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Uncertainty in Multiple Penetration Depth Fringing
Electric Field Sensor Measurements

A. V. Mamishev, Member, IEEE, S. R. Cantrell, Y. Du, B. C. Lesieutre, and M. Zahn

Abstract—Measurement of multilayer material properties
with fringing electric field dielectrometry sensors requires the
processing of terminal admittance data from multiple electrode
pairs. The choice of the algorithmic approach for data analysis is
critical because of a high sensitivity to small measurement uncer-
tainties. While individual channel uncertainties are usually within
a reasonable instrumentation range, measurement of properties
of multiple material layers fails unless special techniques are
used to prevent numerical instabilities. This paper demonstrates
the mechanism of uncertainty in a successive stair-step property
estimation in which the estimates of one layer’s properties are used
to estimate the subsequent layer’s properties. Three-wavelength
measurements of dielectric permittivity and conductivity illustrate
the problem in two-layer experimental setups. Limitations of
the stair-step approach and possible future improvements are
discussed.

Index Terms—Interdigital sensors, measurement uncertainty,
multiple penetration depth.

I. INTRODUCTION

I NTERDIGITAL sensors are widely used for nondestructive
measurement of material properties. Most commonly, in-

terdigital electrodes are encountered in surface acoustic wave
(SAW) devices [1], but they are also used for fringing electric
field measurements, capacitive measurements, in MEMS, and in
chemical and biological applications [2]. The focus of this work
is on multiple penetration depth fringing electric field measure-
ments with a three-wavelength interdigital sensor. Work in this
area had been conducted as early as in the 1960s [3]. Since then, a
number of theoretical and experimental investigations have con-
tributed to different aspects of this technology, including electric
field modeling [4], [5], industrial and scientific applications [6],
[7], design optimization [8], and parameter estimation [9].

The measurement of dielectric properties of insulating and
semi-insulating materials provides indirect information about
other physical properties of these materials, for example,
moisture concentration, density, porosity, structural integrity,
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Fig. 1. Three-wavelength interdigital sensor with spatial periodicities of 2.5
mm, 5.0 mm, and 1.0 mm.

concentration of impurities, thickness of laminations, etc. In the
simplest case, dielectric properties of homogeneous samples
can be determined and related to other variables of interest
through mapping experiments by determining the relationship
between the dielectric properties and other variables in par-
allel plate setups. A more sophisticated and useful task is to
determine properties of different regions in a nonhomogeneous
sample. In this case, a variety of dynamic processes can be
studied nondestructively as well.

The multiple penetration depth fringing electric field dielec-
trometry sensor used in this study is shown in Fig. 1 [8]. It
consists of three sets of topologically identical interdigital elec-
trodes etched on a common flexible Teflon substrate. The gray
shaded area indicates guard backplanes on the reverse side of
the substrate. Measurement of material properties at different
depths from the surface is achieved through variation of spa-
tial periodicity of interdigital electrode pairs. The larger the dis-
tance between the electrode centerlines, the deeper is the effec-
tive penetration depth. Ideally, appropriate processing of sig-
nals from all pairs should provide an adequate picture of ma-
terial property distributions that only vary with thecoordinate
and do not change with or coordinates across the sensor
head. The transadmittance between electrode pairs is measured
by driving one electrode with a known sinusoidal voltage signal
and measuring the terminal current on the other electrode. In
our normal practice, the frequency of this signal varies between
0.005 Hz and 10 kHz. Several parameter estimation algorithms
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Fig. 2. Three layers with unknown permittivity and conductivity can be
characterized by a half-wavelength model.

have been constructed to relate transadmittance values to dielec-
tric permittivity and conductivity of a material layer under test
at different depths in a multilayer system.

This sensor has been used in several preliminary studies
aimed at measurements of moisture diffusion through electric
insulation of power transformers [10], [11]. Since no other
experimental technique is currently available for verification
of measured distributions of moisture concentration, the
estimation of sensitivity and potential measurement uncer-
tainty becomes particularly important. Many theoretical and
experimental approaches are available for sensitivity analysis.
The goal of this paper is to present results of simulations and
measurements that are directly applicable to the stair-step
inversion algorithm. In this algorithm, dielectric properties
close to the sensor are estimated first, and then used to estimate
properties of consecutive layers [4], [7].

