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An analysis of tokamak density fluctuations data permits the determination of two characteristic
exponents. The exponents correspond to the powers of a power-law dependence of the distributions
of the long-lasting monotonic change~‘‘flight’’ ! of the density and the time length of these changes.
Speculation based on these results leads to construction of the fractional kinetic equation for the
distribution function of the flights. The asymptotic transport properties of the particle density
distribution function are directly connected with the exponents obtained from the density
fluctuations data. ©2000 American Institute of Physics.@S1070-664X~00!04008-8#
th
m
ti
ua
o
ld
rv
ly
a
.
s
h

s
p

am
we
re
th
fo
fu
b

as
s.
re
w
te
w
y

core
ling
ents
ata
in-
ight
sma
e-off
ther
ted

if-
on-
tc.,

ce–
in

ized
to
.
3
the
es.
the

a
ept.
he

of
t, at
del
I. INTRODUCTION

This paper gives an example of how data analysis of
long-time density fluctuations in a fusion-relevant plas
permits the determination of some of its large-scale spa
properties. In order to control a large, hot plasma in a q
sistationary regime, one can try to develop a ‘‘phenomen
ogy’’ of its dynamics. In part, the phenomenology shou
appear as a result of coarse-graining microscopic obse
tions, i.e., small scale space–time processes. Such ana
should lead to the description of some of the large sc
space–time processes in terms of small scale processes
though there is now a rough consensus on what feature
the hot plasma should be considered as its large-scale c
acteristics, we note that small scale phenomena, such a
presence of many magnetic islands, divertor effect, scra
off layer physics, etc., can influence the macroscopic dyn
ics. In line with this approach to the phenomenology
would expect such properties as intermittency and cohe
structures to appear in the data. If this goal is realized,
proposed style of analysis would also provide guidance
planning of data acquisition and processing systems for
ture experiments, so that one might observe correlation
tween changes of different global properties of fusion pl
mas and changes observed by the massive data analysi

The first question that arises immediately from the p
amble is: Is there any indication that from the already kno
microscopic data there are any large-scale stable charac
tics of the tokamak? The purpose of this paper is to ans
‘‘yes’’ to this question. We will address this question b
3691070-664X/2000/7(9)/3691/8/$17.00
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reference to density fluctuation data taken at the plasma
close to the edge. In fact, there can be different sca
ranges which depend not only on where the measurem
are performed, but in what regime of the device the d
were taken. For example, on the question of the role of
ternal magnetic islands versus separatrix effects, we m
suggest the study of probe measurements within the pla
versus the same fluctuation measurements in the scrap
layer. Such data are available and could be used for fur
work. We also mention earlier references on the rela
issue.1,2

It is a common view that the plasma fluctuations in d
ferent devices are a result of the complex interaction of n
linear processes, chaotic dynamics, self-organization, e
and that these fluctuations may display a self-similar spa
time pattern. Support for this new approach may be found
the data analysis in Refs. 1–3. The so-called self-organ
criticality ~SOC! concept4 has been exploited as a model
represent typical general features of plasma fluctuations5–8

The Hurst exponent9,10 has been calculated in Refs. 2 and
to describe some fractal properties of the time series of
density fluctuations obtained from different plasma devic
Speculations based on a running sand-pile model were
subject of serious articles,5–8 where the large-scale plasm
behavior was discussed on the basis of the SOC conc
Although some self-similarity properties observed in t
plasma devices are in direct analogy with phenomena
some regimes of sand-piles, this concept by itself does no
present, lead to a direct determination of a transport mo
1 © 2000 American Institute of Physics
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applicable to the physical processes in the devices.
An alternate way to examine the self-similarity of th

