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In this work we have combined a Wang–Landau sampling scheme@F. Wang and D. Landau, Phys.
Rev. Lett.86, 2050~2001!# with an expanded ensemble formalism to yield a simple and powerful
method for computing potentials of mean force. The new method is implemented to investigate the
mechanical deformation of proteins. Comparisons are made with analytical results for simple model
systems such as harmonic springs and Rouse chains. The method is then illustrated on a model
15-residue alanine molecule in an implicit solvent. Results for mechanical unfolding of this
oligopeptide are compared to those of steered molecular dynamics calculations. ©2004 American
Institute of Physics.@DOI: 10.1063/1.1649314#

INTRODUCTION

Single-molecule experiments are becoming increasingly
important in biophysics. Experimental techniques such as
atomic force microscopy~AFM! and optical tweezers have
provided valuable insights into the behavior of biomolecules
such as proteins or DNA under the influence of mechanical
stresses. Single protein AFM1 has been successfully applied
to study the mechanical properties of tandem modular pro-
teins, such as titin. Optical tweezers have been used to study
proteins2 and to understand DNA mechanics3 involved in
cellular processes of replication and transcription. Comple-
mentary computational approaches@steered molecular dy-
namics ~SMD!4 and Monte Carlo techniques5,6# have also
been used to interpret experimental observations with
atomic-level resolution.

Steered molecular dynamics techniques have been par-
ticularly useful in the study of a wide variety of protein
systems.7–10 These calculations aim to reproduce AFM ex-
periments by subjecting a molecule to a time-varying exter-
nal force. That force is applied by pulling one end of the
molecule with a cantilever spring. A central quantity of in-
terest in these SMD calculations is the potential of mean
force ~PMF!, or reversible work required to pull the mol-
ecule. These calculations strive to achieve true reversibility.
Jarzynski11 has shown that free energy differences can in
principle be computed from the exponential averages of the
irreversible work; fast pulling rates and the fluctuations as-
sociated with the cantilever spring, however, can limit the
accuracy of SMD calculations. Also note that SMD methods
are not suitable for study of discrete or lattice models of
proteins.

In this work, a random walk technique is proposed to
construct the potential of mean force associated with the me-
chanical unfolding of peptide molecules. The method is
based on the Wang–Landau scheme12,13and permits fast and

self-consistent calculation of the density of states or free en-
ergy associated with arbitrary processes.

Our calculations of the density of states are conducted in
the framework of an expanded ensemble. We refer to the
formalism as expanded ensemble density of states
~EXEDOS! method. For the particular case of mechanical
stretching of proteins, this expanded ensemble is expressed
in terms of the end-to-end distance of the peptide molecule
being stretched. We begin this work by establishing a corre-
spondence between EXEDOS and SMD simulations for the
simple case of a Rouse chain. Free energy changes associ-
ated with the stretching of a Rouse chain are computed using
these methods and compared to exact analytical results. Hav-
ing established the validity of our proposed formalism, we
extend the application of EXEDOS to a simple peptide sys-
tem described within a united atom representation and the
CHARMM19 force field.14 A helical oligopeptide, namely
15-mer alanine in the presence of an implicit solvent, is used
for our calculations. Results are presented in the form of
force-extension curves and the corresponding potentials of
mean force.

METHODS

Theory

The potential of mean force~F! associated with a speci-
fied generalized reaction coordinate,j(r ), measures the free
energy change as a function ofj(r ) ~wherer represents a set
of Cartesian coordinates!. This potential is related to the
probability density of finding the system at a specific valuej
of the reaction coordinatej(r ),

P~j~r !5j![Ce2bF~j!, ~1!

where C is a normalization constant. The methods of um-
brella sampling and weighted histogram techniques rely on
estimating free energy changes from this probability density
function. In umbrella sampling, the free energy barriers are
eliminated by artificially modifying the potential function.
This bias is later removed and the simulation data are re-
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weighed to arrive at the correct probability distribution. The
potential of mean force is then calculated from

F~j!52kBT ln P~j!1C. ~2!

