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The rigid dumbbell model has been used to derive expressions for the relaxation of shear and normal
stresses after the cessation of steady shearing flow. It is found that the shear stresses relax more rapidly
than the normal stresses, and that all stresses relax more rapidly as the velocity gradient during the prior
steady state shearing flow increases; this behavior is in qualitative agreement with experimental data.
The results further show that the integral under the shear-stress relaxation curve is simply related to the
normal stress in steady flow. The elastic dumbbell model, with a Gaussian spring, gives results inconsistent

with experiment.

The mechanical behavior of a suspension of rigid
dumbbells with Brownian motion has been calculated for
several flows: steady shearing,'™* for which shear-rate
dependent viscosity and normal stresses are found,;
small-amplitude oscillatory motion?¢ for which the
frequency-dependent dynamic properties are obtained;
large-amplitude oscillatory motion,!” where a reduction
in the dynamic properties is found with increasing
shear-rate amplitude; elongational flow,*® for which
the elongational viscosity is found to increase slightly
with increasing elongational rate; and the Maxwell
orthogonal rheometer flow.? For all of these systems the
rigid dumbbell model gives results which are qualita-
tively similar to those obtained experimentally in dilute
and moderately concentrated polymer solutions.

We here consider another flow system, namely the
sudden cessation of a steady shearing flow, with the
resultant time decay of the shear and normal stresses.
For t<0, the flow is v,= oy, and the observed stresses
are

Tys "y (Taa—Tyy) ™,
and
(Tw—722) ",
which are functions of k. For £>0, the fluid is motion-
less, and the observed stresses are

Tyx+7 (sz_Tw) +,
and
(Tyy - Tzz) +,
which depend on kp and the time ¢
For unsteady-state shearing flows with v,=«(?)y, the

equation for the orientational distribution function
¥ (8, ¢, t) for rigid dumbbells is!?
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where S= sing, C= cosf, s= sing, c= cosp. The time
constant A\={L?/12kT contains {, the friction factor of
one bead of the dumbbell, and L, the length of the
dumbbell. The stresses in the suspension are then given
by2,3,4

Tya—Tyz,e= (mo§ L2/4T)[(8/01) (S%sc)—«(S%?) ], (2)

Tee—Tyy = (nof L2/4 T)[(8/31) (S2(c2—s?) )—2x{S2s¢) ],

(3)
Ty—T2= (ot L2/4T)[(8/81) {S?s?— C?)]. (4)
Here

Q)Y=110(6, 9)¥ (8, ¢, 1) Sdbd¢
J=[[ySdode;

and

also 7,.,,= —n.k, where 7, is the solvent viscosity and #,
is the number density of dumbbells.

For 1<0 in the stress-relaxation problem one solves
Eq. (1) with 9¢/3t=0 and «(¢) = to obtain

\p—= 1+ (6)\K()) (%SZSQ) + (6}\[{0)2
X (—1tho+ o St o ST — g5 Sics) + (6hio)?
X[(—1tie S +5125") et stoSisi— ra5s Sose )+ - -,
(5)

where s,= sink¢, ¢,= coskp. From Egs. (2)-(5) one
getsi—
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(Tee—7y) ™= —Enok T (o) [1— 48 (ko) 2+ -+ ], ()

(8)

For t>0 we solve Eq. (1) with x=0, and require that
Yyt=y~ at {=0 and yt—>1 as {— o, This gives
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(Tyy—722)"=0.
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From Egs. (2)-(4), and (9), we find

(Tyz_Tyx.S)+= (Tyx_Tyx,S)—' E%_%%()‘KO) 4. ]e—t/)\’

(10)

(Tar—Tyy) T= (Tna—7y) " [ 1— 25 (o) 24+ - Je—A,
(11)
(Tyy—T22) T=§En0k T (Ao) 2+ [1— 335 (hrg) 24+ + « Jem
(12)

Equations (10) and (11) are qualitatively similar to
experimental data''"® which indicate that (a) shear
stresses relax more quickly than normal stresses [note
appearance of £ in Eq. (10) ], and (b) all stresses relax
more quickly as «, increases. No data are available to
test Eq. (12).

Note that, from Egs. (7) and (10), the relation

(Tm_—'ryy)‘: 2K0/ (T:l/z—'ryz,s>+dt
0

holds up to terms in (Axg)*. This relation has not been
tested experimentally over the full range of .

It is interesting to note that for an elastic dumbbell
(two beads joined by a Hookean spring with spring
constant H), A is replaced by a time constant {/4H,
and the bracketed quantities in Egs. (10) and (11) are
both unity. Hence the bead-spring model cannot
describe the observed properties (a) and (b) mentioned
above.

Note added in proof: (8 Jan. 1970) Dr. H. Giesekus
has called our attention to his prior work on this prob-
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lem [Rheol. Acta 1, 2 (1958)7] and pointed out that
the constant terms in the brackets in Egs. (10)-(12)
are identical with his results. The quadratic terms in
these brackets are, however, different from his; Dr.
Giesekus has informed us that his results are incorrect
because of an error in his fourth approximation to the
distribution function. We wish to thank Dr. Giesekus
for his very helpful comments.
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