field and density fluctuations is based on the use of mode
stochastic processes that are far beyond simple Gaussian
cesses and that can take into account the effects of mem
intermittency, and fractality in ways that can be explicit
connected to the basic plasma dynamics physics. Exam
of such different possibilities of stochastic processes
Lévy-type processes,11 Weierstrauss random walks and the
modeling of the fractal-time processes,11,12and fractional ki-
netics phenomenology introduced in Ref. 13 and applied
some dynamical systems.14 The essential value in the use
fractional kinetics is the possibility to make an explicit co
nection between critical exponents of the anomalous tra
port process and specific features of the dynamics suc
‘‘flights’’ and ‘‘trapping time’’ distributions, both of which
are imposed by specific physical phenomena. We includ
the term ‘‘flights’’ not only Lévy flights ~see, for example
Ref. 11!, but also generalized almost-regular bursts in e
lution of the system, appearing as a kind of singularity a
induced by intermittency, and nearness to a bifurcation po
etc.15 Some self-similar regimes of the running sand-p
model can be successfully interpreted from the fractional
netics point of view.16 Not much has been done to expla
how the fractional kinetics can be applied straightforwar
to plasma devices. As examples, we mention fractional
netics of passive particles in the helical flow,17 where the
hierarchical set of islands in the phase space was pointed
and which defines the anomalous features of the transp
and the attempt~far from being completed! to find a connec-
tion between different scales of particle transport and diff
ent regimes of the nonlinear dissipative plasma model.18

The goal of this paper is not only to show the existen
of the self-similarity of the density fluctuations data obtain
from the DIII-D tokamak,19 but also to emphasize the idea
the necessity of the broad screening of similar data in r
tion to the manner, specific regime, and specific place of
data acquisition.

II. ORIGIN OF THE ANOMALOUS PROPERTIES OF
FIELDS AND PARTICLE DYNAMICS

Plasma instabilities are a natural cause of loss fast
ticles confinement from the volume. Even after averag
over spatial–temporal periods of microoscillations, the e
lution of the macroscopic time–space phenomena should
pear. Two examples of the origin of the large scale pheno
ena include the following.

~a! Quasistationary plasmas confined in a thre
dimensional magnetic configuration possess an underl
magnetic field structure of numerous magnetic islands. E
in a two-dimensional configuration, spontaneous symme
breaking can lead to a similar situation.20 The relative impor-
tance of such magnetic structures has been a long-stan
controversial issue.21,22However, as more fine-scale electro
temperature measurements become available, there is
evidence of magnetic structures in confined plasmas.23,24De-
tailed information on the nature, volume, and origin of the
islands is limited. Nevertheless, on the basis of recent res
Downloaded 22 Feb 2007 to 128.104.198.190. Redistribution subject to AI
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for the magnetic field lines behavior, we can state that
boundary of an island may be ‘‘sticky,’’ i.e., it can attra
particle trajectories for some period. This mechanism of
induced ballistic transport differs strongly from the norm
Gaussian type, diffusion. Not all islands are sticky, and th
that are sticky generate different transport anomalies.15 Inde-
pendent of the variability of sticky islands, the anomalo
transport of field lines or particles can be expressed in
form

^R2&;tm ~1!

with a transport exponentm.1. This phenomenon is calle
superdiffusion.

~b! The magnetic field structure at the plasma edge
strongly affected by the presence of a separatrix in magn
field structure. Thus, a topological effect intervenes in
large-scale particle dynamics through the influence of a s
cific type of divertor, limiter, etc. Depending on control p
rameters of the field geometry, ballistic islands may app
in the vicinity of the separatrix25 leading to anomalous trans
port in the poloidal and toroidal directions. Such transp
will be reflected in the large scale properties of the distrib
tion function of particles.

~c! Global constraints, such as profile consistency26 in-
duced by self-organization dynamics close to a margi
point, can cause an increase in the transport that is cha
terized by multiple space scales. This phenomenon can
be the cause of anomalous diffusion, exhibited in Eq.~1!,
which is also contained in the distribution of ‘‘flights,’’ an
which we introduce later.

Whatever dynamical cause of the anomalous diffusi
the phenomenon may be responsible for some of the exp
mental observations in magnetically confined plasmas, s
as the Bohm scaling of the diffusivities of the low confin
ment mode and the apparently nonlocal behavior of so
perturbative experiments.

