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Nonlinear Dynamics in Distributed Arrival Time Control
of Heterarchical Manufacturing Systems

Vittaldas V. Prabhu and Neil A. Duffie

Abstract—Heterarchical control architectures with fully dis-
tributed control have been developed in order to improve respon-
siveness and effectiveness of manufacturing shop-floor control
systems. The dynamics of these highly distributed systems have
been difficult to predict particularly when control is based on
heuristics. In this paper a dynamical model is developed for a
single machine processing an arbitrary number of parts. The
structure of the system, which requires queuing of parts when
they arrive at a machine, leads to nonlinearities such as dead-
zone and discontinuities. A continuous arrival time controller of
the integrating type is used that results in a system that can
be modeled using nonlinear differential equations that can be
solved using a method due to Filippov. This enables prediction of
trajectories of part arrival times and derivation of closed form
expressions for steady-state values. The analytical model for the
dynamics is validated and the dynamic response of the system is
illustrated using numerical simulation.

Index Terms—Discontiuities, discontniuous differential equa-
tions, distributed control, distributed information systems, heter-
archical manufacturing scheduling, manufacturing systems.

I. INTRODUCTION

ONE of the main objectives of manufacturing shop-floor
control systems is to maintain good performance by

rescheduling in real-time to compensate for disturbances such
as rush orders, machine failures, tool breakages, etc. Schedul-
ing can be defined as determining the timing of controllable
events on the manufacturing shop-floor. Past work in sched-
uling has predominantly approached it as a combinatorial
problem for finding optimal schedules, a computationally
intractable problem [1]. Moreover, the information required for
making scheduling decisions is usually distributed throughout
the shop-floor, and in practice it can be difficult to obtain in
real-time. This lack of information feedback and computational
burden has limited the responsiveness and effectiveness of
manufacturing shop-floor control systems.
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A range of manufacturing control architectures have been
developed in order to improve responsiveness and effective-
ness. At one extreme are centralized architectures in which
one supervisory controller controls the entire system based
on rigid master–slave relationships and large amounts of
global information; and at the other extreme are heterarchical
architectures in which there are no supervisory controllers
[2]. In heterarchical architectures control is fully distributed
among loosely coupled, cooperating, autonomous controllers
that retain a minimum amount of global information [3].
These characteristics tend to endow heterarchical systems with
reduced complexity, increased fault-tolerance, and increased
flexibility compared to centralized and hierarchical systems as
demonstrated in several experimental systems [2]–[6]. Further-
more, highly distributed control based on local information
reduces the computational burden and facilitates real-time
information feedback thereby enhancing responsiveness and
effectiveness of heterarchical shop-floor control systems [4].

The potential for applying control theoretic approaches to
manufacturing systems has been widely recognized. Specifi-
cally, control theory has been successfully applied for con-
trolling the flow of materials through different routes on the
shop floor with the objective of maintaining certain production
rates [7]–[8]. These approaches deal exclusively with rates
rather than constituent events which allows the discrete event
scheduling problem to be approximated as a continuous sys-
tem in which the frequency of control decisions is at least
an order of magnitude lower the than frequency of events
on the shop-floor. Therefore, flow control approaches are
suitable for make-to-stock, high-volume manufacturing. For
low-volume/high-variety manufacturing systems, the challenge
is to develop dynamical models amenable to control theoretic
analysis and synthesis techniques.

In the reminder of this paper a dynamical model is devel-
oped for a single machine system with arbitrary number of
parts. The structure of the system, which requires queuing of
parts when they arrive at a machine, leads to nonlinearities
such as dead-zone and discontinuities. The choice of a con-
tinuous arrival time controller of the integrating type results
in a system that can be modeled using nonlinear differential
equations. It is shown that these can be solved using a method
due to Filippov, which enables prediction of trajectories of
part arrival times and derivation of closed form expressions
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for steady-state values. An example is then given to illustrate
both the dynamics of the system and geometric relationships
in the solution.

