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In this paper, we review the basic concepts of structural stability 
theory and show its application to multimachine power systems. 
Specijically we establish a connection between structural stubility 
and bifurcation theory. We examine the effect of nonlinear loads as 
well as different sizes of induction motor loads on the structural 
stability limits. Detailed generator models are used in the study 
throughout. We conclude that in studying structural stability, loud 
modeling is a crucial factor and needs more research. 

I. INTRODUCTION 
Structural stability is a relatively new concept in power 

system analysis. Broadly speaking, a system is structurally 
stable if small variations in the model does not change qual- 
itatively the set of trajectories originating from all initial 
conditions in the state space. For a given dynamic model, 
we examine system behavior subject to small disturbances 
in the domain of parameter space. This is different from 
Lyapunov stability where we wish to know if a perturbation 
in the state of the system results in the trajectory returning to 
the equilibrium asymptotically. A dynamical system which 
is unstable in the sense of Lyapunov is structurally stable 
since the trajectories do not change for small changes in 
parameter values. 

Structural stability was introduced by Andronov and 
Pontryagin in 1937 [l]. A complete characterization of 
structural stability for two-dimensional systems can he re- 
lated to the nature of the equilibria and limit cycles [2]-[6]. 
For higher order systems such a complete characterization 
is not possible [4]. Bifurcation theory is directly related to 
structural stability. Consider the system such as the power 
system 
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where p is the parameter vector where p may pertain to 
loads, gains, time constants, etc. If at a particular value 
of p ,  the qualitative behavior of the system changes for 
small variations in p ,  the system is structurally unstable and 
the point p in the parameter space is called a bifurcation 
point. The set of such bifurcation points is the bifurcation 
boundary. In general, the structural stability boundaries 
form bifurcation surfaces which divide the parameter 
into “typal” regions [7]. Computation of these regions in a 
nonlinear dynamic system is extremely difficult. 

Bifurcation that are known to appear in power system 
models include saddle-node, Hopf, and singularity induced 
bifurcations. The saddle-node bifurcation occurs when two 
equilibria of the nonlinear system coalesce as a parameter is 
varied continuously. A Hopf bifurcation occurs when a limit 
cycle and equilibrium coaelesce as a function of a param- 
eter. The singularity induced bifurcation occurs in systems 
modeled by differential/algebraic equations (DAE’s) when 
the algebraic equations typically undergo a saddle-node 
bifurcation. 

These are strictly nonlinear phenomenon and are not 
captured by linear models. A linear system exhibits a unique 
equilibrium, therefore one cannot account for dynamics 
arising from the presence of multiple equilibria. Limit 
cycles only occur in linear systems under the exceptional 
condition that the system matrix has a pair of purely 
complex eigenvalues whereas the nonlinear system may 
exhibit limit cycles over a wide range of normal conditions. 

Traditionally dynamic systems have been studied using 
linear techniques. This has been useful for control and 
understanding the behavior of the system. Nonlinear tech- 
niques are maturing to the point that we can use them to 
gain further understanding and insight into power system 
dynamics. 

In this paper we examine the structural stability regions 
of a power system with detailed generator and load models. 
We examine the effects of parameters appearing in different 
static and dynamic load models including constant power 
loads, load indexes in the case of nonlinear voltage depen- 
dent loads, and the size of an induction motor load at a bus. 
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The paper is organized in the following manner: We 
present the results in structural stability for planar systems 
in Section I1 and illustrate it via a single machine infinite 
bus system with variable damping. In Section 111, we review 
the small signal modeling framework to include both static 
and dynamic loads. The two area, four machine system 
is used to illustrate the Hopf as well as the singularity 
induced bifurcation. Structural stability with respect to load 
indices k,  and IC, is discussed. In Section IV, the effect 
of increased dynamic load is considered. Local and global 
bifurcations involving stable, unstable, and nested limit 
cycles are observed. In the concluding section we indicate 
further areas of research. 

The following properties characterize a structurally stable 

1) The critical (equilibrium) points of a structurally 
stable system (3) can only be nodes, foci, and saddle 
points. 

2) A separatrix of a structurally stable system (3) cannot 
start from (end in) a saddle point and terminate on 
(start from) another saddle point (heteroclinic orbit). 

