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Thermal energy transport in sheared electrorheological and magnetorheological �ER and MR� fluids
is analyzed. Although energy production by viscous dissipation can be significant, energy transport
on the particle length scale can be analyzed by ignoring viscous dissipation. For typical situations,
energy transport normal to the flow direction is dominated by conduction. Particle-level simulations
were employed to determine the suspension structure as a function of Mason number and volume
fraction. A self-consistent mean-field dipole model is used to estimate the effective thermal
conductivities for these simulated structures. The field-induced chain-like aggregates that form at
small Mason number result in a larger effective thermal conductivity at small Mason number than
at large Mason number. Effects of higher-order multipoles are estimated by analyzing effective
thermal conductivities of model structures. For highly conducting particles, the effective thermal
conductivity of a sheared ER or MR suspension is predicted to roughly double as the Mason number
is decreased from the large to the small Mason number limits. © 2006 American Institute of
Physics. �DOI: 10.1063/1.2171442�
I. INTRODUCTION

Electro- and magnetorheological suspensions exhibit
significant increases in apparent shear viscosity when ex-
posed to external electric or magnetic fields, respectively,
applied transverse to the direction of flow. This phenomenon
has been exploited in controllable shock absorbers, and nu-
merous other damping and torque transfer applications have
been proposed.1–4

The large field-induced increase in apparent viscosity
can give rise to significant energy production by viscous dis-
sipation. Field-induced yield stresses as large as 105 Pa have
been reported for MR fluids.5,6 For a shear rate of 103 s−1,
this corresponds to energy production rates on the order of
Sv�108 W/m3. Such rates are more than sufficient to pro-
duce significant temperature increases within the fluids and
devices, particularly for devices in which the fluid is sheared
between concentric cylinders. In this geometry, fluid ele-
ments remain in the shear flow for extended periods, allow-
ing time for the fluid temperature to increase. In contrast,
fluid elements in pressure-driven flow devices �e.g., shock
absorbers� remain in the shearing flow for only a short pe-
riod, and thus fluid temperature increases may not be as
large.

The behavior of ER and MR fluids depends upon the
temperature. For both types of fluids, the viscosity in the
absence of an applied field varies with the temperature. For
ER fluids, the electrical conductivity typically increases with

temperature. Although the magnetic and field-induced rheo-
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logical properties of MR fluids are largely insensitive to
variations in temperature of short duration, the rate of oxida-
tion of iron increases with temperature. It is thus apparent
that designing ER and MR devices to limit operating tem-
peratures can have substantial benefits.

Typical ER and MR devices are composed of metal, be-
cause of the need to apply large electric and magnetic fields.
Thus the fluid itself constitutes a significant resistance to the
transport of thermal energy to the surroundings. Understand-
ing energy transport in ER and MR fluids is thus important
for designing MR devices, and avoiding deleterious effects
associated with large temperatures. However, little is known
about energy transport within these materials.

A considerable amount is known about energy transport
in quiescent suspensions through experimental and theoreti-
cal investigations, of energy transport as well as the analo-
gous problems of electrical and magnetic transport in sus-
pensions. Consider spheres of radius a, volume fraction �,
and thermal conductivity kp, suspended randomly in a con-
tinuous phase of thermal conductivity kc. The apparent, or
effective, thermal conductivity of the suspension is often rep-
resented by Maxwell’s approximate formula7,8

keff
Max

kc
=

1 + 2��

1 − ��
, �1�

where �= ��−1� / ��+2�, and �=kp /kc. This expression
8,9
agrees well with experimental data for ��10 for all �.
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For ��1, the agreement is good for ��0.2. Chiew and
Glandt8 derived the expression

keff
CG

kc
=

1 + 2�� + �K2 − 3�2��2

1 − ��
, �2�

where K2 is a known function of � and �. This expression
agrees much better with experimental data for ��1 for all
volume fractions.

Zuzovksy and Brenner10 analyzed the effective conduc-
tivity of suspensions of spheres on a cubic lattice. They ob-
tained the formula

keff
ZB

kc
= 1 + 3���1 − �� +

1.3060��10/3

4/3 + �

1 − �
+ 0.4072�7/3

+
0.022 18��1 − ���14/3

6/5 + �
+ O��6��

−1

. �3�

This expression agrees with the experimental data reported
by Meredith and Tobias11 for �→0 for all �, and for �
→� for ��0.45.

In shear flows, energy transport in directions orthogonal
to the flow direction can be altered, even when the macro-
scopic flow is laminar. Ahuja12,13 investigated the effective
thermal conductivity of suspensions in laminar, pressure-
driven flow in tubes with circular cross section. For suffi-
ciently small particle diameters and flow rates, the effective
thermal conductivity in the radial direction was independent
of flow rate. For larger particles and flow rates, the effective
thermal conductivities increased. Similar observations were
reported by Shin and Lee14 for suspensions in laminar circu-
lar Couette flow. For sufficiently small particle diameters and
shear rates, the effective thermal conductivity in the radial
direction was constant, but increased for larger particle di-
ameters and shear rates. Zydney and Colton15 analyzed the
augmentation of energy and mass transport in sheared sus-
pensions. Mechanisms for enhanced transport in laminar
flows include the convection caused by the particle rotation,
and the shear-induced migration of particles and fluid ele-
ments. The augmentation of the thermal or mass diffusivity
is predicted to scale with a2�̇, which is qualitatively consis-
tent with the experimental data reported by Ahuja and Shin
and Lee; measurable enhancement in the effective thermal
conductivity should only appear for sufficiently large a
and �̇.