Another class of methods arrive at the potential of mean
force by calculating the derivative of the free energy with
respect to the constrained generalized coordinatej in a
series of simulation runs. A mean force,̂F&j5
@2](F(j))/](j)#, can be integrated numerically to yield
the corresponding PMF. These simulations involve con-
straints, and an appropriate correction term must therefore be
accounted for in the calculation of the PMF. For a system
with no constraints and consisting ofN particles with Carte-
sian coordinatesr5(r1 ,r2 ,...,rN), the mean force15 can be
written as

^F&j5

K ]r

]j
F2

]U

]r
1kBT

] lnuJu

]r
Gd~ ĵ~r !2j!L

^d~ ĵ~r !2j!&
, ~3!

whereU is the potential energy function andJ is the Jaco-
bian associated with the transformation from Cartesian to
generalized coordinates. To compute the mean force acting
on the end-to-end distance of a molecule, a suitable reaction
coordinate is provided byj5r i j 5ur i2r j u, wherer i j repre-
sents the distance between the two terminal sitesi andj. The
Jacobian,uJu, is a function of the separationr i j and can be
taken out of the ensemble average to yield16

^F&j5 K 2
]U

]j L
j

1
2kBT

j
. ~4!

The mean force therefore includes a contribution from the
average mechanical force and another contribution arising
from the variations of the volume element associated with
the reaction coordinatej. The free energy change between
two statesj1 andj2 can be obtained by integrating Eq.~4!,
according to

F~j2!2F~j1!5E
j1

j2K ]U

]j L dj22kBT lnS j2

j1
D . ~5!

Constrained simulations rely on the calculation of the
first term of Eq.~4! from a series of simulations conducted at
different values ofj. This average force is then corrected by
adding the second term of Eq.~4! and then numerically in-
tegrated to give a PMF for the desired range ofj.

The EXEDOS method proposed in this work offers sev-
eral advantages over the conventional schemes outlined
above. The probability distribution that dictates the walk in
the j space is computed on the fly during a simulation in a
self-consistent manner. The simulation is performed without
any constraints, which means that the resulting weights can
be used directly as in Eq.~2! to give the potential of mean
force. One can also accumulate the forces acting on the par-
ticles that define the reaction coordinate and then use Eq.~5!
to get the PMF. The computed PMF is therefore available as
a continuous function ofj.

Model

Harmonic spring and Rouse chain

The first part of this work aims to establish a correspon-
dence of different simulation methods in the context of a
simple harmonic spring and a Rouse chain. The harmonic
potential function describing the spring is given by

U5ksr
2, ~6!

where r is the elongation of the spring andks is a force
constant. The probability distribution for the end-to-end vec-
tor r is given by17

Peq~r !5S ks

pkBTD 3/2

e2~ks /kBT!~r "r !, ~7!

and the mean square end-to-end distance is given by

^r 2&eq5
3kBT

2ks
. ~8!

The Helmholtz free energy~A! can be computed as

A~r !5U2TS5ksr
222kBT ln r 1C, ~9!

whereC is a constant. For a Rouse chain comprisingN sites
~or N21 springs! the corresponding expressions are17

Peq~r !5S ks

~N21!pkBTD 3/2

e2~ks /kBT!~r "r ! ~10!

and

^r 2&eq5
3~N21!kBT

2ks
, ~11!

i.e., the Rouse chain behaves as a single harmonic spring
with an effective force constant given byks /(N21). These
two simple models are used to validate the EXEDOS formal-
ism and analyze the results of steered MD calculations.

Protein model and implicit solvent

The EXEDOS method proposed in this work is used to
calculate the PMF for an oligopeptide system. For these
simulations we use the CHARMM19 force field with a
united atom representation. We use the EEF1 model
parameters,18 where the partial charges on the amino acids
are modified to neutralize the side chains and the patched
molecular termini. The interactions between atoms are de-
scribed by the following potential energy function:

U total5 (
bonds

Kr~r 2r eq!
21 (

angles
Ku~u2ueq!

2

1 (
dihedrals

Kf@11cos~nf2d!#

1 (
impropers

Kv~v2veq!
2

1(
LJ

e i j F S s i j

r i j
D 12

22S s i j

r i j
D 6G

1 (
Coulombic

1

4pe~r !e0

qiqj

r i j
1Usolvation. ~12!
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A 1–3 exclusion principle is used for the nonbonded
energy. The 1–4 Coulomb interactions are scaled down by a
factor of 0.4. This is consistent with the original parametri-
zation of CHARMM19. A cutoff of 12 Å is used for both the
electrostatic and van der Waals terms. A simple force shift
scheme is employed for Coulombic interactions, and a
simple cut and shifted potential is employed for Lennard-
Jones interactions.