3) In a structurally stable system a separatrix which is 
starting from a saddle point cannot converge toward 
the same saddle point (homoclinic orbit). 

4) A structurally stable system (3) has only a finite 
number of limit cycles. 

system in two dimensions (proof is omitted). 

With the above review of structural stability, we consider 
the case of a single machine infinite bus case with a classical 
model which is structurally unstable for a particular value 
of damping and which violates property (2) of a structurally 
stable system. This example from [9] is interesting in the 
context of transient stability and is essentially a geometric 
approach. 

11. STRUCTURAL STABILITY 
Mathematically, structural stability has to do with ex- 

amining the change in qualitative behavior of a nonlinear 
dynamical system 

k = f ( x )  ( 2 )  

B. Geometric Approach to Stability Investigation [9] 

machine is described by 

as changes on the right hand side of (2) known as the vector 

all nearby vector fields then the system (2) is said to be 
structurally stable. References [3]-[6], [8] discuss structural 
stability in a rigorous mathematical framework. 

field occur. If the qualitative behavior remains the same for A sing1e machine infinite bus system with in the 

M S  + ~i = PI - P,I s ins  + pm2 sin 26. ( 5 )  

Introduce a normalized unit of time as T = wt. Then 
(5) becomes A. Result f o r  Planar Systems 

The work in [l], [2] dealt with planar systems. They 
studied second order systems and stated conditions under 
which structural stability is preserved. Consider " (  = y P{ - sin6 + PA2 sin26 - - 

dr2 d r  

( 3 )  

where 

Consider a region R in the x - y plane. We assume that the 
boundary of this region does not contain any equilibrium 
point of the system (3) or that the velocity vector of (3) is 
not tangent to the boundary. If the system (3) gets perturbed 

Equation (6) shows that the singularities (equilibrium 
points) depend only on Pi and PA2 and are obtained 
by solving 

with p(x,y) < t and q(x,y)  < t such that within R, the 
phase portrait of the modified system given by y(Pi  - sin 6 + PA2 sin 26) = 0. (7) 

(4) 

is qualitatively the same as (3 ) ,  then we say that the system 
(3) is structurally stable. This imposes certain restrictions 
on the nature of equilibria of (3) and these can be illustrated 
via the phase plane portrait. One of the complete character- 
izations for a planar system has been given in the literature 
by Debaggis [6]. 

Keeping Pi, Pk2 fixed and changing y (i.e., by varying D 
or M )  changes only the trajectories with the equilibrium 
points remaining unchanged. 

Depending on the value of y, the phase portrait will be 
different. Typically for a certain critical value of y = yc, 
the phase portrait will be such that a trajectory from a 
saddle point ends on another saddle point, thus resulting 
in a heteroclinic orbit. For values of y < yc or y > yc the 
phase portrait changes qualitatively. In (5) let M = .0138, 
PI = 0.91, Pml = 3.02, and Pm2 = .416. Keeping M 
constant and varying D,  the phase portraits for different 
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Fig. 1. 
(b) t = .04, and (c) E = .05. 

Phase portraits for numerical example for different values of D (epsilon) (a) t = ,04687, 

values of D are shown in Fig. l(a>-(c). The value yc 
for which the system is structurally unstable is obtained 
0.053. Thus the system is structurally unstable for y = yc 
by violating property 2 of a structurally stable system. 
The trajectory joining the two critical points is termed the 
critical separatrix (heteroclinic orbit) and denoted as ~~(6). 
When the bifurcation parameter y is changed slightly from 
the critical value -yc the phase portrait changes but the 
number and nature of equilbria remain the same. This is 
not the classical definition of bifurcation which is local in 
nature and nature of equilibrium point changes. Hence it 
is called global bifurcation [ 8 ] .  An analytical expression 
can be obtained for ws(S) through the use of a truncated 
Fourier analysis [9]. 

