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Magnetic Quadrupole Formation of Elliptical Sheet 
Electron Beams for High-Power Microwave Devices 

M. A. Basten, J. H. Booske, Senior Member, IEEE, and J. Anderson 

Abstract-Sheet electron beams are attractive for high-power 
microwave sources due to their ability to transport high current, 
at reduced current density, through thin clearance apertures 
and in close proximity to walls or RF structures. This paper 
reports on the theoretical investigation of magnetic quadrupole 
formation of elliptical sheet electron beams for use in high- 
power microwave devices. The beam envelope equations for an 
initially round beam passing through a physical non-symmetric 
quadrupole pair in the presence of space-charge, finite beam 
emittance, and under the effects of third-order field components 
and longitudinal velocity variations are presented. The presence 
of space-charge compensates for over-focusing in the thin beam- 
dimension and allows for the formation of highly elliptic sheet 
electron beams. As an example, the results of our study were 
applied to an existing Pierce gun source with a beam radius 
of 0.6 cm, beam energy of 10 keV and current density of 
2.0 Alcm'. We find that an elliptical beam with major radius 

= 3.61 cm, minor radius Tb = 0.16 cm and ellipticity ( T J  T b )  

of 22.5 can be produced with only modest quadrupole gradients 
of 64 G/cm and 18 G/cm. Quadrupole formation of elliptical 
sheet-beams may be particularly suited for experimental research 
applications since existing round-beam electron guns may be used 
and changes in beam ellipticity may be made without breaking 
the vacuum system. 

I. INTRODUCTION 

ONVENTIONAL sources of microwave radiation com- C monly utilize round electron beams from Pierce sources. 
Power output is often increased in these designs by increasing 
the beam voltage andor the beam current. Both methods have 
potential drawbacks. Higher voltage beams require larger and 
heavier voltage sources which can restrict the mobility of the 
system. Higher beam current with constant beam size may 
lead to efficiency degradation through space-charge effects in 
transport or spatial debunching of the RF-modulated beam. 
On the other hand, if the current density is maintained but the 
current is increased (i.e., increasing the beam diameter), the 
efficiency of the design may be limited by the spatial spread 
of the beam with respect to the modal field pattern. 

Sources utilizing a sheet electron beam are an attractive 
alternative to round beams for microwave devices. In these 
designs beam current may be scaled, without an associated 
increase in current density, by adding current to the wide 
dimension of the beam. Suitably thin sheet beams coupled to 
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RF structures with rectangular geometry are less susceptible to 
efficiency loss due to spatial spread in the thin dimension. Both 
low-voltage slow-wave devices and high-voltage fast-wave 
configurations suitable for sheet electron beams are currently 
being investigated [l], [2]. 

It is well known that sheet beams in axial guide fields 
are unstable to diocotron modes driven by the E x B drift 
velocity shear between the upper and lower edges of the beam 
([3], and the references contained therein). However, it has 
recently been shown that stable transport of sheet beams is 
possible in periodically cusped magnet (PCM) configurations 
[4]. In fact, it was shown that the contoured profile of an 
elliptical sheet beam provides better matching and possibly 
lower emittance growth than sheet beams with rectangular 
cross-sections. Prototype PCM focusing configurations are 
currently being fabricated at UW-Madison for measurement 
and experimental testing. 

With investigations of stable transport and RF interaction 
with sheet beams underway, the feasibility of producing sheet 
beams remains to be demonstrated. The design and fabrication 
of a electron gun that can produce a sheet-beam directly 
is complicated by the inherent three-dimensional nature of 
such a source. Computationally-intensive three-dimensional 
trajectory simulations are necessary, and the lack of azimuthal 
symmetry may make the fabrication of components more 
difficult. One alternative is to send a large round beam through 
a masking aperture in order to generate a sheet, but it raises 
questions of beam quality through the aperture [2], as well 
as the desirability of such a technique in long-pulse and cw 
tube designs. 