From very general considerations one expects that
ticle density distribution in space and time will have a ta
and that the tail is a complex result of the major large-sc
plasma properties. Further, the tail of the distribution, in
simplified version, can be approximated by the distributi
function

nt~x,t !;tn1f ~x/tn2!. ~2!

The exponentsn1 ,n2 in ~2! andm in ~1! should be coupled
to the large scale factors that govern the long-lasting fluct
tions, i.e., for example, to the magnetic islands and the fie
lines topology. In fact, expressions~1! and ~2! are oversim-
plified models which can be replaced by a more realis
situation that involve some distribution of valuesm,n1 ,n2

near their fundamental magnitudes. We discuss this is
further in Sec. VII.

The first step in checking the relevance of this approa
to microscopic and macroscopic properties is to analyze
data and to validate the existence of a scaling behavior of
density distribution.

Similarity conditions, such as the one given by Eq.~2!,
have already been investigated for the probability distrib
tion function of the density fluctuations, plasma potent
P license or copyright, see http://pop.aip.org/pop/copyright.jsp
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fluctuations, and the induced turbulent particle flux.1,2,27

However, one difficulty often encountered is how to mak
reliable determination of the exponents in the tail part of
distribution function of density fluctuations or other exten
The techniques developed here improve the calculation
the exponents over previous determinations.

III. DESCRIPTION OF THE DATA

This analysis method is applied to the multichord be
emission spectroscopy~BES! data from the DIII-D tokamak.
In the present analysis, we have considered the disch
92 409 for several reasons. This shot was a relatively lo
power negative-shear discharge. For this discharge, the
were collected during its early phase, therefore, there wa
q51 surface in the plasma. This eliminates any poss
sawtooth oscillations that could add a serious complica
in the fluctuation analysis. There was also no evidence in
shot of spurious beam oscillations. Finally, during the tim
range analyzed, there was no evidence of any coherent m
activity.

The DIII-D BES system has 25 channels,19 and gives
fluctuation measurements at radial positions separated
about 1 cm. For each channel we have a time record
250 000 points. Data were collected with a sampling rate o
MHz. Here, we have considered data from those 6 chan
closest to the plasma edge.

Over the shortest time scales, the BES fluctuation m
surements are affected by photon noise. This noise is
important for the present studies because our analysis is
cused on larger time scales. Furthermore, the analysis sh
how we can overcome this contamination. On the other ha
on larger scales, the BES fluctuation measurements ca
affected by the so-called common mode, oscillations indu
in the beam by the fluctuations at the plasma edge. Howe
since we are analyzing data relatively close to the plas
edge, it is not necessary in this study to correct for the co
mon mode.

IV. FRACTIONAL EXPONENTS

We consider a sequence of density fluctuation meas
ments$xi% at a fixed radial location. We define the cumul
tive density at a given point in space and at the timetn as

Sn5S~ tn!5(
j 51

n

xj . ~3!

The densityxj[x(t j ) is measured at the timet j . For large
n5N@1 the mean square fluctuation is

^udS~N!u2&5^uSN2^SN&u2&;N. ~4!

The mean square fluctuation is proportional toN if the large
number law can be applied, or if the sequencexj represents,
particularly, Gaussian process. It is known from numero
observations of nonplasma systems that the property~4! can
be very poor and sometimes does not reflect specific feat
of a system and, more specifically, its fractal properti
which typically are attributed to some turbulent process.
Downloaded 22 Feb 2007 to 128.104.198.190. Redistribution subject to AI
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general, Sn admits fluctuations which do not follow th
Gaussian distribution, but which possess power-like tails
infinite high moments.

Let us consider probability distribution function~PDF!
P(DS) of fluctuationsDSn for different time instantsn:

DSn[DSn,N5Sn2^SN&n, ~5!

whereN is the length of the time series and

^SN&5SN /N. ~6!