111. APPLICATION IN MULTIMACHINE POWER 
SYSTEMS WITH STATIC NONLINEAR LOADS 

The bulk of the literature on structural stability concerns 
systems described by differential equations. However, in 
power systems we generally have differential equations 
constrained by algebraic equations (DAE systems). More 

precisely, a multimachine power system can be cast in the 
form 

where p is a parameter vector, x is the state vector and 
y is the vector of algebraic variables and U in the input 
vector. In addition to the saddle and Hopf bifurcations, the 
concept of singularity induced bifurcation in power systems 
is introduced in [7 ] ,  where it is applied to the voltage 
control system of a single machine system. We now validate 
these concepts on a multimachine system. We discuss the 
effect of parameter variations on the steady state stability 
of a dynamic power system and observe that the system 
is structurally unstable at a critical value of the load. At 
this value of load we observe that Hopf bifurcation occurs 
which is a local bifurcation. Singularity induced bifurcation 
occurs when (9) is no longer solvable for y in terms of z 
and p .  This depends on a combination of factors such as 
generator, exciter, and load models. 
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The linear model corresponding to (8) and (9) after 
eliminating the algebraic variables is of the form 

AX = A(p)An: + BAu. (10) 

We begin with a systematic derivation of the linear model 
for an n-bus m-machine nonlinear differential algebraic 
system with nonlinear voltage-dependent loads at the net- 
work buses. The model so obtained is flexible enough to 
study both low-frequency oscillations and voltage stability 
problems. The machine is modeled by either a two-axis or 
a flux decay model, and the excitation system by either a 
slower IEEE Type I or a faster static exciter model. Thus 
potentially we have four types of generating unit models. 
Of these we limit ourselves to two models, namely. 

A. Model I (Two-Axis Model with IEEE Type I Exciter) 

The mathematical model consists of differential equations 
pertaining to machine and exciter dynamics and the alge- 
braic equations corresponding to the stator and network 
equations. 

The differential equations of the machine and the exciter 
are given as in [lo] where the various symbols are defined. 

The machine differential equations are in the machine ref- 
erence frame. Equations (1 1) and (12) represent Newton's 
law for rotational dynamics associated with the generator 
shaft. Equation (13) represents the (scaled) flux dynamics 
of the field winding and (14) represents the (scaled) flux 
dynamics of a damper winding in quadrature to the field. 
Equations (15)-( 17) represent the automatic voltage control 
subsystem where Vref is the setpoint, V is the regulated 
generator terminal voltage, and Efd is the excitation to the 
field of the generator. 

1) Diperential Equations: 

The algebraic equations consist of stator algebraic equations 
and the network power balance equations. These are: 

2 )  Stator Algebraic Equations: 

EAz - V,  sin(& - 0,) - RszIddz + X&I,, = 0 
E& - V, COS(S, - 0,) - RJ,, - XAzIdz = 0 

(18) 

f o r z = l ,  . . . ,  m. (19) 

The stator algebraic equations describe the electrical 

3) Network Equations: 
variables associated with the stator windings. 

IdzK sin(& - 0,) + IqzK cos(& - 0,) + P L ~ ( K )  
n 

- K v k x k  COS(0, - @k - Q , k )  = 0 (20) 
k=l  

IdtK cos(& - 0%) - IpV, sin(& - 0%) + QLZ(K) 
n 

- 1 K V ~ K ~  sin(@, - o ~ C  - ask) = o 
k = l  

z = l ,  . . . ,  m (21) 

(22) 
n 

P L Z ( K )  - K V k x k  C O S ( ~ Z  - Ok - Q t k )  = 0 
k l  

n 

Q L ~ ( K )  - K V k G  sin(Qz - Q k  - a z k )  = 0 

for z = m + 1,. . . , n. 
k = l  

(23) 

The network equations represent the transmission net- 
work. The equations are expressed in terms of power 
because the load constraints are usually specified in terms 
of power. 

B. Two Axis Model with Fast Exciter (Model II} 
In this case, the differential equations of the machine, 

the stator algebraic equations and the network equations are 
unchanged. The equation for the fast exciter is given by 

Equation (24) replaces (15)-( 17). 

C. Load Models 

Static nonlinear load models are of the type 

P L ~  = P&V,kp' and QL, = QiZKkq' (25) 

where kpzkqz are 2 0. I C p z  = k,, = 0 yields the constant 
power case kpz = k,, = 1 the constant current case and 
kpz = k,, = 2, the constant impedance case. 

rv. LINEARIZED MODEL 
A complete derivation of the linearized DAE model is 

contained in [ l l ]  and symbolically it has the following 
structure. 