Application of external electric or magnetic fields to qui-
escent ER and MR fluids, respectively, causes the formation
of columnar aggregates oriented parallel to the applied field.
Transport in this direction is thus altered. While no experi-
mental information about the thermal conductivity is avail-
able, several experimental studies have reported enhance-
ment of the electrical conductivity,16–18 permittivity,18,19 and
magnetic permeability20,21 in the field direction relative to
the respective properties in the absence of an applied field.

Theoretical predictions of the increased effective transport
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properties of suspensions of chain-like structures agree
qualitatively,22–24 predicting an enhancement that increases
with increasing �.

Several investigations of the effect of combined shear
and electric fields on electrical transport in ER fluids have
been reported.17,25–28 All studies report that the effective
transport properties are enhanced at small shear rates and
large field strengths, much like that observed for quiescent
suspensions in applied fields. As the shear rate is increased,
the effective transport properties decrease, approaching the
values obtained for suspensions in the absence of a field. To
the best of our knowledge, no studies of the combined effects
of shear and electric or magnetic fields on the thermal trans-
port properties have been reported.

In this article, we examine energy transport in suspen-
sions exposed simultaneously to shear flow and external
electric or magnetic fields. In the following section, we show
that for typical ER and MR fluid applications, energy trans-
port in the field direction is dominated by conduction. Fur-
thermore, on the particle length scale, energy production by
viscous dissipation can be ignored. Thus energy transport in
the field direction can be described entirely by the effective
thermal conductivity, which depends on the applied field
strength and shear rate. Particle-level simulations are em-
ployed to determine the suspension structure, from which the
effective thermal conductivity can be estimated using a self-
consistent mean-field dipole model. Results are consistent
with experimental results for electrical transport. For small
shear rates and large field strengths, the effective conductiv-
ity is larger than that of a quiescent suspension in the ab-
sence of a field. The effective conductivity decreases as the
shear rate is increased or the field strength is decreased. The
dependence on both shear rate and field strength can be ex-
pressed in terms of the dependence on the Mason number,
which for ER fluids can be written Mn=�c�̇ / �2	0	c�E

2E0
2�

�see the following section for variable definitions�. Correc-
tions to the results from the dipole model are obtained using
more accurate solutions of the temperature distribution and
effective conductivity of idealized structures. For large �, the
effective thermal conductivity of a suspension at small Mn is
predicted to be roughly twice as large as the effective ther-
mal conductivity at large Mn �or quiescent, nonelectrified
suspensions�.

II. ANALYSIS

Consider a suspension of neutrally buoyant, monodis-
perse spheres in a Newtonian continuous phase. Assuming
that the physical properties of each phase are independent of
temperature, the thermal energy balance for each phase may
be written29


Ĉp� �T

�t
+ u · �T	 = k�2T + Sv, �4�

where 
 is the density, Ĉp is the specific constant pressure
heat capacity, T is the temperature, u is the velocity, k is the
thermal conductivity, and Sv is rate of thermal energy pro-
duction by viscous dissipation per unit volume �=0 within

the particulate phase�.
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Scaling length and time with the particle radius a and the
inverse shear rate �̇−1, respectively, the energy balance can
be written in dimensionless form as �dimensionless quanti-
ties are represented with a tilde�

Pe� ��

�t̃
+ ũ · �̃�	 = �̃2� + S̃v, �5�

where Pe=a2�̇ /�t is the Peclet number for energy transport,

�t=k /
Ĉp is the thermal diffusivity,

� 

T − TR1

TR2
�6�

is the dimensionless temperature, where TR1 is a reference
temperature, and TR2 is characteristic temperature or tem-

perature difference, and S̃v=a2Sv / �kTR2�.
Typical values for material properties of disperse and

continuous phases commonly employed in ER and MR sus-
pensions are listed in Table I. Also listed in Table I are rep-
resentative values of the Peclet number for a=1�10−6 m
and �̇=103 s−1. Even for such large shear rates, Pe�10−2 for
each phase. For such small Pe, the rate of energy transport by
conduction on the length scale of the particle radius is much
greater than the rate of energy transport by convection. It is
thus apparent that the thermal transport characteristics of sus-
pensions at small Peclet number will often be of importance.
We will therefore examine the behavior for Pe=0 from here
forward. Neglecting the left-hand side of Eq. �5� yields

�̃2� = − S̃v. �7�

The important implication of the analysis thus far is that the
temperature distribution is always essentially at steady state,
even for flowing suspensions.