An implicit solvent model based on the solvent acces-
sible surface area~SASA! is employed, with solvation pa-
rameters as proposed by Ferraraet al.19 Electrostatic screen-
ing effects are approximated by a distance dependent
dielectric function and a set of partial charges with neutral-
ized side chains. The model assumes that the mean solvation
energy is proportional to the SASA of the solute. For a solute
having M atoms with Cartesian coordinatesr , the solvation
term is given by

Usolvation5(
i 51

M

s iAi~r !, ~13!

wheres i and Ai(r ) are the atomic solvation parameter and
SASA of atom i, respectively. The computations of atomic
solvation parameter and the SASA are performed as indi-
cated in Ref. 19. The SASA model, however, only accounts
for the free energy cost of burying a charged residue in the
interior of a protein. The solvent screening effect is approxi-
mated by using a distance-dependent dielectric function,
e(r )5r . While this is an oversimplified way of accounting
for solvent polarization effects, it is consistent with the for-
mulation of SASA model parameters and previous simula-
tions of proteins. Given that the purpose of this work is to
examine the performance of a new algorithm, we restrict our
calculations to a model and system that have been thor-
oughly characterized in the literature.

More specifically, we consider a polyalanine molecule of
15 residues. At room temperature this oligopeptide adopts a
stablea-helical conformation in an implicit solvent. By ap-
plying an external stretching force, the molecule can be
forced to undergo a helix–coil transition.

Simulation methods

Steered molecular dynamics (SMD)

Steered MD simulations4 mimic a single molecule AFM
experiment, where one end of the molecule is fixed and the
other end is pulled using a cantilever spring. A time depen-
dent external force is applied by moving the other end of the
cantilever spring at a constant velocity in the desired direc-
tion, which is usually taken as the vector joining the fixed
atom to the pulled atom. Figure 1 shows the typical setup of
a SMD simulation. The stretching in these computations is
assumed to be unidirectional~say alongĵ), and the scalar
force acting on the molecule of interest along that direction
at any timet is given by

F5kc~vt2~j2jo!!, ~14!

wherekc is the spring constant of the cantilever, (j2j0) is
the displacement of the pulled atom from its original posi-
tion, and v is the constant pulling velocity. This force is

collected as a function of the reaction coordinate,j, and can
be integrated to yield the work done on the molecule. As-
suming that the pulling speed is sufficiently slow, multiple
SMD trajectories can in principle be averaged using Jarzyn-
ski’s equality11,20to obtain the potential of mean force for the
pulling process.

As discussed in the literature,9,10 the spring constant of
the cantilever can influence considerably the nature of the
resulting force-extension curves. The system of interest and
the cantilever spring must effectively behave as two springs
in series. The spring constant of cantilevers typically em-
ployed in experiments is about 0.1 N/m.21 In simulations,
however, if the cantilever spring is too soft, it dominates the
characteristics of the protein’s response to a force. If the
spring is too stiff, it leads to noise in the force estimation due
to fluctuations of the position of the restraint point. There are
no precise,à priori rules to determine the ideal stiffness
constant for a specific system.

We propose to eliminate altogether the use of a cantile-
ver spring from our calculations. The free end of the mol-
ecule need not be attached to a spring; it can be pulled di-
rectly at constant velocity along the direction of interest. It
should be noted that pulling the molecule directly is not
equivalent to using a very stiff spring. Eliminating the use of
cantilever avoids the problems associated with stiff springs.
Fluctuations in the reaction coordinate are reduced, thereby
leading to a separation between the two ends that increases
linearly with time. The work done on the system can now be
calculated as

DW~1→2!5E
t1

t2
F"v dt5vE

t1

t2
Fj dt, ~15!

whereF is the total force acting on the particle being pulled
and Fj is the component of this force along the pulling di-
rection (ĵ). One can accumulate this component of the force
during the course of a simulation and later multiply it by the
pulling speed and time step to estimate the work.