II. CONCEPT OFDISTRIBUTED ARRIVAL TIME CONTROL

Heterarchical manufacturing systems can achieve a high
level of control distribution by allowing each part entity
(workpiece) to reserve required resources such as machine
tools, robots, automatic guided vehicles, cutting tools, etc.,
using well-defined communication protocols [3]. The time at
which a part initiates the reservation protocol for a given
resource can be called the arrival time of the part at that
resource. When first-come-first-served (FCFS) queuing policy
is used at each resource, scheduling heterarchical manufac-
turing systems becomes a problem of determining various
arrival times. Arrival time affects the performance of a part
and performance of other parts with which it shares resources,
as well as utilization and idle times of resources in the system.

Arrival time is a continuous variable that can be increased or
decreased allowing a closed-loop arrival time controller to be
constructed for each event that needs to be scheduled. Each
controller continually adjusts arrival times and the resulting
completion times, local performance, and global performance
are predicted using distributed simulation [6], [9]–[11]. In this
approach, the arrival times and the order of part arrivals can
change significantly from simulation to simulation and hence
with time. The best arrival time vector generated in these
simulations, which results in the best global performance, can
be used to schedule events on the shop floor. Specifically, the
time at which a machine actually starts processing a part can be
used as the scheduled arrival time on the shop floor thereby
resolving in simulations all contentions for using resources.
Here simulation serves as the feedback mechanism for closed-
loop arrival time control [9].

III. D YNAMICAL MODEL FOR

DISTRIBUTED ARRIVAL TIME CONTROL

Arrival time control of events gives rise to the -
dimensional multivariable control system [10] where due-
date completion time due-date deviation and
arrival time are -dimensional vectors which act as the
command, output, error, and manipulated vectors, respectively.
Parts are processed in the order in which they arrive; i.e., the
queuing discipline is first-come-first-served (FCFS). If a part
arrives when another part is being processed at the machine,
it incurs queuing time. Therefore, if arrival times are close to
each other, then parts interact via queuing.

The time when a part entity arrives is crucial because it will
determine the processing sequence; i.e., it will determine how
a part interacts with other parts because of its relative position
in the queue. It should be noted that the first part in the queue
does not incur queuing time thus defining the beginning of a
queue. There can be more than one part with zero queuing time
leading to “fragmented queues.” The machine idles between
queue fragments because there are no parts to process. Because
parts in different queue fragments do not interact, this analysis

focuses on a single queue fragment, which are assumed to be
stationary for the sake of analysis.

The th part in a given queue fragment incurs a queuing
time of after which the machine processes it for a duration
of and then completes it at (The subscript will be
used henceforth to denote that analysis is being performed on
a queue fragment.) The completion time for theth part in the
queue can be expressed as

(1)

and because of the FCFS queuing discipline

(2)

Equation (2) is valid for any given queue fragment. From (1)
and (2), completion time can be expressed as

(3)

It is important to note that, except for the first part, com-
pletion time of a part is not affected by its own arrival
time as long as the order of arrival times of parts in the
queue is not changed. However, when the order of arrival
times change, the part processing sequence changes and the
corresponding changes in completion time are discontinuous.
Therefore, unless arrival times are so far apart that each part
is in its own queue fragment and incurs zero queuing time,
completion time is a highly nonlinear function of arrival time,
with dead-zones and discontinuities.

Depending on the arrival times, the dynamics of a system
of parts can be divided into three regions: the decoupled
region, the dead-zone region, and the discontinuity region.
In the decoupled region, there is no interaction among
controllers, all queuing times are zero, and the dynamic
behavior of each part can be analyzed independently. In the
dead-zone region, two or more parts with unequal arrival
times interact and at least one queuing time is greater than
zero. This region is called the dead-zone region because the
partial derivative of the completion time with respect to the
arrival time is zero for any part which incurs queuing time,
this is evident from (3).

Controlling arrival time for multiple parts gives rise to a
multivariable control system with highly nonlinear coupling
between arrival and completion times that can include dead-
zone and discontinuity-type nonlinearities. Explicit lineariza-
tion or decoupling is ruled out because it would require global
information and rigid relationships. Instead, these nonlinear-
ities can be ignored, aggregated as a disturbance, and com-
pensated for using feedback in a local arrival time controller
for each part as shown in Fig. 1 where is the due date
and is the due date deviation. The disturbance aggregates
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Fig. 1. A generic local arrival-time controller.

all of the relevant global information into one variable and
couples the controllers. As arrival times change dynamically,
the disturbance and the coupling between controllers will also
change dynamically.