An attractive method for the generation of sheet beams is to 
use the astigmatism of magnetic quadrupoles, and quadrupole 
pairs, to transform a round beam into an elliptical beam. 
Elliptical beams will represent a sheet or ribbon beam in the 
limit of high eccentricity. Additionally, quadrupole formation 
of elliptical sheet beams has the added research advantage that 
changes in ellipticity can be made externally to the vacuum 
envelope by adjusting the quadrupole strengths and separa- 
tion. While quadrupoles have been investigated at length and 
are commonly used for beam transport in accelerators, their 
feasibility for generating elliptical sheet-beams for microwave 
devices is an unexplored issue. 

This paper discusses the theoretical and practical aspects 
of a quadrupole lens system and is organized in the follow- 
ing manner: First, the single-particle transport of an elec- 
tron through an ideal quadrupole pair is discussed and it 
is shown that, without space-charge, it is not possible to 
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obtain highly elliptic paraxial output with an initially lam- 
inar round beam. Next, the effect of space-charge on the 

equations are numerically solved and demonstrate that the 
presence of space-charge helps to correct the slope of the 
envelope in the focusing plane so that highly elliptical, parax- 
ial output becomes possible. Finite beam emittance and the 
higher-order effects of physical quadrupole magnetic fields 
and longitudinal velocity variations are then investigated. The 

c 

beam envelope is investigated. The coupled beam envelope -e --- 
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Here ko2 (= a$&) is called the quadrupole excitation. 
Primed quantities denote derivatives with respect to z .  The 
solutions to these equations represent converging (in the 

xf’ = ~ O Z O [ C O S  k0L sinh k0L - kodsinkoL sinh k0L 
- sinkoL cosh koL] 

Fig. 1. To first order, assuming hyperbolic magnet pole faces, 
the magnetic fields are given by [5] 

BO 
Ro 
Bo 
Ro 

B, = --y 

By = - - - - z .  ( 1 )  

Here Bo and RO are the quadrupole field and radius at the pole 

focusing plane) and diverging (in the defocusing plane) motion 
of the particle and are given by [6] 

yf’ = koyo[cos koL sinh k0L - kod sin koL sinh koL 
- sinkoL cosh koL]. (6) 

~ ( z )  = 2 0  cos koz + zo’ sin koz 
d ( z )  = -koso sin koz + 50’  cos koz (4) 
y(z) = yo cosh koz + yo’ sinh koz 

y’(z) = kayo sinh koz + yo’ cosh koz ( 5 )  

where XO,ZO’, yo,yo’ refer to the position and slope of the 
incident particle. 

If paraxial output from the quadrupole lens system is desired, 
then the term in brackets in (6) must be zero. Furthermore, 
we physically require d 2 0, which leads to the condition 
tanh(k0L) 2 tan(k0L). This condition is strictly only true 
when koL = 0, but is approximately satisfied in the limit 
koL + 0. This thin-lens limit is only valid for the case 
where the transverse displacement of the ray through the 

N 

3 f  
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lens system is sufficiently slight such that the force restoring 
the trajectory to paraxial flow is approximately equal to the 
original bending force. Thus, highly elliptic paraxial output 
flow for a matched input beam is not possible in the symmetric 
quadrupole lens pair without beam space-charge. Although 
the algebra is more involved and not presented here, it may 
be more generally demonstrated that, without space-charge, 
highly elliptic paraxial flow is not possible in either the 
nonsymmetric pair ( k l  # k2)  or a symmetric quadrupole triplet 

With the addition of beam space-charge in the model the 
situation is considerably altered, and highly elliptical, near- 
paraxial flow is possible. In the focusing plane, the relatively 
thin dimension of the beam induces relatively large space- 
charge electric field forces which act to correct the trajectory 
in the drift region. Additionally, space-charge pushes out the 
envelope in the defocused direction. Careful adjustment of 
the second quadrupole position and gradient allows for highly 
elliptic paraxial flow in both planes. 

After Lapostolle [7], the electric self-field for an el- 
liptical beam with constant charge density ( n e )  may be 
approximated by 

(IC1 = k3 = IC2/&. 

