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Wavelet-based time-delay estimation for time-resolved turbulent
flow analysis
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A wavelet-transform-based spectral analysis is examined for application to beam emission
spectroscopy(BES) data to extract poloidal rotation velocity fluctuations from the density
turbulence data. Frequency transfer functions for a wavelet cross-phase extraction method are
calculated. Numerical noise is reduced by shifting the data to give an average zero time delay, and
the applicable frequency range is extended by numerical oversampling of the measured density
fluctuations. This approach offers potential for direct measurements of turbulent transport and
detection of zonal flows in tokamak plasma turbulence. 2@1 American Institute of Physics.
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I. INTRODUCTION pendence between the cross phase and frequency. Hence,

. . i ~7(t) is independent of frequency to first approximation.
Turbulence in magnetically confined plasmas continues ' * 1 use of a wavelet transform to derivgt) and hence

to be one of the most important and scientifically challengin%e(t) gives a means of observing rapid variations in plasma
research topics in controlled thermonuclear fusion researchy,., speeds. At moderate time resolution, this can provide
Turbulence manifests itself as fluctuations in plasma paramgata on the formation of internal transport barfexad their

eters such as the density, temperature, and electrostatic psjation to the local flow velocity shear. If the poloidal rota-
tential. Beam emission spectroscaBES) was developed 1o oy yelocity fluctuation can be obtained on plasma

measure long-wavelength§<1) density fluctuations in the ,pulence-relevant scaléfew 1), we then obtain the fluc-

core and edge regions of tokamak plasmas, and has producgl,iing radial electric field and indirectly the electrostatic po-

unique {)bserv%tions on th% Tokamak Fusion Test Reactqfniia| on time scales relevant to transport. This may provide
(TFTR),” TEXT and DIII-D” experiments. BES measures girect measurement of the turbulence-driven anomalous

the local density by observi_ng the collisionally exciteq emi_s'cross-field particle transport in tokamaks, given by
sion from a deuterium heating neutral beam interacting with

plasma electrons and ions. At present, the DIII-D BES sys-  anoni= (N0, ) (ND).
tem consists of 32 spatial channels, with optics and neutral
beam-sightline geometry optimized to allow spatial resolu
tion <1 cm in the radial and poloidal directions.

To that end, we examine the ability of wavelet transform

“cross correlations to extract time variations in the lag time
. i ! between poloidally adjacent BES sample volumes. Wavelet
In addition to density fluctuations themselves, BES data[ransform time-delay estimatioffDE) methods are chosen

may be used to extract poloidal rotation velocity fluctuationsover traditional Fourier transform TDE methods to take ad-
through time-resolved correlation measurements. This tech;

_ ) ) _ -~'vantage of the wavelet capability of measurements with
nque derives a time lag between two poI0|da_I channe!s via ﬂigher time resolution. This article extends preliminary work
time-resolved cross phase measurerfiefe time-varying

ime lag is directly related to the fi ) loidal on simplified sinusoidal time delay oscillatiér® more re-
time lag is directly related to the time-varying poloidal ota- yjjstic and complete simulations involving turbulent time de-
tion velocity v 4(t),

lays. We conclude that extracting time-delay fluctuations be-
T =AzZ/T (1), (1) tween two time signals is achievable_ foof the sample _

frequency. This method may be applied to other analysis

whereAz is the BES spatial channel separation in the poloi-problems where fast=6 sample pointstime-varying time

dal direction. Under the assumption that diamagnetic flowslelay extraction between two correlated signals is required.

are small compared to rotation speeds, as is typical for large

tokamak plasmas U€k<0.1UE><B), the apparent pOlOidal Il. SPECTRAL ANALYSIS OF DENSITY AND

speed of the fluctuations in the laboratory frame is given bwgLocITY FIELDS

the radial electric fieldE,) as ) ) . ,
Localized BES density fluctuations are typically ana-