This paper treats issues related to sensitivity and accuracy
of parameter estimations from interdigital dielectrometry mea-
surements. The influence of small disturbance factors of nonde-
structive measurements grows dramatically with the number of
unknown variables that characterize materials under test. In the
framework of inverse problem theory it means that the problem
of material characterization is ill-conditioned, because a high
variation in output parameters occurs due to the small variation
of input parameters. To justify this claim, a numerical example
of uncertainty and example equations are presented here and
then followed by measurement verification. The results of mea-
surements also illustrate the potential of this technological ap-
proach and indicate its current limitations.

II. UNCERTAINTY PROPAGATION

A. General Procedure

Finite element method computer simulations are used to es-
timate uncertainty propagation for a specific case of perfectly

insulating three-layer media. The results of these simulations
show how a small measurement uncertainty may lead to com-
pletely incorrect estimation of material properties. The limita-
tions of the stair-step inverse problem approach arise mostly
from this phenomena.

Consider the three-layer system shown in Fig. 2. Ideally,
using a three-wavelength sensor with penetration depths com-
parable to the interface positions of the three layers, one should
be able to determine the dielectric properties of each layer.
For simplicity, let us consider a nonconducting case, so that

, , and are equal to zero. Then, the three permittivities
to be determined from the three-wavelength measurements
are , , and . For the purpose of this numerical example,
the distance between the top of the sensor electrodes and the
interfacial boundaries of the corresponding layers is chosen
to be 0.3 of the spatial wavelength. So, the thickness of the
first layer is 300 m, the thickness of the second layer is

m, and the thickness of the third layer is
assumed to be infinite. To start, we assume all three layers have
identical relative permittivity, , so that the
transcapacitance of each wavelength is only a function of.
For a particular operating point we use Teflon with .

Whenever an infinite homogeneous layer is used in the sim-
ulations below, the dielectric permittivity of the layer or layers
close to the sensor determines and is equal to the dielectric per-
mittivity of the upper layers. The infinite homogeneous layer
always starts at the penetration depth (0.3) of the simulated
wavelength. For clarity, these assumptions are stated at each
figure caption.

B. General Uncertainty

Along with the simulated plots, general uncertainty is used in
example equations. The general uncertainty equation is

(1)

where is the variable with the uncertainty that varies de-
pending on the independent variables

(2)

is the uncertainty in the variable, and the variables
represent the independent uncertainties in the variables[12].
Uncertainties are typically measured in a region of 95% confi-
dence. For example, if a variable has a region of 95% con-
fidence that spans 3% of the nominal value, then is

. If the uncertainty, , remains constant, notice
that the percentage of uncertainty shrinks as the nominal value

increases. In the case of the plots, is the size of the region
of uncertainty (the absolute difference between the high and low
bounding values), and is the nominal value.

A convenient way to calculate uncertainties is as the ratio
, which is the format that this paper uses. Here the equation

is reorganized for clarity

(3)
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Fig. 3. Simulated function curve of the sensor with 1.0-mm wavelength and a
capacitance uncertainty of 6%; the uncertainty shown for" is approximately
j" � " j=" = 7:2%.

C. Nomenclature

In this paper, relative dielectric permittivities are labeled with
a subscript as in where is an integer that represents the
layer. The numbering starts with the layer closest to the sensor,

, and increases sequentially for more remote layers. The
combined layers are described with the permittivity subscripts
of each of the layers; for example, the combined first and second
layers measured by the 2.5-mm wavelength are described with
the permittivity , where . Capacitances are
labeled with two subscripts,and as in ; the prime shows
that the value is in units of farads per meter instead of just farads.
The subscript specifies the two nodes that the capacitance
spans in the circuit (for example, in this paper because
the material is assumed to be between nodes 1, the driven elec-
trode, and 2, the sensing electrode);specifies the sensor wave-
length being used. In this case, 1, 2, and 3 correspond with the
1.0 mm, 2.5 mm, and 5.0 mm spatial wavelengths, respectively.
The variables can also have an extra superscript:for nominal
( is left off in equations for simplicity), for the highest value
of uncertainty, or for the lowest value of uncertainty. For ex-
ample, would be the high value of uncertainty seen be-
tween the nodes 1 (the driven electrode) and 2 (the sensing elec-
trode) from the second sensor (2.5 mm separation).

D. One-Layer Parameter Estimation

Fig. 3 shows the transcapacitance for the 1 mm wavelength
computed on a per meter length basis for an infinitely thick
layer of relative permittivity . It is nearly linear, and the

3% uncertainty bounds in the measurement of interelectrode
capacitance leads to3.8% uncertainty in the estimated value
of relative dielectric permittivity around . The 3%
uncertainty bound is an assumption based on a statistical de-
scription of our extensive experimental data. It combines known
and unknown disturbance factors, including electronic equip-
ment noise, round-off due to A/D conversion, manufacturing
tolerances of the sensor itself, accuracy of known geometric pa-
rameters, effects of the finite length and width of the sensor head

Fig. 4. Simulated function curve of the sensor with 2.5-mm wavelength and a
capacitance uncertainty of 6%; the uncertainty shown for" is approximately
j" � " j=" = 5:4%.