The rate of energy production by viscous dissipation
may be estimated from macroscopic measurements of the
shear stress  and shear rate via Sv=�̇. The largest shear
stresses are obtained for concentrated MR suspensions for
which yield stresses on the order of 105 Pa have been
reported.5,6 Under such conditions, the shear stress is domi-
nated by the yield stress, and thus �105 Pa is a realistic
upper limit for the shear stress magnitude. For shear rates of
˙ 3

TABLE I. Typical values for material properties f
�10−6 m, and �̇=103 s−1.

Material k �W/mK� 
 �kg/m3�

Irona 80.2 7870

Silicab 1.38 2220

Titaniac 8.4 4150

Polystyrened 0.14 1000

Engine oile 0.145 884

Decanef 0.140 730

a300 K, Ref. 30.
bFused, polycrystalline, 300 K, Ref. 30.
c303 K, Ref. 31.
d303 K, Ref. 31.
e300 K, Ref. 30.
f293–303 K, Ref. 32.
�=10 , the rate of energy production by viscous dissipation
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is expected to be as large as Sv=108 W/m3. The dimension-
less rate of energy production within the continuous phase is

thus S̃v=a2Sv / �kTR2��7�10−4, using k=0.145 W/mK
which is appropriate for oil, and a characteristic temperature
difference of TR2=1 K. We thus conclude that energy pro-
duction by viscous dissipation does not significantly affect
the temperature distribution on the particle length scale. Note
that this does not contradict the statement in the Introduction
that energy production by viscous dissipation can produce

large increases in the suspension temperature. Rather, S̃v
�1 implies that energy conducts much more rapidly than it
is produced on the particle scale. Thus while viscous dissi-
pation influences the magnitude of the temperature, the lo-
cally averaged temperature profile remains spatially linear.
This further implies that the impact of energy production by
viscous dissipation may be determined by calculating the
effective medium properties in the absence of energy produc-
tion, and then solving for the effective medium temperature
distribution throughout the entire suspension including en-
ergy production by viscous dissipation. This is illustrated in
the Appendix, where the temperature distribution in a one-
dimensional heterogeneous mixture is determined exactly,
and by employing the effective medium procedure outlined

above. As long as S̃v�1, the effective medium procedure is
accurate, even when viscous dissipation significantly in-
creases the suspension temperature.

Because S̃v is small, the energy production term can be
neglected, and the temperature distribution within the sus-
pension is governed by

�̃2� = 0, �8�

even when the suspension is being sheared. Once Eq. �8� has
solved, using appropriate boundary conditions, to obtain the
temperature distribution throughout the suspension, the en-
ergy flux can be analyzed to obtain an effective thermal con-
ductivity of the suspension.

We are primarily interested in energy flux in the direc-
tion of the applied electric of magnetic field, defined here as
the z direction �e.g., energy transport in the radial direction

R and ER fluids. Pe=a2�̇ /�t calculated for a=1

Ĉp �J/kg K� �t �m2/s� Pe

447 2.28�10−5 4.39�10−5

745 8.34�10−7 1.20�10−3

700 2.89�10−6 3.46�10−4

1300 1.08�10−7 9.29�10−3

1909 8.59�10−8 1.16�10−2

2211 8.67�10−8 1.15�10−2
or M
of a concentric cylinder device�. The energy flux in the z
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direction, qz, in general can have contributions from conduc-
tion as well as convection,

qz = − k
�T

�z
+ 
Ĉpuz�T − TR1� . �9�

Nondimensionalizing as above, the flux can be rewritten

qz =
kTR2

a
�−

��

�z̃
+ Pe ũz� . �10�

As discussed above, Pe is typically small, and thus the en-
ergy flux in each phase will be dominated by conduction.

The average heat flux can be written as a volume
average7,33–35

�qz� = −
1

V
�

V

k
�T

�z
dV �11�

=− kc� �T

�z
� − n�Sz� , �12�

where V is the suspension volume, n is the particle number
density, ��T /�z� is the macroscopic temperature gradient,
and

�Sz� 

1

N
�
i=1

N �
Vp

�kp − kc�
�T

�z
dV �13�

is the “thermal dipole strength,” where Vp is the volume of a
particle, and N is the number of particles. The zz component
of the effective thermal conductivity, kzz,eff
keff, is then
given by

keff =
�qz�

− ��T/�z�
�14�

=kc +
n�Sz�

��T/�z�
. �15�

To calculate the effective thermal conductivity, one must
therefore first solve for the temperature distribution through-
out the suspension, or rather, the temperature gradient in
each particle. In this article, this is done using two different
methods. We employ particle-level simulations to first gen-
erate “snapshots” of the suspension microstructure, and then
use a self-consistent, mean-field �SCMF� approximation to
determine the temperature gradient in each particle. The ef-
fective thermal conductivity is then obtained using Eqs. �13�
and �15�. Similar calculations with idealized suspension
structures composed of chains of particles on a lattice will
also be performed to probe the effects of anisotropy on the
thermal transport. For these idealized structures, we also
evaluate the effective thermal conductivity using the finite
element method, in order to assess the accuracy of the SCMF
results. For these calculations, we use the software packages
ANSYS and FEMLAB to determine the temperature distribution
in a unit cell of the lattice, from which the effective thermal
conductivity can be evaluated directly using Eq. �14�. The
meshes were reduced until the uncertainty in the calculated

thermal conductivity was less than 1%.
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In the following section, we briefly describe the simula-
tion method and the SCMF method for evaluating the effec-
tive thermal conductivity of the suspension. Results are pre-
sented in Sec. IV.