(7)  

Here X and Y correspond to the minor and major radii 
of the elliptical beam cross-section, respectively, and wp(  = 
ne2/tom) is the electron plasma frequency. In the limit of a 
circular beam ( X  = Y = R b o ) ,  we see that (7) give the correct 
form of the beam self-field. Similarly, in the limit Y >> X ,  
the field component in the 2 direction approaches that of an 
infinitely long charged sheet. 

In the transformation from circular to elliptical cross- 
section, the total beam area is not conserved and the charge 
density is a function of z .  Assuming that the initially uniform- 
density beam remains uniform in the transformation, we may 
rewrite the plasma frequency as 

where Ab is the beam cross-sectional area and the subscript 
(0) refers to that parameter at the quadrupole entrance. As we 
are interested in the beam envelope trajectory, we let z ---f X 
and y + Y and recast (7) as 

(9) 

It is appropriate at this point to include an emittance term in 
the equations of motion to model the case of an finite emittance 
beam. After Lawson [8], the effect of electron transverse 
kinetic pressure on the beam envelope may be included as 

q = z n  

Fig. 2. Beam envelope trajectories through the magnetic quadrupole pair in 
the presence of space-charge (solid curves) and without space-charge (dashed 
curves). The envelope trajectory in the zz plane (X , )  is strongly defocused 
due to space-charge and highly elliptic paraxial flow is possible. 

additional defocusing terms of the form 

(10) X 3 '  Y3 

where t,, and eny are the normalized beam emittances in the 
5 and y directions. The envelope equations for the beam with 
space-charge and finite emittance now become 

f i y  -- 

For ease of calculation, we normalize the ray equations with 
z, = z / L ,  X ,  = X / X o  = X/Rbo,  Y, = Y/Yo = Y/Rbo and 
d 
- dz  - dz,. We may now write (1 1) and (12) as 

1 
y; = +(koL)2Yn + (kpL)2- 

X n  + Yn 

+ (&)2(2)2+ 
where primed quantities now denote the derivative with respect 
to z ,  and we have defined I C p  = 2 r / X p  = wpo/v,o. Equations 
(13) and (14) are coupled through the space-charge term and 
are valid in the limit XA, YA << 1. 

To illustrate the effect of space-charge on ellipse formation 
we numerically solve the above equations for a zero-emittance 
laminar beam entering an ideal nonsymmetric quadrupole 
pair. The quadrupoles are separated by a field-free drift re- 
gion of length d. Fig. 2 shows the trajectory of the beam 
envelope in the focusing and defocusing planes. The beam 
has an initial current density of 30 A/cm2 and energy of 
10 keV. The first and second quadrupoles have gradients of 
492 G/cm and 118 G/cm, respectively. Each has a length 
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of 1.62 cm and they are separated by a drift distance of 
0.49 cm. The beam at the end of the second quadrupole is 
nearly paraxial in both planes and the ellipticity ( Y f / X f )  
is 108. This extremely elliptic example may be of limited 
value for research purposes since the large aspect ratio would 
make spatial resolution in the thin dimension very challeng- 
ing. Assuming a incident beam of radius R ~ O  = 0.1 cm 
(corresponding to an existing commercial gun: Litton; model 
M707) the resulting beam would be an ellipse with major 
radius 1.57 cm and a minor radius of 0.014 cm. However, 
this example does serve to illustrate several important fea- 
tures. A comparison in Fig. 2 of the beam trajectories with 
space-charge to the case where space-charge is neglected 
shows dramatic differences, even within the first quadrupole, 
demonstrating that it is a very important effect in beams with 
either large current density or low longitudinal velocity. In 
the drift region, space-charge affects the focused dimension 
strongly and bends the trajectory back to near-paraxial flow. 
In the absence of space-charge the focused ray ends up 
crossing the axis, and, after further defocusing by the second 
quadrupole, a magnified negative beam image is formed in 
that plane. 

Due to the large changes in transverse position in both 
planes, there exists a near decoupling of force effects at 
the second quadrupole. Since the magnetic field scales with 
displacement, the second quadrupole bends the defocused ray 
back into paraxiality but has very little effect on the focused 
ray. Hence, in very elliptic cases only the first quadrupole 
gradient, drift length and the space-charge density strongly 
affect the trajectory of the focused ray. For a beam of a 
given energy and current density, changes in beam ellipticity 
while maintaining paraxial flow, may be made through careful 
adjustment of the quadrupole gradients and separation. 