Particularly, forn5N we have simplyDSN50. For white
noise, P(DS) is Gaussian, while for processes that ob
fractional kinetics we expect

P~DS!;1/uDSud ~ uDSu→`!. ~7!

So far, the variableDS has not been adequately defined in
way to extract a large scale asymptotics. To do so, we h
to considerDS averaged over different time scales. Ther
fore, let us introduce a coarse-graining ofDS corresponding
to a ‘‘boxing’’ for the set$DSn%:

DSk5~1/a! (
j 5ak11

(k11)a

DSj , ~8!

wherea is an integer that defines a size of the box. Expr
sion ~8! means that instead of the set ofk values
(DSak11 , . . . ,DSak1a) we consider the mean valueDSk lo-
cated at the time interval (ak11,ak1a).

In Fig. 1 we present the density fluctuation data$xj% for
one of the BES channels. The data do not show any sig
cant feature but noise. The situation does not change e
after smoothing of$xj% over the nearest 60 points. This
possibly due to the photon noise that is large at small ti
scales. The pattern becomes different when we considerDS,
defined in~5!, versusn ~Fig. 2!. A simple look at the new
series$DSk%, which have a lengthkmax5N/a, displays two
types of behavior: fairly long-lasting, almost monotonic, se
ments of the sequence which we will call ‘‘flights’’ and se
ments with small-scale regular fluctuations. We filter t
short-scale fluctuations using a smoothing over the lenga
and consider only large-scale flights.

Consider an example of a sequence

DSk,DSk11, . . . ,DSk1m ,

DSk1m11,DSk1m , DSk21.DSk , ~9!

i.e., the setDSj has monotonic changes fromj 5k to j 5k
1m. We shall call the sequence~9! a flight. DenoteDna to
be a length of the monotonic part ofDSk , i.e., the length of
a flight. This means thatDna takes values:

$Dna%5$a,2a,3a, . . . %. ~10!

For the example~9!, the length of the flight isDna5ma.
The flights can be defined in both ‘‘directions,’’ i.e., a
monotonic increasing or monotonic decreasing ofDSj . Then
P(Dna) is PDF of the length of flights, i.e., time intervals o
a monotonic variation of the cumulative density. It will b
demonstrated in Sec. V thatP(Dna) possesses the
asymptotic behavior as
P license or copyright, see http://pop.aip.org/pop/copyright.jsp
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P~Dna!;1/Dna
11b ~11!

for some interval of values ofDna , and that result is stable
with respect to different choices of the value ofa. In a simi-
lar way we may introduce a change ofDS during the flight,
i.e.,

sm[DSk1m2DSk ~12!

for a flight of the lengthm, and consider a PDFP(s) of the
cumulative density changes during flights. In other wor
P(s) is a distribution function of the cumulative density flu
tuations. A specific feature of that density is that we consi
only long-lasting fluctuations. It will be seen in Sec. V th

P~ usu!;1/usu11a. ~13!

We postpone until later the discussion of the connection
tweenP(Dn) andP(usu).

FIG. 1. Two examples of the raw data for densityxn at time instantn
‘‘smoothed,’’ i.e., averaged over 3 nearest values~a! or over 61 nearest
values~b!.
Downloaded 22 Feb 2007 to 128.104.198.190. Redistribution subject to AI
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V. RESULTS FROM THE DATA

In Fig. 2 we present$DSk% without boxing (a51). Fig-
ure 2 displays numerous flights as well as short-scale n
parts. Figure 3 presentsP(Dn50) and P(Dn25), and these
distributions indicate a power law dependence of the t

FIG. 2. Values of integral density fluctuationDSn vs time n: raw data~a!
and two different zooms~b!,~c!.
P license or copyright, see http://pop.aip.org/pop/copyright.jsp
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3695Phys. Plasmas, Vol. 7, No. 9, September 2000 Large-scale behavior of the tokamak density fluctuations
There is no significant difference betweenP(Dn50) and
P(Dn25). The resulting value forb in ~11! is

b51.460.2. ~14!

