculate the migration effects due to
each wall in a semi-infinite domain with the other wall ignored and then superimpose the results. In this
“single-reflection”66 approximation, the total mass flux in the
wall normal direction will be
jc,y =

K共B − y兲
n
K共y兲
.
2 n−
2n−D
y
y
共B − y兲

共79兲

The dependence of K on position arises indirectly as a result
of the position dependence of the shear rate. In plane Couette
flow, where K is position independent, the steady-state concentration profile under this approximation is
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FIG. 8. Steady-state concentration profiles at Wi= 2, 10, and 100 in plane
Couette flow in a slit with width B = 30冑kBT / H. Length is scaled by 冑kBT / H
and concentration by its value at the centerline of the slit, nc. Migration
effects due to the two walls of the slit are superimposed by taking the
single-reflection approximation.

冋 冉

1
4
1
n
−
= exp − Ld +
nc
y B−y B

冊册

,

共80兲

where Ld = K / D is the depletion layer thickness for an unbounded domain, y is the distance from one wall, and nc is
the concentration at the centerline of the slit. Figure 8 shows
the solutions for Wi= 2 , 10, 100, which correspond to Ld
= 2冑kBT / H, 33冑kBT / H, and 387冑kBT / H. The parameters
used are b = 600, h* = 0.25, and B = 30冑kBT / H. As the Weissenberg number increases, the concentration profile becomes
sharper and sharper, which indicates a stronger migration
effect at higher Wi.
We now present results for plane Poiseuille flow. Here
the velocity profile is parabolic,

x共y兲 = Um

冋 冉

y
1− 1−
B/2

冊册
2

,

共81兲

where Um is the velocity at the center of the slit. The steadystate concentration profiles in plane Poiseuille flow are
shown in Fig. 9. Here Wi is defined based on the wall shear
rate. In the middle of the slit, the concentration profile for
plane Couette flow is steeper than that for plane Poiseuille

FIG. 9. Steady-state concentration profiles at Wi= 2, 10, and 100 in plane
Poiseuille flow in a slit with width B = 30冑kBT / H. Length is scaled by
冑kBT / H and concentration by its value at the centerline of the slit, nc.
Migration effects due to the two walls of the slit are superimposed by taking
the single-reflection approximation.

FIG. 10. Steady-state concentration field for plane Poiseuille flow in the
entrance region of a slit with width B = 300冑kBT / H at Wi= 20. Only half of
the slit is shown. The concentration is scaled by its bulk value n0 before
entering the slit. Migration contributions due to two walls of the slit are
superimposed by taking the single-reflection approximation.

flow. This is because the the shear rate in the middle region
of the plane Couette flow is larger than that of plane Poiseuille flow.
A case of particular interest is the spatial development of
the depletion layer downstream from the entrance to a slit, as
we first discussed in Sec. VI. This situation is governed by
the following equation:

x共y兲

冋 册 冋

n
 K共y兲
 K共B − y兲
=−
n
2 n +
x
y y
y 共B − y兲2
+D

冉

冊

 2n  2n
+
.
 y 2 x2

册

共82兲

The numerical solution to this equation is shown in Fig. 10
for B = 300冑kBT / H, b = 600, h* = 0.25, and Wi= 20. Concentration is scaled by its bulk value n0 before entering the slit.
It can be seen that the distance over which the concentration
evolves into the fully developed profile is remarkably large,
even for x = 105冑kBT / H, the fully developed region is still
not reached. This is consistent with the result from the similarity solution found in Sec. VI. Therefore, in order to measure the fully developed concentration in experiment, the
residence time should be much larger than the diffusion time
over the distance of the depletion layer thickness. The concentration field also shows clearly the pileup phenomenon,
consistent with the similarity solution described above.
Finally, we note that there is one qualitative feature that
is found in our detailed simulations of confined chains12 and
predicted by Eq. 共51兲, but not reproduced by the analysis
presented in this section. This is the dip in the concentration
profile at the center of the channel, which arises from the
fourth term of Eq. 共51兲, the migration toward regions of
lower diffusivity that can arise in situations with a
conformation-dependent diffusivity. This feature was lost
due to our assumption of constant diffusivity. It would appear were we to use, for example, a model of diffusivity
based on a deformation drag coefficient 共see, e.g., Refs. 17,
43, 45, and 46兲. However, the effect is small in pressuredriven flow,12 and in uniform shear its only effect is to make
D dependent on Weissenberg number.
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VIII. CONCLUSIONS

In this paper, we developed a kinetic theory that describes migration phenomenon in flowing dilute polymer solutions near solid surfaces. The theory, which is based on a
bead-spring dumbbell model of the polymer molecules,
shows that the migration comes from two contributions: one
that arises from the hydrodynamic interaction between the
polymer molecule and the wall, and another that arises from
intrachain hydrodynamic interactions. The first of these effects is generic for a flexible particle, droplet, or polymer
molecule above a wall. Relaxation of the particle against the
flow generates a force dipole, and if the particle is stretched
and aligned parallel to the wall, the wall-normal flow induced by this force dipole convects the dumbbell away from
the wall. The second effect is Brownian and drives the polymer molecules to regions of lower mobility. The latter effect
is small in homogeneous shear flow, in which case the mobility of the polymer is virtually independent of position.
With this theory, we predict the steady-state concentration profile in uniform shear flow above an infinite plane
wall. The profile, determined by the balance of migration and
diffusion, has the form of a Boltzmann distribution and is
characterized by a length scale Ld, the depletion layer thickness. The depletion layer thickness is proportional to the normal stress differences and the size of the polymer molecule.
For FENE dumbbells at high Weissenberg number, Ld
⬃ Wi2/3Rg, which can be much larger than the molecular
size. In the transient development of the depletion layer, numerical simulations using the theory predict a spike on the
concentration profile, which is corroborated by a similarity
solution and can be explained by the dependence of the migration rate on the distance from the wall. The time scale for
this transient process is shown to scale as the polymer diffusion time over the distance Ld. However, because of the extremely large breadth of the steady-state depletion layer, this
estimate significantly underpredicts the actual time required
to reach steady state. Using similar arguments, the entrance
length Lx for the concentration evolution in a channel is estimated 共for FENE dumbbells兲 to scale with Wi3 Rg. A spike
in the spatially developing concentration profile also appears,
as shown by numerical and similarity solutions. By taking
the “single-reflection” approximation, the concentration profiles for plane Couette flow and plane Poiseuille flow are
obtained.
The theory in its present form is only strictly valid for
infinitely dilute solutions of dumbbells, though the dominant
migration effect, the force-dipole interaction with the wall, is
not restricted to the dumbbell model. At finite concentration,
some hydrodynamic screening of the wall effect will occur,
tending to weaken the migration effect, but on the other
hand, because of the lower polymer concentration 共and thus
viscosity兲 near the wall, the shear rate will be higher there
than in the bulk, tending to enhance migration. The balance
of these effects will determine the concentration dependence
of the depletion layer thickness and apparent slip velocity in
dilute polymer solutions. The results presented here provide
a starting point for addressing these issues.
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