A. Physical Quadrupole Magnetic Fields 

So far the quadrupole has been assumed to be ideal. The 
quadrupole magnetic field abruptly rises from zero, is con- 
stant over a length, L, and then abruptly returns to zero. 
Provided this length is recognized as an effective length 
of the physical quadrupole, this model is relatively useful 
for understanding the physics of the focusing. However, in 
an experimental design one has to consider realistic pro- 
files where the effect of the fringe fields is modeled more 
carefully. After Septier [9], we choose a bell-shaped field 
model as shown in Fig. 3 .  Other field models represent- 
ing experimentally measured profiles may be easily substi- 
tuted. The bell-shaped model has a length of constant field 
from -20 to zo with a Lorenztian fringing field on either 
side. The function describing this field distribution is given 

for 

for -20 5 z 5 zo (15) 
for 

The constants zo and b prescribe the width of the flat-top 
and rate of fall-off of the profile, and, in general, will be 
determined from an experimentally measured magnetic profile. 

. 

by 
--x < z < -zo 

+zo < z < x. 

( 1 + ( 9 ) 2 ) 2  { ;  (I+( y Q ) 2 ) 2  

S ( z )  = 

2 1 0 1 2 

Z , = Z I L  

Fig. 3. 
equivalent ideal quadrupole model for 20 = L / 4 .  

The bell-shaped quadrupole model from (15). The dashed line is the 

For the purposes of this paper, we choose 2x0 = L/2  and b is 
found by constraining equal areas under the curve described 
by (15) with the ideal field profile of length L. This condition 
gives b = LIT.  The two field profiles are compared in 
Fig. 3.  

In the flat-top region the fields remain the ideal linear 
fields treated earlier. However, in the fringe region higher- 
order fields may be necessary in the field expansion. If the 
condition X : Y  << Ro is strictly satisfied throughout the 
particle trajectory, then the first-order fields given by (2), 
modulated by the profile function in (15) are sufficiently 
accurate. For highly elliptic flow this condition may not be 
completely satisfied and higher-order field terms must be 
included. To third order these fields are given by [9] 

ti 
B, = - G f ( z ) ~  + , , f”(z) (3z2y + w 3 )  

G 
By = - G f ( z ) z  + - - f ” ( z ) ( 3 y 2 ~  + z3) 

12 
B, = -Gf’(z)zy (16) 

where G = Bo/Ro is the quadrupole gradient discussed 
previously. It is straightforward to show that these fields satisfy 
V . B = 0. Note that B, is considered third-order since in the 
equations of motion B, is cross-multiplied with X’ or y’. 

We also allow for overlap and cancellation in the mag- 
netic field profiles of the two quadrupoles and the drift 
region between the quadrupoles is no longer assumed to be 
field-free. If the quadrupoles are sufficently close, significant 
field cancellation can occur. In addition, we assume that 
magnetic shielding would be necessary to limit stray flux 
at the ends of the quadrupole system from affecting other 
components, such as the electron gun and the sheet-beam 
focusing system. As a reasonable assumption, we assume 
that shielding can be designed and placed such that the 
field profile given in (15) abruptly rises from zero at a 
position L/2  from the center of the first magnet. Similarly, 
on the output end of the pair, we assume that the field 
is shielded such that the profile falls back to zero at L / 2  
from the center of the second magnet. For the field profile 
considered here, the field amplitude is only about 40% of the 
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peak, and the magnetic effects of the tail beyond this point 
are slight. The model considered here is easily changed to 
conform to any particular experimentally measured quadrupole 
system profile. 