Eg(t)zﬁr(t)/B¢. (2)  lyzed via Fourier transform methods to obtain time-averaged
. ) _power spectra and correlations in the density field. Extending
In general, BES fluctuation spectra are dominated by thigqrejation analysis to embody time-resolved phenomena
rotation-induced Doppler shift, and hence show a linear defnay be achieved by wavelet analyis.
The complex wavelet auto- and cross-power spectra are
dElectronic mail: mjakubow@students.wisc.edu defined as
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Wa f,7) = W2 (f,7)Wy(f,7), 3 ot [T
. . - E --=-=- 30 kHz extracted v
with a=b anda#b, respectively, wher&V, , are the indi- —— 210 kHz
vidual wavelet transforms, the time-resolved analogs of the __10°
Fourier transform in frequendy) space. Moreover, the time- >
evolving cross phasgo be used in rotation velocity fluctua- 55/
tions) is given by o 10°
o
., im(W(f,7)) a
oO(f,r)=tan e (W(F.7) (4) 107 ¢
From a wavelet cross-power spectrum between two adjacent Lt b b
poloidal BES channels, one obtains a time-varying linear 0 50 F1oo :]50 (kzﬁcz)) 250 300
phase function of frequency which is proportional to the time requency
delay? FIG. 1. Response functions for single-frequency time-delay oscillations at

_ 30 and 210 kHz withf g5 1 MHzZ.
7(t) = A ps(1) /127 f. (5)

The linear fit of A¢; versus frequency is weighted by the here is the broadband time-delay f , )
amplitude of the density power spectral distribution to reflectVNere 7 is the broadband time-delay fluctuation of interest.
This simulates a realistic time delay as expected to be found

the weighting of density carrier contributions to time delay. ) .

extraction, where the density carrier signal pair contains thd! the mmrotgrbulence measure.rr_lents. n tokamaks.

time delay relationship information between the two signals, AS an aside, we note that it is critical to properly treat
Performing this fit at each point in time yields a time- time delays which are longer than one period of oscillation.

resolved time delay, and therefore a fluctuating poloidal Ve_G_uven that a linear fit is made to the cross phase between two

locity 7 4(t) from Eq. (1). The essence of the method is ac- signals, a difference of more than one period results in a

curate extraction of a linear phase function fit in frequency tgn°d7 Phase jump in frequency space. This is inherent to

high time resolution using time-dependent correlation analyYPical BES datdthough this may not be an issue for other

sis. The temporal resolution of the fit is limited by the time €XPeriments where a time delay on the order of three
resolution of the wavelet transform. sample points exists between two adjacent polomdahan-

nels. A linear fit to a phase difference with madjumps

results in a large increase in the noise in the cross-phase

measurement. The physical analogy is that one cannot tell
ll. TURBULENT VELOCITY SIMULATION AND whether a sinusoidal oscillation is leading another oscillation
TRANSFER FUNCTION by phaseg or ¢ plus any integer multiple of 2.

. ~ . As an example, the extracted frequency spectrum of a
To determine the range of frequencyurover which the model input flat 030 kHz broadband time deléipr a

method is applicable, we use simulated velocity fluctuation ample freauenc —1 MH2) appears as a decaying ex-
data to obtain a point response transfer function and a broad2MP'e Trequ Ysampié= Z) app ying ex
L ponential power spectrum, extending beyond 150 kHz. The
band response function in frequency. resulting noise level is at least 200 times greater than the
The first step is to simulate a broadband velocity ﬂuC_in ut signal of interest. A decaying ex onent?al is the typical
tation properly by imposing a broadband time delay rela_rezult o?a failed time dela regonitrustion' it shows ngr?e of
tionship between two signals. Such velocity fluctuations areih inherent iral ch ry toristi t th .in :
obtained by starting with a simulated density signa(t) € Inherent spectral characteristics of the input.
! . . To avoid these unphysical jumps in the cross phase, a dc
defined as the inverse Fourier transform of a broadband