III. METHODS

A. Simulation method

We employ a particle-level simulation method described
previously.36–38 The suspension is modeled as a system of N
non-Brownian, neutrally buoyant spheres �diameter �=2a�
between bounding surfaces located at z= ±Lz /2, with the
electric/magnetic field applied in the z direction. The motion
of each sphere is governed by Newton’s Law of translational
motion. Field-induced forces are approximated in the point-
dipole limit, where the force on particle i at the origin caused
by particle j at rij, �ij is given in the point-dipole limit by36,39

Fij
el./mag. = F0� �

rij
	4

��3 cos2 �ij − 1�er + sin 2�ije�� , �16�

where �ij is the angle between the line-of-centers and the
applied electric field E0 or the magnetic field H0, and er and
e� are unit vectors in the direction of increasing rij and �ij,
respectively.

Assuming linear polarization, the force magnitude F0 for
ER fluids is

F0 = 3
16�	0	c�

2�E
2E0

2, �17�

where 	0=8.8542�10−12 F/m is the permittivity of free
space, and 	c is the relative dielectric constant of the continu-
ous phase. The term �E is ��p−�c� / ��p+2�c� in dc fields,
where �p and �c are the electrical conductivities of the dis-
perse and continuous phases. In high frequency ac fields, �
= �	p−	c� / �	p+2	c�, where 	p is the relative dielectric con-
stant of the particulate material �at large frequencies the
force and field strength in Eqs. �16� and �17� represent the
rms values�. For two spheres in a magnetic field, the point-
dipole force magnitude assuming linear magnetization is40,41

F0 = 3
16��0�c�

2�M
2 H0

2, �18�

where �0=4��10−7 N/A2 is the magnetic permeability of
free space, �c is the relative permeability of the continuous
phase, and �M = ��p−�c� / ��p+2�c�, where �p is the relative
permeability of the particulate material.

The neglect of higher-order electric or magnetic multi-
poles in the point-dipole force expressions above underesti-
mates the magnitude of the attractive force between particle
pairs aligned with an applied field.42–44 However, even if
these multipoles are taken into account, the scaling of the
pair force with field strength and particle size are still given
by the dipole results, e.g., �Fel.���2E0

2 for ER fluids. For
interactions among many particles, many-body interactions
also tend to result in pair forces larger than that obtained by
a simple pairwise summation of the forces given by Eq.
�16�.42,43,45

For particles in magnetic fields, the point-dipole approxi-
mation above also neglects the nonlinear magnetization ex-

2,46
hibited by typical ferromagnetic materials. However, at
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sufficiently large field strengths, the particle magnetization
saturates. In this limit, the dipole force expression �Eq. �16��
becomes exact, with the force magnitude given by40,41

F0 = 1
48��0�c�

2Ms
2, �19�

where Ms is the saturation magnetization.
Short-range repulsive forces are given by the function

Fij
rep.=F0 exp�−100�rij /�−1���−er�, to mimic a hard-sphere

repulsion. Similar short-range repulsive forces between each
sphere and the bounding surfaces are imposed. The hydrody-
namic force is given by Stokes drag, Fi

hyd=−3��c��ui

−u��xi��, where the ambient flow is a simple shear with
u��x�= �̇�z+Lz /2�ex, where �̇ is the shear rate.

The equation of motion of each sphere is integrated nu-
merically via an explicit Euler method. Spheres with surfaces
within a distance 0.05� of a bounding surface are assumed to
be stuck, and assume the lateral velocity of the surface.
Simulations reported here were performed for initially ran-
dom suspensions contained between bounding surfaces in a
simulation cell of dimensions Lx�Ly �Lz=20��10�
�10�, periodic in the x and y directions.

The shear rate and field strength employed in the simu-
lations can be characterized by a single dimensionless group
known as the Mason number, Mn=3��c�

2�̇ / �32F0�. Using
Eq. �17� for F0 for ER fluids,

Mn =
�c�̇

2	0	c�E
2E0

2 . �20�

For MR fluids, the Mason number is Mn
=�c�̇ / �2�0�c�M

2 H0
2� or 9�c�̇ / �2�0�cMs

2�, for linear and
saturated magnetization, respectively.