A& A ~ A x  + AzAIg + A3AVg + EAU 

(dynamic equations) (26) 

(stator algebraic equations) (27) 

0 = B ~ A x  + BzAI, + B3AVg 
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0 = C ~ A X  + C,Al, + C3AVg + C,A@ + ASL,(V) 
(power balance equations at generator buses) 

(28) 

(29) 

Ax is the state vector with variables from machine and 
$e exciter. AI, are the algebraic variables of generator 
prrents Aid, AI,. AV, are the algebraic variables of 
generator voltages and angles. AVe are the algebraic vari- 
ables of nongenerator voltages and angles. ASL,, A S L ~  are 
perturbed APL and AQL at generator and nongenerator 
buses, respectively, with load being treated as injected 
powers into the bus. 

0 = DlAV, + DZAQ + AS,e(V) 
(power balance equations at other buses). 

A. Structure of the System DAE Jacobian 

1) Since AI ,  is not of interest it is eliminated from the 
DAE model as a first step using (27). 

2) The remaining algebraic variables are rearranged to 
give a “load flow” flavor to the network Jacobian, i.e., 
define AzT = [A& , AV,, . . . ,AV,] and A V T  = 
[A&, A03 , . . . , AV,,, , . . . , AV,]. Note that Aw is 
the set of variables in a conventional load flow. 
Load flow is the widely used static solution of power 
system steady state bus (node) voltages at specified 
values of bus power loads. 

3) With the above rearrangement and substitution of 
appropriate load models for S L ~  (V) and S L ~  (V), the 
model (26)-(29) becomes 

Note that E3 is the load flow Jacobian JLF and the 
network Jacobian is 

These two Jacobians have significance in the context of 
voltage collapse to be discussed in Section V. Since we 
do not introduce a reference machine angle in (Z), we 
get a zero eigenvalue. If the damping D, = 0, we get an 
additional zero eigenvalue. Elimination of Az, AV in (30) 
leads to 

AX = A,,,(p)Az. (32) 

It is very difficult to obtain Asys(p)  analytically except 
in the case of single machine systems. Hence we use a 
numerical approach to track the eigenvalues of Asys as p 
is varied. 

v. BIFURCATION ANALYSIS IN MULTIMACHINE SYSTEMS 

A. Eigenvalue Analysis of Two Area System 

The effect of loading has been investigated on the two 
area system (Fig. 2). Fig. 2 is a one line diagram of a 

Area I Area 2 

102 3 13 112 
1 101 I I I I I l l  I I  

Fig. 2. Single line diagram for the two-area system 

power system consisting of generators G1-G4 with their 
associated transformers and interconnecting lines to two 
loads at buses 3 and 13 [14]. Assuming different kinds 
of load representation, the real power load at bus 13 in 
area two increased incrementally. At each step the initial 
conditions of state variables are computed after running the 
load flow, and linearization of the equations is done. Ideally 
the increase of load should be picked up by the generators 
through the economic load dispatch scheme. To simplify 
matters we allocate the increase in generation (real power) 
to the machines in proportion to the inertias. In the case of 
increase in reactive power, the increase is picked up by the 
PV buses. The Asys matrix is formed and its eigenvalues 
are checked for stability. Eigenvalues of Asys as well as 
their Participation factors in various states of the system 
are computed. The participation factor of A, in the j th  state 
denoted by pz3 is given by p,, = 2 where u3 is the 
diagonal element in the Asys matrix. Computationally p,, is 
computed from the left and right eigenvectors of Asys [ 121. 
Also det JLF and det JAE are computed. The step-by-step 
algorithm is as follows: 

1) Increase the load at bushuses for a particular gener- 
ating unit model. 

2) Perform the load flow. The extra load is picked by 
the slack bus generator G4. Ideally the AGC system 
will reallocate the extra load. As an approximatin one 
can reallocate it in proportion to the inertias. 