. . T shift of the time delay is imposed on the data to give a mean
Gaussian amplitude distribution in frequency sppég(w) ] : . .
with random phasés(), zero time delay over the period of measurement. The dc shift

level is obtained from normal time-delay correlation mea-

- o _ _ surements averaged over the observation time. This shift-
ny(t)= leAﬁ(w)elmw)temt do. (6)  correction eliminates the unphysical madshase jumps and
allows recovery of the original input time-delay spectrum.
A broadband time delay fluctuationis obtained similarly, Given the time delay generatfq. (7)] and the dc shift

but with a distinctA;(w) and a statistically independent correction, we are able to examine the point response fre-
#;(w). To generate the second density signg(t), corre- quency transfer functiofi(f) for near-sinusoidal time-delay
lated withn,(t) but delayed byr(t), one must impose the input functions. A sample result is shown in Fig. 1. At 30
desired time-delay fluctuation on the original sigina(t). KHz (for fsampie=1 MHz), a sinusoidal phase oscillation is
This is achieved by applying the appropriate time-delay genrecovered cleanly, but the response at 210 kHz is more than
erator via the sinc function to create a time-delayed versioB0 times weaker in power. Note that power leakage is mani-

T (t) from Ry (t):° fested as nonzero recovered powerrif) outside of the
imposed frequency range.
Fio(t) = J'w sinc (F(t) + Dy (t— 7) d, @) . Sinusoidalr simulations give a frequency tran;fer func-
— tion T(f) and leakage power functiob(f) normalized to
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FIG. 2. Transfer and leakage power function for wavelet time-delay extrac- . . . . .
tion from single frequency input functions. FIG. 3. Effect of twofold interpolation for a sinusoidal time delay at 210

kHz for fsmpe=1 MHz.

input power(Fig. 2), where leakage powér(f) is defined as )
the fraction of power measured outside of the input fre-Packground ratio are both recovered for 0.2 fsampie (Cf.
guency range. A rapid dropoff of response occurs above 5619. 1.
kHz or f/fgmue0.05. The frequency response limit is Tr_arlsfer fL_mctions der_ived fqr sing_le freque_ncy oscil_la-
roughly 50 kHz or f/fgumue=0.05 if we require T(f) tions in 7(t) with successively higher interpolation density
>75% andL (f)<25%. are shown in Fig. 4. It can be seen that two- and threefold
Given that the estimation of time delay between twointerpolations increase the sensitivity of the method, while
turbulence measurements requires a finite sample time to d&1e fourfold interpolation blows up t&(f)>1. The two- and
termine the cross phase, it is not surprising that the effectivéhreefold interpolations give decayind(f) which rise
frequency range for the time delay estimation is of the orde#lightly higher than unity through a part of the response. The
f/f sampie= 0.05. However, this is a severe limit on an experi-Power leakage. (f) out of the desirable reconstructidthe
ment in that the required sample rate must be increased by dfction of power in a reconstructed spectrum outside of the
order of magnitude to recover the original frequency range oPeall is also shown as the upward-sloping curves. One ob-
the background density turbulenéeherei measurements Serves that the results improve with up to threefold interpo-
are available up to the Nyquist frequendyf sampie= 0.5). lation, in which case aff/fsampe=0.15, T(f)=75% and
This requirement for a substantially increased sampld-(f)<25%. Thus we conclude that threefold interpolations
rate may be relaxed by the use of numerical interpolation ofire @ reasonable limit to increasing the frequency sensitivity,
the original data to simulate oversampling. The utility of With a frequency range dof/fsampg=0.15, or 150 KHz with
such an approach is evaluated here using the model dafaampie=1 MHz.
generator. For the case of 160 kHz white noise without interpola-
The interpolation of data between successive sampléon, the recovered spectrum decays rapidfg. 5@, in
points consistent with a dynamic time delay has been deveRccordance with the transfer function in Fig. 2, but also
oped by Charet al.® and here we apply it to provide simu- shows some sign of power leakage at low frequencies. Over-
lated oversampled density waveformg(t) andf,(t). The sampling through interpolation recovers the original input
interpolated signak;(t) is obtained from a discrete signal
s(n) by®

© pfl
s(Hh= >, kE sinc(7+k)s(n—k)sinc(t—n), (8)
n=—o k=-p
wherep is the number of points around the time of interest.
Given that a certain number of poins—20 is required for
a wavelet to measure a time delay, interpolating initial sig-
nals numerically is the equivalent of estimating data over-
sampling. No new information is added to the signét),
but it is reasonable to expect that successively finer interpo-
lation (equivalent to higher simulated sample frequenai

eventually result in added noise to the resultant extracted e
(). 0 50 100 150 200