B. Self-consistent mean-field analysis

Consider first the temperature distribution caused by an
isolated sphere of radius a at the origin in an otherwise uni-
form ambient temperature gradient, T��x�=G ·x. Solution of
Eq. �8� with the appropriate boundary conditions yields the
temperature distribution7

T�x� = ��1 − �
a3

�x�3	G · x for �x� � a ,

�1 − ��G · x for �x� � a .
� �21�

Equation �21� illustrates the temperature disturbance external
to the sphere is that of a dipole temperature field emanating
from the sphere center. Substituting Eq. �21� into Eq. �13�
gives the dipole strength,

S = 4�a3kc�G . �22�

Assuming that a dilute suspension of spheres can be treated
as a collection of isolated spheres, substitution of Eq. �22� in
Eq. �15� gives the effective conductivity of a dilute
suspension

lim
�→0

keff

kc
= 1 + 3�� . �23�

For a nondilute suspension, we employ the SCMF ap-
7
proximation described by Jeffrey, and employed by Adriani
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and Gast45 in a model of the dielectric properties of Brown-
ian ER suspensions. Assuming that the polarization of each
sphere may be treated as a dipole, the dipole strength can be
determined approximately by modifying Eq. �22�. The dipole
strength is written as the thermal polarizability 4�a3kc�
times the local temperature gradient, defined as the applied
temperature gradient G plus the gradients of the dipole dis-
turbance fields of all of the other spheres. The effective ther-
mal conductivity �zz component� can then be written

keff

kc
= 1 + 3���1 − �� −

3��

4�
�

r�2a

3 cos2 � − 1

r3

��g�r� − 1�dr�−1

, �24�

where � is the angle between the applied field and the center-
to-center separation of a sphere pair r, and g�r� is the pair
distribution function. For a structureless suspension �g�r�
=1 for r�2a�, Eq. �24� reduces to Maxwell’s formula7

keff

kc
=

1 + 2��

1 − ��
, �25�

which describes thermal transport in isotropic suspensions
reasonably well as discussed in the Introduction.

For structured, anisotropic ER and MR suspensions ex-
posed to external fields, the integral in Eq. �24� must be
evaluated. We do this using configurations �i.e., particle po-
sitions� obtained from the simulations. The pair distribution
function is expressed47

ng�r� = ��
j�i

��r − rij�� , �26�

where n is the particle number density, the sum is over all
particles and periodic images within a volume of 50�
�50��100� �excluding particle i�, and the angled brackets
represent an average over all particles i. This results in an
estimate of keff /kc for each configuration obtained from the
simulation.

In addition to structures obtained from the simulations,
we also perform the above analysis for manufactured struc-
tures composed of particles in chains aligned with the ap-
plied field, arranged on a square two-dimensional lattice in
the plane perpendicular to the field �the “perfect chain struc-
ture”�, and for cubic arrays of spheres. These results are
compared with those obtained for simulated structures to as-
sess the degree of anisotropy. These results are also com-
pared with those obtained from finite-element solutions using
identical, periodic structures, to assess the accuracy of the
SCMF approximation. For the perfect chain structure, neigh-
boring particle centers within a chain are separated by 1.03�.

IV. RESULTS AND DISCUSSION

A. SCMF analysis with simulated structures

The effective thermal conductivity is plotted as a func-
tion of shear strain in Fig. 1 for simulations with �=100 and
several different concentrations, for a Mason number of

−2
3.125�10 . In each run, the equations of motion were first
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integrated numerically with Mn=0 to obtain static, aniso-
tropic structures. Shear flow was then simulated, and the ef-
fective thermal conductivity was calculated every strain in-
terval of 0.1. For all concentrations at this value of Mn,
keff /kc initially decreases with increasing shear strain, as the
chain-like structures formed initially are degraded to some
extent by the shear flow. For all but the smallest concentra-
tions, keff /kc then increases with increasing strain. This oc-
curs as the particles form lamellar aggregates, or stripes, ori-
ented in the flow direction. Such structures have been
observed previously in experiments,48–53 as well as
particle-level54,55 and continuum53,56,57 models of ER and
MR suspensions. The impact of these lamellar structure will
be discussed further below. In all cases, keff /kc eventually
reaches a steady value. After reaching steady state, results
are averaged over a strain of 10 to obtain values for the
steady-state effective conductivities. The steady values are
discussed below.

The steady-state effective thermal conductivities ob-
tained from the simulations with the SCMF model are plot-
ted as a function of Mason number for different volume frac-
tions and �=100 in Fig. 2. At each concentration, keff /kc

increases as Mn is decreased. These results agree qualita-
tively with the experimental results reported for the shear
rate and field strength dependence of the dielectric permittiv-
ity and electrical conductivity of ER suspensions.17,25–28 At
small Mn, hydrodynamic forces are relatively weak, and thus
columnar structures that are broken by the straining motion
can rapidly reform. On average, the structure is highly aniso-
tropic which results in a large effective thermal conductivity.
For large Mn, hydrodynamic forces are much stronger, and
the columnar structures are more degraded. The suspension
structure is thus more isotropic and possesses a smaller ef-
fective thermal conductivity. At a specific value of Mn, the
effective thermal conductivity increases with �, as expected
for suspensions of highly conducting particles.