The region of the significant part of the data extends over
decades, which is a little less than the desirable few deca
of data length. Increasing the statistics is thus necessary
it could be done by selecting data from different shots w
similar conditions. Similar behavior with a power-type d
pendence is obtained forP(usu) with exponenta within this
interval (0.6– 1.4)@see Fig. 4 and definition~13!#.

This preliminary analysis shows the presence of int
mittent behavior which can be induced by a large-sc
physical phenomenon such as the effects of magnetic isla
or near-separatrix dynamics. Additional information on t

FIG. 3. Distribution of the length of ‘‘flights’’ after coarse graining the da
for DS over ‘‘boxes’’ of sizes 25~a! and 50~b!.
Downloaded 22 Feb 2007 to 128.104.198.190. Redistribution subject to AI
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presence of fractal structures and self-similarities in the d
can be obtained by applying a wavelet transform:

P̂~j;b!5E
2`

`

d~Dn!K~Dn2j;b!P~Dn! ~15!

with a rectangular kernel:

K~Dn2j;b!5
1

2b H 21, 2b,Dn2j,0

11, 0,Dn2j,b

0, ~Dn2j!.b
J ~16!

with the width of the kernel 2b. The results are presented
Fig. 5. They indicate the existence of self-similar structur
The largest time interval is maxDt;75 000; the smallest one
is minDt;224 maxDt. In this way we confirm the existenc
of the temporal fractal structure in the density dynamics.

VI. DESCRIPTION OF THE FRACTIONAL KINETICS

Although the data in Figs. 3 and 4 supporting the pow
law distributionsP(s) and P(n) are already significant for
understanding the anomalous large scale plasma beha
the analysis may be much more effective if we can obtain
equation governing the distribution of density fluctuation
Here, we propose to use phenomenological fractional ge
alization of the Fokker–Planck–Kolmogorov~FFPK!
equation,13,14 which was successfully applied to some ch
otic maps15,28,29as well as to the running sand-pile model16

For this goal, we introduce a distribution functio
Fs(s,t) that describes only a singular part of the full dist
bution function

F~s,t !5Fr~s,t !1Fs~s,t !, ~17!

whereFr(s,t) is the regular part of the distribution function
The F(s,t) has a standard meaning as a probability den
to have the particle massuSu at timet, while the singular part

FIG. 4. Distribution of the values of the integral density fluctuationsS5S25

during one ‘‘flight,’’ i.e., large-scale fluctuations.
P license or copyright, see http://pop.aip.org/pop/copyright.jsp
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FIG. 5. Wavelet transformP(j,b) @see~5.2!# for b525 and for the coarse-grained dataDSn @see Fig. 2~a!#. The values ofP are in the intervals: (21;
20.49)—light; (20.49;0)—grey;(0;0.49)—dark gray; (0.49;1)—black.
d
b

s

e
to
l

h

en
,

ar-

e
re-

r-

, if
Fs(usu,t) describes only the long-lasting and high-magnitu
fluctuations of the mass. Then, for a simplified situation to
discussed later,Fs(usu,t) satisfies the FFPK equation

]bFs~ usu,t !

]tb
5D ab

]aFs~ usu,t !

]usua
1st, ~18!

whereDab is a constant,a andb can be fractional, and st i
a source term~see more about st in Refs. 30 and 16!. Equa-
tion ~18! has, in particular, self-similar solutions of the typ
of ~2!,30 and the main problem of finding the solution is
make connection betweena,b,Dab , st, and real physica
properties.

Multiplying ~18! by usua and integrating it overusu, we
obtain asymptotically when the st is not important:

^usua&5consttb, ~ t→`! ~19!

and, in a similar way,

^usuma&;consttmb, ~ t→`!. ~20!