3) Stop, if load flow fails to converge. 
4) Compute initial conditions of the state variables. 
5) Linearize the differential equations and compute the 

6) Compute det JLF , det JAE,  and the eigenvalues of 

7) If Asys is stable then go to step (1). 
8) Identify the states associated with the unstable eigen- 

value(s) of Asys using the participation factor method 
and go to step (1). 

various matrices. 

A s y s  . 

The results are summarized in Tables 1 and 2 for the 
models I and 11. Real power load at bus 13 is increased 
incrementally. The P-V curve for a typical case is shown 
in Fig. 3. From the tables as well as previous work [13], 
the following observations are made. 

B. Slow Exciter 

1) For the constant power load representation, it is the 
voltage control mode in area 2 which undergoes 
Hopf bifurcation at a loading of around 17.0 pu 
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Table 2 Behavior of Critical Eigenvalues 
With Fast Exciter (Model 2) 

I‘, 1 %  , 
v , , m  .I It#,. I % 

Fig. 3. P-V curve for Model I (constant power). 

Table 1 
With Slow Exciter (Model 1) 

Behavior of Critical Eigenvalue 

Load at 
Bus 

13 in p.u. 
16.9 
17.5 
19.26 
20.50 
21.00 
21.5 
22.6 
23 

23.5 
23.7 
23.8 
24 

24.3 

C 
Constant Power 

-.0238fj3.0238 
S379fJ3.1497 

3.5392fj0.1069 
31.5542, 0.8729 

-73.2924. 0.61 19 

,0549 
-.0537 
-.1838 

-.3183 

ical Eigenvalues 
Constant Current 

stable 
stable 
stable 
stable 

-.0365fj3.2766 
.0056fj2.9997 

,88845fj1.028 
1.0432fJ0.3009 
1.7984, 0.4678 

Constant 
Impedance 

stable 
stable 
stable 
stable 
stable 

.006fj3.263 

unstable 
unstable 
unstable 

.48 1 f j  1.629 2.6445, 0.0496 
ad Flow Quits 

and undergoes singularity induced bifurcation (SIB) 
at around 21.0 pu The “voltage control mode” is 
described by the eigenvalue(s) associated with the 
voltage regulator dynamics. These are the points A 
and B respectively in Fig. 3. SIB occurs when the 
real positive eigenvalue crosses to the left half plane 
through infinity. This is also the point where det JAE 
also undergoes a change in sign. 

2) For the constant current loading, the interarea mode 
undergoes Hopf bifurcation at a loading of 21.0 pu 
and there is no singularity induced bifurcation. The 
“interarea mode” is described by the eigenvalue(s) 
associated with the interaction of shaft dynamics 
between two or more areas. 

3) For the constant impedance case, there is Hopf bi- 
furcation at a loading of 21.5 pu. Qualitatively, the 
eigenvalues exhibit similiar behavior. Since this sys- 
tem is particularly created to highlight the inter- 
area mode, the singularity induced bifurcation is not 
present in two cases. 

C. Fast Exciter 

1) For the constant power case, Hopf bifurcations occur 
due to the interarea mode at 16.8 pu, followed by the 
voltage control mode in area two at 20.7 pu, and a 

Load at 
Bus 

13 in p.u. 
15.75 
16.00 
16.5 
16.8 
20.5 

20.7 

20.8 

20.9 

21.0 

21.5 

21.8 

22.0 

22.5 

23.0 

24.2 

24.3 

r 
Constant Power 

-.0275fJ4.605 
-.0202hj4.6116 
-.007kj4.6234 
.0002fj4.6297 

.06fj4.64 

.06fj4.64 
-9.55fj209.06 

.06fJ4.64 
67.16fJ333.18 

-.01fj6.86 
.07fj4.64 

,012~j6.86 
.07&j4.63 

.03kj6.87 

-9.44%; 141.54 

-593.91, 277.67 

-288.64, 162.4 

.1875fj4.4836 

1.5014fj7.3361 
-57, 2.8284 

cal Eigenvalues 
Constant Current 

-.014fj4.5254 
-.006fj4.5302 
.0088fj4.5382 

,0986fj4.4935 

,1226fJ4.4387 
-.0273fj6.9254 

.152&j4.43 
-.018fj6.9 

,1743fJ4.282 
,1946fJ6.9188 

Constant 
Impedance 

.0042fj4.4599 

.02fj4.4647 

,1149fj4.3804 

-.0042fJ4.4565 

.1484fJ4.2659 

.1609&j4.2083 

.0498fJ6.9903 

-.0151fj6.9831 

id Flow Quits 

local mode in area two at 20.9 pu The “local mode” 
is described by the eigenvalue(s) associated with the 
isolated shaft dynamics of a single generator. Thus 
three Hopf bifurcations occur, the latter two occuring 
almost simultaneously. 