B. Variations in Longitudinal Velocity 
We investigate the effect of longitudinal velocity variation 

for the case where X I ,  Y’ << 1 may no longer be satisfied, but 
X” , Y” are small enough that fourth-order terms in transverse 
velocity may be neglected. To reasonable approximation we 
may neglect space-charge depression and write wpo x vx2 + 
wy2 + w Z 2 .  Using $ = wZ-& we have 

Noting mat $$ = wz2s + 1~~22, we have for the X 
equation of motion: 

2 1  

To simplify (18) we note that X” (or Y”) appear on both 
sides of the equation. Hence, the procedure is to factor and 
substitute so that X” (or Y”) only appears on the left-hand 
side, and then expand the denominators containing the small 
terms X’ and Y’. In the course of these calculations, use will 
be made of the expansions 

3 - z5 - [1+ z(X’2 + YI2) 
1 1  1 
21, v z o  
1 1  
- z5 - [l + ( X t 2  + Y/2 ) ] .  
U z 2  .,“o 

Substituting these expressions in (1 8), we proceed to expand 
and multiply, retaining only terms to third order in transverse 
velocity. As a short-cut, we note that the first term on the 
right of (18) already involves the second-order terms of X” 
and X’Y’. Hence, we use the superscript (1) on XI’ and Y” to 
denote that we need only consider the first-order components 
of these terms and the result will be fully third-order as 
intended. Assuming that the emittance term is small, we can, 
by inspection of (18), write down expressions for X ” ( l )  and 
Y”“) that are accurate to first-order 

Combining (16) and (18)-(22), normalizing as before and 
keeping only terms to third-order in transverse velocity, 
we obtain 

1 x,” = -(lcoL)2 1 + - - ( 3 X /  + Y / )  [ ;(?y 

1 /2 + p 1 + - ( 2 X ,  + Y,’Z + X,’Y,’) 
X ,  (Ic + Y, [ 

The Y, ray equation is obtained from (23) by replacing X ,  
with Y, and substituting Ico2 + -ko2 and e,, + E , ~ .  While 
not explicitly shown in (23), we note that the derivatives f’ and 
f” contain factors of and & and (23) is fully normalized. 

The normalization parameter + is a measure of the 
strength of the higher-order field terms and the fringe field 
in the quadrupole. This is explicitly seen if we rewrite this 
parameter as % = 9%. Thus, the effect of the fringe 
field is small for quadrupoles with a small ratio of radius-to- 
length. (2 << l), provided that the transverse displacement 
of the envelope is small (Rg:, R;oyn << 1). In highly 
elliptic beams, one must be careful that the quadrupole radius 
is sufficently large to justify the third-order magnetic field 
expansion in (16). 

With the above discussion in mind, we further simplify (23) 
by dropping terms that scale as ( F)4. The equation of motion 
for X ,  becomes 

1 (F) ( 2 x ; 2 + Y : 2 + x ; Y : )  
2 

+ L [ 1 +  X n  + Yn 

This equation (and the associated Yn equation) describe, to 
third-order, how the envelope of the beam evolves through 
the quadrupole lens system. Information about distortions 
(aberrations) in the beam cross-section can be gained from the 
solution of (24) for those envelope components which are not 
in the xz or yz planes. An experimental study of quadrupole 
aberrations [9] showed small distortions in the beam shape 
which, in principle, can be corrected in a careful lens system 
design. For the present purposes of this paper we examine 
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only the envelope radius in the focusing plane ( 2 2 )  and the 
defocusing plane (yz). Coupling terms for the ellipse elements 
in the these planes are zero except for in the denominator of 
the space-charge terms, and the ray equations are considerably 
simplified to give 

>= 

Y,l= +(koL)2 [ 1 + - ; ( ? o ) 2  - Yn 1 2 ]  f(z)Y, 

Finally, it is acknowledged that the emittance term was 
handled in an approximate manner in the above analysis. Its 
inclusion illustrates that the effect of nonzero emittance on the 
beam envelope is not negligible, and should be included in a 
careful design. Strictly speaking, however, there is difficulty in 
relating the emittance as defined above with an experimentally- 
measurable rms emittance. Several authors [7], [ 101 have 
derived envelope equations for the effective beam width and 
emittance which are easily related to measurable parameters in 
the laboratory. The derivations of these rms envelope equations 
require linear focusing forces (and elliptical beam symmetry). 
Hence, the rms equations would not rigorously apply in the 
case where higher-order field and velocity variation effects 
are included in the ray equations. However, in the spirit of the 
small-term corrections applied in the above equations, an rms 
approach may only represent a reasonable error in the analysis. 