Fig. 5. Simulated function curve of the sensor with 5.0-mm wavelength and a
capacitance uncertainty of 6%; the uncertainty shown for" is approximately
j" � " j=" = 4:8%.

not included in the two-dimensional half-wavelength cell model
shown in Fig. 2, and others. Fig. 4 shows the transcapacitance
for the 2.5 mm wavelength, again, assuming an infinitely thick
layer of material with . The 3% uncertainty in the es-
timation of the interelectrode capacitance leads to a 2.7%
uncertainty in the estimated value of. Fig. 5 shows results of
the same type of calculation for the 5 mm wavelength, with the
uncertainty in the estimated value of being equal to

2.4%. Given the assumed3% measurement uncertainty, the
accuracy of material property estimation for a single layer of
infinite extent is acceptable in all the above cases. However, as
will be shown, as the number of unknowns grows in a multilayer
system, the uncertainty of measurements very quickly becomes
unreasonably high.

E. Example Equations for One Layer

The relationship between capacitance and permittivity is not
linear, which is characteristic of fringing field capacitors. Be-
cause electric field lines change shape with the change of ma-
terial properties, the ratio of energy amounts stored in the sub-
strate and in the material under test varies with the capacitance.
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TABLE I
VALUES a , a , a , AND b USED IN THE EQUATIONS THAT CORRESPOND

WITH THE GIVEN FIGURES

For uncertainty calculations, each of these functions is approx-
imated with a linear equation

(4)

where is the slope and is the intercept for a line approxi-
mating the nonlinear function around the point . The
values used in this and the preceding equations are given in Ta-
bles I and II. The following equations are then generated for the
sensor with a spacing of 1.0 mm using the general uncertainty
equations

(5)

(6)

Using the plots, the following values are estimated:

Thus, a capacitance uncertainty of 6.0% produces approxi-
mately 7.2% output uncertainty in the permittivity. Following
these same steps with the other two sensor wavelengths pro-
duces

for the 2.5 mm separation and

for the 5-mm separation.
Notice how the uncertainty goes down as the separation in-

creases between the electrodes. This is because the increase in
separation spreads more of the electric field through the material
under test, which increases the sensor’s sensitivity. Also notice
that these uncertainty values do not match the simulated ones
shown in the figures. This is because the estimated equations do
not match the simulated data perfectly. The equations assume a
perfectly linear dependence and approximate the data in a least
squares sense. While it is possible to achieve a closer match by
using a tangential line at the point of measurement instead of
least squares fit, it would serve no practical purpose.

F. Two-Layer Parameter Estimation

Suppose that we want to measure properties of a two-layer
material under test and consider two cases. In the first case,
the results of measurements with two neighboring wavelengths,
1 mm and 2.5 mm are used to estimate material properties. In

the second case, the two spatial wavelengths are more dissimilar
(1 mm versus 5 mm). The results of simulations for the first case
are shown in Fig. 6. The top and bottom curves in this figure rep-
resent the extreme cases of the relative dielectric permittivity of
the first layer ( and ) estimated based on the measurements
with a 1 mm wavelength, shown in Fig. 3. The middle curve
is the capacitance of the 2.5 mm wavelength channel computed
assuming the correct dielectric permittivity ( ) of the
first layer. The dashed lines indicate the maximum uncertainty
brackets assuming that the uncertainty in the measured values
of capacitance of the 2.5 mm wavelength channel due to a com-
bination of all disturbance factors does not exceed3%. One
can see immediately that the uncertainty brackets for the rela-
tive dielectric permittivity of the second layer,, are unaccept-
ably high, from 22% to 29% of the nominal value
( , ).

In the second case with the 1 mm and 5 mm wavelengths,
shown in Fig. 7, the error brackets of the relative dielectric per-
mittivity estimation are significantly more narrow, about8%
of the nominal value ( , ).