2) For the constant current case, the interarea mode 
undergoes Hopf bifurcation at about the same loading 
(16.5 pu) as in the constant power case, followed by 
another Hopf bifurcation of a local mode in area two 
at a loading of 23.0 pu. 

3) For the constant impedance case, Hopf bifurcation 
due to interarea mode occurs at a loading of 16.0 pu 
followed by Hopf bifurcation of the local mode in 
area two at a loading at 22.5 pu. 

Generally we can conclude that with slow exciters con- 
stant impedance loads are preferable and constant power 
loads are least desirable. This confirms observations in the 
literature using static analysis [15]. With a fast exciter, volt- 
age instability occurs at about the same loading irrespective 
of the load representation. 

D. EfSect of Nonlinear Loads on Network 
Solvability and Hopf Bifurcation 

In the previous section we considered the effect of 
nonlinear loads and exciters on Hopf bifurcation. In both 
cases at a certain value of load, the load flow part of the 
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Fig. 4. A single sourcehingle load system. 
R, X ,  X ,  X’ T”, H 

0.0377 1.2429 1.2080 0.0688 0.875 0.7065 
0.0402 2.3590 2.3058 0.1052 0.1557 0.7915 
0.0132 3.8943 3.8092 0.1683 0.7826 0.5269 
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1.00 

0 75 

0.25 

11 no 
o n  4 0  80 120 I6 0 20 0 

Po (P ” ) 

Fig. 5. Load voltage versus power coefficient. 

algebraic equation does not have a solution. We examine 
this aspect further. Power system engineers prefer to specify 
load constraints in terms of bus power. In terms of the 
synchronously rotating variables at each bus, this power is 
defined as, 

A ( V D ~  + ~VQ,)(~D~ - ~ I Q ~ )  = PL, + J ’ Q L ~  i = 1,. . . ;n.  
(33) 

The voltage dependence of P L ~  and Q L ~  is given by (25). 
The algebraic load constraints make a set of algebraic 
(20)-(23) which must be solved during a dynamic simu- 
lation at each time step. It has been shown [16] that for 
most practical power systems, these equations are always 
solvable provided 

k,i > 1 i =  1, . . . ,  n (34) 
kqi > 1 i = 1,. . . ,n. (35) 

Here we present a simple example in which the con- 
ditions above are made clear. Consider the single unity 
power factor load connected to a source through a lossless 
transmission line shown in Fig. 4. 

It has been shown in [16] that a real solution for V always 
exists for any Po > 0 with k, > 1 but may not exist for 
IC,  5 1. Assuming E = 1, the solutions for V as a function 
of IC,  and Po are shown in Fig. 5. This simple example 
helps to illustrate the bounds on the load model such that 
a solution exists. 

(a) (b) 
Fig. 6. 
motor unity power factor loads. 

Single machine with (a) constant power and (b) induction 

VI. DYNAMIC LOAD MODELING 
In this section we examine bifurcations in the total dy- 

namic system model using four different loads: an induction 
motor model with three different parameter sets, and a 
constant power load for comparison. 

The test system is shown in Fig. 6. The system consists 
of a single generator connected to a single load through a 
lossless transmission line. In Fig. 6(a) is a constant power 
load and Fig. 6(b) is the compensated induction motor such 
that at a given operating point the resistor consumes 50% 
of the active power, the induction motor consumes 50% 
of the active power, and the shunt capacitance provides 
100% compensation for reactive losses in the induction 
motor. The generator is represented by a two-axis model 
with an IEEE type I voltage regulator and a third-order 
turbine and governor model. The turbine is the source of 
power that turns the generator field. The governor is the 
speed controller which maintains frequency. The induction 
motor is represented by the following third-order model in 
which the mechanical torque load is assumed to be linear 
to rotational speed. 

ds , 
d t  2H- = K L ( ~  - S )  - ( E Q I Q ~  + E ~ I D ~ ) .  (40) 

The parameters for the 3HP, 50HP, and 500HP induction 
motors used in these examples are given in Table 3. 