C. Elliptical Sheet Beam Design Case 
In order to illustrate the feasibility of quadrupole formation 

of elliptical sheet beams, we give a design example using an 
existing commercial round-beam electron gun (Litton; M690). 
Equations (25) and (26) were solved numerically for a 10 keV 
beam with a current density of 2 A/cm2. The resulting beam 
envelope in the focusing and defocusing planes is shown in 
Fig. 4. Assuming a beam radius of 0.6 cm at the quadrupole 
entrance, the output beam has a major radius of 3.61 cm, 
minor radius of 0.16 cm and an ellipticity of 22.5. The first 
quadrupole has a gradient of 64 G/cm and the second has 
a gradient of 18 G/cm. A plot of the normalized magnetic 
field profile used in this simulation is shown in Fig. 5. The 
magnets have a flat-top region of length 1.41 cm, and the 
separation between the centers of the the quadrupoles is 
3.1 cm. Assuming a quadrupole radius of 6 cm, the magnetic 
fields at the pole tips for the two quadrupoles are a modest 
383 G and 106 G. 

z,=m 
Fig. 4. Envelope trajectories for a sheet-beam with ellipticity of 22.5 using 
round-beam parameters from an existing commercial gun. Third-order effects 
of longitudinal velocity variations and a realistic magnetic field are included 
in the model. 

1 2 

Z , = Z / L  

Fig. 5.  
modest quadrupole gradients of 64 G/cm and 18 G/cm are required. 

Magnetic field used in calculating the envelope of Fig. 4. Only 

111. DESIGN CONSIDERATIONS AND SUMMARY 

Several design issues of an elliptical beam forming system 
must also be considered. If the input beam is generated by 
a flux-free Pierce diode, then magnetic shielding must be 
designed such that the quadrupole field begins sharply at the 
electrostatic focus of the beam. For an experimental program it 
may be desirable to assemble or disassemble the gun from the 
vacuum tube and a quadrupole system design may require a 
drift space that can accomodate a vacuum valve. Additionally, 
the sheet-beam focusing configuration (PCM or wiggler) must 
be placed in a position to take advantage of the paraxial beam 
at the exit of the quadrupole system. It may be necessary to 
overfocus the beam slightly at the exit in order for the sheet- 
beam periodic focusing system to be effective at the matched 
position. 

Aberations due to higher-order magnetic field components 
should be studied to determine their effect on the entire beam 
envelope. Such higher order effects may distort the beam 
cross-section from being purely elliptical and could cause 
problems within the sheet-beam focusing system. An interest- 
ing experimental study of quadrupole focusing aberrations was 
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conducted by Septier et. al. 191 using a hollow beam. It was 
found that, for a carefully designed quadrupole, the effect of 
aberrations on the beam cross-section was modest. However, it 
must be kept in mind that the use of a hollow beam minimizes 
the effects of space-charge and beam emittance on the profile. 
Further studies will use a three-dimensional particle trajectory 
code to examine the range of validity of the model presented 
in this paper and to investigate the effects of field aberrations. 

Magnetic quadrupole lens systems appear to be an attractive 
option for forming elliptical sheet electron beams. This method 
is particularly suited for research, since it can utilize existing 
round-beam sources and changes in beam ellipticity can be 
made without breaking the vacuum envelope. Beam transport 
through quadrupoles is reasonably well understood and the 
theory is relatively straightforward. Quadrupole formation 
systems coupled to round-beam sources could prove more 
feasible to design and build than a sheet-beam electron gun. In 
the design example presented here, beam parameters from an 
existing electron gun (2 A/cm2, 10 keV, R ~ o  = 0.6 cm) were 
used and the solution to the envelope equations indicated that 
a paraxial sheet-beam with a major radius of 3.61 cm, minor 
radius of 0.16 cm and ellipticity of 22.5 is possible. 
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