The data in Fig. 2 are well represented by the empirical

FIG. 1. Effective conductivity as a function of shear strain for several dif-
ferent particle volume fractions at a Mason number of Mn=3.125�10−2,
using the self-consistent point-dipole model ��=100�.
expression
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keff�Mn,�,�� =
k0��,�� − k���,��

1 + ��Mn�n + k���,�� , �27�

where k0�� ,�� and k��� ,�� are the values of keff in the
limits of small and large Mn, respectively, and � and n are
parameters that depend weakly on � and �. Best-fit values of
these parameters for �=100 are tabulated as a function of �
in Table II. The solid curves in Fig. 2 are from Eq. �27� using
the parameter values in Table II. Below we obtain correc-
tions for the values of keff obtained using the SCMF model to
account for effects of higher order thermal multipoles on
energy transport. At that point, we will present values of k0

and k� for other values of �.
In Fig. 3, keff /kc for simulations at �=0.094 and �

=100 is plotted as a function of Mn. Also shown are the
predictions for the perfect chain structure using the SCMF
model, as well as the Maxwell model �Eq. �1��, and snap-
shots of the suspension at different Mn. At small Mn, keff /kc

from the simulations is similar to that predicted by the per-
fect chain model. This is consistent with the observation that
the structure is indeed anisotropic with chain-like structures
apparent at Mn=3.125�10−6. At large Mn, keff /kc ap-
proaches that predicted by the Maxwell model. This is not
unexpected since the Maxwell model is an approximate so-
lution to the SCMF point-dipole model assuming g�r�=1 for

FIG. 2. Effective conductivity as a function of Mason number for several
different particle volume fractions, using the self-consistent point-dipole
model ��=100�. The solid curves represent least-squares fits of Eq. �27� to
the simulation data.

TABLE II. Parameters k0, k�, � and n as a function of particle volume
fraction �for �=100�.

� k0 /kc k� /kc � n

0.047 1.29 1.16 77.5 0.715

0.094 1.60 1.34 53.1 0.671

0.141 1.95 1.54 39.9 0.682

0.188 2.31 1.79 26.9 0.656

0.236 2.70 2.02 20.7 0.544

0.283 3.13 2.27 18.6 0.459

0.330 3.54 2.73 35.3 0.523
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r��. The difference between the Maxwell model and the
large Mn results are likely attributed to the fact that g�r�
�1 in the large Mn simulations.

In Fig. 4, keff /kc for simulations at �=0.330 and �
=100 is plotted as a function of Mn. Again, also shown are
the predictions for the perfect chain structure using the
SCMF model, as well as the Maxwell model. In this case, the
simulation results are significantly larger than the values pre-
dicted by the SCMF perfect chain and Maxwell models in
the respective limits. The discrepancy can be explained by
examining the suspension structure under these conditions. A
snapshot of the simulated structure obtained for �=0.330
after shearing with Mn=9.375�10−2 to a strain of 200 is
shown in Fig. 5. In this snapshot, the flow direction is into
the page; the microstructure has organized into lamellar ag-
gregates, or stripes, oriented in the flow direction. While the
structure is still anisotropic, isolated particle chains no longer
exist, but rather are interconnected into much larger struc-

FIG. 3. Effective conductivity as a function of Mason number for �
=0.094 ��=100�. Also shown are the values of keff /kc predicted using the
perfect chain and Maxwell models, and snapshots of the suspension at three
different Mason numbers �Mn=3.125�10−6, 3.125�10−3 and 31.25, from
left to right�.

FIG. 4. Effective conductivity as a function of Mason number for �
=0.330 ��=100�. Also shown are the values of keff /kc predicted by the

perfect chain and Maxwell models.

ownloaded 24 Feb 2007 to 128.104.198.190. Redistribution subject to
tures. The effective thermal conductivities are larger than
expected for such structures because in the neighborhood of
a particle, the local volume fraction is larger than the aver-
age. Since models typically predict effective thermal conduc-
tivities with �2keff /��2�0 �see, for example, Eqs. �1�–�3��,
we expect the heterogeneous suspensions with lamellar
structures to possess larger effective thermal conductivities
than homogeneous structures under otherwise similar condi-
tions. These observations also explain why a slow transient
increase in keff is observed in the simulations; keff increases
slowly as the lamellar structures form. These results suggest
that measuring effective thermal conductivities, or analogous
electric or magnetic properties, under shear may be a useful
method for probing the lamellar structure formation process.

B. Corrections for multipole effects

The SCMF point-dipole approximation for the thermal
dipole strength underestimates the effective thermal conduc-
tivity of a suspension. This is illustrated in Fig. 6, where the
effective thermal conductivity for �=0.330 and �=100 is

FIG. 5. Snapshot of the suspension microstructure for �=0.330 after shear-
ing to a strain of 200 with Mn=9.375�10−2. The flow direction is into the
page. For this simulation, Lx�Ly �Lz=10��15��13�.