A useful alternative proposed here to determine the work
is to take advantage of the conserved nature of the Hamil-
tonian. A steered MD simulation can be performed with a

FIG. 1. Schematic representation of~a! a Hookean spring and~b! a Rouse
chain being pulled in a steered MD setup.j is the end-to-end distance along

the pulling direction denoted by vectorĵ.
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Nosé–Hoover thermostat.22–24For anNVT simulation using
Nosé–Hoover chains, this conserved Hamiltonian (H8) is
given by25

H8~p,q,h,ph!5H~p,q!1(
i 51

M Ph i

2

2Qi
1NfkTh11(

i 52

M

kTh i ,

~16!

whereH is the regular Hamiltonian of the system,q and p
represent the positions and momenta,h is a thermodynamic
friction coefficient, andQi is the mass associated with a
Nosé–Hoover chain,Nf is the number of degrees of freedom
and M is the number of chains. In the absence of a pulling
force this Hamiltonian (H8) is conserved. If a SMD simula-
tion is now performed by moving one end of the molecule at
a constant velocity, the work done on the system can be
measured directly from the rise in the Hamiltonian (DH8)
for the deformation process. This eliminates the need for any
post processing of simulation data. Also, the Nose´–Hoover
Hamiltonian evaluated at every time step provides a more
accurate estimate of the PMF than that determined by more
conventional SMD approaches, which compute the work by
integrating time averaged force-extension profiles. An added
benefit of our proposed approach is that Nose´–Hoover ther-
mostats give rise to more realistic dynamics than other tem-
perature control schemes employed in the literature in the
context of SMD simulations~such as simple velocity rescal-
ing or Berendsen thermostats!. It should be noted that the
number of degrees of freedom of the system is now (3N
26) due to the fact that the two ends are constrained to an
axis.

Expanded ensemble density of states (EXEDOS)

In recent years, a new class of algorithms based on en-
ergy random walks12,13 has emerged with the potential of
providing a direct estimate of the density of states of a sys-
tem,g(E). Like multicanonical or umbrella sampling meth-
ods, these techniques are designed to eliminate free energy
barriers, thereby permitting uniform sampling of phase
space. Multicanonical methods often require nontrivial itera-
tive calculations of weight factors; for umbrella potential
methods to be effective, a good initial guess of the biasing
potential is required. Density of states~DOS! methods cir-
cumvent these problems by computing a running best esti-
mate of the biasing function. This function,g(E), need not
be knownà priori ; it is determined ‘‘on the fly’’ in a self-
consistent manner. This scheme has been successfully ap-
plied to a variety of systems, including Ising models,13

Lennard-Jones fluids,26 proteins,27,28 and glass-forming
liquids.29

In recent work30 we have explored the use of DOS meth-
ods in the context of expanded ensembles, where intermedi-
ate states are introduced to facilitate the transition between
configurations separated by large energy barriers. The ex-
panded states are usually defined by some reaction coordi-
nate,j, and the sampling inj space is governed by unknown
weights. This so-called EXEDOS method has been employed

for studies of suspensions of colloidal particles in liquid
crystals.30 Here we use it to examine the reversible mechani-
cal stretching of proteins. The reaction coordinate,j, is cho-
sen to be the end-to-end distance~see Fig. 2! between theN
andC terminus of the molecule being stretched.

The goal of the method is to perform a random walk inj
space. Consider a system consisting ofN particles intercon-
nected to form a molecule, and having volumeV and tem-
peratureT. The end-to-end distance of the molecule~j! can
be discretized into distinct states; each state is characterized
by its end-to-end distance,j, in some specified range of in-
terest@jL ,jU#; jL and jU represent a lower and an upper
bound, respectively. The partition functionV of this ex-
panded ensemble is given by

V5E Q~N,V,T,j!g~j!dj5E Qjg~j!dj, ~17!

whereQj is the canonical partition function for that particu-
lar statej, andg(j) is the corresponding weight factor. The
probability of visiting a state having extensionj can be writ-
ten as

P~j!5
Qjg~j!

V
. ~18!

The free energy difference between any two states can
therefore be calculated from the weight factors, and the
population density can then be determined according to

F~j2!2F~j1!52kBT ln
Qj2

Qj1

52kBTF ln
g~j1!

g~j2!
1 ln

P~j2!