It is convenient to introduce a transport exponent

m52b/a ~21!

which, in the case of a full self-similarity, provides

^usu2&;tm. ~22!
Downloaded 22 Feb 2007 to 128.104.198.190. Redistribution subject to AI
e
e
Expression~22! does not always follow from~19! and ~20!,
especially in the case of multifractality.29

Equation~18! without the source term is invariant wit
respect to the scaling transformation of both variablesusu and
t. This property can help to establish connection betwe
a,b and the observed data~see further details in Refs. 15
29, and 16!. For the case considered, we may takea andb
exactly the same as defined in~11! and ~13!, provided there
are no other critical exponents that are important for the p
ticle density evolution. Using~14! and value ofa from Fig.
4, we arrive at

m;2.860.8. ~23!

It is a difficulty to definem more accurately since the valu
of a, which is close to one, must be determined more p
cisely.

Let us discuss possible interpretations of the value~23!
for m. In an abstract situation whens is a displacement,m
51 corresponds to normal diffusion, 1,m,2 means super-
diffusion, andm52 is ballistic evolution. In the case of~22!,
s is integral density during its monotonic evolution~i.e.,
‘‘flight’’ ! and the connection betweens and particle dynam-
ics is unknown. Due to this, we have an ambiguity in inte
pretation of~22! and~23! as either asuperdiffusionor super-
ballistic regime. The latter case can appear, for example
P license or copyright, see http://pop.aip.org/pop/copyright.jsp
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integral density grows monotonically due to accumulation
the ballistically moving particles, i.e.,usu; l , where l is a
particle displacement. Then the anomalous transport

^usu&;t1.460.4 ~24!

that follows from~22! is the superballistic one or close to
~see also Refs. 31 and 32!. That means a local acceleration
particles during a ‘‘flight.’’ In fact, the connectionusu; l
may not exist, and then the superdiffusion will be the ma
characteristic of the transport process.

VII. DISCUSSION

We have discussed two issues related to the toka
data on the density fluctuations obtained from DIII-D in t
region close to the plasma edge. The first is, how to w
with the data in order to extract large scale density dynam
It is worthwhile to mention that the raw data are noisy, a
the power-law dependencies of the density not appear ex
itly. However, we were able to obtain two important chara
teristics of the density dynamics: power-type distribution
the density fluctuations and a similar behavior of the ti
length of these fluctuations. We believe that enriched inf
mation can be obtained from different regions of plasm
and then compared.

The second issue is related to speculations based on
phenomenologically determined exponents (a,b) for the
distributions of the integral density fluctuations and th
time length. Using the equation of fractional kinetics, it
possible to couple data to the mass/charge transport thro
the transport exponentm52b/a. The result obtained for the
square fluctuation of the integral densitys2 is @see~22!#: m
;2.860.8. At the same time, the Hurst exponentH for the
current obtained from tokamaks data in Refs. 1 and 2H
;0.6– 0.75. A very simplified comparison of the valuesm

and H can be obtained in the following way. Letŝ be a
density. Then one can write for the second moment

^s2&;t2^ŝ2& ~25!

or, using~22! for the left-hand side, and results of Refs.
and 2 for the right-hand side

tm;t2t2H. ~26!

That yields

m;2~11H !, ~27!

i.e.,

m;~3.2– 3.5! ~28!

while our results give

m;~2 – 3.6!. ~29!

Since the fairly high error bar for the data~29!, one may
consider the results~28! and ~29! reasonably consistent, a
though we may expect other situation~s! when more accurate
data and better statistics will be used.

This type of study must be extended to include as m
fluctuation data as possible. Our results emphasize the
Downloaded 22 Feb 2007 to 128.104.198.190. Redistribution subject to AI
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portance of high accuracy and large statistics for the fluct
tion data. We hope that if such data become available, it
not only lead to better information about the core and ed
plasma, but will also provide a possibility for precise diffe
entiation of different regimes of tokamak operation. O
must note that we have considered the oversimplified si
tion of pure scaling laws characterized by only two exp
nentsa andb. In fact, one can expect multifractal situation
when the transport formulas~19!–~22! should be improved
by introducing multiscaling. We will return to this issue i
future publications.
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