The dimension of even these simple power system mod- 
els is high (210). Detection of global bifurcations is 
difficult, so we begin by examining local bifurcations which 
can be detected from an eigenvalue analysis. In each case 
(see Fig. 6(a) and (b)) the constant power load P and the 
total active power in the compensated induction motor is 
increased until an eigenvalue crosses the imaginary axis of 
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Constant P 3 HP 50 HP 500 HP 

-0.1852&j0.2770 
-2.963 
-4.613 

-5.153kj7.643 
-20.08 
-0.000 

N/A 

PL = 2.36 PL = 3 . 1 6 ~ ~  PL =2.72 pu PL =2.21 p u  

the complex plane. The eigenvalues at this point are given 
in Table 4. In all cases the participation factors indicate that 
the critical eigenvalues are related to the voltage control 
mode of the excitation system. 

We make the following observation from Table 4. Al- 
though the instability boundary occurs at different loadings 
for the constant power and the three different induction 
motor examples, qualitatively they are similar. The eigen- 
values of the linearized systems have comparable values 
and the critical unstable eigenvalues are strongly related to 
the excitation system states in the generator model. The 
constant power model differs from the induction motor 
models by a large change in the dynamic form. The 
induction motor models differ from each other only by 
changes in parameter values. It is instructive to examine 
the qualitative behavior of the flow around the unstable 
equilibrium points. The critical eigenvalues are a complex 
pair which cross the j w  axis at some point other than the 
origin. This is called a “Hopf bifurcation.” It corresponds 
to an intersection of an equilibrium point (a limit set) with 
a limit cycle (another limit set). It is expected that in the 
vicinity of this bifurcation either stable or unstable limit 
cycles should exist. It is called “subcritical” if the limit 
cycles are unstable and “supercritical” if the limit cycles 
are stable. 

The Hopf bifurcation for the constant power case has 
been studied and is subcritical. This means that, as the 
loading is increased toward the bifurcation point, there is an 
unstable limit cycle which bounds the region of attraction 
of the stable system. Because there are ten state variables 
in the model, the entire phase plane cannot be visualized. 
Since the participation factors indicate that the critical mode 
is associated with the E; and R f  variables in the excitation 
system, we view the E; - R f  plane, keeping in mind that 
this is only a cross section of the entire state space. To 
examine the flow in this plane, a perturbation in the value 
of E; is introduced and the resulting trajectories are plotted. 
Starting at a loading of PL = 2.35 pu the flow in Fig. 7 
indicates an unstable limit cycle around the locally stable 
equilibrium point. Changing the loading to PL = 2.37 pu, 
the flow in Fig. 8 does not show any limit cycle and the 
equilibrium point is unstable. This is consistent with the 
report that this Hopf bifurcation is subcritical. 

Now examine the 3 HP induction motor example. The 
participation factors indicate that again the E; and R f  
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Fig. 7. The constant power case, PL = 2.35. 
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Fig. 8. The constant power case, PL = 2.37 

variables greatly affect the critical mode. At a loading of 
PL = 3.15 pu, the flow is examined by introducing a 
perturbation in E;. The trajectory in Fig. 9 indicates that the 
equilibrium point is stable and is surrounded by two limit 
cycles, an inner unstable and an outer stable. At a loading of 
PL = 3.17 pu the trajectories in Fig. 10 indicate that there 
is one stable limit cycle around the unstable equilibrium 
point. The Hopf bifurcation is still subcritical; however, 
the presence of the stable limit cycle makes the dynamics 
significantly different from those for the constant power 
case. This is discussed further in Section VII. 