P~j1!G . ~19!

If each state is visited with equal probability, the second
term on the right-hand side of Eq.~19! disappears and the
PMF can be computed from

F~j!52kBT ln g~j!1C. ~20!

FIG. 2. Schematic representation of the oligopeptide, 15-residue alanine,
being mechanically stretched in an EXEDOS setup.j is the end-to-end
distance between theN andC terminus of the peptide molecule.
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In EXEDOS, a running estimate of these weight factors
can be computed and refined in a self-consistent manner. At
the beginning of a simulation,g(j) is assumed to be unity
for all states. Trial Monte Carlo moves are accepted with
probability

Pacc~j1→j2!5minF1,
g~j1!

g~j2!
exp~2bDU !G , ~21!

wherej1 and j2 are the end-to-end distances of the system
before and after a trial move. After each trial move, the cor-
responding weight factor is updated by multiplying the cur-
rent, existing value by a convergence factorf that is greater
than unity (f .1), i.e.,g(j)→g(j) f. Every time thatg(j)
is modified, a histogramH(j) is also updated. Thisg(j)
refinement process continues untilH(j) becomes sufficiently
flat. Once this condition is satisfied, the convergence factor is
reduced by an arbitrary amount. Here we usef new5Af old.
The histogram is then reset to zero (H(j)50), and a new
simulation cycle is started, continuing until the new histo-
gram H(j) is flat again. The process is repeated untilf is
smaller than some specified value, e.g.,f final5exp(1028).
Note that the weight factors,g(j), change throughout the
course of the simulation and detailed balance is not satisfied.
Only towards the end of a calculation, whenf→1, is detailed
balance approached and the weight factors@or g(j)] con-
verge to their ‘‘true,’’ free-energy values. It must also be
noted that, given that the convergence factor decreases as a
calculation proceeds, configurations generated at different
stages of the simulation do not contribute equally to the es-
timated density of states. In fact, towards the final stages of
convergence, the convergence factor is so small that the cor-
responding configurations contribute only negligibly to the
final estimate ofg(j).31,32

In addition to computing these weight factors from the
histograms of visited states, one can obtain a second estimate
from the integration of the mean force, as given by Eq.~5!.
The first term on the right-hand side of Eq.~4! can be esti-
mated in an EXEDOS simulation. The component of the
total force acting on the two sites that define the reaction
coordinate along the end-to-end vector,ĵ, is accumulated as
a function ofj. At the end of the simulation this mean force
is corrected by adding the corresponding second term of Eq.
~4!, and then integrated to yield the PMF.

As mentioned above, in the earlier stages of the simula-
tion (ln f.1025), when the convergence factor is large, de-
tailed balance is severely violated. As a result, thermody-
namic quantities computed during this time~including
average forces! are incorrect. To avoid carrying this error
into later stages, the accumulators for average forces are re-
set during the early stages. As the convergence factor de-
creases~e.g., lnf,1025), the violation of detailed balance
has a negligible effect, and the accumulators need not be
reset anymore. All configurations sampled during the simu-
lation now contribute equally to the force accumulator,
thereby eliminating the problem of nonequal configurational
contributions encountered in the original Wang–Landau
scheme.

The Monte Carlo algorithm employed here comprises
two types of trial moves. The first type consists of hybrid

MD/MC displacements. At physiological temperature, these
hybrid moves are not drastic enough to sample thej space
efficiently and we therefore resort to a second type of Monte
Carlo move. In this latter move, the molecule of interest is
stretched along the end-to-end vector; the end-to-end dis-
tance is altered by some random amount and the coordinates
of all the sites are rescaled accordingly.

To facilitate convergence and sampling, thej space can
be fragmented into smaller overlapping domains or win-
dows. Multiple, noninteracting replicas of the protein mol-
ecule can be created and simulated in different boxes. Each
simulation box corresponds to a window with a specific
range ofj, and these end-to-end distance ranges are assigned
so that windows corresponding to adjacent boxes overlap
with each other. Configurations in different boxes are
swapped at regular intervals during the simulation. This en-
sures that systems in individual windows do not get trapped
in particular configurations as a result of the bounds imposed
by the window size.