The arrival time controller in each part uses a local control
law and local feedback for adjusting its arrival time. No
assumptions are made by arrival time controllers about the
number of parts, processing sequence, processing times, due
dates of other parts, machine(s) used, or queuing discipline.
This results in a high level of local autonomy and control dis-
tribution, and a system retaining minimal global information;
these are design principles of heterarchical systems.

The choice of the local control law used in each part will
have a significant impact on system stability, dynamics, and
analyzability. The fact that there is no “plant” in the traditional
sense can be used advantageously in selecting a controller
because it is well known that for a constant disturbance input,
error will asymptotically become zero when integral control
is used for a plant with no dynamics. Therefore the following
integral control law was chosen:

(4)

where is the controller gain for the th part in the sys-
tem, and is an arbitrary initial condition. It should be
emphasized that each of the parts in the systems has its
own controllers, and that all of the controllers in a system
compute their arrival times in parallel. All controllers are
considered equal. This simple control algorithm only requires
local feedback for computing the arrival time. When there
is sufficient capacity to meet processing demands and when
there is no queuing, disturbances due to queuing will be zero,
and error between due-date and completion time (the due-date
deviation of the part) will asymptotically become zero. When
there is insufficient capacity, this control law adjusts arrival
time to make the time average of the part due-date deviation
zero with equal penalty for earliness and tardiness.

The dynamics of a system of integral arrival-time controllers
will depend on the region in which its arrival time vector lies.
Assuming that due-dates and processing times stay constant,
when an arrival time vector for parts is in the decoupled
region, all queuing times are zero and the dynamical model
can be expressed as

(5)

where and is given by

...

...

...

...

...

...

...

...

...

...

...

...

As long as the arrival times stay in the decoupled region, the
dynamic response of each part can be analyzed independently.
Solving (5) gives

(6)

(7)

(8)

When the arrival time vector for parts is in the dead-zone
region, the dynamical model can be expressed as

(9)

where and is given by

...

...

...

...

...

...

...

...

...

...

...

...

Solving (9) gives

(10)

(11)
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(12)

As the arrival time vector changes dynamically the processing
sequence can change. The function is continuous in each
of the regions corresponding to the possible processing
sequences. In the next section, Filippov’s approach is used to
solve the discontinuous differential equations that describe the
dynamics in the discontinuous region.

IV. DYNAMICS IN THE DISCONTINUOUS REGION

In 1960 Filippov generalized the concept of solution of
differential equations such as

where (13)

where the function is possibly discontinuous in and
and the solution encounters a line (or surface) of discontinuity
infinitely often in a finite time [12]. Many of the results
in the classical theory of differential equations have been
shown to be valid for these discontinuous differential equations
[13]. Filippov’s approach can be used here to solve the
discontinuous differential equations that describe the dynamics
in the discontinuous region with an arbitrary number of
parts and a single machine. Briefly, the solution of such an
equation is an absolutely continuous function whose derivative
vector is a weighted average of all its possible values in the
neighborhood. The solution is found by taking the intersection
of the discontinuity surface with the closure of the convex hull
of all possible derivative vectors in the neighborhood. The key
issue in the dynamics of this discontinuous system is that the
velocity of the trajectory may not be uniquely determined by
the state of the system on the discontinuity surface but belongs
to a set of feasible values that depends “loosely” on the state.
Therefore the main issue in the solution of the discontinuous
differential equations is to find the velocity for solutions
that remain on a discontinuity surface or on an intersection of
discontinuity surfaces.

Consider (13) where is a piecewise continuous function
in the domain and is a set of points, with measure
zero, where is discontinuous. The solution specified by
Filippov [13] is an absolutely continuous function defined
on an interval : for which

(14)

almost everywhere on If the point then
which is a single point in as in classical solutions

to continuous differential equations. More importantly, if the
point then is given by

(15)

The set depends on the behavior of the system in
the -neighborhood of the discontinuity and is the smallest

convex closed set containing all the limit values of the function
as with constant and

This is accomplished in (15) by taking the intersection over
all sets with In (15), “minus the set of measure
zero” allows possible “misbehavior” of on to be ignored
in forming the set The intersection with the set
constrains the solution to lie in If the point
lies on the intersection of two or more domains

then all points will be contained in
which could be a line segment, convex polygon, or a convex
polyhedron with vertices where