Frequency (kHz)

T(H), L(f)

An example of the effect of }2 interpolation[i.e., one
interpolated datum between successive measurements Iylﬁb 4. Transfer function3 (f) and leakage power functiongf) derived

nl(t_) anq n,(t)] on _the recovery of higher frequenc_y fluc- for single-frequency oscillations f#(t) with two-, three-, and fourfold in-
tuations is shown in Fig. 3. The amplitude and signal toterpolation density.
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N L The wavelet method can be viewed as a correlation with
12 @ appropriate frequency filtering and windowing. The only dif-
08 _ ference is thalr is obtained from phase difference between
E two signals, not from the peak of the correlation function.
04F . vodel < _ T.he wave!et methoq autom_atically gives_continuéljmm a
= — Recovered 3 discrete signal, while traditional correlations require the use
< o0 S of error-prone interpolations to obtain subsampleesolu-
g 20r ] tion.
S 1elirsi) (b) ] Numerical interpolation helps to expand thextraction
. ’ ] frequency limits in the wavelet method because ultimately
the number of sample points determines the speed of the
08r ] extraction. This is not so in time domain TDE: one still
0.4 . needs a fulh oscillation period to determine the time delay,
00 el no matter how many sample points exist in that oscillation.
0 50 100 150 200 As a result, tenfold improvement in frequency resolution is
Frequency (kHz)

typically obtained with the wavelet method compared to

FIG. 5. (8 Model and recovered 160 kHz white inpuft) spectrum.(b) standard TDE.
Reconstruction of the white spectrum with two-, three-, and fourfold inter-
polation density.

V. SUMMARY

With the combination of dc shift correction and data
broadband spectrum more accuratgiiig. 5b)], with 3X interpolation, the wavelet phase extraction technique can ex-
interpolation giving a nearly flat spectrum and an averageract time-delay oscillations=6 sample points long, 6150
power of ~1.3 relative to the input. The>4 interpolation  KHz at a 1 MHz sampling rate on the present BES system on
gives a rapidly rising output spectrum, suggesting an increap|il-D. This method may be applied to any time-varying

ing injection of excess power at higher frequency. time-delay analysis problem.

While these initial tests appear promising, two critical
IV. COMPARISON OF WAVELET AND TIME-DOMAIN issues remain to be evaluated before this approach can be
TIME-DELAY ESTIMATION METHODS applied to measurements. The first issue is the influence of

the nature of th@ carrier spectrum on the resulting transfer
function of thev extraction. The second is the influence of

| ¢ dat ilati hil let method bl trl?roadband white nois@rising from amplifier of photon sta-
slowest data oscifiation, while wavelet methods are able ?istics) in the carriern(t) signals on the resultant extrac-

sample over fractions of an oscillation. By taking advantag_e[ion_ Both of these potential complications are presently un-
of the nature of the wavelet transform, wavelet-based TDE i er study and will be discussed in future reports

capable of temporal resolution at least a factor of 10 faster On the experimental side, future plans involve another

thanT'Frad|gonaI .m(_art[r;(éds. q based ... threefold increase in digitization rate in addition to the three-
th |me|- Ol;n?\x] thrope L:reiare ?se t.on maxtljmlzmg%fld numerical oversampling equivalent of a faster digitiza-
€ overiap between two signals. A sinc function can be Usefl,, ata described in this article. That would bring velocity

to model a continuous Fime de_Iay in one of the discrete_sigﬁeld measurements up to the frequency response of the
nals [Eq. (7)], after which a time delay parameter which present density field in DIlII-D BES turbulence measure-

gives maximum overlap 1S extracted at egch _pomt In tImements, allowing exploration of turbulence-driven transport
Standard TDE theory requires data analysis windows at Iea’f’itnd possibly direct observation of zonal flow signatures.

onen period in duration because the analysis signal must
have zero mean. Therefore, the maximum extractable fre-
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