FIG. 6. Effective conductivity as a function of Mason number for �
=0.330 ��=100�. The symbols represent the simulation data, the dashed
curve represents the fit with Eq. �27�, and the solid curve represents Eq. �27�

corr corr
using the corrected values k0 and k� .
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presented for the SCMF model for simulated suspension
structures, as well as for the perfect chain and cubic lattice
structures using both the SCMF model and more accurate
solutions for the temperature distribution and effective ther-
mal conductivity. For the perfect chain structure, the finite-
element solution produces an effective thermal conductivity
�kchain

FEM� that is significantly larger than that obtained using the
SCMF point-dipole solution �kchain

SCMF�. The difference is attrib-
uted to higher-order multipole contributions to the tempera-
ture distribution that are captured by the FEM solution but
not the SCMF point-dipole solution. The effect is significant,
resulting in an increase in kchain of 22%. Also illustrated in
Fig. 6 is a comparison of the SCMF point-dipole model with
a more accurate solution for cubic structures �kcubic

SCMF and
kcubic

ZB �. Here, we employ Eq. �3� for the more accurate solu-
tion; this expression agrees with finite-element solutions
within 2% for the ranges of parameters considered here. Fig-
ure 6 illustrates that for the cubic structure, the influence of
higher-order thermal multipoles is less significant than for
the chain structures, resulting in only a 2.9% increase in
kcubic �for this case, kcubic

ZB and kcubic
FEM differ by less than 0.1%�.

This is not surprising, since the effects of higher order mul-
tipoles are known to be most important when particle pair
separations are small.7,34,35

In principle, one could solve more accurately for the
temperature within the simulated structures to obtain values
for keff that include contributions from the higher-order mul-
tipoles. This task, however, would be very computationally
demanding and is outside of the scope of this work. We can,
however, approximately account for the effects of higher-
order multipoles as follows. Consider the case of sheared
suspensions at small Mn. The suspension structure in this
limit is similar to that of the perfect chain structure, with
columnar structures extending from one surface to the other
�see Fig. 3�. For the perfect chain structure, the effective
thermal conductivity obtained using the SCMF model can be
“corrected” exactly by simply adding the difference kchain

FEM

−kchain
SCMF �for each value of � and ��. We therefore correct the

values obtained for keff from simulations in the limit of small
Mn with the SCMF point-dipole model by adding the same
difference. This corresponds to correcting the parameter k0 in
Eq. �27� fit to simulation data using

k0
corr��,�� = k0��,�� + �kchain

FEM��,�� − kchain
SCMF��,��� . �28�

At large Mn, the chain-like aggregates are destroyed,
resulting in a suspension structure for which nearest-
neighbor particle pairs are separated by larger distances on
average. In order to correct the values of keff obtained from
simulations to account for higher-order multipoles, we model
the large Mn microstructure as a cubic lattice. The values of
keff obtained from the simulations can thus be corrected by
adding the difference kcubic

ZB −kcubic
SCMF �for each value � and ��.

This corresponds to correcting the parameter k� in Eq. �27�
fit to simulation data using

k�
corr��,�� = k���,�� + �kcubic

ZB ��,�� − kcubic
SCMF��,��� . �29�

The values of k0
corr and k�

corr obtained as described above
are plotted as a function of � for various values of � in Fig.

7. The values of n and � obtained from fitting Eq. �27� to the

ownloaded 24 Feb 2007 to 128.104.198.190. Redistribution subject to
simulation data are plotted in Fig. 8. These parameters can be
used to predict via Eq. �27� values for keff as a function of
Mn, �, and �. The behavior predicted for keff�Mn� for �
=0.330 and �=100 using the corrected parameters is illus-
trated in Fig. 6. The values of k0

corr and k�
corr in Fig. 7 predict

that for large �, the effective thermal conductivity of a sus-
pension should roughly double as Mn is decreased from the
large to the small Mn regimes.

V. CONCLUSION

We have analyzed thermal transport in sheared ER and
MR fluids. Although viscous dissipation can be significant,
energy transport on the particle length scale can be analyzed
by ignoring energy production by viscous dissipation. For
typical situations, energy transport normal to the flow direc-
tion is dominated by conduction.

Particle-level simulations were employed to determine
the suspension structure as a function of Mn and �. A self-
consistent mean-field �SCMF� dipole model is used to esti-
mate the zz component effective thermal conductivities, keff,
for these simulated structures �where the external field is
applied in the z direction�. The field-induced chain-like ag-
gregates that form at small Mn result in a larger effective
thermal conductivity at small Mn than at large Mn. The de-
pendence of keff on Mn, volume fraction �, and conductivity

FIG. 7. k0
corr �open symbols� and k�

corr �filled symbols� as a function of � for
different values of �.