(16)

with constant.
Applying Filippov’s approach to distributed arrival control,

the solution of the following differential equation:

where (17)

is specified as a solution to

(18)

In (17), is a piece-wise continuous function in
and is discontinuous in which is a union of a finite
number of hyperplanes, and has a measure zero in In
the discontinuity region the set will depend on the
behavior of the system in the-neighborhood of If
arrival times are equal at then sequences are possible
in its -neighborhood, the point lies at the boundary of

deadzone domains, and the convex hull of in the
corresponding deadzones needs to be considered as prescribed
by Filippov’s approach in (15). From (4) it is evident that

where is the diagonal gain matrix with
diagonal and is the due date
deviation vector for the corresponding processing sequence.

The dynamics of the system in the discontinuity region will
be determined by the geometry of the convex hull of
and the manner in which the convex hull intersects When

arrival times are equal, is an intersection of hyperplanes
which is a line in -dimensional space. It can be shown that the
convex hull of lies in an -dimensional plane with
normal in the direction of the vector and the equation
for this plane can be expressed as [9]

(19)

Therefore vector starts at and is constrained to end
at the intersection of and the convex hull of which
is a unique point if it exists. If the intersection point does not
exist then the arrival time trajectory will leave the discontinuity
region instantaneously [13]. Hence in the discontinuous region

is unique, is unique, implying that the solution to the
differential equation in (17) is unique whenever it exists. Since
the end point of lies in the discontinuity region , all
components of will be equal. Using this and (19), each of
the components of , which are equal, can be expressed
as a scalar

(20)
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Substituting in (20) gives

(21)

where

(21a)

and

(21b)

is the disturbance vector
and can be rewritten as

Solving (21) gives

(22)

for all components of This solution holds for all parts
as long as their arrival times are equal and in the discontinuity
region. Interestingly, dynamics in the discontinuity region can
be modeled as a scalar regardless of The exponential
convergence rate depends on processing timesand gains

Arrival time trajectories are unique in the discontinuity
region.

V. QUEUE FRAGMENTS WITH MULTIPLE REGIONS

A queue fragment can consist of parts in the dead-zone
region as well as parts in the discontinuity region. The so-
lution in (10)–(12), for all parts in the dead-zone region,
and the solution in (22), for all parts in the discontinu-
ity region, needs to be modified for this case. Consider a
given queue fragment consisting of two subfragments. One
subfragment consists of parts in the discontinuity region
with The other
subfragment consists ofparts in the dead-zone region with

Further, suppose as the first
possibility that and the discontinuity subfrag-
ment is processed before the dead-zone fragment. The first
part in the dead-zone subfragment becomes the th part
in the queue fragment and incurs a queuing time of

(23)

where

Equations (10)–(12) then become

(24)

(25)

(26)

where and are the same as in (21). In this case, (22) holds
for the discontinuity subfragment because it is unaffected by
the dead-zone subfragment.

Consider the other possibility where and the dis-
continuity subfragment is processed after the dead-zone frag-
ment. All parts in the discontinuity subfragment incur a
queuing time and the due date deviation vector in (20) is
given by

(27)

where is a vector with each element is equal to

and is a vector with each element equal to
From (20) and (27)

(28)

where

From (10) and (28), the solution for each of the arrival times
in the discontinuity region is

(29)

In this case (10)–(12) hold for the dead-zone subfragment
because it is unaffected by the discontinuity subfragment.
This analysis of queue fragment with multiple regions can
be extended to more than two subfragments by modifying the
queuing time and due-date deviations appropriately and unique
arrival time trajectories can be derived for single machine
systems with arbitrary number of parts.

VI. STEADY-STATE ARRIVAL TIMES

When becomes zero, the system converges to a steady-
state value In the decoupled region this occurs when

, i.e., when all due-date deviations are zero. Under
this condition the due dates and completion times are equal
and this can happen only when due dates are feasible, and the
equilibrium point for a given part can be expressed as

(30)

For a given and is unique and independent of
provided each The steady-state sequence is also

unique and is determined by Furthermore, from (6)–(8),
in the decoupled region exponentially converges and the
decoupling allows the dynamic equations to be treated as scalar
equations in the vicinity of the equilibrium point.
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TABLE I
DATA FOR TWO-PART ONE-MACHINE EXAMPLE