Now consider an induction motor load using the 500 HP 
parameters. To be consistent, we view the E; - Rf  plane. 
At loading of PL = 2.20 pu, in Fig. 11, an unstable limit 
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Fig. 10. The 3 HP model, PL = 3.17 

cycle exists around the stable equilibrium. At a loading 
of PL = 2.22 pu, in Fig. 12, the equilibrium point is 
unstable with no limit cycles. In both Figs. 11 and 12, the 
unstable trajectories tend toward a stable equillibrium point. 
This point is not properly viewed in the E, - Rf plane 
because other states vary greatly. This stable equilibrium 
corresponds to the state of the system after the motor stalls; 
the slip is high, the generator accelerates, and the system 
voltages are low. 

The differences between the flow in the phase planes 
are important. One of the traditional justifications for the 
constant power load model is the presence of induction 
motors. This may even be supported, in part, by the 
standard stability studies in which the eigenvalues of both 
models indicate an instability on the top half of the P-V 
curve. In addition, the participation fytors indicate that 
this instability is associated with the E, and Rf variables 
in the generator. However, the flow in state space shows 
that they are fundamentally different. As the constant 
power load is increased, the region of attraction around 
the equilibrium point shrinks, and after the bifurcation, 
the system is unstable with no limit cycles. When the 
eigenvalue becomes positive using the 3 HP induction 
motor parameters, the system exhibits stable limit cycles 
which appear as oscillations in the power system. The 
choice of load model greatly affects the dynamic behavior 
of the system. When the 500 HP parameters are used 

B 

I [  I 

02 ' I 
0 7 0.8 0.9 I I I I 2 1.3 1.4 

EqP 

Fig. 11. The 500 H p  model, PL = 2.20. 
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Fig. 12. 500 Hp model, F'L = 2.22. 

the system behavior more closely resembles the constant 
power load model than the small induction motor model. In 
addition to the choice of model, the choice of parameters 
is important. 

VII. GLOBAL BIFURCATION WITH 3 
HP IND. MOTOR MODEL 

To investigate a global bifurcation, we examine the 3 
HP motor load over a wide range of levels of load and 
observe the flow in the E; - Rf  plane. At each of the 
different levels of load a perturbation in E& is applied and 
the resulting trajectories are observed. For low levels of 
load the operating point appears to be globally stable. In 
Fig. 13 the trajectory is shown for a system with a level 
of load equal to 2.5 pu. It exhibits damped oscillatory 
behavior. 

The system behavior changes significantly at a loading of 
2.76 pu. At a level of load equal to 2.77 shown in Fig. 14, 
there exist two limit cycles enclosing the equilibrium point. 
(In Fig. 14, the trajectories between the limit cycles are 
omitted for clarity.) The outer limit cycle is stable and 
the inner one is unstable. As the load is increased further 
the unstable limit cycle decreases in size and disappears at 
level of load equal to 3.17 pu. This is the subcritical Hopf- 
bifurcation noted earlier. As the loading is increased past 
the Hopf-bifurcation the stable limit cycle persists. This 
stable limit cycle was observed by Tamura [18]. 
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Fig. 1s. Evolution diagram. 

The system is structurally unstable at the point at which 
the two limit cycles appear. It marks a qualitative change in 
the system behavior. This structural instability is marked by 
a global bifurcation. The presence of the limit cycles at this 
point is not reflected in any change in the local behavior 
around the equilibrium point. A graph summarizing this 
evolution is shown in Fig. 15. 

In region A the system is stable in the large. At point B, 
two limit cycles appear as a result of a global bifurcation. 
At point C the Hopf-bifurcation occurs where the unstable 
limit cycle disappears. In region D,  the operating point is 
unstable but the behavior of the system is bounded by the 
stable limit cycle. The system will experience sustained 
oscillations in this region. 

Such oscillations have been encountered in real power 
systems and there is concern that power systems may 
exhibit chaotic behavior. Research into the effects of load 

modeling needs to be pursued further to gain a full under- 
standing of the critical phenomena. 

VIII. CONCLUSION 
In this paper the structural stability of a dynamic system 

such as the power is shown to be intimately related to 
bifurcation theory. In particular through a multimachine 
system example we have illustrated the phenomena of 
Hopf and singularity induced bifurcation. The importance 
of dynamic loads is illustrated by comparing it with a 
constant power load. In particular, new phenomena arise 
such as nested limit cycles. There is need for greater 
analytical investigation into bifurcations of differential- 
algebraic systems. 
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