G. Example Equations for Two Layers

Notice that the functional dependence of capacitance on per-
mittivity is no longer a line, but rather a region, with the top
boundary based on the and the bottom boundary based on

. Since the calculated permittivity depends on measurements
from both sensor elements instead of just one, the following
equation is the approximation used for the function shown in
Fig. 6

(7)

The general uncertainty equation is then used to calculate the
uncertainty

(8)

(9)

The uncertainty values for the Fig. 6 case are

and the values for the Fig. 7 case are:

H. Three-Layer Parameter Estimation

A three-layer parameter estimation using a straightforward
stair-step algorithm results in very large uncertainty brackets.
Fig. 8 shows the uncertainty brackets for the relative dielec-
tric permittivity of the third layer, , computed using previ-
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TABLE II
VALUES C , C , C , U , U , AND U USED IN THEEQUATIONS THAT CORRESPONDWITH THE GIVEN FIGURES

Fig. 6. Simulated function curve of the 2.5-mm sensor when determining
" for the second layer. We use the three" values found with the 1.0-mm
wavelength as seen in Fig. 3. The capacitance uncertainty for both capacitive
measurements is 6%; the uncertainty shown for" is approximately
j" � " j=" = 51% [error brackets of the relative dielectric permittivity
around the theoretical value" = 2:1 (with " = " ) of the second layer
calculated assuming a�3% error of the 2.5 mm wavelength interelectrode
capacitance per meter lengthC due to a combined influence of all disturbance
factors and measurement noise for first layer permittivity values" , " , and
" from Fig. 3].

Fig. 7. Simulated function curve of the 5.0-mm sensor when determining
" for the second layer. We use the three" values found with the 1.0-mm
wavelength as seen in Fig. 3. The capacitance uncertainty for both capacitive
measurements is 6%; the uncertainty shown for" is approximately
j" � " j=" = 16% [error brackets of the relative dielectric permittivity
(with " = " ) of the second and third layers calculated assuming a�3% error
of the 5 mm wavelength interelectrode capacitance per meter lengthC due
to a combined influence of all disturbance factors and measurement noise for
first layer permittivity values" , " , and" from Fig. 3].

ously estimated values of dielectric permittivities of the first
and second layers, and , respectively, found in Figs. 3 and
6. Since for this electrode geometry the interelectrode capaci-

Fig. 8. Simulated function curve of the 5.0-mm sensor when determining
" for the third layer. We use the three" values found with the 1.0-mm and
2.5-mm wavelengths, Figs. 3 and 6 respectively. The capacitance uncertainty
is 6%; the uncertainty shown for" is approximatelyj" � " j=" = 166%
[error brackets of the relative dielectric permittivity of the third layer calculated
assuming a�3% error of the 5-mm wavelength interelectrode capacitance per
meter lengthC due to a combined influence of all disturbance factors and
measurement noise for first and second layer permittivity values (" , " ), (" ,
" ), and (" , " ) from Figs. 3 and 6].

tance grows with the individual dielectric permittivities of each
layer, the curves of the extreme cases use a combination of both
highest ( , ) or both lowest ( , ) dielectric permittivi-
ties. This 3% uncertainty of the measured capacitance of the
5 mm wavelength channel results in a52% and 114% un-
certainty in the value of third layer permittivity around
( , ).

I. Example Equations for Three Layers

Since both and are used with the 5.0 mm sensor to gen-
erate , all three capacitance measurements are needed in our
linear approximation of this curve

(10)

Notice that the nonlinear effects are becoming large enough to
cause asymmetry of high and low estimates with respect to the
nominal values.

The basic uncertainty equation for this case is

(11)
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TABLE III
TWO LAYER DIELECTROMETRYMEASUREMENTSUSING THEGEOMETRY IN FIG. 9 WITH AIR OR CORN OIL AS LAYER 1 AND AIR, CORN OIL, LEXAN, OR TEFLON

AS LAYER 2. THE NUMBERS IN PARENTHESES FORFINAL ESTIMATED VALUES INDICATE THE PERCENTDIFFERENCEFROM THE MEASUREDPARALLEL PLATE

VALUES. THE CASESSPECIFIED AS(a) AND (b) CORRESPOND TO1000-HzAND 1-Hz EXCITATION FREQUENCIESRESPECTIVELY. THE CORN OIL CONDUCTANCE IS

NOT ESTIMATED AT 1000 Hz (MARKED WITH “-”) W HEN THE SENSITIVITY OF THE MEASUREMENT ISKNOWN TO BE INSUFFICIENT

Fig. 9. Generic two-layer test sample with two unknown dielectric layers used
in this experiment series.

and the numerical estimates are

Notice how the uncertainty has grown. The uncertainty of the
first layer was 7.2%, then grew to 31.3% for the second layer,
and finally became a huge 87.6%. By using the plots to deter-
mine uncertainty, which takes into account the nonlinearity, the
regions have uncertainties of 7.6%, 51%, and 166%, respec-
tively.