Once the simulation has converged and the correct
weight factors have been estimated, one can run a production
run starting with these convergedg(j). The system can
therefore visit each state with equal probability and thermo-
dynamic averages of properties relevant to one’s system of
interest can be sampled efficiently. In addition to computing
average quantities as a function of extension, one can also
sample any order parameter of interest. Instantaneous con-
figurations collected during production runs can then be
weighed by the corresponding weight factors and used to
construct the energy landscape at a specific temperature.

RESULTS AND DISCUSSION

EXEDOS on a harmonic spring and a Rouse chain

We begin by discussing our results for the simple case of
a harmonic spring. The free energy change that occurs when
the spring is extended fromj1 to j2 is given by

DA~j1→j2!5ks~j2
22j1

2!22kBT lnS j2

j1
D . ~22!

A spring constant,ks , of 418.4 kJ/mol/Å2, and a tem-
perature of 40 000 K were used in these calculations. A high
value of T was chosen in order to exacerbate entropic con-
tributions to the free energy@second term of Eq.~5!#. Figure
3 shows the potential of mean force,F, computed from the
weights determined through EXEDOS and that estimated
analytically using Eq.~22!. Also shown is the estimate ob-
tained by integrating the average force@with the correction
term as in Eq.~5!#. The three estimates are in agreement with
each other. These simple calculations help establish the va-
lidity of the EXEDOS method and emphasize the importance
of the second term in Eq.~5!. As we can see in Fig. 3~dotted
line!, omitting this term can lead to significant deviation
from the correct result.

Figure 4 shows analogous results for a Rouse chain com-
prising nine identical springs~each having a force constant
of 418.4 kJ/mol/Å2! at a temperature of 400 K. The PMF for
a Rouse chain, which effectively behaves like a single spring
with reduced effective spring constant, is calculated using
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the EXEDOS method, a conventional steered MD~SMD!
technique ~using a cantilever spring!, and our proposed
Nose–Hoover SMD~SMD–NH! variant, in which the last
bead of the chain is constrained to move at a constant veloc-
ity along the pulling direction and the work is determined
from the change in the Hamiltonian. We again emphasize
that the results of SMD calculations must be corrected by the
second term in Eq.~5!. A cantilever spring with a force con-
stant,kc of 418.4 kJ/mol/Å2 is used for SMD. The pulling
velocities (v50.0005 Å/ps) used in our SMD and
SMD–NH simulations are slow enough to approach the re-
versible pulling rate. The three estimates as shown in Fig. 4
are in good agreement with exact analytical results.

Useful insights are obtained into the two SMD schemes
considered here. Figure 5 shows the deviation in the PMF
estimates~SMD and SMD–NH! from the exact analytical
value for two different pulling rates. The data from
SMD–NH simulations exhibit considerably less statistical
noise than those from conventional SMD simulations, prima-
rily because the fluctuations associated with the cantilever

spring have been removed and the reversible work is calcu-
lated from the rise in the Hamiltonian. If Jarzynski’s equality
is employed to determine the PMF from multiple trajectories,
these fluctuations are exponentiated and can result in large
error bars. These findings suggest that the SMD–NH ap-
proach is better suited to be used in conjunction with Jarzyn-
ski’s equality for calculation of free energies.

EXEDOS on proteins

Having established the validity of the formalism, in this
section we consider its application to the study of reversible
mechanical deformation of model proteins. The reaction co-
ordinate,j, is chosen to be the end-to-end distance between
theN andC termini of the peptide molecule being stretched.
We present results for a 15-segment polyalanine molecule,
which adopts a stable helical conformation in an implicit
solvent.19 The peptide is stretched atT5300 K to a length
much larger than that sampled in conventional canonical
simulations ~molecular dynamics or Monte Carlo! at this
temperature. To facilitate convergence and sampling, thej
space is again fragmented into smaller overlapping windows,
each box representing a specific range ofj that overlaps with
that of adjacent boxes. Efficient sampling is achieved by us-
ing swap moves, in addition to regular MC moves. Figure 6
shows the PMF obtained for 15-mer alanine; the free energy
minimum is arbitrarily set to zero. Thej space explored in
the simulation spans both the compression and tensile re-
gimes. The forces therefore are negative when the helix is
compressed to lengths smaller than the equilibrium end-to-
end distance at 300 K. The PMF computed from the weights
is in agreement with that computed by integrating the aver-
age force.