FIG. 8. n �open symbols� and � �filled symbols� as a function of � for

different values of �.
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ratio � is well represented by the empirical form
keff�Mn,� ,��= �k0�� ,��−k��� ,��� / �1+ ��Mn�n�+k��� ,��.
This form qualitatively reproduces prior experimental results
for the electrical properties of sheared ER suspensions.

In the SCMF thermal analysis, the particles were as-
sumed to only generate dipole disturbances to the tempera-
ture profile. Effects of higher-order multipoles were esti-
mated by comparing effective thermal conductivities of
model structures obtained using the SCMF and more accu-
rate methods �e.g., the finite-element method�. For large �,
the effective thermal conductivity of a sheared ER or MR
suspension is predicted to roughly double as Mn is decreased
from the large to the small Mn limits.

APPENDIX: CONDUCTION AND ENERGY
PRODUCTION IN A ONE-DIMENSIONAL COMPOSITE

In this appendix we show that for the case of a one-
dimensional composite, the effective conductivity calculated
obtained in the absence of energy production can be used to
describe the temperature profile and energy flux when energy
production is present.

Consider a one-dimensional composite composed of al-
ternating layers of materials A and B as depicted in Fig. 9.
The materials A and B have thermal conductivities kA and kB,
and energy production rates per unit volume SA and SB, re-
spectively. Each layer has the same thickness h.

Consider first the temperature profile obtained by solu-
tion of energy equation within each layer i,

0 = ki
d2T�i�

dz2 + Si, �A1�

subject to the boundary conditions of continuity of tempera-
ture and conductive flux at each interface zi. The solution can
be expressed in terms of the interfacial temperatures Ti

�i�

FIG. 9. Schematic diagram of a one-dimensional composite composed of
alternating layers of materials A and B.
=T �zi�,
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T�i��z� = −
Sih

2

2ki
� z

h
	2

+ �Ti − Ti−1 +
Sih

2

2ki
�2i − 1� z

h

+ �iTi−1 − �i − 1�Ti −
Sih

2

2ki
�i2 − i� , �A2�

where the interfacial temperatures are given by the solution
of the system of equations

− kiTi−1 + �ki + ki+1�Ti − ki+1Ti+1 =
h2

2
�Si + Si+1� , �A3�

for i=1 to N−1, along with given boundary temperatures T0

and TN=TL. Example temperature profiles are illustrated in
Fig. 10.

Next consider the problem of determining the effective
composite conductivity when the energy production terms
are zero �Si=0 for all i�. At steady state, the conductive en-
ergy flux is constant throughout. The differences between
interface temperatures across each layer can thus be written

T1 − T0 = − qz
h

, �A4�

FIG. 10. Temperature profiles T /T0 vs z /L for two different values of
SAL2 /2kAT0 �with TL /T0=1.5, SB=0, and kB /kA=100� for the exact and ef-
fective medium solutions �Eqs. �A2� and �A14�, respectively�. �a� N=L /h
=19; �b� N=L /h=199.
kA
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T2 − T1 = − qz
h

kB
, �A5�

T3 − T2 = − qz
h

kA
, �A6�

] �A7�

TN − TN−1 = − qz
h

kB
. �A8�

Adding these equations gives the energy flux in terms of the
boundary temperatures

qz = − keff
TN − T0

L
, �A9�

where the effective medium thermal conductivity is

keff = ka�1

2
� kA

kB
+ 1	 +

1

2N
�1 −

kA

kB
	−1

. �A10�

Finally, consider the effective medium temperature pro-
file �T�, governed by the energy balance

0 = keff
d2�T�
dz2 + �S� , �A11�

where

�S� =
1

L
�

0

L

Sdz �A12�

=
1

2
�SA + SB� +

1

2N
�SA − SB� �A13�

is the effective medium energy production rate. Using the
boundary conditions �T�=T0 at z=0 and �T�=TL at z=L, the
resulting temperature profile is

�T��z� =
�S�L2

2keff
� z

L
− � z

L
	2 + �TL − T0�

z

L
+ T0. �A14�

Temperature profiles obtained from the exact and effec-
tive medium solutions �Eqs. �A2� and �A14�, respectively�
are plotted in Fig. 10 for two different values of N �N=19
and 199�, using the parameter values kB /kA=100,
SAL2 /2kAT0=100, SB=0, and TL /T0=1.5. As N increases
�h /L decreases�, the effective medium profile approaches
that obtained from the exact solution. Thus, as with the case
for a system without energy production, the effective me-
dium approximation only provides a reasonable approxima-
tion to the temperature profile when h /L�1.

We note also that even for SAL2 /2kAT0=100, the dimen-
sionless energy production term appearing in Eq. �7� is
smaller by a factor of O��h /L�2�. Thus, even though the SA

may be large enough to significantly increase the temperature
distribution within the composite, the profiles on the length
scale of the heterogeneities are essentially linear �for small
h /L�. Thus, in this limit �h /L→0�, the effective medium

conductivity obtained in the absence of energy production
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provides a good estimate of the energy flux and temperature
profile even when energy production is present.
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