III. EXPERIMENTAL RESULTS

The following experimental results have been included to
show how the experiment is carried out using a real sensor in
the lab. There is no direct connection between the simulated data
presented and the experimental data available for use as an ex-
ample.

A. Description of Setups

The dielectric properties of insulating materials have been de-
termined experimentally for several cases, all of which can be
described by the general diagram in Fig. 9. The fluid material
adjacent to the sensor in this series of experiments ensures a per-
fect contact between the sensor head and the material under test.
Since the theoretical analysis of the previous solutions shows
that the combination of the 1 mm and the 5-mm wavelengths is
more accurate than other combinations for a two-layer system,
this combination is used for the two-layer analysis below.

The measurements and estimates are summarized in Table III.
The properties of each layer are summarized at the top part of
Table III. In cases 3)–5), we assume that the conductivity of the
second layer is known to be negligible. Note that the actual mea-
surements are of capacitance (pF) while the relations described
in Figs. 3–5 use capacitance per unit length (pF/m). The sensor
has an effective length of 0.5 m.

Case 1) Sensor in air. This single infinite layer case is used
for calibration to account for fringing field effects, manufac-
turing imperfections, stray lead capacitances, and other sources
of small experimental uncertainties. One unknown (

, ).
Case 2) Sensor in single infinite layer of corn oil. Two un-

knowns ( , ).
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Fig. 10. Cost functions for cases 3a), 4a), and 4b) (Lexan as the second layer).

Fig. 11. Cost functions for cases 5a) and 5b) (Teflon as the second layer).

Case 3) First 500 m thick layer—air, second infinite
layer—Lexan. Two unknowns (, , ).

Case 4) First 500 m thick layer—corn oil, second infinite
layer—Lexan. Three unknowns (, , , ).

Case 5) First 500 m thick layer—corn oil, second infinite
layer—Teflon. Three unknowns (, , , ).

B. Estimation Agorithm

As a first step, the dielectric permittivity and conductivity of
the first layer (fluid layer) is determined from 1 mm wavelength
admittance measurements together with precalculated solution
spaces discussed in [13]. This method assumes that the mate-
rial above the sensor is homogeneous and is of semi-infinite
extent. This assumption is approximately valid for the 1-mm
wavelength and a first layer thickness of m.

As a second step, the dielectric permittivity of the second
layer is calculated using the 5-mm wavelength data. For cases of
dissimilar materials, the conductivity of the second-layer mate-
rial was zero, . The permittivity of the second layer was
found by standard minimization techniques, with the cost func-
tion defined as

(12)

where and are measured values of transconductance
and transcapacitance, and and are the values of
transconductance and transcapacitance calculated under the as-
sumption that the first-layer values of dielectric permittivity and
conductivity have been determined correctly from the 1-mm
wavelength measurements. The cost function is minimized
with respect to and which adjust and in (12).

The cost functions for the cases which require their calcula-
tions are shown in Figs. 10 and 11. Fig. 10 shows that the di-
electric permittivity of Lexan has been found with a value of
the uncertainty of no more than3.6 percent for
measured with the guarded parallel-plate cell, and that both the
transcapacitance and the transconductance measured and calcu-
lated values were in close agreement at the cost function min-
imum, as indicated by a very low magnitude of the cost function
at minimum. The agreement between individual components of
transadmittance for measurements with Teflon as the second
layer was not as good for the low-frequency measurement point
[case 5b)], which is shown in Fig. 11. Nevertheless, the mea-
surement uncertainty did not exceed 3.3 percent for .
The cost function does not go to zero because of uncertainties in
the estimation of the dielectric properties of the first layer and
measurement uncertainties in the 5 mm wavelength channel.

IV. CONCLUSION

The dielectric properties of one and two-layer configurations
have been accurately measured using two wavelengths of
a three-wavelength interdigital dielectrometry sensor. The
focus of this work is on sensitivity analysis and measurement
uncertainty evaluation for the stair-step parameter estimation
algorithm. It is important to highlight the uncertainty prop-
agation phenomena in order to further improve parameter
estimation algorithms and design of fringing field instrumen-
tation. Computer simulations indicate that the measurement
uncertainty builds up very quickly as the number of unknowns
in the system increases. On the basis of such simulations, the
decision can be made whether the electronic and dielectrometry
instrumentation is adequate in every specific situation. Future
efforts will concentrate on the reduction of the magnitude
of disturbance factors and noise sources in dielectrometry
measurements and on the development of more sophisticated
and generic procedures to characterize the accuracy of fringing
electric field sensors.
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