Due-dates are said to be infeasible when all due-dates cannot
be met simultaneously. Under such a condition all arrival time
trajectories are directed toward the discontinuity region and
once a trajectory reaches the discontinuity region it stays in
the region [13]. From (20), in the discontinuous region
becomes zero when

(31)

In other words becomes zero when all possible
vectors lie in a plane and has converged to its steady-state
value in the discontinuity region. Since
the steady-state condition in the discontinuity region can be
expressed as

(32)

Equation (32) implies that will converge to its steady-
state value when the projections of the vector and
the vector on a line in the direction of are equal.
Making use of the fact that all arrival times are equal in the
discontinuity region, can be expressed as a scalar equation
where each of its components is given by

Infeasible (33)

For a given set of due dates and processing timeswill be
unique and independent of provided each It should
be pointed out that even though the queue fragment converges
to an unique arrival time in the steady state, the sequence is
not unique because the arrival time trajectory can be in any
of the regions in its -neighborhood corresponding to
possible sequences.

VII. EXAMPLE

Neither the fundamental system dynamics nor the method
of analysis are affected by the number of parts in the system.
Therefore, it is sufficient to consider a case with one machine
and two parts having the processing times, infeasible due dates,
and initial arrival times shown in Table I. Initially, the system
dynamics are in the decoupled region. The arrival times are
far apart, the part dynamics are decoupled, and the arrival
times exponentially converge toward their steady-state values
as shown in Fig. 2. These trajectories are predicted by the
decoupled model given by (6) and (7). During this time the
completion times also converge exponentially as shown in
Fig. 3. After time , the systems dynamics are in the dead-
zone region and the response in in Fig. 3 illustrates the
dead-zone effect. Trajectories in this region are predicted by
the dead-zone model given by (10) and (11). After time

Fig. 2. Arrival time trajectories.

the systems dynamics are in the discontinuous region,
and are equal causing the corresponding completion times
to oscillate discontinuously. Trajectories in this region are
predicted by the discontinuity model given by (22), with the
steady-state arrival time of 5.5 as predicted using (21b) and an
exponential convergence rate of one as predicted using (21a).

Even though the system converges to a unique point in
arrival time space in the steady-state, the arrival time trajectory
can be in either of the two directions corresponding to the
possible sequences in its infinitesimal neighborhood of this
point. This is seen as high-frequency “chatter” in Fig. 3, which
is similar to “chatter” in controller output in sliding mode
control. In this case the “chatter” can be considered advan-
tageous because it allows the arrival time trajectory to visit
many possible sequences within its infinitesimal neighborhood.
In this example, there are two possible sequences. Which
sequence represents the better schedule depends up on the
function used to evaluate merit.

VIII. C ONCLUSIONS

Increasing global competition, increasing variety of prod-
ucts, and decreasing production volumes are increasing the
need for intelligent manufacturing shop-floor control systems
with reduced complexity and high flexibility [5]. The arrival
time control approach is not only highly distributed because
it uses local variables and local control laws, but control
decisions are made at least an order of magnitude faster
than events on the shop-floor making it suitable for real-time
event-level control in low-volume/high-variety heterarchical
manufacturing systems with batch sizes as low as unity.
Furthermore, the approach allows shop-floor control problem
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Fig. 3. Completion time trajectories.

to be modeled using differential equations and offers the
opportunity to apply to shop-floor control the rich theory of
analysis, control, and optimization that have been so success-
fully applied to dynamical systems governed by differential
equations. The analysis in this paper helps to explain the
complex dynamics of highly distributed, real-time scheduling
systems such as the heterarchical systems described in [3].

The scope of this work was restricted to a single ma-
chine with arbitrary number of parts. However, in many
industrial scheduling applications this may not be adequate.
Future research should focus on more general configurations
with multiple machines and multiple manufacturing cells.
Future generalizations should also include modeling and anal-
ysis of dynamics such as varying processing times and tool
changeover times. Simulation studies have indicated that the

arrival time approach can simultaneously reduce mean and
variance of due-date deviation which makes it an attractive
approach for real-time control of Just-In-Time manufacturing
systems [9], [11]. There is a need to rigorously model the
performance the arrival time control approach in order to gain
a deeper understanding of such highly distributed systems.
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