Figure 7 shows a comparison of free energy profiles ob-
tained from SMD, SMD–NH, and EXEDOS calculations.
The corresponding force-extension profiles for these calcula-
tions are shown in Fig. 8. The data presented for SMD and
SMD–NH correspond to an individual trajectory. A cantile-

FIG. 3. Potential of mean force for a Hookean spring as derived analytically
and from EXEDOS simulations.

FIG. 4. Comparison of the potentials of mean force for a Rouse chain
obtained using different schemes.

FIG. 5. Comparison of discrepancies in potentials of mean force for Rouse
chain obtained using different schemes.
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ver spring of spring constant,kc541.84 kJ/mol/Å2

('7 N/m) is used for SMD calculations. In order to arrive at
a meaningful basis for comparisons between different
schemes, the PMF for SMD and SMD–NH simulations is
time averaged over 0.1 Å~the bin width in EXEDOS!,
thereby reducing some of the statistical noise. For higher
pulling rates~rates comparable to those employed in the lit-
erature!, the forces and the PMF obtained from steered MD
without a cantilever~SMD–NH! exhibit less noise than those
obtained from conventional SMD. As the pulling velocity is
reduced, the results of SMD and SMD–NH approach the
results of equilibrium, EXEDOS simulations.

In EXEDOS runs, once the simulation has converged
and the correct weight factors have been estimated, one can
run a production run starting with these converged weights.
The system then visits each state with uniform probability

and relevant properties can be sampled efficiently. Figure 9
shows one such order parameter, the average helicity of the
peptide molecule, as a function of extension. Stretching oc-
curs by breaking the intrahelical hydrogen bonds. The aver-
age helicity decreases smoothly with extension rather than in
discrete steps. The minimum in the PMF and the maximum
in helicity is found at an extension of 21.2 Å. This corre-
sponds to the helical conformation of polyalanine at room
temperature in the absence of any constraint. As the mol-
ecule is pulled both the entropy and the potential energy
increases. The rise in energy is faster than the gain in en-
tropy, thereby resulting in an overall increase in the free
energy of the molecule. Similar studies can be performed on
small domains of protein molecules to obtain the potential
along the unfolding coordinate. In addition, instantaneous
samples can be collected during production runs and can
then be weighed by the corresponding weight factors@g(j)#
to arrive at the energy landscape at any given temperature.

FIG. 6. Potential of mean force for 15-mer alanine as obtained from
EXEDOS. The estimates computed directly from weights and by integrating
the average force were in agreement with each other.

FIG. 7. Potentials of mean force as computed with SMD, SMD–NH, and
EXEDOS simulations. As the pulling velocity is reduced, the SMD esti-
mates converge towards the EXEDOS results.

FIG. 8. Mean force-extension profiles for 15-mer alanine obtained using
SMD and EXEDOS methods.

FIG. 9. Average helicity of 15-mer alanine as a function of extension atT
5300 K.
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CONCLUSION

A new Monte Carlo method~EXEDOS! has been pro-
posed for the study of the mechanical deformation of pro-
teins. This method includes elements from both Wang–
Landau sampling and expanded ensemble formalisms.
Results have been presented for a model polyalanine mol-
ecule. In the presence of an implicit solvent, this molecule
adopts a helical conformation. The proposed EXEDOS
method is capable of stretching the helix to lengths much
larger than those sampled in conventional canonical simula-
tions, and provides reliable estimates of the potential of
mean force required to deform the molecule. The uncertainty
associated with EXEDOS simulations is considerably less
than that encountered in steered molecular dynamics simula-
tions. The EXEDOS approach also has the additional advan-
tage of being equally applicable for systems in a continuum
or on a lattice.

A simple variant of SMD has also been proposed that
eliminates the use of a cantilever spring. Instead, in this vari-
ant ~SMD–NH! the molecule is pulled by moving the termi-
nal atom at a constant velocity. This reduces the noise asso-
ciated with the fluctuations in the position of the restrain
point, and permits direct calculation of the potential of mean
force from the change in the Hamiltonian.
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